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Chapter 1

Introduction

A fundamental notion in theoretical computer science is that of e�cient computation. E�-

ciently computable problems are those for which there exists an algorithm that can solve the

problem in a short amount of time. More formally, the class P consists of problems that can

be solved by a Turing Machine that takes time that is at most polynomial in the size of the in-

put. �ere are many fundamental problems for which we know polynomial time algorithms

to verify the validity of a proposed solution, but we don’t know any polynomial time algorithm

to solve the problem. �is is captured by the famous ‘P vs NP’ question which, more than

�ve decades a�er being posed [Coo71, Lev73], has still not been resolved. A�emps to a�ack

the P vs NP problem however, have spawned a web of related questions, many of which are

almost as fundamental, and despite being considered ‘possibly easier’ than P vs NP, have still

not been resolved.

Among these are questions like ‘P vs NC’, which asks if problems that have a polynomial

time algorithm on a TuringMachine, which is a sequential model of computation, can be solved

signi�cantly faster in a parallel model of computation. A classical model used for parallel

computation is the Parallel Random Access Machine (or PRAM), which can be thought of as

an abstract machine consisting of multiple processors, all of which have access to a shared

memory. �e class NC consists of problems that can be solved in polylogarithmic time by a

PRAM with polynomially many processors.

Another fundamental question that has withstood a�empts towards resolution is that of ‘P

vs BPP’, which asks if a problem that can be solved by a randomized polynomial time algorithm

can also be solved by a deterministic polynomial time algorithm. In other words, it asks if

a problem that has a polynomial time algorithm using random bits, can be ‘derandomized’

without losing much e�ciency in running time. �e analogous question in the parallel se�ing

is that of the equality of classes NC and RNC, where RNC is the class of problems that have

a randomized NC algorithm. �is question too is still open.

A step towards making the picture regarding these questions a bit clearer would be to

look at various fundamental problems in theory of computation and try to pin down their

exact complexity. A lot of these fundamental problems are graph theoretic in nature (12 of

Karp’s 21 NP-complete problems [Kar72] for example). Graphs indeed seem to be ubiquitous

in computer science, both theoretically as well as in practice.

�e �rst theme of this thesis is to look at the parallel complexity of the problem of Depth

First Search in graphs or DFS. Depth First Search in graphs is an archetypal graph algorithm

whose origin is in the 19-th century work of Trémaux [Die16][Chapter 1]. �e DFS algorithm

has played a pivotal role in the study of several problems such as biconnectivity [HT73b],

1



2 Chapter 1. Introduction

triconnectivity [HT73a], topological sorting [Tar76],[Chapter 20 [CLRS22]], strong connec-

tivity [Tar72, Sha81, Dij76], planarity testing and embedding [HT74] etc. Along with Breadth

First Search (BFS), it is perhaps one of the best known algorithms to traverse graphs. How-

ever, while a parallel algorithm (i.e. an NC algorithm) has been known for BFS for some

time [GM88]
1
, no such (deterministic) algorithm has been found for DFS. It was believed that

DFS might be inherently sequential and Reif [Rei85] gave evidence supporting that by show-

ing that lexicographically-�rst or lex-�rst DFS (i.e. a DFS traversal where the order of ex-

ploring the neighbours of the current node is predetermined in input) is P-complete in both

directed as well as undirected graphs. Since it is widely believed that P 6= NC, this result

suggested that an NC algorithm for lex-�rst DFS is unlikely to exist. However the question

of �nding a DFS tree of a graph in NC, not necessarily the lex-�rst one, remained open. Sur-

prisingly, it was shown by Aggarwal and Anderson [AA88] in 1987 that there does exist a

randomized NC algorithm for DFS in undirected graphs. Subsequently, Aggarwal, Anderson

and Kao [AAK90] gave an RNC algorithm for DFS in directed graphs also. Both the RNC

algorithms mentioned above give a deterministic NC reduction to the problem of �nding a

minimum weight perfect matching in a bipartite graph. A recent breakthrough result by Fen-

ner, Gurjar and �ierauf [FGT19] showed that such a perfect matching can be constructed in

quasi-NC, thereby pu�ing DFS in quasi-NC, for both directed as well as undirected graphs

(the class quasi-NC consists of problems that can be solved in polylogarithmic time by a PRAM

with quasi-polynomially many processors). However, a deterministic NC algorithm for DFS,

either via a deterministic algorithm for perfect matching, or directly, has eluded us so far.

In restricted graph classes like planar graphs on the other hand, deterministic NC algo-

rithms have long been known both in undirected as well as directed se�ing [Smi86, HY88,

Hag90, Kao88]. Moreover, compared to the randomized NC algorithms for DFS in general

graphs, the algorithms in planar graphs are much simpler and do not make use of a routine

for perfect matching. Khuller [Khu90] also extended an NC algorithm for DFS in planar graphs

to an NC algorithm for DFS in K3,3-minor-free graphs. We make further progress in this di-

rection by improving the parallel complexity of DFS in planar digraphs, bounded treewidth

digraphs. We also extend the class of graphs for which NC algorithms for DFS are known to

bounded genus digraphs and single-crossing-minor-free graphs
2
.

�e other theme of this thesis is to explore some problems related to parity of paths in

directed graphs, in the sequential se�ing. Suppose we are given a graph G, a source vertex

s, and a destination vertex t in it. �e problem of �nding a simple path from s to t is a

fundamental problem known as the Reachability problem. A natural and well studied variant

of it the problem of �nding a path of even length from s to t. Lapaugh and Papadimitrou [LP84]

showed that the undirected version of the problem can be solved in linear time, whereas as

the directed version, which we refer to as EvenPath, is NP-complete.
3
.

A related problem, that of �nding a simple directed cycle of even length, called EvenCycle
(which poly-time reduces to EvenPath), has also received signi�cant a�ention. Polynomial-

time algorithms have been known since long for the undirected version ([LP84, YZ97]), while

the question of tractablility of the directed version was open for over two decades before

1
Strictly speaking, we are not aware of NC algorithms for BFS. What we mean are algorithms that output a

tree preserving the most important and widely used property of BFS, that every path from root to a vertex in

the tree is a shortest path between them.

2
As we will explain later, the term single-crossing-minor-free is used to denote a family of graph classes that

include in particular, the class of K3,3-minor-free graphs, and of K5-minor-free graphs.

3
�e problem of �nding a path of odd length from s to t easily reduces to EvenPath by adding a dummy out

neighbour t′ of t and querying for an even path from s to t′.
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polynomial-time algorithms were given by McCuiag, and by Robertson, Seymour and �omas

[MRST97]. More recently, Björklund, Husfeldt and Kaski [BHK22] gave a randomized poly-

nomial time algorithm for �nding a shortest even directed cycle in directed graphs.

Since EvenPath is NP-hard, it is natural to investigate graph classes for which EvenPath

would be tractable. Gallucio and Loebl [GL94] gave a polynomial-time algorithm for �nding

an even cycle in planar directed graphs, in which they develop a routine for a restricted variant

of EvenPath (when s, t lie on a common face, and there are no even directed cycles le� on

removal of that face). Following that, Nedev [Ned99] in 1999 showed that EvenPath is in P in

planar digraphs. We are not aware of any work following that of Nedev’s, for EvenPath, until

the recent work in [Sha21] which give a polynomial time algorithm for EvenPath in digraphs

with at most one crossing (i.e. single-crossing graphs). We extend the class of graphs for

which EvenPath is tractable, by giving a polynomial-time algorithm for EvenPath in single-

crossing-minor-free digraphs. We also give solutions to two other related problems that occur

along the way, that might be of independent interest. We explain our results in more detail in

the rest of this chapter.

1.1 Our results on parallel algorithms for DFS
We �rst discuss our results related to DFS. For planar graphs, deterministic parallel algorithms

to construct a DFS tree have been known, in both undirected as well as directed se�ing. For

undirected planar graphs, Smith [Smi86] gave a deterministic parallel algorithm running in

O(log
3n) time. �is was improved further in subsequent works [HY88] and Hagerup [Hag90]

gave a parallel O(log n) time algorithm. In fact, it is observed in [ACDM19] that using Rein-

gold’s result on connectivity [Rei08], the algorithm of Hagerup is a Logspace reduction to

computing distances in undirected planar graphs, thus pu�ing it in the class UL ∩ co-UL

([TW10]). For directed planar graphs, Kao [Kao88] �rst gave a deterministic NC algorithm

for DFS running in timeO(log
7n) on EREW PRAM. Subsequent papers optimized on runtime

as well as number of processors [KK93, Kao95], leading to an algorithm for DFS in planar

digraphs running in O(log
10n) time on a CRCW PRAM with O(n) processors [KK93], and

an algorithm for DFS in strongly connected planar digraphs running in O(log
5n) time on a

CRCW PRAM with O(n/log n) processors [Kao95].

1.1.1 Depth First search in directed planar graphs
We first aimed at generalizing the machinery developed by Hagerup [Hag90] for undirected

planar graphs to directed planar graphs. The hope was to reduce the problem of construct-

ing a DFS tree in directed planar graphs to that of computing distances in directed planar

graphs, using a Logspace reduction. This would lead to a UL ∩ co-UL algorithm using [TW10].

Though we were not able to get a UL ∩ co-UL algorithm, we were able to come up with

a graph decomposition that is a generalization the decomposition of Hagerup and get an

AC
1(UL ∩ co-UL) algorithm, improving the previous bound of AC

10
by Kao and Klein [KK93].

The decomposition of [Hag90] proceeds by embedding the graph in the plane identifying

the set of ‘outermost’ cycles, that is those not contained inside any other cycles of the graph.

These along with things in their exterior form the first layer of the graph. Then they peel

this layer of and proceed similarly. This gives a layering of the graph, where the layers are

a�ached to each other in a ‘tree like manner’. They show that this layering can be computed
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e�iciently in parallel. Moreover each layer is a very simple graph: a ‘tree of cycles’, and a

particular kind of DFS traversal of each layer can be computed e�iciently. Since the layers

are a�ached in a tree like manner, they show that the DFS trees of each layer that were

computed, can be patched up consistently in parallel.

For directed graphs we extend this idea by doing a two step nested sublayering. The first

layer consists of the the set or ‘outermost’ clockwise cycles of the graph and things external to

it. Then we peel this layer o� and proceed similarly, again giving a ‘tree like layering’ of the

graph. But since these layers can have complex nesting of counter clockwise cycles, for each
layer obtained in the first step, we further divide it into sublayers as done in the first step,

but by using counter-clockwise cycles. The final sublayers thus obtained again are a�ached

to each other in a ‘tree like manner’. Instead of a ‘tree of cycles’ in the layering for planar

graphs, each sublayer in our layering for planar digraphs is a ‘DAG (directed acyclic graph)

of meshes’.

Unfortunately, it turns out that the meshes in the sublayers may not always have DFS

traversals that can be patched up together consistently. Thus with a slight compromise from

our initial goal, we proceed via using this decomposition to construct a balanced path sepa-

rator of a graph.

The lemma we prove can be stated as:

Lemma 1.1 ([ACD21, ACD22]). Given a planar digraphG and a vertex r in it, we can construct
an (11

12
, r)-path separator in UL ∩ co-UL.

However, we observed later that by plugging in some results on reachability in planar

digraphs by Bourke, Tewari and Vinodchandran [BTV09] into the algorithm of Kao and

Klein [KK93], also yields a (2
3
, r)-path separator for planar digraphs in UL ∩ co-UL. In that

sense, our decomposition is not crucial for the UL ∩ co-UL bound for a balanced path sep-

arator, but gives an alternate algorithm. We nevertheless believe that our machinery might

possibly have other applications in problems on planar digraphs. Using Lemma 1.1, we use a

divide and conquer algorithm to construct a DFS tree as stated in the following theorem

�eorem1.2 ([ACD21, ACD22]). �eproblem ofDFS in planar digraphs is inAC
1(UL ∩ co-UL).

Our method for constructing DFS trees using balanced path separators di�ers from the

method of Kao and Klein [KK93]. They proceed via construction of partial DFS trees (devel-

oped in [AAK90]), whereas we sew the DFS trees of the smaller stongly connected compo-

nents in a manner consistent with the DFS traversal of the DAG they are a part of.

1.1.2 Depth First Search in bounded treewidth graphs
We further explore this thread by investigating deterministic parallel algorithms for other

classes of graphs. Surprisingly, we did not find any explicit result on parallel DFS for bounded

treewidth graphs in the literature. The machinery developed by Kao [Kao88] to merge a

small number of paths that form a balanced separator of a graph into a single path separator

however, immediately gives an AC
1
(L) bound for DFS in bounded treewidth graphs, both

directed as well as undirected. We improve this bound and show the following result:

�eorem 1.3. DFS in bounded treewidth digraphs is in L.

It is easy to see that given an undirected graph, if we make all the edges of it bidirected

and find a DFS tree of the new directed graph, its underlying undiricted tree will be a valid

DFS tree of the original undirected graph. This immediately gives the following corollary:
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Corollary 1.4. DFS in (undirected) bounded treewidth graphs is in L.

Our result uses a logspace version of Courcelle’s theorem [Cou90, EJT10], a result in

model theory that allows adding linear order in a structure without significantly increas-

ing its treewidth [CF12, BD15], and a simple charecterization of lex-first DFS trees in terms

of lex-first paths from root to a vertex [dlTK95].

1.1.3 Depth First Search in bounded genus graphs
Since planar graphs have genus zero, a natural extension of planar graphs are graphs that

are embeddable on a suface of higher genus. We give a parallel algorithm for DFS in graphs

embeddable on surfaces whose genus is at most a fixed constant (such families of graphs are

referred to as bounded genus graphs).

We first find a constant number of disjoint cycles so that if any large component remains

on removing them, then it must be planar. For directed graphs, the cycles might not be

directed cycles, but are such that they can be wri�en as a union of at most two directed

paths. We then find a balanced path separator of that remaining planar graph. This results in

a balanced ‘multipath’ separator of the entire graph consisting of constantly many paths, and

we use Kao’s trick to combine them into a single balanced path separator and then proceed

via the divide and conquer method of [ACD22]. Our result can be stated as the following

theorem:

�eorem 1.5. DFS is in AC
1(UL ∩ co-UL) for directed graphs of bounded genus.

We again get the following corollary from the explanation in the previous subsection.

Corollary 1.6. DFS is in AC
1(UL ∩ co-UL) for undirected graphs of bounded genus.

1.1.4 Depth First Search in single-crossing-minor-free graphs
Robertson and Seymour showed [RS93] that single-crossing-minor-free graphs can be de-

composed by 3-clique sums into smaller pieces such that each piece is either planar, or of

bounded treewidth. It was shown in [EV21] that the decomposition can be found in NC. This

decomposition theorem is a simpler version of the more complicated theorem by Roberstson

and Seymour for general H-minor-free graphs, and a more general version of the decom-

position result for K3,3-minor free graphs, which states that K3,3-minor free graphs can be

decomposed by 2-clique sums into pieces (their triconnected components basically) that are

either planar or exactly the graph K5 [Hal43, Asa85, Vaz89]. Building on the results for DFS

in planar graphs and bounded treewidth graphs, we show that:

�eorem 1.7. DFS is in NC for undirected single-crossing-minor-free graphs.

The basic idea is to find a path separator (cycle separator in fact) and use divide and con-

quer as described in [Smi86]. To find a path separator, the strategy at a high level is similar

to that of [Khu90], to decompose the graph and find a separator in the ‘central’ piece. The al-

gorithm first computes the clique-sum decomposition tree described by [RS93] in NC [EV21]

and then finds a central piece in this decomposition, which is a piece such that subgraphs in

the decomposition a�ached to it have small weights. There are two cases to analyze: either

the central piece is of bounded treewidth, or it is planar. Hereon the technicalities di�er from
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that of [Khu90], since forK3,3-minor free graphs, the decomposition only involves separating

pairs whereas for single-crossing-minor-free graphs, separating triplets (that is three vertices

which if removed from the graph, result in more than one connected component) are involved

as well, making things a li�le more complicated.

The case when it is of bounded treewidth is handled easily by further refining the tree

decomposition. For the case when the central piece is planar, we show that in order to find

a balanced separator of the input graph, it su�ices to project the weights of the a�ached

subgraphs on the vertices/edges/faces of this central piece and then find a balanced cycle
separator of this piece. However there are some technical issues caused due to the presence

of ‘virtual edges’ that are used to compute the decomposition. To resolve them, we construct

certain ‘gadgets’ or ‘mimicking networks’, which are small graphs that have the same con-

nectivity properties as a larger graph. We project the gadgets corresponding to the a�ached

subgraphs on the vertices/edges/faces of the central piece and show that it preserves the

planarity of the piece. Then we use the algorithm from [Mil86] to find a balanced cycle sepa-

rator in the modified central piece, and show that it can be li�ed to the original graph while

maintaining the balanced separator property.

1.2 Our results on problems on parity of paths
We extend the class of graphs for which EvenPath is tractable, by giving a polynomial-time

algorithm for EvenPath in single-crossing-minor-free digraphs. We show that in bounded-

treewidth digraphs using Courcelle’s theorem. Along with Nedev’s algorithm for EvenPath

in planar digraphs and Robertson- Seymour’s decomposition for single-crossing-minor-free

graphs into planar and bounded treewidth pieces, this gives a recipe for a polynomial time

algorithm in single-crossing-minor-free digraphs. However there are technical issues (which

we will explain in the thesis), that prevent a straightforward dynamic programming solution

using these. To overcome these challenges, we develop two ingredients which might be of

independent interest.

Parity Mimicking Networks The first is the construction of gadgets that we call parity-
mimicking networks, which are graphs that preserve the parities of various paths between

designated terminal vertices of the graph they mimic. Since the graph pieces in Robertson-

Seymour’s tree decomposition of single-crossing-minor-free graphs are joined to each other

via a clique of at most three vertices, we construct parity mimicking networks for upto three

terminal vertices. The idea of mimicking networks has been used in the past for other prob-

lems, like flow computation [HKNR98, HKNR98, CE13, KR13, KR14], and in perfect match-

ing [EV21]. The ideas we use for constructing parity mimicking networks however, do not

rely on any existing work. For technical reasons, we require our parity mimicking networks

to be of bounded treewidth and planar, with all terminals lying on a common face. These

requirements make it more challenging to construct them (or even to check their existence),

than might seem at a first glance. To state our result more formally, we need some definitions.

We first define the parity configuration of a graph, which consists of subsets of {0, 1}
for each pair, triplet of terminals, depending on whether there exists ‘direct’ or ‘via’ paths of

parity even, odd, or both (we use 0 for even parity and 1 for odd). We formalise this below.

De�nition 1.8. Let L be a directed graph and T (L) = {v1, v2, v3} be the set of terminal ver-

tices ofL. �en, ∀i, j, k ∈ {1, 2, 3}, such that i, j, k are distinct, we de�ne the sets DirL(vi, vj),
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and ViaL(vi, vk, vj) as:

• DirL(vi, vj) ={p | there exists a path of parity p from vi to vj in L− vk }

• ViaL(vi, vk, vj) ={p | there exists a path of parity p from vi to vj via vk and
there does not exist a path of parity p from vi to vj in L− vk}

We say that the DirL,ViaL sets constitute the parity con�guration of the graph L with respect

to T (L). We call the paths corresponding to elements in DirL,ViaL sets as Direct paths and

Via paths, respectively.

We now define parity mimicking networks.

De�nition 1.9. A graph L′ is a parity mimicking network of a another graph L (and vice

versa), if they share a common set of terminals, and have the same parity con�guration, P ,

with respect to the terminals. We also call them parity mimicking networks of parity con�g-

uration P .

We now state our lemma regarding existence and e�icient construction of parity mimick-

ing networks satisfying the desired constraints:

Lemma 1.10. [CDGS24] Suppose L is a graph with terminals T (L) = {v1, v2, v3}, and suppose
we know the parity con�guration of L with respect to {v1, v2, v3}. We can in polynomial-time,
�nd a parity mimicking network L′ of L, with respect to {v1, v2, v3} which consists of at most 18
vertices, and is also planar, with v1, v2, v3 lying on a common face.

It might be of interest to see if a simpler construction exists (perhaps a constructive argu-

ment to route paths, that has eluded us so far), that avoids the he�y case analysis we have

to do, and also if they can be constructed for more than three terminals.

Disjoint paths with constraints on total parity The other ingredient we develop arises

from a natural variant of another famous problem. Suppose we are given a graph G and ver-

tices s1, t1, s2, t2 . . . sk, tk (we call them terminals) in it. The problem of finding pairwise vertex

disjoint paths, from each si to ti is a well-studied problem called the disjoint paths problem. In

undirected graphs, the problem is in P when k is fixed [RS95, RRSS91], but NP-complete oth-

erwise [Lyn75]. For (directed) graphs, the problem is NP-complete even for k = 2 [FHW80].

In planar graphs, it is known to be in P for fixed k [Sch94, CMPP13, LMP
+

20]. We consider

this problem, with the additional constraint that the sum of lengths of the si-ti paths must be

of specified parity. We herea�er refer to the parity of the sum of lengths as total parity, and

refer to the problem as DisjointPathsTotalParity. In the undirected se�ing, a stricter version

of this problem has been studied, where each si-ti path must have parity pi that is specified

in input. This problem was shown to be in P for fixed k, by Kawarabayashi et al. [KRW11].

However much less is known in the directed se�ing. We do not yet know if it is tractable in

planar graphs, even for k = 2. We show that in some special cases, i.e., when there are four

terminals, three of which lie on a common face of a planar graph, DisjointPathsTotalParity

can be solved in polynomial time for k = 3. To state our result, we define the problem more

formally, adapted to our se�ing:

De�nition 1.11. Given a graph G and four distinct terminals v1, v2, v3, and v4 in V (G), the

DisjointPathsTotalParity problem is to �nd a set of three pairwise disjoint paths, from v1 to

v2, v2 to v3, and from v3 to v4, such that the total parity is even, if such a set of paths exist,

and output no otherwise.
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The problem where total parity must be odd can be easily reduced to this by adding a

dummy neighbour to v4. The result we show is the following:

Lemma 1.12. [CDGS24] Let G be a graph, and v1, v2, v3, v4 be four vertices of G. Both decision
as well as search versions of DisjointPathsTotalParity for these vertices as de�ned above can be
solved in polynomial time in the following cases:

1. If G has constant treewidth.

2. If G is planar and v1, v2, v3 lie on a common face of G.

We do this by showing that under the extra constraints, the machinery developed by

[Ned99] can be further generalized and applied to find a solution in polynomial time. The

question of tractability of DisjointPathsTotalParity in planar graphs, without any constraint

of some terminals lying on a common face is open, and would be interesting to resolve. A

polynomial-time algorithm for it (for fixed k), would yield a polynomial-time algorithm for

EvenPath in graphs with upto k crossings, which is currently unknown.

Combining these two ingredients allows us to proceed with dynamic programming and

show the following result:

�eorem 1.13. [CDGS24] Given an H-minor-free graph G for any �xed single-crossing graph
H , the EvenPath problem in G can be solved in polynomial time.



Chapter 2

Preliminaries

2.1 Complexity classes
We give a brief introduction to parallel complexity classes. For more formal and detailed

introduction, we refer the reader to the texts by Arora and Barak [AB09] and Vollmer [Vol99].

2.1.1 Complexity Classes based on Turing Machines
We assume familiarity with the notion of TuringMachines (deterministic and non-deterministic),

and classes such as P and NP.

The randomized versions of deterministic classes like P are defined by giving the machine

access to random bits.
The class L (for Logspace) consists of languages (or decision problems) which can be de-

cided by Turing Machines that use only O(log n) cells of their work tape. The corresponding

non-deterministic class is NL. A non-deterministic Turing machine is said to be unambiguous
if on every input, there is at most one accepting computation path. The class of problems

which can be decided by an unambiguous logspace-bounded non-deterministic Turing ma-

chines is referred to as UL. The class co-UL is its complement. Decision problems of languages

can be seen as functions with a binary 0/1 output. Though the above classes are defined for

such binary valued functions, they can be extended to functions whose output can be any

binary string. A function f being computable in P or L are naturally defined (We refer to a

Turing machine that outputs a string as a transducer). To define the concept of a function

being ‘computable in NL’, we note the following theorem from [JK89] where they show that

the following three conditions are equivalent and each of them can serve as a definition:

1. f is computed by a L machine with an oracle from NL.

2. f is computed by a L-uniform NC
1
circuit family with oracle gates for a language in NL.

3. f(x) has length bounded by a polynomial in |x|, and the set {(x, i, b) : the ith bit of f(x)
is b} is in NL.

In particular thus, we can say that a function f is in NL if there is an NL machine that can

compute the ith bit of the output. The proof of the equivalence above relies on the fact that

the class NL is closed under complement (i.e. NL=co-NL) [Sze88, Imm88]. Since the class UL

is not yet known to be equal to its complement co-UL, it is less clear as to how to define the

9
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notion of “f ∈ UL”. However the the class UL ∩ co-UL is obviously closed under complement

and the proof of [JK89] carries over to the class UL ∩ co-UL. That is, the following conditions

are equivalent:

1. f is computed by a L machine with an oracle from UL ∩ co-UL.

2. f is computed by a L-uniform NC
1

circuit family with oracle gates for a language in

UL ∩ co-UL.

3. f(x) has length bounded by a polynomial in |x|, and the set {(x, i, b) : the ith bit of f(x)
is b} is in UL ∩ co-UL.

Thus if any of the above conditions hold, we can say that “f is computable in UL ∩ co-UL.”

It is conjectured that for logspace Turing machines non-determinism can be made unam-

biguous, i.e., NL = UL [ARZ99, RA00]. The conjecture remains open though some progress

has been made towards proving it. Allender and Reinhardt [RA00] showed that they are in-

deed equal in the non-uniform se�ing, i.e. NL/poly = UL/poly. The problem of reachability

(which we call REACH), i.e. finding a path from a source vertex to a destination vertex in

a directed graph is NL-complete [Jon75]. The problem of finding the length of a shortest

path from a source vertex to a destination vertex in a directed graph (which we call DIST)

is also NL-complete. For directed planar graphs, the following are two important results on

functions in UL ∩ co-UL that we use in our work:

�eorem 2.1. 1. REACH in directed planar graphs is in UL ∩ co-UL [BTV09].

2. DIST in directed planar graphs is in UL ∩ co-UL [TW10].

An important fact we will use is that the composition of two logspace-computable func-

tions is also logspace-computable (see Chapter 4 [AB09]).

The proof also carries over to functions computable in L
C

for any oracle C , thus in par-

ticular for functions computable in UL ∩ co-UL [TW10]. We make implicit use of this fact

frequently when presenting our algorithms. For example, we may say that a colored labeling

of a graph G is computable in UL ∩ co-UL, and that, given such a colored labeling, a decom-

position of the graph into layers is also computable in logspace, and furthermore, that—given

such a decomposition of G into layers—an additional coloring of the smaller graphs is com-

putable in UL ∩ co-UL, etc. The reader need not worry that a logspace-bounded machine

does not have adequate space to store these intermediate representations; the fact that the

final result is also computable in UL ∩ co-UL follows from closure under composition. In ef-

fect, the bits of these intermediate representations are re-computed each time we need to

refer to them.

2.1.2 �e PRAM model
We briefly describe the model of PRAMs (see [Vol99, KR90] for a more detailed discussion).

A PRAM has multiple synchronous processors, all having unit time access to a shared mem-

ory. Each processor also has a local memory. Processors can read from or write into a cell

of their local memory or a cell of the shared memory (therefore they can communicate via

the shared memory). There are various models of PRAMs characterized by rules for resolving

conflicts regarding access of cells of the shared memory. The most common one we use is

the Concurrent Read Concurrent Write, or the CRCW model, where multiple processors can
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simultaneously read from a shared memory cell, and simultaneously a�empt to write to a

shared memory cell. Within CRCW model, there is further classification of models based

on how concurrent writes are resolved. For us, CRCW means the ARBITRARY model, where

concurrent writes are resolved by enabling an arbitrary processor to succeed. There are also

other models like COMMON, where the write succeeds only if all processors are a�empting

to write the same value, and PRIORITY, where the least indexed processor succeeds. These

models have di�erent powers, but for our purpose, that level of fine distinction is not required

(see [KR90]). Apart from CRCW, there are other PRAM models like Concurrent Read Exclu-

sive Write (or CREW), where multiple processors cannot simultaneously a�empt to write at

a shared memory cell, and Exclusive Read Exclusive Write (or EREW), where multiple pro-

cessors can neither read simultaneously from a shared memory cell, nor a�empt to write. As

shown in [KR90], CREW can simulate any program run in CRCW with the same number of

processors, with an overhead multiplicative factor ofO(log n). We use CRCW(T(n)) to denote

the class of problems which can be solved inO(T(n)) time by a CRCW PRAM with polynomial

number of processors. If we assume the number of processors to be the same, the following

hierarchy follows easily from definitions:

EREW(T (n)) ⊆ CREW(T (n)) ⊆ CRCW(T (n))

2.1.3 Boolean Circuits
Next we describe boolean circuits. We can think of a boolean circuit as a directed acyclic

graph (DAG) where each edge represents a wire that carries a 0/1 bit, each source node is

labelled with a 0/1 bit (an input bit), and all nodes other than the source nodes are labelled by

boolean logic gates {AND, OR, NOT}. Some of the sink nodes, usually just one, are designated

as output nodes. We sometimes refer to the nodes (except input nodes) as gates. The number

of wires entering/exiting a gate is called the fan-in/fan-out of the gate respectively. If the

input bits are specified, the circuit computes the output bits in the natural way.

The size of the circuit is defined as the number of nodes (gates) in the circuit. The depth of

a circuit is defined as the length of the longest path from a source node (input) to an output

node.

A family of boolean circuits is a sequence of boolean circuits denoted by {Cn}n∈N, where

the circuit Cn has n input nodes. If x ∈ {0, 1}n is some input Cn, we denote the output of Cn

on x by Cn(x). If T : N → N is a function, we say that the family {Cn}n∈N has size T (n) if

for every n, the size of Cn is at most T (n). We say the family {Cn}n∈N has depth T (n) if for

every n, the depth of Cn is at most T (n). We say that a language L is decided by a family of

boolean circuits {Cn}n∈N if for every x ∈ {0, 1}n, x ∈ L⇔ Cn(x) = 1.

Note that there is no restriction on how the circuits of a family are generated. It can be

shown easily that there exists a family of polynomial size circuits that can decide a unary

encoding of the Halting problem. To avoid such consequences, it is natural to impose some

uniformity conditions on the ciruit families, so that there is a single algorithm to generate the

circuits. A logspace-uniform family of circuits is a sequence of boolean circuits {Cn}n∈N such

that there is a logspace Turing machine that can output the description of Cn on input 1n.

Note that the condition of logspace-uniformity enforces the size of the circuits to be at most

polynomial in the size of the input. There are other notions of uniformity as well, for example

using the deterministic log-time Turing machine model (see [Ruz81, MIS90] for definition and

discussions on these models and notions of uniformity).

We define the classes AC, NC:
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De�nition 2.2. For every k ∈ Z+
, a languageL is in the class uniform AC

k
ifL can be decided

by logspace-uniform family of circuits {Cn} where Cn has poly(n) size and O(log
k
n) depth.

�e class AC is de�ned as

⋃
i≥1AC

i
.

�e class NC is de�ned similarly but with the restriction that the gates of the circuits in

the family can have fan-in at most 2.

We will slightly abuse notation and drop the term uniform when referring to uniform AC.

The class quasi-NC is defined similar to the class NC with the modification that the size

of circuits is quasi-polynomial in the size of input, that is, for input x ∈ {0, 1}n, the size of

the circuit is quasi-polynomial, that is 2log
O(1)n

.

As observed in the previous subsection, languages can be thought of as functions with

a single 0/1 output, and complexity classes can be extended to boolean functions with a

binary string as output. Though the classes AC,NC are defined for languages (single output

gate), they can be easily extended to include such boolean functions by allowing circuits with

multiple output gates.

We will also consider circuits which along with boolean gates {AND, NOT, OR} also have

‘oracle gates’ for some boolean funcitons. An oracle gate for boolean function f with n input

bits is a gate that on input x ∈ {0, 1}n, gives the output f(x). Suppose C is a complexity

class (a set of boolean functions). We use AC
k
(C) to denote functions that can be computed

by a family of AC
k

circuits augmented with oracle gates that can compute functions in C. An

equivalent characterization of AC
k

is in terms of the class CRCW[logk n] of the PRAM model

described abovewith number of processors nO(1)
[KR90]. The class randomized NC or RNC

can be defined by giving PRAMs access to random bits.

For all the classes mentioned above, we will slightly abuse notation and use the usual

notations like AC, NC, NL etc when it is clear from the context that we are referring to the

functional version of the complexity class. In our work, we will mostly try to optimize the

complexity of various problems with respect to the following hierarchy:

L ⊆ UL ∩ co-UL ⊆ UL ⊆ AC
1 ⊆ AC

1(UL ∩ co-UL) ⊆ AC
2 ⊆ NC

3 ⊆ AC
3 . . .

2.2 Graph theory prelims
We assume some familiarity with the notion of graphs. We generally denote the graph for-

mally as a pair G = (V,E) where V is the set of vertices of G (sometimes denoted by V (G)),
and E ⊆ V × V is the set of edges (sometimes denoted by E(G)). Usually we assume that

G has n vertices. The graph G may be undirected, in which case E is a symmetric set, of G
may be directed, in which caseE need not be a symmetric set. IfG is directed, and e = (u, v)
is an edge in E, we call u the tail of e, and v as the head of e. We will sometimes refer to

the underlying undirected graph of G, which is the graph obtained by ignoring the directions

of edges of G. We emphasize that when talking about concepts like treewidth, minors of di-

rected graphs, we intend them to apply to the underlying undirected graphs. We will mostly

deal with simple graphs, that is, we assume there are no self loops (edges of the type (u, u))
or multi-edges between two vertices. size of a graph we mean the number of vertices of the

graph. If a graph is weighted, that is the vertices of the graph have weights, then we use the

term size to mean the sum of the weights of all the vertices of the graph.

A graph G′ is a subgraph of G if V (G′) ⊆ V (G) and E(G′) ⊆ E(G). If S ⊆ V (G) is a set

of vertices, then we denote by G[S], the induced subgraph of S. If v is a vertex in G, we use
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G− v to denote the graph obtained by deleting the vertex v and all edges adjacent to v. If S
is a set of vertices of G, G−S is defined similarly. If e = (u, v) is an edge in G, we use G− e
or G− (u, v) to denote the graph obtained by deleting the edge (u, v) from G (just deleting

the edge, not the end points u, v). The degree of a vertex v is the number of edges incident

on v. If (u, v) is an edge in a directed graph, we say that v is an out-neighbour of u and u is

an in-neighbour of v. The out-degree (respectively in-degree) of a vertex v in a digraph is the

number of out-neighbours (respectively the number of in-neighbours) of v. A graph G is said

to be k-degenerate if every subgraph of G has at least one vertex of degree at most k. The

degeneracy of a graph is the minimum k such that it is k-degenerate.

A walk in a graph (directed or undirected) is a sequence of vertices vi1 , vi2 , . . . such that for

any two vertices vil , vil+1
adjacent in the sequence, (vil , vil+1

) ∈ E. A path of G (sometimes

referred to as a simple path) is a walk where no vertex is repeated. A cycle (also referred

to as a simple cycle) is a walk where no vertex is repeated, except for the first and the last

vertex in the sequence, which are the same. For directed graphs, the terms path and directed
paths will usually be synonymous (the la�er is sometimes used to emphasize context) and the

terms cycles and directed cycles will also be synonymous, unless otherwise specified. We use

the term disjoint paths to refer to paths that do not share any vertex. Paths that do not share

any vertex other than the end points are called internally disjoint paths, though we sometimes

drop the term ‘internally’ when it is clear from context that we mean internally disjoint paths.

IfA,B ⊆ V , we say that P = v0 . . . vk is anA−B path if V (P )∩A = v0 and V (P )∩B =
vk. A set of vertices S ⊂ V is called a separating set of G if removing the vertices of S from

G results in at least two connected components. A graph G is called k-vertex-connected, or

just k-connected since we will mostly deal with vertex connectivity, if there does not exist any

separating set ofG of size at most k−1. It is generally assumed that a k-connected graph has

at least k + 1 vertices (the empty graph is considered as disconnected.) A classical theorem

on connectivity in graph theory is the following, due to Menger [Men27] (refer to Chapter

3 [Die16] for an exposition).

�eorem 2.3. LetG = (V,E) be a graph andA,B ⊆ V . �en the minimum number of vertices
separating A from B in G is equal to the maximum number of internally disjoint A− B paths
in G.

An important and widely studied problem is that of finding disjoint paths in a graph

between designated vertices. We will use the following result by Khuller, Mitchell and Vazi-

rani [KMV92] on finding two disjoint paths between designated vertices in an undirected

graph, in parallel, .

�eorem 2.4. [KMV92] Suppose we are given an undirected graphG and vertices s1, t1, s2, t2 in
it. �e problem of deciding if there exists an s1-t1 path and an s2-t2 path, both of which are dis-
joint, is in CRCW[log n]. Moreover, if such paths exist, we can �nd such a pair in CRCW[log n].

We also refer to 2-connected graphs as biconnected graphs. If a single vertex by itself forms

a separating set of a graph, then we call it a cut vertex, or an articulation point. A biconnected
component or block of a graph is a maximal biconnected subgraph. Any connected graph

decomposes into a tree of biconnected components called the block-cut tree of the graph.

A block containing at most one cut vertex is called a leaf block, as it corresponds to a leaf

vertex in the block-cut tree. The block-cut tree of a graph is unique and can be computed in

L using [Rei08].

Another useful consequence of Menger’s theorem is the following lemma:
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Lemma 2.5. LetG be a 3-connected graph with at least 4 vertices. �en for any edge e ∈ E(G),
G− e is biconnected.

A digraph G is called strongly connected if for any two vertices u, v, there is a path from u
to v and a path from v to u. A strongly connected component of a digraph, which we sometimes

refer to as SCC is a maximal subgraph that is strongly connected. A digraph that does not

contain any (directed) cycles is called as a directed acyclic graph, also referred to as a DAG.

Any digraph can be decomposed into a DAG consisting of SCCs of the graph as nodes.

2.2.1 Spanning trees, Depth-First-Search trees
A tree is a graph (usually undirected) that is connected but has no cycles. Given an undirected

graph G, a spanning tree of G is a subgraph of G that is a tree and includes all vertices of G.

Given a spanning tree T ofG, the edges ofG in T are called the tree edges and the remaining

edges are called non-tree edges. An important fact we will o�en use is the following:

Lemma 2.6. Given a graph G, a spanning tree of G can be constructed in L.

The proof follows from [Rei08] and [Rei84]. If a vertex r of a tree T is designated as root
of the tree, then we naturally get a partial order on vertices of T . It is easy to see that for any

vertex v, there is a unique path from r to v in T , and if a vertex u lies on that path, then u is

called an ancestor of v, and v is called a descendant of u. The immediate ancestor of a vertex

in a tree is called its parent (which is unique), and the immediate descendants are called the

children.

Given a spanning tree T of G, consider a non-tree edge (u, v) in G. Let w be the least
common ancestor (also called LCA)of u, v, that is, if any other vertex x is a common ancestor

of u, v, then it is an ancestor of w. Then the paths from w to u, v respectively, along with the

edge (u, v) form a cycle that we call the fundamental cycle of the edge (u, v) with respect to

T .

For directed graphs, we use the concept of arborescence. Given a digraph G and a vertex

r designated as the root, an arborescence of G with respect to r is a subgraph T of G such

that the underlying undirected graph of T is a tree and every edge in T points away from

the root. An arborescence with respect to a vertex might not always exist in a digraph, but it

always exists if the digraph is strongly connected.

Given any node r in a directed graph G, a depth-first traversal of G starting at r is a

traversal of all of the nodes reachable in G from r obtained by starting with r as the only

node on a stack, and repeating the following steps until the stack is empty: (1) Pop a node v
o� the stack and ignore it if it has already been visited. (2) Otherwise mark it as visited, and

push all unvisited out-neighbours of v onto the stack. Di�erent depth-first traversals of G
result if the out-neighbours of v are placed onto the stack in di�erent orders. Each depth-first

traversal gives rise to a depth-first search tree (namely, the directed tree rooted at r where the

children of each node v are the out-neighbours x of v having the property that, when x is

first marked visited, x has no in-neighbour other than v that has been marked as visited). We

will assume here onwards that for the problem of DFS in digraphs, if we are given an input

graph G and a designated root vertex r in it, then all the vertices of G are reachable from r.
The definition is similar for undirected graphs.

Note that for undirected graphs, it is su�icient to output the edges that are part of a

depth-first search tree. Any Euler tour of the tree (which can be performed in L) for example,
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would be a valid DFS traversal of the input graph. For directed graphs on the other hand,

given a depth-first search tree T , it is possible to traverse T in an order that is not a depth-first

traversal of G. Thus it is more correct to say that we are constructing a depth-first traversal
of G, by augmenting the information regarding edges of the DFS tree with an ordering on

the out-neighbours of each vertex in the tree that is followed in the DFS traversal we are

outpu�ing. But we follow the established convention by abusing notation and referring to

depth-first search trees (DFS trees) and depth-first traversals interchangeably.

2.2.2 Planar graphs, dual, genus and embeddings
A planar graph is a graph that can be draw on a plane (or on a sphere) such that no two

of its edges cross each other (For a detailed exposition of planar graphs, embeddings, with

formal topological definitions, we refer the reader to [Chapter 4, [Die16]]). More formally, an

embedding of a graph G = (V,E) on a plane is a mapping that maps V to distinct points in

R2
and E to internally disjoint simple curves in R2

such that the endpoints of the image of

edge (u, v) are mapped to the images of vertices u, v. The faces of an embedded planar graph

are the maximally connected regions of R2
that disjoint from the images of V,E. A graph

embedded on R2
(o�en called as the plane) is called as a plane graph. In such an embedding,

there is an unbounded face which is called as the outer face ofG. (Note that in an embedding

of a graph on the sphere, we can designate any face as the outer face).

Since embeddings of the above type are di�icult to deal with on computers, we use the

more relaxed notion of combinatorial embeddings of planar graphs. A combinatorial embed-

ding or rotation scheme φ is a cyclic ordering of the edges around each vertex. such that

there is a plane drawing of the graph respecting the cyclic order. More formally, for a di-

rected graph G and an edge (u, v), φ(u, v) = (u,w) where (u,w) is the next edge incident

to u, in a cyclic ordering (say anti-clockwise) of the edges around u in a plane drawing of G.

A face of the embedded graph can be specified by its boundary, that is the edges we would

encounter when we traverse the boundary of the face (clockwise or counter-clockwise). Since

we will talk about connected graphs the boundary of a face will always be a single walk. A

plane graph is o�en wri�en as G = (V,E, F ), where F denotes the set of faces of G.

We will also use the concept of the dual graph of a planar graph. Suppose G = (V,E, F )
is a graph embedded in the plane. The dual graph G∗ = (F ∗, E∗, V ∗) is another plane graph.

The vertex set F ∗ of G∗ has a bijection with face set F of G. The face set V ∗ of G∗ has a

bijection with face set V of G (sometimes in literature G∗ = (V ∗, E∗, F ∗) is used for dual.

We use G∗ = (F ∗, E∗, V ∗) so that we can denote the vertex of G∗ that corresponds to face

fi of G, by fi
∗
). The dual graph need not be a simple graph. It is easy to see that the give

an embedded planar graph, the dual can be computed in logspace. An important fact that

we will repeatedly use is that the problem of planarity testing is in logspace. This was shown

by Allender and Mahajan [AM04] (they showed that it is in SL which was later shown to be

equal to L by Reingold), and also by Da�a, Prakriya [DP11].

�eorem 2.7. Given an input graphG, we can check if it is planar or not in L. If it is planar, we
can also construct an embedding of it in L.

The idea of drawing a graph on a plane/sphere without edges crossing can be extended to

more general surfaces. We give a very brief introduction here and refer the reader to [MT01]

for more details. A surface is a two-dimensional manifold, which can be thought of as a

shape that locally resembles the Euclidean plane. The genus of a surface is a measure of its
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complexity, defined as the maximum number of non-intersecting simple closed curves that

can be drawn on the surface without separating it. For example, a sphere has a genus of 0,

while a torus (doughnut-shaped surface) has a genus of 1. A torus can be seen as being formed

from a sphere by adding a handle to it. An orientable surface is one that can be obtained

by repeatedly adding handles to a sphere. Each handle introduces a ’hole’ to the surface,

increasing its genus by one. We deal only with orientable surfaces in this thesis. The genus

of a graph G is the minimum integer g such that G can be embedded on a surface of genus

g (without any edges crossing). By graphs of bounded genus, we mean a family of graphs of

genus at most a constant g. Another important fact we will use is that given a graph and a

fixed constant g, testing constructing an embedding of the graph on a surface of genus g is

in Logspace. This generalizes the result of Theorem 2.7 stated above. We state the following

theorem by Elberfeld, Kawarabayashi, (slightly modified by using the term genus instead of

Euler genus):

�eorem 2.8. [EK14] For every g ∈ N , there is a logspace DTM that, on input of a (connected)
graph G of genus at most g, outputs an embedding

∏
of G with genus at most g.

The statement of the theorem in [EK14] is for Euler genus, which is a more general notion

than the one we have defined above, but that is not required for our purpose.

Simple closed curves (cycles) drawn on orientable surfaces can be classified as separating

or non-separating. A separating cycle divides the surface into two disjoint regions. A non-

separating cycle, on the other hand, does not divide the surface into separate regions. Hence

if a graph is embedded on a surface, the cycles of a graph are either surface separating or

surface-non separating. The notion of combinatorial embeddings described above for planar

graphs can be extended to surface embeddings.

2.2.3 Balanced separators
We state the definition of balanced separators:

De�nition 2.9. Consider an input graph G = (V,E) of size n, where V,E denote the set of

vertices and edges respectively. Let r be a vertex in V . If G is undirected, we use the term

α-separator for some subgraph of G which if removed from G (i.e. its vertices are removed),

results in connected components of size at most αn, where 0 < α < 1. A single path P , or

a collection of disjoint paths {P1, . . . Pk} for example, could form a balanced separator of G.

We call refer to them as path separators and multipath separators respectively.

If G is directed, we have a similar de�nition, but the constraint is instead on the size of

each strongly connected component le� a�er removing the vertices of separator. An (α, r)-
path separator is an α-path separator that starts at vertex r.

Note that if we have an algorithm to find an α-separator in a directed graph, then we can

use that to find an α-separator in an undirected graph by making each edge into a bi-directed

edge.

Also note that the definition translates to the case when vertices of G are weighted.

For brevity, we will occasionaly drop the fraction, or even the term balanced, and use the

term path/cycle separator, when it is clear from context that we mean a balanced path/cycle

separator.

Any simple cycle C in an embedded planar graph G will divide it into two regions, the

interior and exterior of C , which we denote by int(C) and ext(C) respectively. Typically, if
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a face of G is marked as outer face then the region containing the outer face is referred to as

the exterior and the other region ass the interior. Suppose the vertices, edges and faces of G
are assigned weights. Then we usew(int(C)) to denote the sum of weights of vertices, edges,

faces that are contained int(C). The term w(ext(C)) is defined similarly. The vertices, edges

that lie on C itself are usually not counted since it they are part of they separator and will

be removed when recursing. Another variation of cycle separators for planar graphs we will

use is one where both the weigth of the interior, as well as the weight of exterior of the cycle

separator are small. We will define these in detail in Chapter 3.

For a planar graph that is embedded on the plane, we will use the notion of laminar family
of cycles. A set of cycles of the graph form a laminar family if for any two cycles in the family:

• either they share at most one vertex in common and neither of them lies in the interior

region of the other cycle,

• or they are vertex disjoint and one of them lies in the strict interior of the other.

More generally, we call a family of sets laminar if for any two subsets of the family, either

one is a subset of the other, or they are both disjoint.

2.2.4 Minors, treewidth, clique sum decomposition
A graph H is called a minor of G if it can be formed from G by deleting edges, vertices and

by contracting edges (in any sequence). If H is not a minor of G, we say that G is H-minor-

free. If F is a family of graphs such that H is not a minor of any graph in it, then we say

that F is H-minor-free, or that H is a forbidden minor of F . It is a well known theorem of

Wagner [Wag37] that the set of graphs for which both K3,3 and K5 are forbidden minors, is

exactly the set of all planar graphs. A family F is called minor closed if for every graph in F ,

all its minors are also in F . Planar graphs are an example of a minor closed family. It is not

a coincidence that they can be characterized by two graphs K3,3 and K5 as their forbidden

minors. A deep result of Robertson and Seymour states that any minor closed family can be

completely characterized by a finite set of forbidden minors [RS04].

We refer the reader to [Die16] for formal definitions of tree decompositions and treewidth.

Informally, a tree decomposition TG of a graphG is a tree where each node (sometimes called

a bag) corresponds to a subset of vertices of G such that:

• Every vertex of G belongs to at least one bag of TG.

• For every edge (u, v) in G, there exists a bag containing both u, v.

• For every vertex v of G, the bags that contain v form a connected subtree of TG.

The width of a tree decomposition is the size of the largest bag minus one. The treewidth of

a graph is the minimum width among all possible tree decompositions of G.

A particular type of tree decompositions we will use are clique sum decompositions, which

are obtained when decomposing the graph along separating sets of some sizes. In a k-clique

sum decomposition, we decompose the graph as long as there are separating sets of size k
or smaller in the decomposed pieces. In this thesis, we will use a only encounter upto 3-

clique sum decompositions, that is, we only decompose the graph along a separating vertex,

a separating pair (pair of vertices), or a separating triplet (set of three vertices).

We reiterate here the definition of clique-sums:
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De�nition 2.10. A k-clique-sum of two graphs G1, G2 can be obtained from the disjoint

union of G1, G2 by identifying a clique in G1 of at most k vertices with a clique of the same

number of vertices in G2, and then possibly deleting some of the edges of the merged clique.

We can think of this operation in reverse. Suppose c = {v1, v2, v3} is a set of three vertices

in G such that G − c has two connected components G′1, G
′
2. Let G1 denote the induced

subgraph G[V (G′1) ∪ c], and G2 denote the induced subgraph G[V (G′2) ∪ c] (that is, G1, G2

are graphs formed by separating G along c, keeping c intact in both the separated parts). We

will also refer to the graph G1 as the graph obtained by augmenting G′1 with c. If the graph

induced by c inG is not a clique, add virtual edges between the vertices of c to make c a clique

in both G1 and G2. We say G is a proper clique sum of G1, G2 if both G1, G2 are isomorphic

to proper minors of G (every minor of G is proper except G itself).

Then we can represent this decomposition as a tree consisting of three nodes, two of them

corresponding to the graphs G1, G2, and one node corresponding to the ‘clique’ c to which

nodes forG1, G2 are a�ached. We call the graphsG1, G2 as pieces in this decomposition. The

nodes corresponding to G1, G2 in the decomposition tree are called piece nodes and the node

corresponding to c is called the clique node. We can write G as G1 ⊕c G2.

If G1, G2 above were to contain another separating vertex/pair/triplet, we could decom-

pose them further. At every step when separating along a separating pair/triplet, we add

virtual edges to make the separating pair/triplet a clique, if it is not already one. We can

keep track of which edges in the graph are virtual edges and which are the real edges.

Thus we can repeatedly apply this procedure to decompose any graph G into smaller pieces

and the decomposition would result in a tree consisting of piece nodes and clique nodes,

where the edges of the tree represent the incidence relation between the pieces and cliques

(see [DHN
+

04, CE13, EV21] for more details and examples on clique sum decompositions).

See Fig. 2.2 for an example of the decomposition (we use red color for clique nodes and blue

color for piece nodes). We generally use TG to denote this tree. It is easy to see that this is a

valid tree decomposition since all the required properties are satisfied.

Although it is not necessary to have clique nodes to define a clique sum decomposition, we

use them because in the case when multiple piece nodes in TG are glued at a single common

clique, a clique node for that clique gives a convenient way to represent the incidence relation

in TG. At times when it is clear that only two pieces are a�ached at a clique, we may skip

drawing clique nodes in figures. We will also abuse notation sometimes and use the terms

piece and piece node interchangeably (similar with clique and clique node).

The following is a theorem from [RS93] on clique sum decomposition of single-crossing-

minor-free graphs that we will use.

�eorem 2.11 (Robertson-Seymour [RS93]). For any single-crossing graphH , there is an inte-
ger τH such that every graph with no minor isomorphic to H is either

1. the proper 0-, 1-, 2- or 3-clique-sum of two graphs, or

2. planar, or

3. of treewidth ≤ τH .

Thus, every H-minor-free graph, where H is a single-crossing graph, can be decomposed

by 3-clique sums into graphs that are either planar or have treewidth at most τH . Polynomial

time algorithms are known to compute this decomposition [DHN
+

04, KW11, GKR13], and

also NC algorithms [EV21].
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Figure 2.1: An example of a graph G.
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Figure 2.2: A clique sum decomposition of G. Red nodes are

the clique nodes and blue node the piece nodes. Dashed edges

denote virtual edges.

We emphasize that the bounded treewidth/planarity condition on the pieces we get in

the decomposition, is along with the virtual edges taken into account. An important fact

regarding this decomposition is the following. Suppose G1 is a planar piece in a 3-clique sum

decomposition of an single-crossing-minor-free graph G, and suppose c = {v1, v2, v3} is a

clique of vertices in G1 (possibly with virtual edges) along which G1 was separated from one

or more pieces (that is, in the decomposition tree TG, the piece node corresponding to G1 is

adjacent to a clique node corresponding to c). Then the vertices v1, v2, v3 lie on a common

face in G1. If this were not the case then vertices in the interior of c would be disconnected

from the vertices in the exterior of c inG1, which means thatG1 could have been decomposed

further along c.
For any graph G in general, a 2-clique sum decomposition is obviously a special case of

3-clique sum decomposition since we only separate along cut vertices and separating pairs.

A particular variant of 2-clique sum decomposition is widely used, including in our work :

the decomposition into the triconnected components of G, also referred to as the SPQR tree

of G. We emphasize however that in our work (and also in some other works in the liter-

ature), the term triconnected di�ers from the term 3-connected. The triconnected compo-

nents of a graph will either be a 3-connected graph, a simple cycle, or a dipole. A dipole

is a multi-graph with two vertices that are connected by multiple edges (except for one, the

other edges in the dipole would be virtual edges from the decomposition). We refer the reader

to [Lan37, HT73a, DBT90, DLN
+

22] for more details on the definitions regarding triconnected

components and their decomposition. The reason to not decompose cycle components fur-

ther is because it is useful in many scenarios and it also makes the triconnected decompo-

sition unique. The algorithm of Hopcro� and Tarjan [HT73a] decompose the graph fully by

2-clique sums first (that is, even cycles are decomposed), and then recombine some bonds and

triangles repeatedly so that finally some of the components are simple cycles. They call these

the triconnected components of the graph and show that they are unique. The algorithm
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in [DLN
+

22] follows a slightly di�erent approach by not decomposing cycle components in

the first place. We use the following definition of 3-connected separating pairs from [DLN
+

22]:

De�nition 2.12. Let G = (V,E) be a biconnected graph. A separating pair {a, b} is called

3-connected if there are three vertex-disjoint paths between a and b in G.

Note that a cycle does not contain any 3-connected separating pairs. They show that

by decomposing the graph only along 3-connected separating pairs, we get exactly the same

components as defined in the earlier works of [HT73a, DBT90]. The following is an important

lemma from [DLN
+

22] that we will use.

Lemma 2.13. [DLN+22] �e triconnected components as well as the triconnected decomposition
tree of a graph can be computed in L.

2.3 Logic prelims
We refer the reader to standard texts like [End01] for details on syntax and semantics of first

order and second order logic. Like first order logic, the symbols on second order logic consist

of the usual logical symbols (like =,∀, . . . etc) and non-logical symbols that include symbols

for constants, relations, and functions of various arities. A logical structureA consists of all the

symbols described in the syntax, a domain of discourse |A|, and an interpretation function that

maps non-logical symbols (symbols for constants, relations, functions) to elements, relations,

and functions on |A|. In first order logic, quantifiers can be applied to variables that range

over elements of |A|. In second order logic on the other hand, we have more types of variables

that can range over relations, functions on elements of |A|. �antifiers can be applied on such

variables.

Monadic second order logic is a restriction of second order logic where the quantification

is allowed only on unary relations on |A|, that is, on sets of elements of |A|. �antification

is not allowed on functions or non-unary relations on |A|.
We will use the notion of Gaifman graph of a logical structure:

De�nition 2.14. Given a logical structure A, with a �nite universe of discourse |A|, and

relation symbols which are interpreted as relations of A, the Gaifman graph of A, GA is a

graph whose vertices are the elements of |A|, and for u, v ∈ |A|, we add an edge between

them i� u, v both occur in a relation tuple of A.

The treewidth of the structure is the treewidth of its Gaifman graph. We will use the

following extension of Courcelle’s theorem [Cou90] by [EJT10]:

�eorem 2.15. [EJT10] For every k ≥ 1 and every MSO-formula φ, there is a logspace DTM
that on input of any logical structure A of tree width at most k, decides whether A |= φ holds.



Chapter 3

Review and revised analysis of existing
results on parallel DFS

We restate some of the existing algorithms related to DFS and analyze their complexity with

respect to circuits/space bounded complexity classes using more modern results.

Most algorithms for parallel DFS in undirected graphs proceed via finding a balanced

path separator in the graph (we refer the reader to Section 2.2.3 for prelims on separators),

starting from the root [Smi86, HY88, AA88, Khu90]. This path would become a branch of the

DFS tree and we could recurse on the components a�ached to the path while backtracking

on it. Since the path is a balanced path separator, the size of these components a�ached to

the path is guaranteed to be at most a constant fraction of the graph. Therefore we would

get a DFS tree in O(log n) phases. For directed graphs also, a divide and conquer strategy

using path separators is used, but there are more technicalities involved as we will see.

It was shown by Kao in [Kao88] that all digraphs have balanced path separators (the

argument also works for undirected graphs). The proof goes via considering a DFS tree and

showing that one of the paths from the root to a vertex in the tree will be a
1
2
-path separator

for the graph. The challenge thus is to find a path separator in NC. Kao also showed that if we

have a small number of disjoint paths that together constitute an α-separator (we call these

as multi-path separators) in digraphs (by small we mean upto polylogarithmically many),

then we can trim and merge them into a single α-path separator in NC. If we could somehow

merge and reduce a multi-path separator consisitng of a large number of paths , say O(n)

many, to a multi-path separator consisting of upto polylogarithmically many paths in NC,

then we would immediately have an NC algorithm for DFS, as all vertices of the graph (or any

half of them) constitute a trivial set of path separators. Such a routine to reduce a multi-path

separator consisting ofO(n) many paths to one consisting of constantly many paths is indeed

the heart of the RNC algorithm of Aggarwal and Anderson [AA88] (and also [AAK90]), and

this is where the randomized routine for finding a minimum weight perfect matching is used.

We also remark that in the literature of separators, an aspect of focus is o�en to minimize the

size of the separator [LT79, Mil86]. For our purpose of constructing a DFS tree, the length of

the path/cycle separator is not important.

We have five subsections in this chapter. First we present an algorithm to find a kind of

balanced cycle separator in weighted undirected planar graphs by Miller [Mil86]. We will

use it in Chapter 5. Then we present the machinery developed by Kao [Kao88, Kao95] to

merge small number of path separators into a single path separator. Next we show an algo-

rithm by [KK93] to construct a balanced path separator in planar digraphs and give a modern

21
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analysis of it. Then we discuss the methods to construct DFS trees using balanced path sep-

arators in undirected as well as directed graphs. In the last subsection, we will present the

algorithm of Hagerup [Hag90] that constructs a DFS tree of an undirected planar graph very

e�iciently, bypassing the approach of recursively constructing balanced separators. The de-

composition of [Hag90] would serve as context to the decomposition for planar digraphs in

our work [ACD22] that we will present in the next chapter.

We give a list of parallel DFS algorithms in some graph classes with best running times,

that we are aware of prior to our work. Here we use the notation CRCW[T(n),P(n)] to denote

an algorithm running on CRCW PRAM in time T(n) using P(n) many processors.

Table 3.1

Graph class Existing parallel DFS algorithms

Planar undirected CRCW[O(log n), n] by Hagerup [Hag90]

Planar directed

EREW[O(log
7n), n4

] by Kao [Kao88],

CRCW[O(log
10n), n] by Kao and Klein [KK93],

also CRCW[O(log
5n), n/log n] by Kao [Kao95]

for strongly connected planar digraphs.

Bounded genus (directed or undirected) Not known

Bounded treewidth (directed or undirected)

Not explicitly stated but a bound of AC
1
(L)

follows from Kao’s machinery and [EJT10]

Single-crossing-minor free

Not known

CRCW[O(log
3n), n] by Khuller [Khu90]

for K3,3-minor-free graphs.

3.1 Cycle Separators in undirected planar graphs
Consider the following, slightly more general notion of cycle separators in planar graphs, that

was introduced in [Mil86]:

De�nition 3.1. LetG be an undirected planar graph, andw : V (G)∪E(G)∪F (G)→ Q+
be a

normalised weight function assigning weights to vertices, edges and faces ofG that sum upto

1. Let α ∈ [1
2
, 1). We call a cycle C an α-interior-exterior cycle separator if w(int(C)) ≤ α,

and w(ext(C)) ≤ α.

Having a routine to find a separator of this kind can easily be used to find a path separator

in an unweighted biconnected graph by assigning a weight function that gives zero weight

to faces and edges. Miller showed in that such a weighted cycle separator always exists if G
is biconnected and if no face is too heavy, and also that such a separator can be constructed

in CRCW[log n]1.

1
�e theorem in [Mil86] also gives a bound on the size of the cycle separator, but that is not important for

our purpose of constructing a DFS tree
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We restate the theorem here:

�eorem 3.2. [Mil86] Let G be a biconnected planar graph, and w : V (G) ∪E(G) ∪ F (G)→
Q+ be an assignment of non-negative weights to vertices, edges, faces that sum upto 1, such that
no face has weight more than 2/3. �en we can construct a 2/3-interior-exterior-cycle separator
of G in CRCW[log n].

3.2 Kao’s machinery on path separators
Next, we reiterate an algorithm of Kao (see [Kao88, AAK90, Kao95]) that combines a small

number of path separators into a single path separator in parallel, and observe that it is in L

given an oracle for REACH. The trimming argument of the proof appeared in [Kao88] where

Kao demonstrates that a path separator in a digraph can be converted to a directed cycle

separator.

�eorem 3.3. ([Kao93, Kao95]) Let G be a digraph and {P1, P2} be two paths that together
form an α-separator ofG for some α ∈ [1

2
, 1). Given an oracle for REACH, we can in L, construct

a single path P3 that is also an α-separator of G.

Again, the theorem is stated for digraphs, but the corresponding statement for undirected

graphs also holds with appropriate changes. We reproduce the proof for completeness.

Proof. Let the two paths that together form an α separator be P1 = {u1, u2 . . . up} and P2 =
{v1, v2 . . . vq}.

• Trim the path P1 to P ′1 = {u1, u2 . . . us} (s ≤ p) such that separator property is just lost on

not including us in the separator. �at is, P ′1 ∪P2 is an α-separator of G, but P ′1\{us}∪P2

is not. �is means that inG−(P ′1\{us}∪P2), the vertex us is a part of a strongly connected

component of size at least αn.

• Having trimmed P1 to P ′1, repeat the same step and trim P2 to P ′2 = {vt, vt+1 . . . vq} (t ≥ 1)

such that P ′1∪P ′2 forms an α-separator, and the vertex vt is part of some strongly connected

component of size at least αn in the graph G− (P ′1 ∪ P ′2\{vt}).

• �us in G− (P ′1\{us}∪P ′2\{vt}), there are two strongly connected components of size at

least αn (α ≥ 1/2), containing us, vt resepectively. �is means that they must be part of

a single strongly connected component and hence there must be a path P from us to vt in

G− (P ′1\{us} ∪ P ′2\{vt}). �erefore we can concatenate the paths P ′1, P, P
′
2 into a single

path P ′1.P.P
′
2, which is an α-separator of G.

While trimming paths in steps 1 and 2, we only need to remember the current end point of the

trimmed path, which can be done in L. Other steps, like checking the size of le�over connected

components and �nding a path from us to vt in the subgraph can be done in L given an oracle

to REACH.

Note that as a corollary, the above algorithm is in NL for general directed graphs, and in

UL ∩ co-UL for planar directed graphs (using [BTV09]). For undirected graphs, the algorithm

(with appropriate changes) is in L using Reingold’s algorithm [Rei08]. As noted in [AAK90,

KK93], if we have a multipath separator consisting of k many paths, say {P1, P2 . . . Pk}, we

can combine them into a single path separator using k iterations of the above proceedure
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(First merging P1, P2 into one path, then merging the result with P3 and so on). If k is a

constant, we can do this in L using k transducers. Thus we have the following corollary:

Corollary 3.4. Let G be a digraph and k be a constant. Let {P1, P2, . . . Pk} be k disjoint paths
that form a multipath α-separator ofG for some α ∈ [1

2
, 1). Given an oracle for REACH, we can

in L, construct a single path Pk+1 that is also an α-separator of G.

Another useful tool Theorem 3.3 gives is that of shi�ing the starting vertex of a path

separator.

Corollary 3.5. Suppose all vertices inG are reachable by a vertex, say r, and we have a balanced
path separator P of G that does not include r. �en using an oracle for REACH, we can output
a balanced path separator of G that starts at vertex r, in L.

Proof. As shown in [Kao88], we can �rst convert the path separator P into a cycle separator

of G. Now any path from r to this cycle separator will give us a path separator that starts at

r.

For bounded tree width graphs, we can find a tree decomposition in L using [EJT10], and

we know that there is always a bag in the tree decomposition of a graph whose vertices

together form a 1/2-separator of the graph. Since REACH is known to be in L [EJT10] for

digraphs of bounded treewidth, the following result follows using the corollary above:

Corollary 3.6. If G is a digraph of bounded treewidth, we can �nd a 1/2-path separator of G
in L.

We have stated the theorem and the corollaries for digraphs, but the corresponding state-

ments for undirected graphs also hold true, with similar proofs.

3.3 Finding a path separator in planar digraphs
Since our results in the next chapter will use balanced path separators in planar digraphs,

we present the algorithm in [KK93] to compute these. The parallel complexity in [KK93]

was O(log
2n) time using O(n) many processors. We analyse it by plugging in more modern

results on reachability and distance computation. The algorithm uses the following result of

separator by Lipton and Tarjan [LT79].

Lemma 3.7. Let G be an embedded planar undirected graph and T be a spanning tree of G
rooted at r. �en there exist two vertices x, y such that the paths from r to x and from r to y in
T together form a 2/3-path separator of G.

We refer to Lemma 2 of [LT79] for the proof (Their lemma also talks about a bound on

the size of separator but that is not important to us). To give some more detail, they first

add more edges to the graph (these can also be thought of as non-tree edges) until every face

is a triangle, but keeping the graph planar. Then they show that their exists one non-tree

edge (either original or an added one) (x, y) such that the fundamental cycle formed by it

constitutes a 2/3-interior-exterior cycle separator of the graph. Thus we can add a path from

r to the least common ancestor of x, y to get the required two path separator.

Now we explain how [KK93] use it to construct a separator in planar digraphs. Given a

planar digraph as input, the algorithm to find a path separator proceeds as follows:
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1. Compute an embedding of the graph.

2. Compute the strongly connected components of G. If none of the them have size more

than 2/3rd of |V (G)|, then the empty set is a trivial path separator. Else look a the strongly

connected component, say G1, that is of size more than that.

3. Compute an arborescence T from any vertex r of G1. To do this, first assign weights to

edges as described in [BTV09] so that for every vertex v, there is a unique path from r to

v in G1 of minimum weight. Now we compute the minimum weight path from r to every

vertex in G1 using [TW10], and it is easy to see that this will be an arborescence of G1.

4. Now we go over every pair of vertices (x, y), and check if the two paths in T : one from r
to x, and the one diverging from the LCA of x, y to y, together form a 2/3-path separator.

By Lemma 3.7, one of them will give the required two path separator. Using Theorem 3.3

and Corollary 3.5, we can merge the two paths into a single 2/3-path separator and shi�

the root as required.

Step 1 is in L using [AM04, DP11]. Step 2 is in UL ∩ co-UL using the result of [BTV09] that

reachability in planar digraphs is in UL ∩ co-UL. The algorithm assigning the weights de-

scribed in Step 3 is in UL ∩ co-UL [BTV09]. It is described in [TW10] that we can compute

shortest paths between vertices of a graph in UL ∩ co-UL if the shortest path between every

pair of vertices is unique. Step 4 is also in UL ∩ co-UL since we can enumerate over every pair

of vertices in logspace and check for the separator property in UL ∩ co-UL.

Therefore we have the following result:

�eorem 3.8. Given any planar digraph G, we can compute a 2/3-path separator of G in
UL ∩ co-UL.

In the next chapter, we will show a di�erent proof of this theorem, but with the fraction

of separator being 11/12 instead of 2/3. We discovered this analysis of the above algorithm

a�er the work in [ACD21, ACD22].

3.4 Application of Path Separators in Depth First Search
It is shown in [Smi86] that a proceedure to find a cycle separator (or a path separator in fact)

in undirected graph, can be used to construct a DFS tree of the graph in parallel. We restate

the result and argument in a slightly di�erent form and with a more modern analysis.

Proposition 3.9. [Smi86]
Let Fsep(H) be a function that takes as input an undirected graphH and returns a balanced path
separator ofH . �en there exists a uniform family of AC

1 circuits, with oracle gates for Fsep and
for functions computable in L, that take as input a graphG and a vertex r in it, and return a DFS
tree of G rooted at r

Proof. We can compute a DFS tree of G using the following proceedure:

1. Use the function Fsep to compute an α-path separator P of G. Use Corollary 3.5 to ensure

that r is an end point of P . Let G1, G2, . . . Gl be the connected components of G− P . We

can output these on a transducer in L using [Rei08].
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2. For each connected component Gi, i ∈ [1..l], consider an edge (ui, vi) such that ui ∈
Gi, vi ∈ P , and there is no other edge (ui, v

′
i) with ui ∈ Gi, v

′
i ∈ P such that v′i occurs

a�er vi in P . In other words, (ui, vi) is an edge that connects Gi to P at a vertex furthest

from r. It is clear that for each Gi, if we compute DFS tree of Gi rooted at ui and a�ach

them at vi, then we get a valid DFS tree of G which corresponds to �rst traveling along P
from r, and then exploring Gi’s while backtracking on P . �us we recursively compute

the DFS trees of the Gi’s in parallel and a�ach them to P as described.

Step 1 can be performed in logspace by [Rei08]. In step 2, the size of the Gi’s is at most a

constant fraction of the size ofG since P is a balanced separator ofG. �erefore the recursion

depth is O(logn).

In terms of circuits, consider the following AC
0

circuit with recursive gates to compute the

DFS tree. �e �rst level of the circuit has an oracle gate for the logspace transducer described

in step 1 which outputs all Gi’s and the edges by which they are a�ached to P . �e next level

of the circuit contains recursive gates, that compute the DFS tree of Gi’s with respect to ui as

described above. �e third level of the circuit has gates to simply combine the DFS trees ofGi’s

with P as described and output a DFS tree of G. Since the size of Gi’s reduces by a constant

fraction in each iteration, the recursive gates at the second level can be expanded O(log n)

times, leading to a circuit of O(log n) depth with oracle gates for the logspace transducers

described. �erefore we get an AC
1

circuit with oracle gates for functions computable in

logspace and for the function Fsep.

We can construct a logspace Turing machine that can output this circuit family by describ-

ing how to construct each level of the circuit, given the size of the input.

For directed graphs however, although Aggarwal, Anderson and Kao in [AAK90] use di-

rected path separators, they do it in a way di�erent from the approach described above for

undirected graphs. Suppose G is a digraph and P is an α-path separator of G. Then the

weakly connected components G1, G2, . . . Gk could still be of large size, as removing P only

bounds the size of the strongly connected components of the remaining graph. To limit the

depth of recursion, the algorithm in [AAK90] uses path separators (cycle separators in fact)

to construct a partial DFS tree T of G, that is, a tree which is a subtree of some DFS tree of

G, with the same root. They construct a partial DFS tree such that in the remaining graph,

the subgraphs dangling from the vertices of the partial tree T are of small size, and they show

that computing the DFS trees of these dangling subgraphs in parallel and a�aching them to

T results in a DFS tree of G. The theorem they show regarding computing a DFS tree of a

digraph given an algorithm to compute a directed cycle separator is the following:

�eorem 3.10 ([AAK90]). Suppose a directed cycle separator of any n-vertex strongly connected
directed graph can be computed in Tc(n) time using Pc(n) processors. �en a depth-�rst search
spanning forest of any n-vertex digraph can be computed in in O(log2n(Tc(n) + log2n)) time
using Pc(n) +MM(n) processors.

For strongly connected planar digraphs, Kao [Kao95] gave an improved algorithm to con-

vert a directed cycle separator into DFS trees of such graphs by additionally using pro-

prties of planarity and strong connectivity on dangling subgraphs described in the frame-

work of [AAK90]. The routine of [Kao95] computes a path separator in a strongly connected

graph in CRCW[log
3n] using n/log n processors. They use this to build partial DFS trees

recursively and construct a DFS tree in CRCW[log
5n] with n/log n processors.
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In the next chapter where we will describe our work in [ACD22], we will show that to

construct a DFS tree in a digraph given a routine for finding paths separators, we can in

fact adapt the divide and conquer strategy of Proposition 3.9. To handle the large weakly

connected components that might remain a�er removing a path separator, we write them as

a DAG of SCCs. There is a simple algorithm to compute the lex-first DFS tree of a DAG with

respect to any given ordering on the vertices [dlTK95]. We use this to compute DFS trees of

the strongly connected componentsof the DAG in parallel, and sew them together.

3.5 Hagerup’s decomposition for PlanarDepth-First Search
in undirected graphs

Let PlDIST denote the problem of computing distance between to vertices in an undirected

planar graph. In this section we observe that Hagerup’s CRCW[log n] time algorithm for DFS

in planar graphs with some refinements and results on reachability, distance [Rei08, TW10]

plugged into it, gives the following result:

�eorem 3.11. DFS in planar graphs is logspace-Turing-reducible to PlDIST.

Combined with the result of [TW10] stating that PlDIST is in UL ∩ co-UL, we get the

following corollary.

Corollary 3.12. DFS in planar graphs is in UL ∩ co-UL.

Though we will not use this theorem in the results we present in our thesis, we will still

present the algorithm as the decomposition given in [ACD22] is a generalization of Hagerup’s

decomposition given in [Hag90]. We preset some terms and notation from [Hag90] and in-

troduce some more for ease of explanation.

Notations and De�nitions
De�nition 3.13. Let PlDFS be the class of all functions that map an embedded undirected

(connected) planar graph G and a vertex r ∈ V (G) to a set of arcs (or directed edges) A that

constitutes a depth-�rst search tree rooted at r.

Let G = (V,E) be an embedded undirected planar graph. Let F be the set of G’s faces.

Consider the face-incidence graphGD. (This is similar to, but not identical to, the dual graph.

Namely, the vertices of GD are the faces of G, and two faces are adjacent in GD if they share

a vertex of G.)

Consider some initial face F0. The type of a face F , denoted Type(F ), is its distance

from F0 in GD. For α ∈ V ∪ E define Type(α) = {k ≥ 0|α has an incident face F with

Type(F ) = k}.
Note thatGD need not be planar. We will show in the algorithm how to compute distances

of vertices in GD using the face-vertex incidence graph which is planar.

The following is observed in [Hag90]:

Lemma 3.14. For every α ∈ V ∪ E, Type(α) is an element of the sequence {0}, {0, 1}, {1},
{1, 2}, {2}, · · · .
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This allows us to define a total order < on set of vertex and edge types by

{0} < {0, 1} < {1} < {1, 2} < {2} < {2, 3} < . . . (3.1)

Call α white if |Type(α)| = 1 and black if |Type(α)| = 2.

Let GB be the subgraph of G spanned by black edges. We start from a few more lemmas

extracted from [Hag90]:

Lemma 3.15. GB contains all black vertices ofG. Also, all vertices and edges inside a connected
component of GB have the same type.

Lemma 3.16. Let C be a simple cycle. If F0 lies in the interior (exterior) of C and the exterior
(interior) of C contains a face of type k, then C must contain a vertex of type < k.

We refer to a biconnected component of a graph as a block of the graph.

Lemma 3.17. Every block of GB is a simple cycle.

From now on, we will assume that F0 is the external face of a connected graph G. It

follows from Lemma 3.17 that the black edges of G constitute a set of cycles. Given any two

black cycles in G, they are either disjoint, or they share a single vertex.

Next we diverge from [Hag90] and introduce some new terminology:

De�nition 3.18. Let Vk denote the (white) vertices of type {k} and let Vk,k+1 denote the

(black) vertices of type {k, k + 1}. We call the set Vk ∪ Vk,k+1 the k + 1th layer, denoted by

Lk+1
. Observe that every vertex ofG lies in someLk+1

. We call the connected components of a

layer layered connected components or LCCs. LCCk+1
denotes the set of connected components

of the k + 1th layer; we will use the notation Lk+1
to refer to an element of LCCk+1

.

See Fig. 3.2 for an example. Though we have defined Lk+1
as a set of vertices, we will

slightly abuse notation and also include edge setsEk∪Ek,k+1 in it. We will also at times refer

to the subgraph of G that are formed by the edges and vertices in the layer. It will be clear

from context if we are referring to the just the set of vertices of Lk+1
or also the edges, when

using the term Lk+1
.

Observe that L1
consists of all edges that are adjacent to the external face F0, along with

all vertices that are adjacent to F0. The black edges ofL1
form a set of cycles, and every other

black edge of G lies in the interior of some black cycle of L1
. There are no cycles consisting

of white edges in L1
(because any such cycle would necessarily enclose a face, meaning that

the edge would not be white).

The vertices in L2
are adjacent to the external face of the graph G − L1

(and in general

the vertices in Lk
are adjacent to the external face of G−

⋃
i<k Li

). Thus, in particular, each

Lk ∈ LCCk is outerplanar. Also, each Lk+1 ∈ LCCk+1
lies in the interior of a black cycle in

Lk
, and there are no cycles consisting entirely of white edges in Lk

for any k.

Since each Lk ∈ LCCk is outerplanar, given any starting vertex v in Lk
, it is easy to

construct a depth-first search tree Tv(L
k):

• The root of Tv(L
k) is v.

• For a white vertex x of Tv(L
k), all edges adjacent to x are white. Since there are no white

cycles, a�ach the acyclic collection of white edges that are adjacent to x.
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• For a black vertex x of Tv(L
k), if x is not a cut vertex (that is, x is an element of only one

black cycle C) where x is the first element of C to be added to the tree, append the path

through C starting at x (but do not add the edge that comes back into x, to maintain

acyclicity) There are two directions that one could choose to walk along C ; arbitrarily

choose the counterclockwise traversal. Call this vertex x the lead vertex of C in Tv(L
k).

• For a black vertex x of Tv(L
k), if x is a cut vertex that is an element of di�erent cycles

C1, . . . C` not already in the tree, then (as in the previous case) append the path around

each Ci in the counterclockwise direction, and make x the lead vertex of Ci in Tv(L
k).

• Repeat until Tv(L
k) spans Lk

.

The important properties are (1) In a depth-first traversal of Tv(L
k), when the lead vertex of

a cycle C is encountered, all of the other vertices of C are visited before any other vertex is

visited, and (2) the lead vertex for each cycle is determined entirely by v. We can thus denote

this by lead(C, v).
In order to see that Tv(L

k) can be constructed in logspace, note first that (using reacha-

bility in undirected graphs [Rei08]) it is easy to find all of the cut vertices (see [AM04]) and

hence to list all of the cycles, and to create a graph T ′v(L
k) that is a spanning tree of the

graph that results when each cycle in Lk
is contracted to a single vertex. Tv(L

k) is trivial to

compute, given T ′v(L
k).

Each Lk+1 ∈ Lk+1
is contained in a black cycle C in Lk

. There may be more than one

connection between C and Lk+1
. A contribution of [Hag90] is to show that there is an edge

which we denote e(v, Lk+1) connecting C to some vertex u in Lk+1
such that that a depth-

first search tree for G incorporating Tv(L
k) and Tu(L

k+1) can be constructed using the edge

e(v, Lk+1). By induction, if we know the root of the depth-first tree for L1
, this determines

the lead vertex of every black cycle in G and thus also uniquely determines the connection

between every black cycle C and every LCC L connected to C . Let us denote this connection

e′(r, L), where e′(r, Lk+1) is e(v, Lk+1) for the choice v = e′(r, Lk). Connecting the forest

consisting of the trees Tx(L) for various x and L along with the edges e′(r, L) results in a

depth-first tree for G.

We can now describe the algorithm at a high level:

1. Given an undirected graph G and a vertex r, determine if G is planar and connected, and

if so, compute an embedding of G in the plane with r on the external face.

2. Construct the face-vertex incidence graph G′D of G. This is the undirected bipartite graph

on vertex set V ∪ F that contains an edge {u, F}, for all u ∈ V and F ∈ F , exactly if F
is incident on u in G. G′D is clearly planar.

3. For each face of G (i.e., each vertex of GD), compute its distance from the external face

F0. This is clearly half of its distance from the external face in G′D, which is planar. This

gives us distances in GD.

4. Using this distance information, compute the type of each vertex and edge of G. This

allows us to partition the vertex set of G into the graphs Lk
.

5. Partition each Lk
into connected components, to obtain the set LCCk+1

.

6. For each Lk ∈ LCCk+1
and for each v in Lk

construct Tv(L
k).
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7. For each k, for each Lk+1 ∈ LCCk+1
, identify the black cycle C in Lk

that contains Lk+1
.

8. Construct a tree S whose nodes consist of vertices vC for each black cycle of G and vL
for each LCC L. The root of S is the unique LCC L1 ∈ L1

. (It is unique because G is

connected.) The children of any LCC Lk ∈ Lk
are the black cycles in Lk

. The children of

any black cycle C in Lk
are the LCCs Lk+1

that are in the interior of C .

9. Label each edge (L,C) in the tree S with the name of the lead vertex of the black cycle C
in the depth-first traversal of G starting at r, and label each edge (C,L) in the tree S with

the name of the vertex of L that is traversed in the edge e′(r, L).

10. Start constructing the tree T by incorporating the tree Tr(L
1) (rooted at the root r).

11. Output the tree T that is composed of the trees Tv(L) for each L ∈
⋃

k Lk
and each v ∈ L,

along with the edges e′(r, Lk+1) for each Lk+1 ∈ Lk+1
, using the information computed

in step 8. (Discard all of the trees Tv(L) that are not connected to T , i.e., those trees where

v is the “wrong” root.)

The first step is computable in logspace [AM04, Rei08]. The second step is computable

in logspace. The third step is computable in logspace with an oracle for computing distance

in planar graphs. Each of the remaining steps is easy to compute in logspace, using the fact

that reachability in undirected graphs is logspace-computable [Rei08]. The step that requires

the most explanation is step 9. In order to label an edge (L,C) in the tree, start a traversal of

T (r, L1), which allows us in logspace to compute the lead vertex of each black cycle C ′ in L1
.

If C is not one of these cycles C ′, then the edge (L,C) is a descendent of one such C ′, and we

can determine which one in logspace. Knowing the lead vertex of C ′, we can determine the

edge of G that connects this cycle C ′ to the LCC L′ such that the edge (C ′, L′) is followed

from the root of S to (L,C). Knowing this edge, we can determine the lead vertex of each

cycle C ′′ such that (L′, C ′′) is an edge of S. If C is also not any one of these cycles C ′′, then

again we can in logspace determine the next node of S that needs to be traversed, and we can

continue in this way until we finally reach the edge (L,C). It is important to note that we

do not need to maintain the entire list of lead vertices that are encountered along the way.

Note also that this procedure also gives us the information that is required to label vertices

of the form (C,L). This procedure is repeated for each edge of S (and thus the lead vertices

of each black cycle are recomputed many times).

The argument showing that the tree produced in this way is a depth-first tree is similar

to the argument in [Hag90].

This completes the proof.
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Figure 3.1: An example of a connected planar graph
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Figure 3.2: �e example graph with layers. �e numbers denote the distance of the faces from the

outer face in the face-incidence dual. Blue edges and vertices belong to layer 1. Red edges and vertices

belong to layer 2. �e edges and vertices in bold denote the ‘black’ cycles (we have drawn colored here

to di�erentiate the layers). Do�ed lines are non-tree edges of a DFS tree rooted at vertex labelled r. �e

direction we choose for traversing cycles is counterclockwise.



Chapter 4

DFS in directed planar graphs

In this chapter, we will present our results on parallel complexity of DFS in directed planar

graphs.

It is known that for directed acyclic graphs (DAGs), the lexicographically-least DFS tree

from a given vertex can be computed in AC
1

[dlTK95]. (See also [dlTK01, AIK
+

14, EHK15,

NVG17, IO20, Hag20].) First, we observe that, given a DAG G and an ordering on vertices,

computation of the lexicographically-least DFS tree in G logspace-reduces to the problem of

reachability inG. Thus, for general DAGs, computation of a DFS tree lies in NL. For classes of

graphs where the reachability problem lies in L, so does the computation of DFS trees in DAGs

in those classes. One such class of graphs is planar DAGs with a single source (see [ABC
+

09],

where this class of graphs is called SMPDs, for Single-source, Multiple-sink, Planar DAGs).

For undirected planar graphs, we saw in the previous chapter that Hagerup’s AC
1

algo-

rithm [Hag90] for DFS can be put in UL ∩ co-UL.

Our main contribution in the current paper is to show that a more sophisticated appli-

cation of the ideas in [Hag90] leads to an AC
1(UL ∩ co-UL) algorithm for construction of

DFS trees in planar directed graphs. (That is, we show DFS trees can be constructed by un-

bounded fan-in log-depth circuits that have oracle gates for a funtion in UL ∩ co-UL.) Since

UL ⊆ NL ⊆ SAC
1 ⊆ AC

1
, the AC

1(UL ∩ co-UL) algorithm can be implemented in AC
2
.

There are two main lemmas that we show to get the result.

�eorem 4.1. Given a planar digraph, and a vertex r designated as root, we can compute an
(11
12
, r)-path separator in UL ∩ co-UL.

To prove this theorem we use a generalization of the decomposition of [Hag90] that we

saw in the previous chapter. Though we also saw in the previous chapter that this theorem

(with a be�er fraction) follows from existing algorithms [KK93] with some tweaks, we believe

that the graph decomposition we develop (which we show can be computed in UL ∩ co-UL)

may still be useful in further work on directed planar graphs.

The other theorem we show is related to using the path separator we find to construct a

DFS tree.

�eorem 4.2. Let Fsep(H) be a function that takes as input a digraphH and returns a balanced
path separator ofH . �en there exists a uniform family of AC

1 circuits, with oracle gates for Fsep,
functions computable in UL ∩ co-UL, that take as input a digraph G and a vertex r in it, and
return a DFS tree of G, rooted at r

We di�er here from the existing approaches to construct a DFS tree using path/cycle sep-

arators described in the previous chapter. Our algorithm involves a simple application of the

32
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result of DFS in DAGs to patch up DFS trees of the le�over strongly connected components

that computed in parallel recursively.

These two theorems give the following corollary which is the main result of this work:

Corollary 4.3. DFS in directed planar graphs is in AC
1(UL ∩ co-UL).

4.1 Preliminaries
We refer the reader to Chapter 2 for basic preliminaries used in this chapter.

In this chapter when we call a digraph a tree (as opposed to a DFS tree) we mean only that

the underlying undirected graph forms a connected acyclic graph. Similarly, if the underlying

undirected graph is acyclic, the directed graph is said to be a forest, and when we refer to the

k-connected components of G, we are referring to the subgraphs of G corresponding to the

k-connected components of the underlying undirected graph.

Any (directed) cycle C in a plane graph divides the plane into two connected regions:

the interior and the exterior. Any vertex not on C that is embedded in the interior region is

said to be enclosed by C . In the previous chapter, we saw Hagerup’s decomposition using

the notion of black cycles. Here we will talk about colored cycles (red for clockwise and blue

for counter-clockwise). We remark however that we do not use coloring of edges/vertices in

the exclusive sense as is o�en used, that is, an edge/vertex for example could have both red

and blue colors or none. When we say that v is immediately enclosed by the colored cycle C ,

it means that v is enclosed by C and there is no other colored cycle C ′ enclosing v whose

interior is a subset of the interior of C . A subgraph H is strictly enclosed by C if no edge of

H lies on C and every edge of H (except possibly its endpoints) is embedded in the interior

of C .

4.2 DFS in DAGs Logspace-Reduces to Reachability
In this section, we observe that constructing the lexicographically-least DFS tree in a (not-

necessarily planar) DAG G can be done in logspace given an oracle for reachability in G. But

first, let us define what we mean by the lexicographically-least DFS tree in G:

De�nition 4.4. Let G be a DAG, with some ordering on the neighbours of each vertex. (For

example, with adjacency lists, we can consider the ordering in which the neighbours are pre-

sented in the list. But we will also need to consider di�erent orderings.) For any such ordering,

the lexicographic-least DFS traversal of G is the traversal done by the Algorithm 1.

That is, the lexicographically-least DFS tree is merely a DFS tree, but with the (very nat-

ural) condition that the children of every vertex are explored in the given order. Importantly,

when we apply this procedure as part of our algorithm for DFS in planar graphs, the order-

ing on the neighbours of v will be determined dynamically. (Note that, in the algorithm that

defines the lexicographically-least DFS traversal, no reference is made to the ordering of the

neighbours of v until it is visited; thus it causes no problems if this ordering is not determined

until that time.) Also, we will need to apply our algorithm to directed acyclic multigraphs (i.e.,

graphs with parallel edges between vertices) where there is a logspace-computable function

f(v, e) that computes the ordering of the neighbours of vertex v, assuming that v is entered

using edge e – where e can also be “null” if v is the root of the traversal. (That is, if the DFS
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Input: (G, v)
Output: Sequence of edges in DFS tree

visited[v]← 1
visited[w]← 0 for all w 6= v
for every out neighbour w of v, in the given order do

if visited[w] = 0 then
print(v, w)
DFS(G,w)

end
end

Algorithm 1: Static DFS routine

tree visits vertex v from vertex x, and there are several parallel edges from x to v, then the

ordering of the neighbours of v may be di�erent, depending on which edge is followed from

x to v.)
1

As is observed in [dlTK95], the unique path from s to another vertex v in the lexicographically-

least DFS tree in G rooted at s is the lexicographically-least path in G from s to v.
2

Now consider the following simple algorithm for constructing the lexicographically-least

path in a DAG G from s to v, shown in Algorithm 2:

Input: (G, s, v, f)
Output: Lexicographically-least path from s to v under f
current← s; e← null;
while (current 6= v) do

child← �rst child of current (in the order given by f(current, e))
while (REACH(child, v) 6= TRUE) do

child← next child of current (in the order given by f(current, e))
end
e← a selected edge from current to child; output e
current← child;

end
Algorithm 2: DAG DFS routine

The correctness of this algorithm is essentially shown by the proof of Theorem 11 of

1
Let us give additional motivation for having a dynamically-computed ordering on the neighbours of v. We

will be considering a DAG whose vertices consist of strongly-connected components (SCCs) of the original graph

G. We will have already pre-computed several DFS trees of each SCC: one rooted at each node in the SCC. Our

�nal DFS tree will consist of (a) one DFS tree for each SCC (where the root of the DFS tree for SCC C is some node

rC ∈ C) along with (b) a selected edge (vD, rC) connecting any two SCCs D and C that are adjacent in the DFS

tree of the DAG. But of course, to fully specify the DFS tree, we also need to have an ordering on the neighbours

of each vertex. In practice, we will be using the (precomputed) DFS tree of D (rooted at rD) to determine the

order of neighbours of vertex D in the DAG (whose vertices are SCCs). �e “lexicographically least” property of

our DFS tree of the DAG depends only on the ordering of the neighbours (and not on the selection of the speci�c

edge between vertices in the directed acyclic multigraph).

2
In case a more detailed de�nition is necessary, here is what is meant by “the lexicographically-least path

from s to v”. Let p and p′ be two paths from s to v. �ey each start with s and agree up through some vertex x,

and �rst di�er at the next vertex. Let us say that p has the edge (x,w) and p′ has the edge (x,w′) �e vertex x
is entered via some edge e (where, if x = s, then e is the null edge). �e neighbours of x are ordered according

to f(x, e). If w precedes w′
in the ordering f(x, e), then p precedes p′ in the lexicographic ordering.
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[dlTK95].

The algorithm for computing the lexicographically-least DFS tree rooted at s can thus be

presented as the composition of two functions g and h, where g(G, s) = (G, s, L), where L
is a list, containing the lexicographically-least path from s to each vertex v. Note that the set

of edges in the DFS tree in G rooted at s is exactly the set of edges that occur in the list L
in g(G, s) = (G, s, L). Then h(G, s, L) is just the result of removing from G each edge that

does not appear in L. The function h is computable in logspace, whereas g is computable in

logspace with an oracle for reachability in G.

As discussed in Section 4.1, a DFS tree is not only a list of edges; one must also know

the order in which to explore the children of a node. Given a node v with children x and y,

in order to determine whether x should be visited prior to y, one can simply compute the

lexicographically-least path from s to x and from s to y, and compare.

Since reachability in DAGs is a canonical complete problem for NL, we obtain the follow-

ing corollary:

Corollary 4.5. Construction of lexicographically-least DFS trees for DAGs lies in NL.

Similarly, since reachability in planar directed (not-necessarily acyclic) graphs lies in UL∩
co-UL [BTV09, TV12], we obtain:

Corollary 4.6. Construction of lexicographically-least DFS trees for planar DAGs lies in UL ∩
co-UL.

A planar DAG G is said to be an SMPD if it contains at most one vertex of indegree zero.

Reachability in SMPDs is known to lie in L [ABC
+

09].

Corollary 4.7. Construction of lexicographically-least DFS trees for SMPDs lies in L.

4.3 Overview of the Algorithm
The main algorithmic insight that led us to the algorithm in this paper was a generalization

of the layering algorithm that Hagerup developed for undirected graphs [Hag90]. We show

that this approach can be modified to yield a useful decomposition of directed graphs, where

the layers of the graph have a restricted structure that can be exploited. More specifically,

the strongly-connected components of each layer are what we call meshes; we exploit the

properties of meshes to construct paths (which will end up being paths in the DFS trees we

construct) whose removal partitions the graph into significantly smaller strongly-connected

components.

The high-level structure of the algorithm is thus:

1. Construct a planar embedding of G.

2. Partition the graph G into layers (each of which is surrounded by a directed cycle).

3. Identify one such cycle C that has properties that will allow us to partition the graph into

smaller weakly-connected components.

4. Depending on which properties C satisfies, create a path p from the exterior face either

to a vertex on C or to one of the meshes that reside in the layer just inside C . Removal of

p partitions G into weakly-connected components, where each strongly-connected com-

ponent therein is smaller than G by a constant factor.
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5. Let the vertices on this path p be v1, v2, . . . , vk. The DFS tree will start with the path p,

and append DFS trees for subgraphs G1, G2, . . . , Gk to this path, where Gi consists of all

of the vertices that are reachable from vi that are not reachable from vj for any j > i.
(This is obviously a tree, and it will follow that it is a DFS tree.) Further, decompose each

Gi into a DAG of strongly-connected components. Build a DFS tree of that DAG, and then

work on building DFS trees of the remaining (smaller) strongly-connected components.

6. Each of the steps above can be accomplished in UL∩ co-UL, which means that there is an

AC
0

circuit with oracle gates from UL∩ co-UL that takes G as input and produces the list

of much smaller graphs G1, . . . , Gk, as well as the path p that forms the spine of the DFS

tree. We now recursively apply this procedure (in parallel) to each of these smaller graphs.

The construction is complete a�er O(log n) phases, yielding the desired AC
1(UL∩ co-UL)

circuit family.

In the exposition below, we first layer the graph in terms of clockwise cycles (which we

will henceforth call red cycles), and obtain a decomposition of the original graph into smaller

pieces. We then apply a nested layering in terms of counterclockwise cycles (which we will

henceforth call blue cycles); ultimately we decompose the graph into units that are structured

as a DAG, which we can then process using the tools from Section 4.2. The more detailed

presentation follows.

4.3.1 Degree Reduction and Expansion

De�nition 4.8. (of Exp�(G) and Exp	(G)) LetG be a plane digraph. �e “expanded” digraph

Exp�(G) (respectively, Exp	(G)) is formed by replacing each vertex v of total degree d(v) > 3
by a clockwise (respectively, counterclockwise) cycleCv on d(v) vertices, where the d(v) edges

incident on v now connect to the d(v) vertices on Cv (so that each of those vertices now has

degree 3), respecting the cyclic ordering of edges around v.

We will also find it useful to refer to the process of converting Exp�(G) (or Exp	(G)) back

to G, by contracting each expanded cycle Cv back to v.

Exp�(G) and Exp	(G) each have maximum degree bounded by 3; i.e., they are subcubic.
Next we define the clockwise (and counterclockwise) dual for such a graph and also a notion

of distance.

Recall that for an undirected plane graph H , the dual (multigraph) H∗ is formed by plac-

ing, for every edge e ∈ E(H), a dual edge e∗ between the face(s) on either side of e (see

Section 4.6 from [Die16] for more details). Faces f ofH and the vertices f ∗ ofH∗ correspond

to each other as do vertices v of H and faces v∗ of H∗. There is also a well-studied notion

of duality for directed plane graphs. The graph that is called the dual of a directed graph in

sources such as [BETT98, KN11, BK09, Kao93] corresponds to the edges of weight one in what

we define below as the clockwise dual of G; for technical reasons we also include additional

edges (in the reverse direction) of weight zero, and we also make use of a counterclockwise
dual:

De�nition 4.9. (of Duals G�
and G	

) Let G be a plane digraph. �en the clockwise dual G�

(respectively, counterclockwise dual G	
) is a weighted bidirected version of the undirected

dual of the underlying undirected graph ofG. If e is an edge inGwith faces f and g to the le�

and right, respectively (in the direction of travel on e), then there is an edge with weight one

inG�
that is oriented from f ∗ to g∗ (thus corresponding to rotating e 90 degrees in a clockwise
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direction). �e edge in the other direction, from g∗ to f ∗ receives weight zero. (�e weights

in G	
are the opposite, with the weight one edge resulting from a counterclockwise rotation,

and the other direction having weight zero.). We inherit the de�nition of dual vertices and

faces from the underlying undirected dual.

De�nition 4.10. Let G be a plane subcubic graph, and let f and g be faces of G. De�ne

d�(f, g) to be the weight of the minimal-weight path from f ∗ to g∗ in G�
. We de�ne d	(f, g)

similarly.

De�nition 4.11. For a plane subcubic digraph G, let f0 be the external face. De�ne the type

type�(f) (respectively, type	(f)) of a face to be the singleton set {d�(f0, f)} (respectively,

{d	(f0, f)}). Generalise this to edges e by de�ning type�(e) (respectively type	(e)) as the set

consisting of the union of the type� (respectively, type	) of the two faces adjacent to e. Also,

for a vertex v, de�ne type�(v) (respectively type	(v)) to be the union, over all faces f incident

on v, of type�(f) (respectively, type	(f)).

It is easy to see by definition of the duals that the types of adjacent faces can di�er by at

most one, and hence no vertex can be adjacent to faces with three distinct types. We formalise

this in the lemma below:

Lemma 4.12. In every subcubic graph G, the cardinality |type�(x)|, |type	(x)| where x is a
face, edge or a vertex is at least one and at most 2 and in the la�er case consists of consecutive
non-negative integers.

Further, if v ∈ V (G) is such that |type�(v)| = 2, then there exist unique u,w ∈ V (G), such
that (u, v), (v, w) ∈ E(G) and |type�(u, v)| = |type�(v, w)| = 2.

Proof. We �rst observe that if (f1, f2) is a dual edge with weight 1, then by the triangle in-

equality we have, d�(f0, f1) ≤ d�(f0, f2) ≤ d�(f0, f1) + 1. Now, since each vertex v ∈ V (G)
of a subcubic graph is incident on at most 3 faces the only case in which |type�(v)| > 2 cor-

responds to three distinct faces f1, f2, f3 being incident on a vertex. But here the undirected

dual edges form a triangle such that in the directed dual the edges with weight 1 are oriented

either as a cycle or acyclically. In the former case by three applications of the above inequality,

we get that d�(f0, f1) ≤ d�(f0, f2) ≤ d�(f0, f3) ≤ d�(f0, f1), hence all 3 distances are the

same. �erefore |type�(v)| = 1.

In the la�er case, suppose the edges of weight 1 are (f1, f2), (f2, f3), (f1, f3), then by the

above inequality again we get: d�(f0, f1) ≤ d�(f0, f2), d
�(f0, f3) ≤ d�(f0, f1)+1. �us, both

d�(f0, f2), d
�(f0, f3) are sandwiched between two consecutive values d�(f0, f1), d

�(f0, f1)+
1. Hence d�(f0, f1), d

�(f0, f2), d
�(f0, f3) must take at most two distinct values, and thus

|type�(v)| ≤ 2. Moreover either type�(f1) 6= type�(f2) = type�(f3) or type�(f1) = type�(f2) 6=
type�(f3). Let e1, e2, e3 be such that, e1

� = (f2, f3), e2
� = (f1, f3), e3

� = (f1, f2). �en the

two cases correspond to |type�(e1)| = |type�(e2)| = 2, |type�(e3)| = 1 and to |type�(e1)| =
1, |type�(e2)| = |type�(e3)| = 2, respectively. Noticing that e1, e3 are both incoming or both

outgoing edges of v completes the proof for the clockwise case. �e proof for the counter-

clockwise case is formally identical.

De�nition 4.13. For a plane subcubic graphG as above, de�ne red(G) to be a colored version

of G, where vertices and edges with a type of cardinality two in G�
are colored red, and all

other vertices and edges are white. Similarly, de�ne blue(G) to be the colored version of G,

where vertices and edges with a type of cardinality two in G	
are colored blue, and all other

vertices and edges are white.
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We will see later how to apply both the duals in G to get red and blue layerings of a given

input graph.

We enumerate some properties of red(G) and blue(G), where G is subcubic:

Lemma 4.14. 1. Red vertices and edges in red(G) form disjoint clockwise cycles.

2. No clockwise cycle in red(G) consists of only white edges (and hence white vertices).
Similar properties hold for blue(G).

Proof. 1. Firstly, note that a red edge must have red endpoints, as they are adjacent to the same

faces that the edge between them is adjacent to. It is immediate from Lemma 4.12 that if v
is a red vertex, it has exactly one red incoming edge and one red outgoing edge, proving

that they form disjoint cycles. Now consider a red cycle C . �e type of each edge of C
must be the same, since if there are two consecutive edges in C of di�erent types, it would

make the common vertex adjacent to at least three vertices of di�erent types contradicting

Lemma 4.12. �is means that the distance in G�
of each face bordering the “outside” of C

from the external face is one less than the distance of each face bordering the “inside” ofC .

But in any counterclockwise cycle, the distance in G�
from the external face to both sides

of C are the same (by the way distances are de�ned in G�
). �us C is clockwise.

2. Suppose C is a clockwise cycle. Consider the shortest path in G�
from the external face

to a face enclosed by C . From the Jordan curve theorem (�eorem 4.1.1 [Die16]), it must

cross the cycle C . �e edge dual to the crossing must be red.

The definitions above, which apply only to subcubic plane graphs, can now be extended

to a general plane graphG, by considering the subcubic graphs Exp�(G) (and Exp	(G)). But

first, we must make a simple observation about red(Exp�(G)) (respectively about blue(Exp	(G))).

Lemma 4.15. Let v ∈ V (G) be a vertex of degree more than 3. Let Cv be the corresponding
expanded cycle in Exp�(G). Suppose at least one edge ofCv is white in red(Exp�(G)). �en there
is a unique red cycle C that shares edges with Cv.

Proof. First we note that Cv does not contain anything inside it since it is an expanded cycle.

By Lemma 4.14 we know that Cv has at least one red edge. Suppose it shares one or more

edges with a red cycle R1. Since both cycles are clockwise and Cv has nothing inside, the

cycleR1 must enclose Cv. Now suppose there is another red cycleR2 that shares one or more

edges with Cv. �en R2 must also enclose Cv. But two cycles cannot enclose a cycle whilst

sharing edges with it without touching each other, which contradicts the above lemma that

all red cycles in a subcubic graph are vertex disjoint.

The last two lemmas allow us to consistently contract the red cycles in red(Exp�(G)), in

order to obtain a colored version of G which we call Col�(G). We make this more precise in

the following:

De�nition 4.16. �e colored graph Col�(G) (respectively, Col	(G)) is obtained by labeling

a vertex v ∈ V (G) having degree more than 3 as red i� the cycle Cv in red(Exp�(G)) has at



39 Chapter 4. DFS in directed planar graphs

least one red edge and at least one white edge. Otherwise the color of v is white
3
. All the edges

of G, and all of the vertices of G having degree ≤ 3 inherit their colors from red(Exp�(G)).
�e coloring of Col	(G) is similar.

We can now characterize the colorings in the graph Col�(G):

Lemma 4.17. �e following hold:

1. A red cycle in Col�(G) is not connected via a red edge to any vertex in its interior.4

2. Every 2-connected component of the red subgraph of Col�(G) is a simple clockwise cycle.

Proof. Both parts of the lemma follow, if we can establish that the red subgraph of Col�(G)
consists of a collection of connected components, each of which is a remnant of exactly one red

cycle in red(Exp�(G)), where furthermore, each connected component consists of a collection

of red cycles that intersect at cut vertices (as illustrated in Figure 4.5). Recall that Col�(G)
results from taking the subcubic graph Exp�(G) and contracting each cycle Cv where v is

a vertex in G of degree > 3. �e red subgraph of red(Exp�(G)) consists of disjoint cycles,

by Lemma 4.14. Contracting any cycle Cv in red(Exp�(G)) does not increase the number of

red connected components. �us each red connected component of Col�(G) is a remnant of

exactly one red cycle in Exp�(G). If Cv contains all red vertices, then v is white in Col�(G)
and thus is not part of any red subgraph. If Cv contains both red and white vertices, then Cv

consists of alternating red subpaths and white subpaths, and by Lemma 4.15 the red subpaths

are all part of the same cycle; let us call it R. On contracting Cv, R is transformed into a

collection of clockwise red cycles (let’s call them R1, R2, . . .) sharing a common cut-vertex

v. Furthermore, for any other Cx that contains edges from R, a�er Cv is contracted, Cx now

shares edges with exactly one of the cycles Ri. (�is is because Cx is embedded inside R. If it

is possible to start at a vertex inCv∩R, and travel toCx and then back toCv, it follows thatCx

is embedded in the closed region between R and Cv. When Cv is contracted, that segment of

R becomes one of the cycles Ri, and Cx is embedded inside it.) �us, when Cx is contracted,

Ri in turn is transformed into a collection of cycles with x as a cut vertex. Inductively, this

establishes the claim that, in turn, completes the proof of the lemma.

Although the above lemmas have been proved for the clockwise dual, they also hold for

counterclockwise dual with red replaced by blue.

4.3.2 Layering the Colored Graphs

De�nition 4.18. Let x ∈ V (Col�(G)) ∪ E(Col�(G)). Let `�(x) be one more than the min-

imum integer that occurs in type�(x′), for each x′ ∈ V (Exp�(G)) ∪ E(Exp�(G)) that is

contracted to x. Further let Lk(Col�(G)) = {x ∈ V (Col�(G)) ∪ E(Col�(G)) : `�(x) = k}.
Similarly, de�ne `	(x) and Lk(Col	(G)). We call Lk(Col�(G)) the kth layer of the graph.

See Figure 4.6 for an example. It is easy to see the following from Lemma 4.17:

3
�is may seem counterintuitive. If Cv is not entirely red, then v participates in some red cycle containing

edges not in Cv . Whereas if Cv is all red, then v is not connected to other red parts of G, and thus we color it

white.

4
�e interior of a cycle is the subgraph of G induced on the vertices that are embedded inside C , but not on

C .
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Figure 4.1: An example of a directed graph G.
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Figure 4.2: �e graph Exp�(G).
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Figure 4.3: �e graph red(Exp�(G)), along with

types of the faces.
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Figure 4.4: �e graph Col	(G). Notice that vertex

v5 was expanded into a red cycle, Cv5 , but is a white

vertex in Col	(G) because all of its edges were red

in red(Exp�(G)).
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Figure 4.5: An example of contracting expanded cycles. �e �gure on right shows the graph G a�er

contracting the expanded cycles C1, C2, C3 in Exp�(G).

Proposition 4.19. For every x ∈ V (Col�(G)) ∪ E(Col�(G)) the quantity `�(x) is one more
than the number of red cycles that strictly enclose x in Col�(G). All the vertices and edges of a
red cycle of Col�(G) lie in the same layer Lk+1(Col�(G)) for the enclosure depth k of the cycle.

We had already noted above that the red subgraph of G had simple clockwise cycles as

its 2-connected components. We note a few more lemmas about the structure of a layer ofG:

Lemma 4.20. We have:

1. A red cycle in a layerLk+1(Col�(G)) does not contain any vertex/edge of the same layer inside
it.

2. Any clockwise cycle in a layer consists of only red vertices and edges.

Dually, a blue cycle in a layer does not contain any vertex or edge of the same layer inside it.

Remark 4.20.1. Notice that the conclusion in the second part of the lemma fails to hold if we

allow cycles spanning more than one layer.

Proof. �e �rst part is a direct consequence of Proposition 4.19. For the second part we mimic

the proof of the second part of Lemma 4.14. Consider a clockwise cycle C ⊆ Lk+1(Col�(G))
that contains a white edge e. Every face adjacent toC from the outside must have type� = {k}
because C is contained in layer k + 1. �en the type� of the faces on either side of e is the

same and therefore must be {k}. Let f be a face enclosed by C that has type�(f) = {k}. �us

it must be adjacent to a face of type� = {k − 1}. But this contradicts that every face inside

and adjacent to C must have type� = {k′} for k′ ≥ k.

The lemmas above show that the strongly-connected components of the red subgraph of

a layer consist of red cycles touching each other without nesting, in a tree like structure. This

prompts the following definition:

De�nition 4.21. For a red cycle R ⊆ Lk(Col�(G)) we denote by GR, the graph induced by

vertices of Lk+1(Col�(G)) enclosed by R.
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Now we combine Definitions 4.16 and 4.18:

De�nition 4.22. Each vertex or edge x ∈ V (G) ∪ E(G) gets a red layer number k + 1 if

it belongs to Lk+1(Col�(G)) and a blue layer number l + 1, if it belongs to Ll+1(Col	(GR))
where R ⊆ Lk(Col�(G)) is the red cycle immediately enclosing x. In this case, we say that x
belongs to sublayer Lk+1,l+1(Col(G)).

Moreover this de�nes the colored graph Col(G) by giving x the color red if it is red in

Col�(G), and also giving x the color blue if it is blue in Col	(GR). (Notice it could be both red

and blue). �e vertex x is white if it is white in both Col�(GR) and Col	(GR).

By Proposition 4.19, we can also say that a sublayer Lk+1,l+1(Col(G)) thus consists of

edges/vertices that are strictly enclosed inside k red cycles and inside l blue cycles that are

contained inside the red cycle that immediately encloses them.

We now present some observations and lemmas regarding the structure of a sublayer.

Since every edge/vertex in Lk+1,l+1(Col(G)) has the same red and blue layer number, it is

clear that there can be no nesting of colored cycles. Also we have:

Lemma 4.23. Every clockwise cycle in a sublayer Lk+1,l+1(Col(G)) consists of all red edges and
vertices and any every counterclockwise cycle in the sublayer consists of all blue vertices and
edges. (Some edges/vertices of the cycle can be both red as well as blue)

Proof. �is is a direct consequence of Lemma 4.20 applied to the sublayer Lk+1,l+1(Col(G)),
which is a (counterclockwise) layer in graph GR for some red cycle R.

Thus we can refer to clockwise cycles and counterclockwise cycles as red and blue cycles

respectively.

De�nition 4.24. For a red or blue colored cycle C of layer Lk,l(Col(G)), we denote by GC

the graph induced by vertices of Lk′,l′(Col(G)) enclosed by C , where {k′, l′} is {k + 1, 1} or

{k, l + 1} according to whether C is a red or a blue cycle respectively.

Note that:

Proposition 4.25. Two cycles of the same color in Lk+1,l+1(G) cannot share an edge.

This is since neither is enclosed by the other as they belong to the same layer, and as they

also have the same orientation. Cycles of di�erent colors can share edges but we note:

Lemma 4.26. Two cycles of a sublayerLk+1,l+1(Col(G)) can only share one contiguous segment
of edges.

Proof. Let a red cycle R and a blue cycle B in a sublayer share two di�erent contiguous seg-

ments of edges, from x to u and from v to y, where the the path R(u, v) in R and the path

B(u, v) in B share no edges. Notice that the graph (R \R(u, v))∪B(u, v) is also a clockwise

cycle that encloses the edges of R(u, v), contradicting the �rst part of Lemma 4.20.

We consider the strongly-connected components of a sublayer and note the following

lemmas regarding them:

Lemma 4.27. �e trivial strongly-connected components of a sublayer (those that consist of
a single vertex) are white vertices. Let H be a non-trivial strongly-connected component of a
sublayer, and let o be the external face of H . �en
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.6: Figure (a) is a graph G. Figure (b) is the graph Col�(G). We omit the cycle expansion

and contraction procedure here. Figure (c) shows Col(G), which we get from G a�er applying blue

labellings to each red layer we obtained in the previous �gure. �e vertices and edges colored purple

are those that are red as well as blue. Figure (d) represents the sublayer L1,1. �e dashed edges and

empty vertices are not part of the layer. Figure (e) represents the sublayer L2,1. Figure (f) represents

the sublayer L3,1.

1. Every vertex/edge in H is blue or red (possibly both).

2. �e boundary of every face of H , except possibly o, is a directed cycle.

3. Every face of H other than o has at least one edge adjacent to o.

Proof. 1. In a non-trivial strongly-connected graph every vertex and edge lies on a cycle and

therefore by Lemma 4.23 must be colored red or blue (or both).

2. Suppose there is a face f the boundary of which is not a directed cycle. Look at a directed

dual (say clockwise) ofH . �is dual must be a DAG since the primal is strongly-connected.

�e vertex f ∗ in the dual corresponding to face f of H has in-degree at least one and
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out-degree at least one since it has boundary edges of both orientations, hence the edges

adjacent to f ∗ do not form a directed cut of the dual.

Let o∗ denote the dual vertex corresponding to the outer face o of H . In order to prove

the claim, it is su�cient to show the existence of a directed cut C∗ that separates f ∗ and

o∗, since it would imply by cut cycle duality that there is a directed cycle C in H that

encloses the face f w.r.t the outer face. Since the boundary of f is not a directed cycle, this

means that C must strictly enclose at least one edge of the boundary of f , contradicting

Lemma 4.20. To see that the cut exists, consider a topological sort ordering of the dual (it

is a DAG). Let the number of a dual vertex v∗ in the ordering be denoted by n(v∗). W.l.o.g,

let n(f ∗) < n(o∗). Consider the partition of the dual vertices:

A = {v∗ | n(v∗) ≤ n(f ∗)}, B = {v∗ | n(v∗) > n(f ∗)}

By de�nition of topological sort, all edges across this partition must be directed from A to

B, hence it is a directed cut, and therefore it must also contain a subset which is a minimal

directed cut. But clearly the minimal cut is not the set of edges adjacent to f ∗ since it has

both out and in-degree at least one, hence proving the claim. Hence every face in H must

be a directed (hence colored) cycle (by Lemma 4.23).

3. We observed from the proof above that no vertex in the dual of H , except possibly the

vertex o∗ corresponding to the outer face of H , can have both in-degree and out-degree

more than zero (i.e. every dual vertex except o∗ is a source or a sink). �erefore if any dual

vertex f ∗ has a directed path to o∗ or vice versa, then the path must be an edge and we

are done. Suppose there is no directed path from f ∗ to o∗ and w.l.o.g. let f ∗ be a source.

Consider the trivial directed cut C1:

A = {f ∗}, B = V (H)\A

�is is a cut since there are no edges from B to A, and this cut clearly corresponds to the

directed cycle which is the boundary of face f in H .

Now consider the cut C2:

A′ = {v∗ | v∗ is reachable from f ∗}, B′ = V (H)\A′

Clearly this is a f ∗-o∗ cut with no edge from a vertex in A′ to a vertex in B′ and o∗ ∈ B′.
But this f ∗-o∗ cut is di�erent from C1 since f ∗ is a source vertex and hence A′ has at least

one more vertex than just f ∗. Hence this corresponds to a directed cycle in H that strictly

encloses at least some edge of f , and we again get a contradiction of Lemma 4.20.

The strongly-connected components of a sublayer hence consist of intersecting red and

blue facial cycles, with every face having at least one boundary edge adjacent to the outer

face of the component.

De�nition 4.28. We call the strongly-connected components of a sublayer Lk,l meshes.
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4.4 Properties of the Mesh
De�nition 4.29. Given a subgraph H of G embedded in the plane, we de�ne the closure of

H , denoted by H̃, to be the induced graph on the vertices of H together with the vertices of

G that lie in the interior of faces of H (except for the outer face of H).

For convenience, we call a face of a graph that is not the outer face an internal face.
From Lemmas 4.23 and 4.27, we have a bijection: every face of a mesh, except possibly its

outer face, is a directed cycle, and every directed cycle in a mesh is the boundary of a face of

the mesh.

De�nition 4.30. Let 0 < α < 1. An α separator of a digraph H that is a subgraph of a

digraph G is a set of vertices of H whose removal from H separates H̃ into subgraphs, where

no strongly-connected component has size greater than α|G|. An (α, r) path separator is a

sequence of vertices 〈v1, . . . , vn〉, that is an α separator and also is a directed path. Here

r = v1 is called the root of the path separator. We will have occasion to omit either or both of

α, r when they are clear from the context.

De�nition 4.31. Let G be a graph and let M be a mesh in a sublayer of G. For an internal

face f of M , we de�ne its weight, denoted by w(f), to be |V (̃f)|. Let w(H) where H is a

subgraph of M be de�ned as |V (H̃)|.

De�nition 4.32. For a mesh M , we call a vertex that is adjacent to the outer face of M an

external vertex, and a vertex that is not adjacent to the outer face an internal vertex. We call

vertices of degree more than two junction vertices.
If p = 〈v1, v2, . . . , vk〉 is a directed path, for k ≥ 1, such that v2, . . . , vk−1 are all vertices

of degree two, but v1, vk have degree more than two
5
, then we call p a segment. We call vk

the out junction neighbour of v1 and v1 the in junction neighbour of vk.

We call a segment with all edges adjacent to the outer face an external segment, and a

segment with no edge adjacent to the outer face an internal segment. If the end points of an

internal segment are both internal vertices also, we call the segment an i-i-segment.

The rest of this section is devoted to a proof of the following, which asserts that we can

construct a path separator in a mesh, assuming that no internal face of the mesh is too large.

Lemma 4.33. Suppose w(f) < w(G)/12 holds for every internal face f of a meshM that is a
subgraph of G. �en from any external vertex r ofM , we can �nd (in UL ∩ co-UL) an 11

12
path

separator ofM , starting at r.

The high level idea is that using a clique sum decomposition of 2, 3-cliques (see Figure 4.12)

we find a “central” vertex v in the mesh M , such that we can find a path from the external

vertex r to v, and then extend the path around one of the faces adjacent to v to get the path

separator (all faces are directed cycles by Lemma 4.27). Because every face touches the outer

face and the weight of every face is small by the hypothesis of the lemma, we can always find

a face adjacent to v to encircle such that removing the path leaves no large (weakly) connected

component. The vertices of M with degree two (in-degree 1 and out-degree 1 because M is

strongly-connected) are not important since they can be seen as just “subdivision” vertices.

5
Notice that here we explicitly allow k = 1 so that v1 = vk .
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v

Figure 4.7: An example of a mesh

v

Vleft

Vright

Vrem

Vf

Figure 4.8: An example of a path separator.

�e vertex v is a central node, and the

green path is a separator.

Now we will look at the structure of a mesh around an internal junction vertex, and the way

the rest of the mesh is a�ached to that structure. Also, we state here that we will abuse the

notion of 3-connected components by ignoring the non-junction vertices for convenience.

Lemma 4.34. If v is an internal junction vertex of a mesh and e1, . . . , ek are the edges adjacent
to v in the cyclic order of embedding, then the edges alternate in directions i.e. if e1 is outgoing
from v, then e2 is incoming to v and e3 is outgoing and so on. Consequently, v has even degree
(at least 4).

Proof. Let ei, ei+1 be two edges adjacent to v, that are also adjacent in the cyclic order of the

drawing. Since they are adjacent in the drawing, they must enclose between them, a region,

and hence a face, which is not the outer face. But, by Lemma 4.27, the boundary of every

non-outer face in a mesh is a directed cycle, hence v, ei, ei+1 lie on a directed cycle, with both

edges adjacent to v. Hence one of them must be an out edge from v, and the other incident

towards v.

De�nition 4.35. Let v be an internal junction vertex of degree 2d in a mesh M , and let

its junction neighbours be (u1, w1, u2, w2, . . . , ud, wd) in clockwise order starting from edge

〈u1, v〉(the wi’s are out neighbours, and ui’s the in neighbours, since junction neighbours

alternate).

Every adjacent pair of edges incident to v borders a face that is not the outer face. Let

fu,v,w denote the face bordered by v and the junction neighbours u and w of v which are

adjacent in cyclic order around v. �e boundary of fu,v,w can be wri�en as three disjoint

parts (except for endpoints), segment(u, v) + segment(v, w) + petalw,u, where the third part

denotes a simple path from w to u along the face boundary. We will use the notation petalw,u

to denote the corresponding boundary for any face fu,v,w adjacent to v. We de�ne flower(v)
as

⋃
{vertices on the boundary of faces adjacent to v} (see Figure 4.9).

We note the following property of petals.

Proposition 4.36. For all adjacent junction neighbour pairs wi, uj of an internal vertex v,
petalwi,uj

are disjoint, except possibly the end points.
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Proof. Petals of two faces must be internally disjoint because the corresponding faces share

the vertex v and two faces cannot have a non-contiguous intersection, by Lemma 4.26.

For an internal junction vertex v, the union of the petals around flower(v) thus form an

undirected cycle around v, with at least four alternations in directions. Now we define bridges

of the cycle, which (roughly) are components of M we get a�er removing flower(v), leaving

the points of a�achment intact. We use the formal definition of bridges from [Tut75]:

De�nition 4.37. For a subgraph H of M , a vertex of a�achment of H is a vertex of H that

is incident with some edge of M not belonging to H . Let J be an undirected cycle of M . We

de�ne a bridge of J in M as a subgraph B of M with the following properties:

1. each vertex of a�achment of B is a vertex of J .

2. B is not a subgraph of J .

3. no proper subgraph of B has both the above properties.

We denote by 2-bridge, bridges with exactly two vertices of a�achment to the speci�ed cycle,

and by 3-bridge, bridges with three or more vertices of a�achment.

Note that for the cycle formed by petals of flower(v), the vertex v along with paths leading

to/ coming from flower(v) also form a bridge, but we call that a trivial bridge and do not take

it into consideration.

Lemma 4.38. 1. �e vertices of a�achment of a 2-bridge of flower(v)must both lie on one petal
of flower(v).

2. �e vertices of a�achment of a 3-bridge of flower(P ) can lie on one, or at most two, adjacent
petals. Moreover, in the la�er case the junction neighbour of v common to both petals must be
a vertex of a�achment of the 3-bridge.

3. For an internal vertex v, and an external vertex r of M , let p = 〈r, . . . , u1, v〉 be a simple
path from r to v, where u1 is an in junction neighbour of v. Let the other junction neighbours
of v be named as in De�nition 4.35 in cyclic order from u1. For j ∈ {i, i + 1}, consider an
extended path of p, pwi,uj

= 〈r, . . . , u1, v, wi〉 + petalwi,uj
+ 〈uj, . . . , v〉, excluding the last

edge incident to v in the sequence. �at is, pwi,uj
goes from r to v, then to an out junction

neighbour wi, and then wraps around fuj ,v,wi
by taking petalwi,uj

and then the segment back
towards v from uj . If there is a bridge of flower(v) of which u1 is a point of a�achment and
which also includes the edge of p incoming to u1, we denote it byBin. �e set V (M̃)\V (pwi,uj

)
can be partitioned into four disconnected parts, called Vleft , Vright , Vf , and Vrem , such that:

Vleft =({̃fu1,v,w1 ∪ f̃u2,v,w1 ∪ f̃u2,v,w2 . . . ∪ f̃ui,v,wi−1
} ∪ {̃fui,v,wi

if j = i+ 1}
∪ {vertices in the closure of bridges a�ached to the petals of these faces, excluding Bin}
∪ {the “le�” part of Bin (see Figure 4.13) }) \ V (pwi,uj

)

Vright =({̃fui,v,wi+1
∪ f̃ui+2,v,wi+1

. . . ∪ f̃ud,v,wd
} ∪ {̃fui+1,v,wi

if j = i}
∪ {vertices in the closure of bridges a�ached to petals petals these faces, excluding Bin}
∪ {the “right” part of Bin (see Figure 4.13) } \ V (pwi,uj

)

Vf = f̃uj ,v,wi
\ V (pwi,uj

)
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Vrem = (
⋃
{vertices in the closure of all bridges that have vertices

of a�achment only in petalwi,uj
}) \ V (pwi,uj

).

�ere is no undirected path between any vertex of one of these four sets to any vertex of another.
�e path pwi,ui

is therefore a path separator that gives these components.

Proof. 1. Let x, y be the two vertices of a�achment of the 2-bridge B on flower(v). Since

bridges are connected graphs without the edges of the corresponding cycle (by the third

property of De�nition 4.37), there must be an undirected path, p in the bridge connecting

x, y, without using any edge of flower(v). If x and y were not on the same petal, then this

path along with the other petals in flower(v), must clearly enclose a junction neighbour

of v, say w (see Figure 4.9). �us w is not adjacent to the outer face. Now since w is an

internal junction vertex, and two of its adjacent faces are also adjacent to v, look at another

face f adjacent to w and not adjacent to v. (Internal junction vertices have at least four

adjacent faces.) �e boundary of this face cannot touch B since that would make it a part

of B and consequently w would be a vertex of a�achment of B to flower(v). �erefore the

boundary of f is enclosed within the paths p and the part of flower(v) that is also enclosed

by p. �erefore f has no external edge, contradicting Lemma 4.27.

2. Let x1, x2, . . . , xk be the vertices of a�achment of the bridge B on flower(v), in the cyclic

order of boundary of flower(v). Clearly if the vertices of a�achment lie on more than two

petals of v, then at least one petal will be completely enclosed by B, which is not possible

since every petal must have at least one external edge. Let us say they lie on two adjacent

petals, and the junction neighbour common to both of them is w. By the same argument

as above, w must have an edge other than those of adjacent petals of v, that connect it to

B. �erefore w must be a vertex of a�achment of B to flower(v).

3. First we note that petalwi,uj
will have an external vertex in it since the boundary of every

face has at least one external vertex (Lemma 4.27), and segments (uj, v) and (v, wi) are

internal. Let z be an external vertex on petalwi,uj
. �e path p starts at external vertex

r, comes to u1, v, wi, and reaches external vertex z on its way back to v. It will clearly

divide M̃ into at least two parts by the Jordan Curve theorem. Since pwi,uj
is just a wrap

around the face fuj ,v,wi
a�er z, it is clear that removing p puts all of the vertices of f̃u,v,w

in one disconnected region, while w1, u2, . . . , wi−1 and everything connected to them lie

in another region, which we call Vleft , and wi+1, ui+2, . . . , wd and everything connected to

them lie in yet another (Vright ).

We introduce another notation for an extension of a bridge:

De�nition 4.39. For a bridge B of flower(v), we de�ne B◦ as B along with segments of

flower(v) that lie between consecutive vertices of a�achment ofB. We call this the closed bridge
of B.

Now we will give definitions/lemmas regarding the “internal structure” of meshes, that

will be useful to define the “center” of a mesh.

De�nition 4.40. For a mesh M , we call its internal-skeleton, denoted by I(M), the induced

subgraph on the vertices of i-i-segments of M . (See Figure 4.11.)
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v

w
w′

fw′,w,y

x

y

p

flower(v)

B

u

fu,v,w

petalw,u

w
w′

x

y

p
B

w
w′

x

y

p
B

◦

Figure 4.9: A vertex v and flower(v). B is a bridge with two points of a�achment

x, y on two di�erent petals of flower(v). On the right are drawn the bridge B itself,

and its closed version B◦. �e only way the boundary of fw′,w,y can have an external

edge is if it touches B, making w a point of a�achment of B also.

Lemma 4.41. 1. For a mesh M , the graph I(M) is a forest.

2. If H is a 3-connected induced subgraph of M (ignoring subdivision vertices), then I(H) is a
tree.

Proof. 1. Suppose there were an undirected cycle in M of all internal segments, then this

cycle must enclose a face whose boundaries are also all internal segments. �is contradicts

Lemma 4.27 as it states that every face must have at least one external edge, and hence

an external segment. Hence there can be no cycle (directed or undirected) consisting of

all internal segments, and consequently, no cycle (directed or undirected) of all internal

vertices.

2. LetH be a 3-connected induced subgraph ofM . By de�nition, I(H) is obtained fromM by

removing all external edges and external non-junction vertices. Suppose I(H) is not a tree,

and hence consists of two or more disconnected trees. Let T1 and T2 be any two trees in

I(H). Let x be a vertex in T1 and y be a vertex in T2. SinceH is 3-connected, there must be

at least three disjoint paths (undirected) between x and y. Clearly in a plane graph, if there

are three disjoint paths between two vertices, one of the paths must be strictly enclosed

in the closed region formed by other two. �erefore there must a path between x and y
that is strictly enclosed inside the boundary of H , and hence does not contain any edge or

vertex adjacent to the outer face of H . Hence x and y cannot become disconnected a�er

removing external edges and external non-junction vertices leading to a contradiction that

I(H) is disconnected. �erefore I(H) must be a tree.

We will next give a procedure to define a “center” of a mesh.

De�nition 4.42. For a mesh M , let TM denote the tree obtained by the 1, 2-clique sum de-

composition of M . �e nodes of TM are of two types, clique nodes (cut vertices or separating

pairs), and piece nodes, which are either 3-connected parts or cycles. Every piece node is

adjacent to a clique node and vice-versa. (Refer to Section 2.2.4 for background about this

decomposition. For general planar graphs, we can �rst identify the cut vertices and �nd the

block cut tree. For every clique node of a cut vertex v that is a�ached to a piece node of block
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B containing a 3-connected separating pair, we replace the block B by its triconnected de-

composition tree, TB , and a�ach the clique node of v to a piece node of the triconnected block

of TB that contains v).

Proposition 4.43. �e tree TM de�ned above is a tree decomposition.

Proof. It is easy to see that every vertex, as well as every edge of the graph occurs in at least

one piece node. To see the coherence property, we observe that the only vertices that occur in

more than one node are those that are part of a 3-connected separating pair or a cut vertex. If

v is such a node and is not a cut vertex then it occurs in a subtree of the biconnected block it

belonged to a�er the block cut decomposition(since the triconnected decomposition is a tree

decomposition). If it is a cut vertex, then in our construction, we have joined the subtrees in

the triconnected decomposition trees to the clique node of v, which again gives a subtree.

We will now use a modified version of the tree vertex separator theorem, to show that

vertices of one of the nodes of TM form a
1
2
-separator of M . We use the following fact from

the proof of [CFK
+

15, Lemma 7.19].

Proposition 4.44. Let TG be a tree decomposition of a graph G. �e vertices of one of the bags
of TG from a 1

2
separator of G.

Now we define the center of a mesh.

De�nition 4.45. Consider the
1
2

separator node of TM as described in Proposition 4.44. If it

is a separating pair, a cut vertex, or a face cycle, we call that subgraph the center of M .

If it is a 3-connected node P , look at its internal skeleton I(P ). We construct a new graph

I ′(P ) which is isomorphic to I(P ) but has edges directed di�erently. Let u, v be two adjacent

internal junction vertices of M . To give direction to a segment(u, v) in I ′(P ), we consider

the unique bridge B of flower(u) that contains v as a point of a�achment; we denote the

closed bridge of B by B◦u(v). B◦v(u) is de�ned analogously. We orient (u, v) in the direction

of the heavier of B◦u(v) and B◦v(u) (breaking ties arbitrarily), where the weights of B◦u(v),B
◦
v(u)

are |B̃◦u(v)| and |B̃◦v(u)|, respectively.

�e center of M is de�ned to be flower(v) in this case, where v is the sink node of I ′(P ).

We show why I ′(P ) cannot have more than one sink.

Lemma 4.46. �e tree I ′(P ) de�ned above will have exactly one sink vertex.

Notice, while the underlying undirected graph of I ′(P ) is a tree, a sink is defined with

respect to the orientations specified in the previous definition.

Proof. Suppose I ′(P ) has two junction vertices x and y that are sinks. �ey cannot be adjacent,

so consider the unique undirected path in I ′(P ) between x and y. �ere must be a source z
on the path. Let neighbours of z be x′, y′, lying on the path from x to z and from z to y
respectively.

Let B◦z(x
′) and B◦z(y

′) denote the bridges of flower(z) with points of a�achments x′ and y′

respectively. �en by the orientations of the edges we have: |B̃◦z(x′)| ≥ |B̃◦x′(z)| which gives

|B̃◦z(x′)| > |B̃◦z(y′)| since B◦z(y
′) is clearly a proper subgraph of B◦x′(z) and |B̃◦z(y′)| ≥ |B̃◦y′(z)|

which gives |B̃◦z(y′)| > |B̃◦z(x′)| which is clearly a contradiction.
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v

Figure 4.10: An example of a mesh

v

Figure 4.11: �e internal skeleton of the mesh.

One of its components is a single node.

Lemma 4.47. If the center ofM is flower(v), and w is an out neighbour of v, then w(B◦v(w)) ≤
1
2
(w(M̃−w(Vrem(w, u)))), where u is either of the two in neighbours of v that are adjacent to w

around flower(v), and Vrem(w, u) denotes bridges with all vertices of a�achment in petalw,u.

Proof. Since the center is flower(v), we have that w(B◦v(w)) ≤ w(B◦w(v)). But Vrem(u,w) has

empty intersection with each of B◦v(w) and B◦w(v). �us w(B◦v(w)) + w(B◦w(v)) ≤ w(M̃) −
w(Vrem(u,w)). �e lemma follows.

Lemma 4.48. 1. If the center of M is not of the form flower(v) where v is an internal node
of a 3-connected component, then removing it from M̃ disconnects M̃ into weakly-connected
components, each with weight less than 1

2
w(M̃).

2. If the center ofM is flower(v) for an internal node v of a 3-connected component P , then on
removing flower(v) from M̃, no weakly-connected component has weight more than 1

2
w(M̃).

Proof. 1. �is follows from the vertex separator lemma for trees with weighted vertices.

2. �is follows from the v being the sink node of I ′(P ).

Lemma 4.49. For every possible path pwi,uj
around v as de�ned in Lemma 4.38, Vrem consists

of a disjoint union of weakly-connected components, each of which has weight ≤ 1
2
(w(M)).

Proof. A (weakly-connected) component ofVrem is a bridge, a�ached to petalwi,ui
or to petalwi,ui+1

via its vertices of a�achment. In the clique sum decomposition, these vertices of a�achment

will always contain a 1 or 2 separating clique, since if a bridge is a�ached to a petal via three

or more nodes, the �rst and the last vertices of a�achment form a separating pair that sep-

arates the bridge from flower(v). Hence it is a branch remaining in TM a�er removing the

3-connected piece node that is central in TM . Since every branch a�er removal of the central

piece of TM has weight≤ 1
2
(w(M)), every (weakly) connected component of Vrem has weight

≤ 1
2
(w(M)).

For a path pwi,uj
(where j ∈ {i, i + 1}) we sometimes use the notation Vrem(wi, uj) to

specify the petal where the bridges of Vrem are a�ached.
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Figure 4.12: �e tree decomposition of the

mesh using 1,2-clique sums. �e nodes

encircled red are clique separator nodes.
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VfBin

Figure 4.13: An example of a path separator.

�e vertex v is a central node, and the

green path is a separator.

4.4.1 Mesh Separator Algorithm
Now we give the algorithm to find an (α, r) path separator in a meshM(G), with r ∈ V (M),
assuming the hypothesis of Lemma 4.33. Recall from Definition 4.30 an (α, r) path separator

is a directed path starting at (the “root”) r that is also an α separator.

1. Find the decomposition tree, TM of M with 2-cliques and 1-cliques as the separating sets.

2. Find the center of the mesh M . It will either be a cut vertex, a separating pair, a cycle, or

flower(v) for some internal vertex v.

3. If it is a cut vertex, we just find a path from the root r to it. If it is a separating pair (u, v),
both the vertices must lie on a same face, which is a directed cycle. In both this case, and

also the case in which the center is a cycle, find a path from the root to any vertex of the

face that touches it the first time, and then extend the path by encircling the cycle.

4. If it is flower(v) for some internal vertex v, find a path p = 〈r, . . . , u1, v〉 to v. Let the junc-

tion neighbours of v in clockwise order starting from (u1, v), be w1, u2, w2, . . . , wd, with

the w’s being out junction neighbours and the u’s being in junction neighbours. Starting

clockwise from segment 〈u, v〉, find the first index i and j ∈ {i, i + 1} s.t. a�er remov-

ing the extended path pwi,uj
, (defined in Lemma 4.38) the remaining strongly-connected

components are smaller than
11
12
w(G).

The algorithm above can clearly be implemented in logspace with an oracle for planar reach-

ability, and thus it can be implemented in UL ∩ co-UL.

It remains to show that the “first i” mentioned in the final step actually exists.

Lemma 4.50. If the center ofM is flower(v) for some internal vertex v, then there will always
exist an adjacent face fui,v,wi

s.t. the path pwi,ui
is an 11

12
-separator.

Proof. We have the following two cases:



53 Chapter 4. DFS in directed planar graphs

1. For some i and j ∈ {i, i+ 1}, w(Vrem(wi, uj)) ≥ 1
2
w(M).

�en by Lemma 4.49, pwi,uj
separates Vrem(wi, uj) from the rest of the graph, and also

every weakly-connected component in Vrem(wi, uj) has weight ≤ 1
2
w(M). Hence every

weakly-connected component in M a�er removing pwi,uj
has weight ≤ 1

2
w(M).

2. For every pwi,uj
, w(Vrem(wi, uj)) ≤ 1

2
w(M).

We know that for any index i and j ∈ {i, i+ 1}, if f = fuj ,v,wi
, then w(f) ≤ w(G)/12 by

the hypothesis of Lemma 4.33. Starting clockwise from pu1,w1 , at �rst Vleft is small, and on

shi�ing from pwi,ui
to pwi,ui+1

or from pwi,ui+1
to pwi+1,ui+1

, the increase in Vleft is bounded

above by w(f) + w(Vrem(wi, uj)) + w(B̃◦v(wi)). Recall that

(a) w(f) ≤ w(G)/12 (by the hypothesis of Lemma 4.33).

(b) w(Vrem(wi, uj)) ≤ 1
2
w(M) (by hypothesis for this case).

(c) w(B̃◦v(wi)) ≤ 1
2
(w(M)− w(Vrem(wi, uj))) (by Lemma 4.47).

�us the addition to Vleft in each iteration is ≤ 1
12
w(G) + w(Vrem(wi, uj)) +

1
2
(w(M))−

1
2
(w(Vrem(wi, uj)))), which is equal to

1
12
w(G)+ 1

2
w(Vrem(wi, ui))+

1
2
(w(M))≤ 1

12
wG+

3
4
w(M). �us we can stop the �rst time w(Vleft) is greater than w(G)/12. So, we have

w(Vleft) ≤ 2
12
w(G) + 3

4
w(M) ≤ 11

12
w(G), and w(Vright) ≤ 11

12
w(M), and w(f) ≤ 1

12
w(M),

and w(Vrem) ≤ 1
2
w(M). �us we have an upper bound of

11
12
w(G) on all the disconnected

components. Hence pxi,wi
is a

11
12

path separator.

4.5 Path Separator in a Planar Digraph
Having seen how to construct a path separator in a mesh, we now show how to use that to

construct an (11
12
, r) path separator in any planar digraph.

1. Given a graph G, first embed the graph so that the root r lies on the outer face. Through

the root, draw a virtual directed cycle C0 that encloses the entire graph, and orient it, say

clockwise. Find the layering described in Section 4.3 and output it on a transducer. Cycle

C0 will be colored red and will be in the sublayer L0,0
.

2. In the laminar family of red/blue cycles, find the cycle C s.t. w(C) is more than |G|/12,

but no colored cycle C ′ in the interior of C has the same property. Such a cycle will clearly

exist (it could be the virtual cycle C0). Let the sublayer of C be Lk,l
.

3. Find a path p from the root r to any vertex rC of the cycle C such that no other vertex

of C is in the path. As seen above in Lemma 4.27, the graph in the interior of C and

belonging to the immediately next sublayer (Lk+1,l
if C is clockwise and Lk,l+1

if C is

counter-clockwise) is a DAG of meshes. There are two cases possible:

(a) The graph C̃ has no strongly-connected components of weight larger than |G|/12. In

this case we simply extend the path p from rC by encircling the cycle C till the last

vertex and stop.
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x

M

yC

Figure 4.14: �e cycle C is a cycle satisfying the

property stated in step 2 of the algorithm. �e mesh

M in the next sublayer is heavy, so we �nd a path

from the last vertex on C that can reach M (in this

case y), and then apply the algorithm of previous

section on M .

(b) The graph C̃ has a strongly-connected component of weight more than |G|/12. In this

case, we extend p from rC by encircling C till the last vertex u on C that can reach

any such component MC . Then extend the path from u to any vertex of MC and apply

the mesh separator lemma (Lemma 4.33) to obtain the desired separator. (Observe that

MC satisfies the hypothesis of Lemma 4.33.)

Lemma 4.51. �e path p obtained by the above procedure is an 11
12

separator.

Proof. We look at the two cases from step 3 in the algorithm:

1. In this case it is clear that the interior and exterior of cycle C are disconnected by p. �e

exterior of C has size ≤ 11
12
|G| (by de�nition of C), and in its interior every strongly-

connected component has weight at most |G|/12. �us this satis�es the de�nition of an
11
12

separator.

2. We took the last edge in C from rC that can reach the mesh MC , and extended the path to

MC . �us a�er removing p, one weakly-connected component consists of the exterior ofG,

along with (possibly) some vertices in the interior of C that cannot reach any “large” mesh

in the interior. SinceMC has weight greater than
1
12
|G|, no strongly-connected component

embedded outside of MC can have weight more than
11
12
|G|. Also, a�er removing path

p, Lemma 4.33 guarantees that no other strongly-connected component will have weight

more than
11
12
|G|. �us this is an

11
12

separator.

Hence overall we can guarantee an
11
12

path separator in G.

All operations involved like embedding the graph, computing the layering, computing the

size of components a�er removing a cycle, finding a path between two vertices, and finding

a separator of a mesh (using Lemma 4.33) can be done in UL ∩ co-UL. Therefore the entire

algorithm is in UL ∩ co-UL. This completes the proof of Theorem 4.1.
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4.6 Building a DFS Tree Using Path Separators
Given a graph G, one can determine in logspace if G is planar, and then compute a planar

embedding [AM04, Rei08]. Thus it will su�ice to give a give a recursive divide and conquer

algorithm for DFS, assuming that G is presented embedded in the plane, and that we are

given a root vertex r on the outer face.

A single phase of the algorithm starts withG and r, and creates a sequence of subgraphs,

each of size at most
11
12

the size ofG. The algorithm then computes DFS trees for each of those

graphs (recursively), and the results of (some of) the graphs are sewn together to obtain a DFS

tree for G. Each phase can be computed in AC
0(UL∩ co-UL), and hence the entire algorithm

can be implemented in AC
1(UL ∩ co-UL).

We now describe a single phase in more detail.

1. Given a planar drawing ofG and a root vertex on the outer face r, find an
11
12

path separator

p = 〈r, v1, v2, . . . , vk〉, as described in Section 4.5. Path p is included in the DFS tree.

2. Let R(v) denote the set of vertices of G reachable from v. Now for every vertex vi in

p compute in parallel: R′(vi) = R(v)\(
⋃k

j=i+1R(vj)) Our DFS will correspond to first

traveling along p to vk, doing DFS on R(vk), and then while backtracking on p, do DFS

on R′(vi) for i from k − 1 downto 1. Given G, the encodings of p and R′(vi) can all be

computed in AC
0(UL ∩ co-UL).

3. For any vi, R
′(vi) can be wri�en as a DAG of SCCs (strongly-connected components),

where each SCC is smaller than
11
12
|G|. In AC

0(UL∩ co-UL) we can compute this DAG and

we can compute an encoding of the tuple (i,M, v) where M is an SCC in R′(vi) and v is a

vertex in M . Recursively, in parallel, we compute a DFS tree of M for each tuple (i,M, v),
using v as the root. Now we need to show how to sew together (some of) these DFS trees,

to form a DFS tree for G with root r. Namely, for each i, for each M ∈ R′(vi), we will

select exactly one v such that the DFS tree for G will incorporate the DFS tree computed

for (i,M, v), as described next.

4. Given a triple (i,M, v), let x0, x1, . . . , xs be the order in which the vertices ofM appear in

a DFS traversal where the root x0 = v. If v is such that the DFS tree for (i,M, v) is incorpo-

rated into the DFS tree that we are constructing forG, then our DFS will correspond to first

following the edges from x0 that lead to other SCCs inR′(vi). (No vertex reachable in this

way can reach any xj , or else that vertex would also be inM .) And then we will move on to

x1 and repeat the process, etc. Thus let R′′i,M,v(xj) = ((R(xj)∩R′(vi))\M)\(
⋃

k<j R(xk)).

Our DFS tree forG is composed by using Algorithm 2 of Section 4.2, on the multigraph that

has a vertex for each SCC in the DAG of SCCs that makes up any R′′i,M ′,v(xj). Crucially,

the ordering on the edges that leave any nodeM ′′
in this multigraph is determined by the

order in which the vertices of M ′′
are visited in the DFS tree of M ′′

.

Let us see in more detail how to use the DFS trees that we computed for each (i,M, v),
by considering how to process the DAG of SCCs in some R′′i,M ′,v(xj). Every SCC in this

DAG is reachable from xj . We will be using Algorithm 2 from Section 4.2 to compute

the lexicographically-least path from xj to any SCC M ′′
in R′′i,M ′,v(xj). We can use any

ordering for the edges that leave xj (such as the order in which the edges are presented).

For the other SCCs in the DAG, the ordering must be chosen more carefully. Let us say

that the first edge that leaves xj that lies on some path to a node in M ′′
is (xj, y); this
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edge will be in our DFS tree for G. The node y is in some SCC N in R′′i,M ′,v(xj). A DFS

tree Ti,N,y was computed for (i, N, y); the order in which the nodes of Ti,N,y are visited

imposes an order on the edges that leave N in the acyclic multigraph. That is the order

that is used, in applying Algorithm 2.

More generally, when executing the while loop in Algorithm 2, if the variable current
currently is set to some SCCM1, andM2 is the first SCC adjacent toM1 (using the ordering

on the edges of M1) that lies on a path to M ′′
, and this is because there is an edge (w, z)

wherew is the first node in the traversal ofM1 that is adjacent to any node ofM2, then on

the next pass through the while loop, the ordering on the edges leavingM2 is determined

by the traversal order of the DFS tree that was computed for (i,M2, z). Let us denote this

node z by vM2 ; the edge (w, vM2) will be in the DFS tree for G.

5. The final DFS tree for G thus consists of the path p = 〈r, v1, v2, . . . , vk〉 along with the

DFS trees that were computed for each (i,M, vM) (for the unique vertex vM identified in

the preceding step).

Note that planarity is used in the algorithm only to compute the path separators at each

step. If we have an oracle to compute those, the algorithm is in UL ∩ co-UL for general

digraphs. This completes the proof of Theorem 4.2.

Bibliographical Remarks The results presented in this chapter are based on joint work

with Eric Allender, Samir Da�a which appeared in [ACD21, ACD22].



Chapter 5

More results on Parallel Complexity of
Depth-First-Search

In this chapter, we continue the line of investigation on the parallel complexity of DFS and

related problems in various graph classes and give NC algorithms for the problem in new

graph and digraph classes.

We first look at DFS in graphs (directed, as well as undirected) of bounded genus. Our

algorithm proceeds via finding a balanced path separator. To find a balanced separator, we

find O(g) cycles removing which leaves the remaining components planar, and then find a

separator in the large planar component (if it exists). Then we apply Corollary 3.4 to combine

the O(g) paths along with the separator path in the large planar component into a single

path separator.

Next we look at DFS in single-crossing-minor-free graphs. We again proceed by finding a

balanced path separator of the input graph. We start by computing the clique-sum decom-

position tree described in Section 2.2.4 and finding its ‘center piece’ (a piece such that all

children subgraphs a�ached to it are at most half the size of input graph). Then we project

the weight of all the a�ached children subraphs on the vertices, edges, and faces of the center

piece, and find a cycle separator of this weighted center piece such that the interior and the

exterior of the cycle separator are both small. Then we argue that we can li� this cycle sep-

arator from the center piece to a balanced cycle separator of the original graph. We would

like to point out however that naively projecting the weights on the center piece does not

work, since the cycle separator we find in this piece might use virtual edges (added while

computing the decomposition to maintain connectivity) in manner such that the separator

cannot be li�ed to a simple cycle separator in the original graph. To deal with this, we use ap-

propriate gadgets while projecting the weights, that mimic the connectivity of the subgraph

whose weight we are projecting.

Next we look at DFS in bounded treewidth graphs (directed as well as undirected). As

noted in Corollary 3.6, an AC
1
(L) algorithm for DFS in bounded treewidth graphs easily fol-

lows from the machinery of Kao [Kao88]. We improve this bound to L. Our technique for

DFS on bounded treewidth digraphs involves Courcelle’s fundamental theorem on evaluating

MSO-properties on the class of bounded tree-width graphs. Specifically, we use the Logspace

version of Courcelle’s theorem from [EJT10]. We also use an existing result [CF12, BD15] that

states that we can add a linear ordering to the vertices of the graph without blowing up the

treewidth of the structure. This combined with the observation of [dlTK95] characterizeing

the lex-first DFS tree in terms of lex-first paths to each vertex, allows us to express member-

57
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ship of an edge to the DFS tree, in MSO.

Results The results we prove can be summarized as follows:

�eorem 5.1. We have the following bounds:

1. DFS in bounded genus graphs and digraphs is in AC
1(UL ∩ co-UL).

2. DFS in undirected single-crossing-minor-free graphs is in NC.

3. DFS in directed and undirected graphs of bounded tree width is in L

We remark here that the problem of finding a perfect matching, which was the only rou-

tine requiring randomization in Aggarwal and Anderson’s [AA88] RNC algorithm for DFS,

was shown to be in (deterministic) NC for bounded genus graphs [MV00, DKTV12] as well

as for single-crossing-minor-free graphs [EV21]. This may suggest that plugging in these re-

sults into the algorithm of [AA88] might straight away give a deterministic NC algorithm

for DFS in these classes. However, the reduction in [AA88] involves adding large bi-cliques

in the input graph, which does not seem to preserve the genus, nor the forbidden minors of

the graph. Hence we are not aware of any method to use these results with the reduction

of [AA88] to get a deterministic parallel algorithm for DFS in these classes.

We refer the reader to Chapter 2 for basic preliminaries, and Section 2.2.4 in particular for

clique sum decompositions.

5.1 Path Separators in directed graphs embeddable on sur-
faces of bounded genus

In this section we will show how to find balanced path separators in digraphs of genus g
(assuming g is fixed and given to us). We will first use Theorem 2.8 to find embeddings of

bounded genus graphs in L.

Next we first find a small number of disjoint, surface non-separating cycles (we mean

they are cycles if we ignore directions, they may not necessarily be directed cycles), say

C1, C2, . . . Cl (l ≤ g) in G, such that the (weakly) connected components le� a�er remov-

ing them are all planar.

We use the following theorem from [MT01].

�eorem5.2. LetG be a graph embeddable on a surfaceS , of genus g. LetC be a cycle that forms
a surface non-separating curve on some embedding of G on S . �en every connected component
of G− C is embeddable on a surface of genus g − 1.

Therefore, if we have an algorithm to find such a (undirected) cycle in UL ∩ co-UL, then

we can repeatedly apply it g times to find (undirected) cycles C1, C2 . . . Ck such that G −
{C1 ∪ C2 . . . Ck} consists of planar connected components.

We will use the following lemma from [ADR05] (See also [Tho90]) to find such cycles.

Lemma 5.3. [ADR05] LetG be a graph of genus g > 0, and let T be a spanning tree ofG. �en
there is an edge e ∈ E(G) such that T ∪ e contains a surface non-separating cycle.
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The surface non-separating cycle in T ∪ e is naturally the fundamental cycle of the edge

e. Clearly the theorem also works if we have an arborescence instead of a spanning tree.

The fundamental cycle C corresponding to a non-tree edge e = (u, v) would consist of the

non-tree edge e and two vertex disjoint directed paths, say P, P ′, starting from the least

common ancestor of (u, v) in the arborescence (we keep the common ancestor vertex in one

of P or P ′, say in P ), and ending at u, v respectively. We can compute an arborescence of G
in UL ∩ co-UL using [BTV09, TW10] as explained in Section 3.3. We can go over each edge

ofG in logspace and check if removing its fundamental cycle reduces the genus of remaining

components using Theorem 2.8. Hence, given an embedded digraph of genus more than zero,

we can find a surface non-separating undirected cycle in the graph, the vertices of which can

be partitioned into two directed paths, in UL ∩ co-UL.

Therefore we have the following algorithm to find a path separator in G:

Input : A directed graph G.

1. Decompose the graph into strongly connected components. If there is no strongly con-

nected component of size larger than 2n/3, then the empty set is the separator, else let

G0 be the component larger than 2n/3.

2. Find an embedding ofG0 using Theorem 2.8. Find an arborescence ofG0 and use Lemma 5.3

to find a non-tree edge such that its fundamental cycle, C1, is a surface non-separating

cycle. Therefore every connected component ofG0−C1 has genus strictly lesser than that

of G0.

3. Let G1 be the largest strongly connected component of G0 − C1. If it is more than 2n/3
in size then we do the steps above on G1. Repeat until finally we have graph Grem =
G − (C1 ∪ C2 . . . Cl) (where l < g) such that either all strongly connected components

of Grem are smaller than 2n/3 or all the components are planar. In the la�er case, find

a 2/3-path separator P in the strongly connected componentin Grem that is of size more

than 2n/3 using Theorem 3.8.

4. For each cycle Ci, let Pi, P
′
i denote the two directed paths that form the cycle Ci as ex-

plained above. The paths P1, P
′
1, . . . Pl, P

′
l , P together form a 2/3-multipath separator of

G.

5. Use Corollary 3.4 to merge the paths P1, P
′
1, . . . Pl, P

′
l , P into a single path Ps which is

also a 2/3-path separator of G. Output Ps.

Each step above can be done in UL ∩ co-UL. Therefore we can find a 2/3-path separator

in directed graphs of bounded genus in UL ∩ co-UL. Using Theorem 4.2, we can find a depth

first search tree in such graphs in AC
1
(UL ∩ co-UL). The bound naturally also translates to

DFS in undirected graphs of bounded genus.

5.2 Path Separators in Single-Crossing-Minor-Free-Graphs
We start with computing the 3-clique-sum decomposition by the NC algorithm of [EV21].

We will denote this decomposition tree by TG, each node of which is either a piece node or

a clique node, and the weight of each node is the number of vertices in the corresponding

piece/clique. (Note that by this convention, the sum of weights of all nodes of TG will sum

up to more than n since some vertices would occur in multiple pieces).
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De�nition 5.4. Let tR be a node of TG, and R its corresponding piece/clique, such that the

size of any connected component inG−R is lesser than n/2. We call tR a central node of TG,

and R a central piece/clique.

Such a node exists because if we traverse down the tree TG from an arbitrary root, picking

the heaviest child at every step, then at some stage the weight of the heaviest child becomes

less than or equal to n/2 for the first time. That node must be a central node. On removing

the piece/clique corresponding to that node, the vertices of it that shared with its children

pieces are also removed (every piece shares one, two or three vertices with its parent piece).

Therefore the size of remaining components must be lesser than n/2.

Given the tree TG, this procedure to find the central node can clearly be done in L.

We will assume tR to be the root of TG herea�er. We will denote the subtrees of TG that

are children of tR by {T1, T2, . . . Tl}, the subgraphs of G corresponding to these subtrees by

{G1, G2, . . . Gl}, and the cliques by which they are a�ached toR by {c1, c2 . . . cl} respectively.

These subgraphs might themselves consist of smaller subgraphs glued at the common clique.

For example, G1 might consist of G11, G12, . . . G1k that are glued at the shared clique c1 (i.e.

G1 = G11 ⊕c1 G12 . . . ⊕c1 G1k). See Fig. 5.1 for reference. Note that because R is a central

node, w(G1i)− w(c1) < n/2 ∀i ∈ [1..k].
If tR is a clique node, then we have a 1/2-separator of at most three vertices and we are

done. Therefore there are two cases to consider. Either R is a planar piece, or a piece of

bounded treewidth.

When R is of bounded treewidth In this case, we will refine the tree TG by further de-

composing R. Since R is of treewidth at most τH , we can compute a tree decomposition of R
such that every bag is of size at most τH + 1, in L using [EJT10]. Let the this tree be denoted

by TR. Consider the subtree T1 described above, which has a node tc1 by which it is a�ached

to R. Since c1 is a clique, there must be at least one bag in TR that contains all vertices of c1.
A�ach tc1 to any such node of TR. Do this proceedure for all subtrees T1, T2, . . . Tl. It is easy

to see that this will result in another tree decomposition, and that at least one of the nodes of

TR will be a central node of this new tree. Hence we can use the procedure described above

to find it in L. Since the bags of TR are of size at most τH + 1, we get a 1/2−separator of G
consisting of constant number of vertices, and we are done.

WhenR is planar We start with a simple, natural idea, but encounter an obstacle. Then we

show how to fix the obstacle. Note that R (which may contain virtual edges), is biconnected.

To initialize, we assign weight 1 to all vertices of R and weight 0 to all edges and faces of

R. We project the weight of subgraphs G1, G2 . . . Gl on vertices, edges and faces of R, at the

respective cliques they are a�ached at. Suppose the subgraph Gk is a�ached to R at clique

ck. Then we project the weight as follows.

1. If ck is a single vertex v, then assign a weight equal to |V (Gk)| to vertex v.

2. If ck is a separating pair (u, v), then we assign a weight equal to |V (Gk)| − 2 to the edge
(u, v) of R. (We subtract 2 since weights of vertices u, v are already accounted for).

3. If ck is 3-clique of vertices (v1, v2, v3), then we assign weight equal to |V (Gk)| − 3 to the

face of R enclosed by ck.
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Figure 5.1: R is the central node with children subgraphs G1, G2, . . . Gl a�ached to it via cliques

c1, c2, . . . cl respectively. G1 consists of subgraphs G11, G12 . . . G1k glued at c1. G2 is same as G21.

Dashed edges denote virtual edges in R.

Let R̃ denote the weighted version of R obtained a�er projecting these weights. The sum of

weights of all vertices, edges, faces of R is n. There are two possibilities. Suppose there exists

a clique, say c1 (which is either a vertex, or an edge, or a face of R̃), with weight at least 2n/3.

This means that total weight of subgraphs a�ached toR via c1, i.ew(G11⊕c1G12⊕c1 . . . G1k),
is at least 2n/3. Since each of the graphs G11, G12 . . . G1k is of size at most n/2 and they all

get disconnected on removal of c1, the vertices of c1 form a 1/2−separator of G, and we are

done.

Therefore the remaining possibility we need to consider is one where every vertex, edge,

face of R̃ has weight smaller than 2n/3. Since R̃ is planar and biconnected, we can find a

2
3
-interior-exterior-cycle-separator of it in L using Theorem 3.2. Let C̃ be such a separator.

Label one of the regions C̃ divides R into as the interior of C̃ and the other as the exterior

of C̃ . Observe that for any subgraph that is a�ached to R (Like G11 for example), its vertices

of a�achment to R (the clique via which it is a�ached), will either all lie in the interior of C̃

(not necessarily the strict interior), or all in the exterior of C̃ . We call the a�ached subgraphs

of the former kind as interior components of R with respect to C̃ , and the la�er as exterior
components of R with respect to C̃ (we will drop the phrase with respect to C̃ for brevity).

On removing the vertices of C̃ in G, there cannot remain any path in G from any interior

component of R or any vertex in strict interior of R, to any exterior component of R or any

vertex in strict interior of R. Therefore we have the following claim :

Claim 5.5. Let C̃ be an α-interior-exterior-cycle-separator of R̃, where α ∈ [1
2
, 1). �en the

vertices of C̃ form an α-separator of G.

Now if we could replace the virtual edges of C̃ by path segments in the a�ached subgraphs

that are internally disjoint from each other, then we would get a cycle C in G going through

the vertices of C̃ which would be a 2/3−separator of G, and we would be done. As we had

noted, the virtual edges can be seen as capturing external connections of a component in a

clique-sum decomposition. More precisely, corresponding to every virtual edge of C̃ , there is
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a path with the same end points in the subgraph a�ached to R via the clique that the virtual

edge is part of. However there is an issue here. The virtual edges in a 3-clique need not capture

“disjointness” of the external connections accurately. For example, suppose c2 = {v1, v2, v3}
is a 3-clique and there is only one subgraph, say G21, that is a�ached to R at c2. Suppose

(v1, v2), and (v1, v3) are virtual edges inR, and our cycle separator C̃ uses both of these edges

(they must necessarily be consecutive in C̃). Though there must be paths between v1, v2, and

between v1, v3 in G21 (since it is a�ached via 3-clique), there might not exist such paths that

are internally disjoint. Thus we cannot simply substitute the virtual edges by paths in the

a�ached subgraphs to get a simple cycle separator ofG by projecting weights in this manner.

Hence instead of just projecting the weights of the entire subgraphs on faces of R, we use a

more appropriate gadget to mimic the structure of G21, so that any segment of C̃ using the

edges of the gadget can be substituted by a simple path inG21, and the separator C obtained

a�er all such substitutions remains a balanced separator of G.

Note that this issue does not occur in the case when two virtual edges belong to a clique

which has at least two subgraphs a�ached to it. For example, supposeR has two virtual edges

in clique c1, which has G11, G12 a�ached to it. If C̃ uses both these edges, we can substitute

one of them by a path in G11, and the other one by a path in G12. Since G11, G12 are disjoint

except for vertices of c1, these paths will also be internally disjoint.

Constructing gadgets for the subgraphs attached to R. We now explain how to con-

struct gadgets for graphs like G21 described above, and use them to get the correct weighted

graph R̃ where we will find the cycle separator R̃. We can adversarially assume that all three

edges (v1, v2), (v2, v3), (v3, v1) are virtual edges.

De�nition 5.6. Let G21 be a graph and vertices v1, v2, v3 ∈ V (G21) be called its termi-

nals. �e disjoint path con�guration of G21 with respect to its terminals v1, v2, v3 consists

of three boolean variables : DP (v1-v2-v3), DP (v2-v3-v1), DP (v3-v1-v2). DP (v1-v2-v3) takes

value True if there exists a path between v1 and v3 that goes via v2, and False otherwise.

DP (v2-v3-v1), DP (v3-v1-v2) are de�ned similarly.

Their are four cases we need to consider for the disjoint path configuration, others are

handled by symmetry. We give the gadget for each of these cases, and give the proof of

correctness for one of the cases, as the others have a similar proof.

Case 1 DP (v1-v2-v3) DP (v2-v3-v1) DP (v3-v1-v2)
True True True

In this case we do not need a new gadget, we just keep the virtual edges between the

clique vertices and assign weight equal to |V (G21)| − 3 to the face enclosed by them. If C̃
takes two virtual edges of c2, we can use the two disjoint path algorithm in [KMV92] to find

the corresponding paths in G21.

Case 2 DP (v1-v2-v3) DP (v2-v3-v1) DP (v3-v1-v2)
True True False

By Menger’s theorem (see Theorem 2.3), we know that there must be at least one cut

vertex in G21 that separates v1 from {v2, v3}. Let x be a cut vertex separating these. Let the

connected component ofG21−x containing v1, augmented with x, beH1. Let the component

containing v2, v3, augmented with x, beH2 (i.e. V (H1)∩V (H2) = {x} and V (H1)∪V (H2) =
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Figure 5.2: Figure (0) shows the gadget for the graph G21 for Case 2. �e values 2, 3 are subtracted

from weight of the faces because the vertices v1, v2, v3, x have a weight of one themselves. Note that

w(H1)+w(H2) = w(G21)+1 (since x is shared by H1 as well as H2). �e subgraph H2 of the gadget

has no cut vertices. �e remaining �gures show the possible ways the cycle C̃ can use the segments

of the gadget. �ey correspond to the subcases 1 − 4 of the argument to show the correctness of the

gadget in Case 2.
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V (G21)). We choose x such that there is no cut vertex in H2, that separates v1 and {v2, v3}
in G21. It is easy to see that x is unique. By our choice of x, there must be a path in H2 from

v2 to v3 via x. Thus the gadget is as shown in figure Fig. 5.2, containing vertices v1, v2, v3, x,

and the total weight distributed among the faces as shown. The following lemma shows the

correctness of this proceedure.

Lemma 5.7. Suppose G21, which is the subgraph a�ached to R via c2, is replaced in R̃ by the
gadget de�ned above for this case. �en if the α-cycle separator C̃ of R̃ uses any virtual edges of
this gadget, we can replace them by paths in G21 such that they new cycle obtained is a simple
cycle and it remains an α-separator in R⊕G21

Proof. Suppose C̃ uses some segment of this gadget. Without loss of generality, we can as-

sume that each of v1, v2, v3 lies on C̃ , or in the strict interior of C̃ . G21 therefore is an interior

component of R with respect to C̃ . We need to argue two things. First, that for the segments

of the gadget used by C̃ , we can substitute simple paths in G21. Second, that a�er the substi-

tution, the new cycle remains a balanced separator. For this, it is su�cient to show that the

weight contribution of G21 to the interior components is at most the weight contribution of

the gadget to w(int(C̃)), and the weight contribution of G21 to the exterior components is at

most the weight contribution of the gadget to w(ext(C̃)) (we will drop the term ‘weight’ and

just use contribution of G21/gadget hereby for brevity).

�is is because by the property of cycle separator, both w(int(C̃)), w(ext(C̃)) are already

guaranteed to be at most 2n/3, and as explained above, there can be no path from any interior

component of R in G− V (C̃) to any exterior component of R in G− V (C̃). Since G21 is an

interior component, its contribution to exterior components of R is 0 regardless of which

segment of the gadget is taken by R̃. �erefore we only have to argue about its contribution

to interior components.

Also note that in any case, if all three of v1, v2, v3 lie on the cycle C̃ , then also the contribu-

tion of G21 is 0 to both interior as well as exterior components of R, as G21 gets disconnected

from rest of the graph on removing vertices of C̃ . �erefore for the second part of the proof

about the cycle remaining a balanced separator, we only have to consider subcases when one

of v1, v2, v3 lies in the strict interior of C̃ .

Now we look at the subcases of which segment of the gadget is used by C̃ . �ere are four

possible subcases (upto symmetry):

1. C̃ uses only the edge (v2, v3) from the gadget (see sub�gure (1) in Fig. 5.2). Replace the edge

(v2, v3) with any v2-v3 path inG21 in the new cycle C . It will clearly remain a simple cycle.

By the explanation above, we can assume that v1 lies in the strict interior of C̃ . �en the

contribution of the gadget to w(C̃) is w(G21)−2, which is at least as much as contribution

ofG21 to interior components ofR. �erefore if C̃ is an α interior-exterior-cycle separator

of R̃, then C is certainly an α cycle separator of R⊕G21.

2. C̃ uses the segment v2-x-v3 from the gadget (see sub�gure (2) in Fig. 5.2). We replace the

segment by a path in G21 from v2 to v3 via x. We can again assume v1 lies in the strict

interior of C̃ . �e contribution of the gadget to interior of C̃ is w(H1)−1, which is at least

as much as contribution of G21 to interior components of R (Since x also lies in C , and

removing C would disconnect vertices of H2).
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Figure 5.3: Figure a) shows the gadget for graph G21 for Case 3 and �gure b) for Case 4. �e subgraphs

H1, H2, H3, H4 are labelled by the weight functions. �e total weight in both both gadgets sums up

to w(G21). �e subgraph H2 of the gadget has no cut vertices in both the gadgets. In the gadget for

Case 4, it is possible that the block H2 is actually empty, i.e. there exists a vertex (x = y = z) which

on removal disconnects all of v1, v2, v3 from each other. We don’t draw the gadget separately since its

clear what its structure is.

3. C̃ uses segment v1-x-v2 from the gadget (see sub�gures (3a), (3b) in Fig. 5.2). It may use

either one of the parallel edges between v1, x. We replace the segment by a path in G21

from v1 to v2 via x. We can assume v3 lies in the interior of C̃ . �e contribution of the

gadget to interior of C̃ is at least w(H2) − 2 (plus w(H1) − 2 possibly , depending on

which of the parallel (v1, x) edges is taken), whereas the contribution of G21 to interior

components of R is at most w(H2) since both x, v1 are removed.

4. C̃ uses segment v1-x-v2-v3 (see sub�gure (4) in Fig. 5.2). We replace the segment by a v1-x
path inH1, concatenated with a path from x to v3 via v2 inH2. �ere must exist such a path

in H2 since there exists a path from v1 to v3 via v2 in this con�guration. Since v1, v2, v3 all

lie in C in this case, the contribution of G21 is 0 to both interior and exterior components

of R.

�erefore in all cases, we get a simple cycle by replacing the segments as described, and the

new cycle C remains a balanced separator.

Case 3 DP (v1-v2-v3) DP (v2-v3-v1) DP (v3-v1-v2)
False True False

The gadget is shown in Fig. 5.3. As in the previous case, we first find the vertex x separating

{v2, v3} and v1 as described above. Note that in G21 − x, vertices v2, v3 must lie in the same

connected component in this configuration, as otherwise there cannot exist a path from v1 to

v2 via v3. Let the connected component of G21 − x containing v1, augmented with x, be H1,

and the component containing v2, v3, augmented with x, be H ′ (i.e. V (H1) ∩ V (H ′) = {x}).
Again by same argument, there must exist a cut vertex y in H ′ separating {x, v3} and v2, and

we choose y in a manner similar to previous step. Let H2, H3 be the components obtained

by augmenting the components containing v3, v2 respectively in H ′− y, with y. The weights

are assigned similarly as shown in Fig. 5.3.

Case 4 DP (v1-v2-v3) DP (v2-v3-v1) DP (v3-v1-v2)
False False False
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Like in previous cases, we find cut vertices that x, y, z that separate v1, v2, v3 from rest of

graph. There are two cases, either there is cut vertex w such that G21 − w disconnects all of

v1, v2, v3. This is essentially the case when x = y = z = w. Other case is when there is no

such cut vertex. The gadget is shown in Fig. 5.3.

The gadgets can be constructed in NC. We can in parallel check if each vertex of G21

satisfies the properties of vertices ‘x, y, z’ described above. We described the proceedure for

G21, but the construction can be done in parallel for all a�ached subgraphs ofR. A�er finding

a
2
3
-interior-exterior-cycle separator using Theorem 3.2, we can replace the virtual edges by

the paths as described above in parallel. To find a path between two vertices via a third vertex,

we can use the 2-disjoint path algorithm described in Theorem 2.4. Thus we can construct a

2/3-path-separator of G in NC.

5.3 DFS in bounded treewidth graphs
In this section we will show that for a digraph with tree width bounded by a constant t, we

can construct a depth first search tree in L. For an undirected graph, it is easy to see that a

DFS tree of the bidirected version of it is also a DFS tree of the original graph.

We refer the reader to Section 2.3 for prelims related to logic and Gaifman graphs.

The input graph G naturally defines a structure A whose universe of discourse, |A| is

V (G), and its vocabulary consists of binary relation symbol E which is interpreted as the

edge relation E(G) over V (G). The Gaifman graph of A, GA, is isomophic to G. In order

to construct a DFS tree, we will need to add a linear order O on |A|, which would amount

to adding |V (G)| many edges in GA. A known result in model theory (see [CF12, BD15])

is that we can add a linear order to a structure, such that the treewidth of the structure is

increased by at most 6. It is shown in [BD15], that we can construct such a linear order in L.

We reproduce the lemma here

Lemma 5.8. [BD15] LetG be a graph of bounded treewidth. We can augmentG with some new
vertices and edges to yield a graph G′ with a tree decomposition T ′ such that treewidth of T ′ is
bounded and there exists a relation NXT on vertices of G′ satisfying the following:

1. NXT is compatible with tree decomposition T ′.

2. NXT is a partial order on the vertices of G′.

3. NXT is computable in L.

4. �e transitive closure NXT∗ is a total order when restricted to the vertices of G.

5. NXT∗ is expressible as an MSO-formula over the vocabulary of G′ along with NXT.

The order relationOwe need is precisely the relation NXTdescribed in the lemma, since its

transitive closure is a total order (same as linear order) on vertices ofG. Therefore a�er adding

the linear order O, the new structure A′ also has bounded treewidth. A�er we compute the

order O and store it on a transducer, we can query for any two vertices u, v if u is “lesser

than” v in the transitive closure of O in logspace. This is because the Gaifman graph induced

by this structure is of bounded treewidth, and so we can compute if the vertex v is reachable

from u in the graph in logspace.



67 Chapter 5. More results on Parallel Complexity of Depth-First-Search

In order to quantify over sets of edges of G in MSO, we will also need to add the edges

E(G) to our universe of discourse, as well as an incidence relations : tail(e, v) which is true

i� the edge e ∈ E(G) has vertex v as its tail, and head(e, v), which is true i� the edge

e ∈ E(G) has vertex v as its head. It is easy to see that this augmentation toA′ will also not

blow up the treewidth. Let the augmented structure be A′′. For an edge e = (u, v) ∈ G, its

addition to |A′|, along with addition of relation tuples tail(e, u), head(e, v) toA, results in the

following augmentation to GA′ : a vertex corresponding to e, say we is added to V (GA′) and

it is joined to the existing vertices u, v in V (GA′). Consider a tree decomposition T ′ of GA′
of minimum treewidth. For each new vertex we described above, add we to a bag in T ′ that

contains both the vertices u, v. This is clearly a valid tree decomposition for GA′′ . Therefore

the treewidth of A′′ is at most square of the treewidth of A′, which is still a constant. In

order to express an element of |A′′| being a vertex or an edge of G, we will also need unary

relations for the same. These however clearly do not add to treewidth of GA′′ , and we use

phrases like ∃v ∈ V . . . , ∃e ∈ E . . . as syntactic sugar. Symbols like u, v will generally be

used for elements of universe of discourse that correspond to vertices ofG and e for elements

corresponding to edges of G.

We use u <O v to denote that vertex u is lesser than vertex v in the transitive closure ofO.

An ordering over vertices defines a unique lexicographically first DFS tree. Our algorithm will

go over each edge of E, and use Theorem 2.15 to query if it belongs to the lex-first DFS tree

of G, pu�ing it on the output tape if it does. Along with outpu�ing the edges, we also output

the transitive closure of O on te output tape to specify the preference of vertices to traverse

the tree. Our universe of discourse is V ∪ E, and the relations on it given are tail, head,

and the linear order O. To express the membership of an edge in the lex-first DFS tree with

respect to O, we will use the theorem connecting the lex-first DFS tree to lex-first paths that

we described in Section 4.2. We restate some of the machinery here for convenience.

We define lexicographic ordering on paths starting from a common vertex:

De�nition 5.9. Let P1, P2 be two paths in G starting from r. We say that P1 is lexicograph-

ically lesser than P2 (with respect to O) if at the �rst point of divergence starting from r, P1

diverges to a vertex that is lesser in the given ordering than the one P2 diverges to. We denote

this as P1 <
r
O P2.

This naturally defines the notion of the lexicographically least path starting from r and

ending at a vertex v. We call it the lex-first path from r to v. We restate the following theorem

of [dlTK95]:

�eorem 5.10. [dlTK95] Let Tl be the lex-�rst DFS tree ofG with respect to a given linear order
O. �en ∀v ∈ V (G), the unique path from r to v in Tl is exactly the lex-�rst path from r to v
(with respect to O) in G.

Thus in order to check if an edge (u, v) belongs to Tl (rooted at r), it su�ices to check if it

is the last edge of the lex-min path in G from r to v. We do this by expressing this property

in MSO and using Theorem 2.15.

We will now define some formulae to construct the expression of the stated property.

For variables P, P1, P2 denoting sets of edges, we will define formulae with the following

semantics:

φedge(v, u, P ), which is true i� there exists an edge e ∈ P such that e = (u, v) and e ∈ P .

φrpath(P ), which is true i� the edges in P form a single simple path with r as the starting

point.
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φep(P, v), which true i� there exists exactly one in-neighbour of v in P , and no out-

neighbour of v in P (i.e. v is an ‘end point’ in P ).

φlex(P1, P2), which is true i� P1, P2 satisfy φrpath(P1), φrpath(P2) respectively, and P1 <
r
O

P2.

Using these formulae, we define φDFS(u, v), which is true i� the edge (u, v) is part of the

lex-first DFS tree, Tl. We use the above theorem and express it as:

φDFS(u, v) : ∃P1(φedge(v, u, P ) ∧ φrpath(P1) ∧ φep(P1, v)∧
∀P2(φrpath(P2) ∧ φep(P2, v)⇒ φlex(P1, P2)))

Thus the logspace algorithm is the following :

For each edge (u, v) in E, query φDFS(u, v) and add to output tape i� the query returns yes.

A DFS numbering or order of traversal of the vertices of Tl can easily be obtained from Tl by

doing an Euler tree traversal of Tl with respect to ordering O.

Now all that remains is to express the formulasφedge(v, u, P ), φrpath(P ), φep(P, v), φlex(P1, P2)
in MSO.

For brevity, we will use some shorthands in formulae like ∃!v . . . for ‘there exists exactly

one v such that. . .’, which are known to be expressible in MSO. We define some more formu-

lae and construct φrpath, φlex with explanations below.

1. We first note that φedge(v, u, P ) which is true i� edge (u, v) ∈ P , can be expressed as:

φedge(v, u, P ) : ∃e(tail(e, u) ∧ head(e, v) ∧ e ∈ P )

2. φconn(P ), which is true i� the edges in P form a weakly connected graph. It is well known

that φconn(P ) as expressible in MSO so we skip the exact formula here.

3. φsub(P1, P2), which is true i� the set of edges of P1 is a subset of set of edges of P2, i.e.,

∀e(e ∈ P1 ⇒ e ∈ P2).

4. φep(P, v) can be wri�en as:

φep(P, v) : ∃!u(φedge(v, u, P )) ∧ @w(φedge(w, v, P ))

5. We can express φrpath(P ) as :

φrpath(P ) :φconn(P ) ∧ ∃!v(v 6= r ∧ φep(P, v))∧
∀u(∃e ∈ P (tail(e, u) ∨ head(e, u)) ∧ ¬φep(P, u)⇒
∃!x,∃!y(x 6= y ∧ φedge(u, x, P ) ∧ φedge(y, u, P )))

The last line says that for every vertex u in P that is not either of the end points r, v, it

has exactly one in-neighbour and exactly one out-neighbour in P .

6. Using above, we can expressφlex(P1, P2) by saying that it holds i� bothφrpath(P1), φrpath(P2)
hold, and there exist subpaths P ′1, P

′
2 of P1, P2 respectively starting from r, which diverge

only in their last edges, withP ′1 diverging to a vertex lesser inO than the vertexP ′2 diverges

to. We can express this as follows:

φlex(P1, P2) :φrpath(P1) ∧ φrpath(P2)∧
∃P ′, ud, u1, u2(u1 6= u2 ∧ φrpath(P

′) ∧ φep(P
′, ud) ∧ φsub(P

′, P1)∧
φsub(P

′, P2) ∧ φedge(u1, ud, P1) ∧ φedge(u2, ud, P2) ∧ u1 <O u2)

This gives all expressions needed for φDFS(u, v).
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Chapter 6

�e Even Path Problem in
single-crossing-minor-free graphs

In this chapter we present our result of a polynomial time algorithm for the EvenPath problem

in directed single-crossing-minor-free graphs. We restate the problem statement.

De�nition 6.1. Let G be a digraph with vertices s, t in V (G). �e EvenPath problem is to

check if there exists a (simple) path of even length from s to t in G, and to �nd one if it exists.

EvenPath was shown to be NP-complete by LaPaugh and Papadimitriou [LP84] via a

reduction from an NP-complete problem, the Path-Via-A-Vertex problem. On the other hand,

they also show in [LP84] that its undirected counterpart is solvable in linear time.

Nedev in 1999, showed that EvenPath in planar digraphs is polynomial-time solvable [Ned99].

More recently it was also shown in [Sha21] that EvenPath is in P for single-crossing digraphs.

We emphasize again that when talking about concepts like treewidth, minors of directed

graphs, we intend them to apply to the underlying undirected graphs.

From here onwards, we will drop the term ‘directed’ and assume by default that the graphs

we are referring to are directed, unless otherwise stated. Operations like clique sums, de-

composing the graphs along separating triples, pairs, etc., will be applied on the underlying

undirected graphs.

The following is the main theorem we prove in this chapter:

�eorem 6.2. Given an H-minor-free graph G for any �xed single-crossing graph H , the
EvenPath problem in G can be solved in polynomial time.

We first apply the theorem of Robertson-Seymour (theorem 6.4), and decompose G using

3-clique sums into pieces that are either planar or of bounded treewidth.

Though EvenPath is tractable in planar graphs, and can also be solved in bounded treewidth

graphs by Courcelle’s theorem, straightforward dynamic programming does not yield a polynomial-

time algorithm for the problem, as we will explain in subsequent sections. One of the techni-

cal ingredients that we develop to overcome the issues is that of parity-mimicking networks,
which are graphs that preserve the parities of various paths between designated terminal

vertices of the graph it mimics. We construct them for upto three terminal vertices.

For technical reasons, we require our parity mimicking networks to be of bounded treewidth

and planar, with all terminals lying on a common face. One of our main contributions is to

show (in Lemma 6.9) the construction of such networks, for upto three terminals.

70
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We also come across a natural variant of another famous problem. Suppose we are given a

graph G and vertices s1, t1, s2, t2 . . . sk, tk (we may call them terminals) in it. The problem of

finding pairwise vertex disjoint paths, from each si to ti is a well-studied problem called the

disjoint paths problem. In planar graphs, it is known to be in P for fixed k [Sch94, CMPP13].

We consider this problem, with the additional constraint that the sum of lengths of the si-ti
paths must be of specified parity. We herea�er refer to the parity of the sum of lengths as total

parity, and refer to the problem as DisjointPathsTotalParity. While DisjointPathsTotalParity

can be solved for fixed k in bounded treewidth graphs using Courcelle’s theorem [Cou90], we

do not yet know if it is tractable in planar graphs, even for k = 2. The other main technical

contribution of this chcapter is in lemma 6.11, where we show that in some special cases,

i.e., when there are four terminals, three of which lie on a common face of a planar graph,

DisjointPathsTotalParity can be solved in polynomial time for k = 3.

6.1 Notations and conventions

For a path P , and a pair of vertices u and v on P , such that u occurs before v in P , P [u, v]
denotes the subpath of P from u to v. If P1’s ending vertex is same as the starting vertex

of P2, then we denote the concatenation of P1 and P2 by P1.P2. We will use the numbers

0, 1 to refer to parities, 0 for even parity and 1 for odd parity. We say a path P is of parity
p (p ∈ {0, 1}), if its length modulo 2 is p. We refer the reader to Section 2.2 for pelims on

graph theory, particularly to Section 2.2.4 for background on clique sum decompositions of

single-crossing-minor-free graphs.

For convenience, we repeat some prelims from Chapter 2.

De�nition 6.3. A k-clique-sum of two graphsG1,G2 can be obtained from the disjoint union

of G1, G2 by identifying a clique in G1 of at most k vertices with a clique of the same number

of vertices in G2, and then possibly deleting some of the edges of the merged clique.

The following is a theorem from [RS93].

�eorem 6.4 (Robertson-Seymour [RS93]). For any single-crossing graphH , there is an integer
τH such that every graph with no minor isomorphic to H is either

1. the proper 0-, 1-, 2- or 3-clique-sum of two graphs, or

2. planar

3. of treewidth ≤ τH .

Thus, every H-minor-free graph, where H is a single-crossing graph, can be decomposed

by 3-clique sums into graphs that are either planar or have treewidth at most τH . Polynomial

time algorithms are known to compute this decomposition [DHN
+

04, KW11, GKR13]. The

decomposition can be thought of as a two colored tree (see [DHN
+

04, CE13, EV21] for further

details on the decomposition), where the blue colored nodes represent pieces (subgraphs that

are either planar or have bounded treewidth), and the red nodes represent cliques at which

two or more pieces are a�ached. We call these nodes of the tree decomposition as piece
nodes and clique nodes, respectively. The edges of the tree describe the incidence relation

between pieces and cliques (see Fig. 6.2). We will denote this decomposition tree by TG. We

will sometimes abuse notation slightly and refer to a piece of TG (and also phrases like leaf
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Figure 6.1: An example of a graph G. We

ignore directions here.
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Figure 6.2: A clique sum decomposition of G. Red nodes are

the clique nodes and blue node the piece nodes. Dashed edges

denote virtual edges.

piece, child piece), when it is clear from the context that we mean the piece represented by

the corresponding node of TG. Note that the bounded treewidth and planarity condition

on the pieces we get in the decomposition, is along with their virtual edges. As explained

in [CE13, EV21], we can assume that in any planar piece of the decomposition, the vertices of

a separating pair or triplet lie on a common face (Else we could decompose the graph further).

Suppose G decomposes via a 3-clique sum at clique c into G1 and G2. Then we write

G as G1⊕cG2. More generally, if G1, G2, . . . , G` all share a common clique c, then we use

G1⊕cG2⊕c . . .⊕cG` to mean G1, G2, . . . , G` are glued together at the shared clique. If it is

clear from the context which clique we are referring to, we will sometimes drop the subscript

and simply use G1⊕G2⊕ . . .⊕G` instead. Suppose G′2 is a graph that contains the vertices

of the clique c shared by G1 and G2. We denote by G[G2 → G′2], the graph G1⊕cG
′
2, i.e.,

replacing the subgraph G2 of G, by G′2, keeping the clique vertices intact. We will also use

the notion of snapshot of a path in a subgraph. If G can be decomposed into G1 and G2

as above, and P is an s-t path in G, its snapshot in G1 is the set of maximal subpaths of

P , restricted to vertices of G1. Within a piece, we will sometimes refer to the vertices of

separating cliques, and s and t, as terminals.
In figures, we will generally use the convention that a single arrow denotes a path segment

of odd parity and double arrow denotes a path segment of even parity, unless there is an

explicit expression for the parity mentioned beside the segment.
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6.2 Overview and Technical Ingredients
We first compute the 3-clique sum decomposition tree of G, TG. We can assume that s, t,
each occur in only one piece of TG, S and T , respectively.

1
We call the pieces S and T , along

with the pieces corresponding to nodes that lie in the unique path in TG joining S and T , as

the main pieces of TG, and the remaining pieces are called the branch pieces of TG. We will

assume throughout that TG is rooted at S.

The high level strategy of our algorithm follows that of [CE13]. The algorithm has two

phases. In the first phase, we simplify the branch pieces of the decomposition tree. Any s-t
even path P must start and end inside the main pieces S and T , respectively. However, it

may take a detour into the branch pieces. Suppose L is a leaf branch piece of TG, a�ached

to its parent piece, say Gi, via a 3-clique c. Using Nedev’s algorithm or Courcelle’s theorem,

we can find paths of various parities between vertices of c in L, which constitutes the parity
configuration of L with respect to c (formally defined in next subsection). We will replace L
by a parity mimicking network of L with respect to vertices of c, L′. L′ will mimic the parity

configuration ofL and hence preserve the parities of all s-t paths of original graph. The parity

mimicking networks we construct are small and planar, with the terminals (vertices of c) all

lying on a common face, as decribed in lemma 6.9. Therefore, if Gi is of bounded treewidth,

then Gi ⊕ L′ will be of bounded treewidth. And if Gi is planar, then we can plug L′ in the

face of Gi that is common to vertices of c, and Gi⊕L′ will be planar. This allows us compute

the parity configurations of the merged piece, and repeat this step until a single branch, i.e.

a path, remains in the decomposition tree, consisting only of the main pieces (connected by

cliques), including S and T .

In the second phase, we start simplifying the main pieces, starting with the leaf piece T .

Instead of a single mimicking network for T , we will store a set of small networks, each of

them mimicking a particular snapshot of a solution. We call them projection networks. Since

a snapshot of an s-t even path in T can possibly be a set of disjoint paths between the (upto)

four terminals in T , we require the DisjointPathsTotalParity routine of lemma 6.11 to com-

pute these projection networks. We combine the parent piece with each possible projection

network. The merged piece will again be either planar or of bounded treewidth, allowing us

to continue this operation towards the root node until a single piece containing both s and

t remains. We query for an s-t even path in this piece and output yes i� there exists one.

At each step, the number of projection networks used to replace the leaf piece, and their

combinations with its parent piece will remain bounded by a constant number.

Once we have the decision version of EvenPath, we show a poly-time self-reduction using

the decision oracle of EvenPath to construct a solution.

Necessity of a two phased approach We mention why we have two phases and di�erent

technical ingredients for each.

• Instead of a single parity mimicking network, we need a set of projection networks for the

leaf piece in the second phase because it can have upto four terminals (three vertices of

the separating clique and the vertex t), and we do not yet know how to find (or even the

1
If they are part of a separating vertex/pair/triplet then they may occur in multiple pieces of TG. Say s is a

part of many pieces in TG. To handle that case, we can introduce a dummy s′ and add an edge from s′ to s and

reduce the problem to �nding an odd length path from s′ to t. �e vertex s′ now will occur in a unique piece in

TG. Vertex t can be handled similarly.
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existence of) parity mimicking networks with the constraints we desire, for graphs with

four terminals.

• We cannot however use a set of networks for each piece in phase I because of the un-

bounded degree of TG. Suppose a branch piece Gi is connected to its parent piece by

clique c, and supposeGi has child pieces L1, L2, . . . , L`, a�ached toGi via disjoint cliques

c1, c2, . . . , c`, respectively. An even s-t path can enter Gi via a vertex of c, then visit any of

L1, L2, . . . , L` in any order and go back to the parent of Gi via another vertex of c. If we

store information regarding parity configurations of L1, L2, . . . , L` as sets of projection

networks, we could have to try exponentially many combinations to compute informa-

tion of parity configurations between vertices of c in the subtree rooted at Gi (note that `
could be O(n)). Therefore, we compress the information related to parity configurations

of Li into a single parity mimicking network L′i, while preserving solutions, so that the

combined graph (((Gi⊕c1 L
′
1)⊕c2 L

′
2 . . .)⊕c` L

′
`) is either planar or of bounded treewidth.

We will now describe these ingredients formally in the remaining part of this section.

6.2.1 Parity Mimicking Networks
We first define the parity configuration of a graph, which consists of subsets of {0, 1} for each

pair, triplet of terminals, depending on whether there exists ‘direct’ or ‘via’ paths of parity

even, odd, or both (we use 0 for even parity and 1 for odd). We formalise this below.

De�nition 6.5. Let L be a directed graph and T (L) = {v1, v2, v3} be the set of terminal ver-

tices ofL. �en, ∀i, j, k ∈ {1, 2, 3}, such that i, j, k are distinct, we de�ne the sets DirL(vi, vj),
and ViaL(vi, vk, vj) as:

• DirL(vi, vj) ={p | there exists a path of parity p from vi to vj in L− vk }

• ViaL(vi, vk, vj) ={p | there exists a path of parity p from vi to vj via vk and
there does not exist a path of parity p from vi to vj in L− vk}

We say that the DirL,ViaL sets constitute the parity con�guration of the graph L with respect

to T (L). We call the paths corresponding to elements in DirL,ViaL sets as Direct paths and

Via paths, respectively.

The parity configuration of a graph can be visualised as a table. We have defined it for

three terminals, it can be defined in a similar way for two terminals. It is natural to ask the

question that given a parity configuration P independently with respect to some terminal

vertices, does there exist a graph with those terminal vertices, realising that parity config-

uration. If not, we say that P is unrealisable. It is easy to see that the number of parity

configurations for a set of three terminals is bounded by 412, many of which are unrealizable.

We now define parity mimicking networks.

De�nition 6.6. A graph L′ is a parity mimicking network of a another graph L (and vica

versa), if they share a common set of terminals, and have the same parity con�guration, P ,

w.r.t. the terminals. We also call them parity mimicking networks of parity con�guration P .

The reason we di�erentiate between direct paths and via paths while defining parity con-

figurations is to ensure that no false solutions are introduced on replacing a leaf piece of TG
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Figure 6.3: Figure a) shows the input graph and b) shows the graph with L replaced by an erroneous

mimicking network L′. Suppose the original graph in a) has no s-t even path but does have an s-t even

walk as shown in the �gure, using vertex v2 twice. If we query for a path from v1 to v3 in L, and add

a direct v1 to v3 path of that parity in L′, we end up creating a false solution since v2 is freed up to be

used outside L′. Hence there must be equality between corresponding direct sets.

by its mimicking network (see Fig. 6.3). Note that in our definition of Via sets, we exclude

parity entries of via paths between two terminals if that parity is already present in Dir set

between the same terminals. We do so because this makes the parity configurations easier

to enumerate in our construction of parity mimicking networks. In Fig. 6.4, we describe why

doing this will still preserve solutions.

We also need to consider the case where multiple leaf pieces, in TG are a�ached to a

common parent piece via a shared clique (as seen in Fig. 6.2). In this case, we will replace

the entire subgraph corresponding to the clique sum of the sibling leaf pieces by one parity

mimicking network. To compute the parity configuration of the combined subgraph of leaf

pieces, we make the following observation:

Observation 6.7. Let L1, L2, . . . , L` be leaf branch pieces that are pairwise disjoint except for
a common set of terminal vertices, say {v1, v2, v3}. Let L = L1⊕L2⊕ . . .⊕L`. �en the parity
con�guration of L with respect to {v1, v2, v3} can be computed by:

DirL(vi, vj) =
⋃̀
a=1

DirLa(vi, vj) (6.1)

ViaL(vi, vk, vj) =(⋃̀
a=1

ViaLa(vi, vk, vj) ∪
⋃̀

a,b=1

(DirLa(vi, vk)� DirLb
(vk, vj))

)
\DirL(vi, vj) (6.2)

where A � B denotes the set formed by addition modulo 2 between all pairs of elements in sets
A,B, and i, j, k ∈ {1, 2, 3} are distinct.

The intuition behind the observation is simple. Any direct path in L from vi to vj must

occur as a direct path in one ofL1, L2 . . . L` since they are disjoint except for terminal vertices.

Any via path in L from vi to vj via vk can occur in two ways, either as a vi-vk-vj via path in

one of L1, L2 . . . L`, or as a concatenation of two direct paths, one from vi to vk in some piece

Li, and another from vk to vj in another piece Lj . Note that although the observation is for

the case when all L1, L2, . . . , L` share a common 3-clique {v1, v2, v3}, it is easy to see it can
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Figure 6.4: Figure a) denotes the original graph which has both a direct path, as well as a via path

of even parity from v1 to v3. Suppose the via path is part of an even s-t path solution, as marked by

blue. �en in L itself, we could replace the via path by the direct path and it would still be a valid

even s-t path, as marked in blue in b). Hence in the mimicking network L′, too (shown in c)), we

could use the direct v1 to v3 path of the same parity. �erefore we do not need to put the parity

of the v1-v2-v3 path in ViaL(v1, v2, v3), since the same parity is already present in DirL(v1, v3), and

DirL(v1, v3) = DirL′(v1, v3).

be tweaked easily to handle the cases when some of the L′is are a�ached via a 2-clique that

is a subset of the 3-clique.

The next lemma states that replacing leaf piece nodes in TG by parity mimicking networks

obeying some planarity conditions, will preserve the existence of s-t paths of any particular

parity, and also preserve conditions on treewidth and planarity for the combined piece.

Lemma 6.8. Let G be a graph with clique sum decomposition tree TG, and let L1, L2 . . . , L` be
set of leaf branch pieces of TG, a�ached to their parent piece G1 via a common clique c. Let L′

be a parity mimicking network of L1 ⊕ L2 ⊕ . . . L` with respect to c, such that L′ is planar, and
vertices of c lie on a common face in L′. �en:

1. �ere is a path of parity p from s to t in G i� there is a path of parity p from s to t in
G[L1 ⊕ L2 ⊕ . . . L` → L′].

2. If G1 is planar, then G1 ⊕ L′ is also planar.

3. If G1 has treewidth τH , and L′ has treewidth τL′ , then G1 ⊕ L′ has treewidth max(τH , τL′)

Proof. 1. �e proof essentially follows from the de�nition of parity mimicking networks and

observation 6.7, since we can replace the snapshot of any s-t path P in Li by a path of

corresponding parity in L′i and vice-versa.

2. �is follows since in the decomposition, vertices of separting cliques in every piece lie on

the same face, and so is the case for L′ by assumption. �erefore we can embed L′ inside

the face in G1, on the boundary of which v1, v2, v3 lie.

3. �is follows since we can merge tree decompositons of G1, L
′
along bags consisting of the

common clique.

Now we will show how to compute parity mimicking networks that are small in size (and

hence of bounded treewidth), and also planar, with terminal vertices lying on the same face,

for a given parity configuration of a graph L.
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Figure 6.5: Fig a) denotes a graph L with its parity con�guration table (only relevant sets). Fig b)

denotes a ‘parity mimicking network’, if for each pair of terminals, we just independently put paths

of correct parity, disjoint from each other. It leads to an extra path (highlighted in red) from v1 to v3
via v2 in L′, of odd parity. Pairs of such entries, for which we cannot add disjoint paths are called

bad entries as marked by the dashed red line in the parity con�guration table in a). Fig c) outlines the

approach used to construct the correct mimicking network. �e two paths corresponding to bad pair

entries, form the bad kernel, for which we construct a mimicking network by enumerating cases. �e

remaining paths can be added iteratively, disjoint from all existing paths, on the outer face.
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Figure 6.6: An example of a more non-trivial bad kernel, and a mimicking network realising its closure.

�is is a subcase of case (4, 0) described in the full proof. We give a list of paths along with their lengths,

for ease of reader to check that the network obeys the parity con�guration.

Lemma 6.9. SupposeL is a graph with terminals T (L) = {v1, v2, v3}, and suppose we know the
parity con�guration of L with respect to {v1, v2, v3}. We can in polynomial-time, �nd a parity
mimicking network L′ of L, with respect to {v1, v2, v3} which consists of at most 18 vertices, and
is also planar, with v1, v2, v3 lying on a common face.

Proof. We give a brief idea of the proof and defer the full proof to Appendix A. As noted above,

the number of possible parity con�gurations are �nite (bounded by 412 for three terminals),

but the number is too large to enumerate over all of them and individually construct the

mimicking networks. We use some observations to make the case analysis tractable. We

refer to elements of sets DirL(vi, vj) as entries. But we abuse notation slightly and distinguish

them from the boolean values 0, 1. For example, we always distinguish between an entry of

DirL(v1, v2), and an entry of DirL(v2, v3), even if they have the same value (0 or 1). A natural

constructive approach would be to iteratively do the following step for all i, j, p : add a path of

length 2− p from vi to vj in L′, disjoint from existing paths of L′, if there is an entry of parity

p present in DirL′(vi, vj). Its easy to check that this will result in a planar L′ with terminals on
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a common face. However, this could lead to wrong parity con�gurations in L′. For example,

L could have a direct paths of parity 1 from v1 to v2, and a direct path of parity 0 from v2 to

v3, but no path of parity 1 from v1 to v3, either direct or via v2 (see Fig. 6.5). We will call pairs

of such entries as bad pairs. �e entries that are part of any bad pair are called bad entries.
�ough the example in Fig. 6.5 has a simple �x for the bad pair, it becomes more complicated

to maintain the planarity conditions as the number of bad pairs increase. Let PL be the parity

con�guration ofL. �e idea of the proof is to de�ne a bad kernel ofPL, as the sub-con�guration
consisting of all the bad entries of PL. �e closure of the bad kernel is de�ned as the parity

con�guration obtained from it by adding ‘minimal’ number of entiries to make it realizable.

We observe that the closure remains a sub-con�guration ofPL. Suppose that we can somehow

construct a planar mimicking network for the closure of the bad kernel of PL, with terminals

lying on a common face. �en we show that paths corresponding to le�over parity entries

of L can be safely added using the constructive approach described above. Hence it su�ces

to construct parity mimicking networks for closures of all possible bad kernels. We use some

observations to show that the number of possible types of bad kernels cannot be too large,

and enumerate over each type, explicitly constructing the parity mimicking networks of their

closures.

6.2.2 Disjoint Paths with Parity Problem
In this section, we will define and solve the DisjointPathsTotalParity problem for some special

cases and types of graphs. We define the problem for three paths between four terminals.

De�nition 6.10. Given a graph G and four distinct terminals v1, v2, v3, and v4 in V (G), the

DisjointPathsTotalParity problem is to �nd a set of three pairwise disjoint paths, from v1 to

v2, v2 to v3, and from v3 to v4, such that the total parity is even, if such a set of paths exist,

and output no otherwise.

The problem where total parity must be odd can be easily reduced to this by adding

a dummy neighbour to v4. The problem is NP-hard in general graphs since the even path

problem trivially reduces to this. We show that the above problem can be solved in polynomial

time in following two cases:

Lemma 6.11. Let G be a graph, and v1, v2, v3, v4 be four vertices of G. Both decision as well
as search versions of DisjointPathsTotalParity for these vertices as de�ned above can be solved in
polynomial time in the following cases:

1. If G has constant treewidth.

2. If G is planar and v1, v2, v3 lie on a common face of G.

Proof. (Of Part 1)
Courcelle’s theorem ([Cou90]) states that every graph property de�nable in the monadic

second-order logic of graphs can be decided in linear time on graphs of bounded treewidth.

�e vocabulary of our logic consists of a unary relation symbol V for the set of vertices, a

binary relation symbol E for the set of edges, and some constant symbols, like s, t used to

denote source, destination vertices. �e universe of discourse consists of vertices. We use the

fragment of monadic second order logic called MSO2 which allows quanti�cation over sets of
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vertices and edges but not more complex relations. We use variablesA,B, P, P1, P2 to denote

sets of vertices, and variable M to denote set of edges. For brevity, we use some shorthand

notation for phrases like ∃!x for ‘there exists a unique x’, x ∈ P for ‘a vertex x which is in

vertex set P ’, x ∈ M , for ‘a vertex x which is in the set of vertices consisting of end points

of the edges in set M .’ It is well known that these phrases can be easily expressed in MSO2.

We also use V (M) to denote the set of vertices consisting of all end points of the edges in M .

Consider the formula, φdisj(P1, P2) which is true i� the sets P1, P2 are disjoint. We can write

it in MSO as:

φdisj(P1, P2) : ∀v, v ∈ P1 ⇒ v /∈ P2

We de�ne a formula φpart(P,A,B), which is true i� the vertex sets A,B form a partition of

the vertex set P , as:

φpart(P,A,B) : (∀v(v ∈ P ⇔ (v ∈ A ∨ v ∈ B))) ∧ (φdisj(A,B))

�e de�nition φpart(P,A,B) can be tweaked to get φpart(M,A,B) which is true i� vertex

sets A,B for a partition of the vertex consisting of endpoints of edge set M .

Now we de�ne a formula φe
s,t(P ) which is true i� the graph induced on vertex set P has a

path from s to t of total length even. It is shown in [hh17] that this can be expressed in MSO2.

�e idea is to express that there exists a set of edges M in the graph induced by P , whose

vertices can be partitioned into vertex sets (A,B), such that:

• Every edge of M has one end point in A, and other in B. Both s, t lie in A.

• s has only one neighbour in M , an out-neighbour, and t has only one neighbour in M , an

in-neighbour.

• Every other vertex of M has exactly one out-neighbour and one in-neighbour.

It is clear that the graph induced by set of edgesM in P must be a collection of disjoint cycles

and an s-t path. Since the graph induced by M is also bipartite, with s, t lying in the same

partition, it follows that the disjoint cycles, as well as the s-t path must be of even length.

�us we can write the formula for φe
s,t(P ) as:

∃M((V (M) ⊆ P ),∃A,B(φpart(M,A,B)∧
(((u, v) ∈M)⇒ ((u ∈ A ∧ v ∈ B) ∨ (u ∈ B ∧ v ∈ A))) ∧ (s, t ∈ A)) ∧

((∃v(s, v) ∈M) ∧ (@v(v, s) ∈M) ∧ (∃v((v, t) ∈M)) ∧ (@v((t, v) ∈M))) ∧
(∀u ∈M, (∃!u ∈M, (u, v) ∈M) ∧ (∃!v ∈M, (v, u) ∈M)))

We can similarly de�ne φo
s,t(P ) which is true i� graph induced on P has an s-t path of

odd length. With φe
s,t(), φ

o
s,t() and φdisj(, ), we can easily de�ne a formula φe

s1,t1,s2,t2
, which is

true i� the graph has two disjoint paths from s1 to t1, and from s2 to t2, with total parity even

as follows (we skip argument for brevity):

φe
s1,t1,s2,t2

: ∃P1, P2(φdisj(P1, P2) ∧ ((φe
s,t(P1) ∧ φe

s,t(P2)) ∨
(φo

s,t(P1) ∧ φo
s,t(P2))))

We can de�ne a similar formula as above for the case when total parity must be odd, as

well as extend it for three disjoint paths with total parity constraints.
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Proof. (Of part 2) We �rst give a high level idea of the proof of the second part. �e argument

of Nedev for EvenPath uses two main lemmas. One lemma states that if there are two paths

P1, P2, of di�erent parities from s to t, then their union forms a (at least one) structure, which

they call an odd list superface. It (roughly) consists of two internally disjoint paths of di�erent

parities, with a common starting vertex, say b and a common ending vertex, say e. Let F
denote such a superface. �ey show that there exist two disjoint paths in P1 ∪ P2 − F , one

from s to b, and one from e to t. �is provides a ‘switch’ in P1 ∪ P2, and if we can �nd this

switch e�ciently, then we can use existing 2-disjoint path algorithms to connect s and t via

this switch. But the number of odd list superfaces in a graph can be exponential. �e second

lemma of Nedev says that we can exploit the structure of planarity and show that each of the

odd list superfaces formed byP1∪P2, ‘contain’ a ‘minimal’ odd list superface, which they call a

simple odd list superface, that obeys the same conditions. �e set of simple odd list superfaces

is small and can be enumerated in polynomial time. In our se�ing, we start from the case

that two instances of three disjoint paths between the speci�ed terminals exist, such that they

have di�erent total parity. Say the instances are P1, P2, P3, and P ′1, P
′
2, P

′
3. At least one of

Pi, P
′
i must be of di�erent parity. We show that using the constraints of three terminals on a

face, and using ideas of le�most (and rightmost) paths of Pi∪P ′i , for each case of i ∈ {1, 2, 3},
there does exist an analogous structure: a simple odd list super face, and four disjoint path

segments connecting the required vertices. A point to note is that in Nedev’s argument, any
odd list superface formed by P1, P2 could be trimmed to a simple odd list superface that would

give a valid solution. �at does not hold true here. We generalise their lemma, and argue that

there does exist at least one odd list superface between Pi, P
′
i that will work in our se�ing.

Now we formally prove the lemma.

We �rst reiterate some of the machinery developed in [Ned99]. We give the de�nitions of

list superface and simple list superface in planar graphs as de�ned in [Ned99].

De�nition 6.12. Let G be a planar graph and G′ be its planar embedding. Let P and P ′ be

two paths in G, such that (1) both P and P ′ start from the same vertex, say b, and end at the

same vertex, say e, and (2) P and P ′ are vertex disjoint except at b and e. �en, we call P
and P ′ together with their interior region (the �nite region enclosed by P and P ′) or exterior

region (the region on the plane apart from the interior), a list superface.

Note that P and P ′ as described above can form two list superfaces, one with the interior

region on the plane and one with the exterior region on the plane with respect to the boundary

formed by them.

De�nition 6.13. A list superface F is called a simple list superface if for every directed path

Q = (q1, q2, . . . , qk), where q1 and qk lie on the boundary of F and q2, q3, . . . , qk−1 lie on the

region of F , there exists a directed path from qk to q1 using only a subset of the edges of the

boundary of F .

As noted earlier, if we can solve the above problem for total parity even, we can also �nd

if such paths of total parity odd exist, by adding a dummy out neighbour v′4 of v4 and �nding

disjoint paths of total parity even from v1to v2, v2 to v3 and from v3 to v′4. Hence we assume

that we want to �nd disjoint paths with total parity even.

We �rst �nd a set of pairwise disjoint paths from v1 to v2, v2 to v3 and from v3 to v4(if
it exists) using [Sch94], but the total parity might be odd (If no such paths exist, we output

negative, and if we get an instance of paths of total parity even then we output that instance).

Suppose a solution exists, and let P1, P2, P3, be one set of pairwise disjoint paths from v1to
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b e

u1

v1v2

u2

Figure 6.7: A list superface

b e

u2

v2

u1

v1

Figure 6.8: A simple list super-

face

Figure 6.9: List superface in (a) is non-simple because of paths from u2 to v2 and u1 to v1. On the

other hand, (b) is a simple list superface.

v2, v2 to v3 and from v3 to v4 respectively, of total parity even. Let P ′1, P
′
2, P

′
3 be another set

of pairwise disjoint paths of total parity odd between same corresponding vertices. Let i, j, k
refer to distinct integers from the set {1, 2, 3} herea�er. At least one of the pairs Pi, P

′
i must

have di�erent parities, otherwise the total parities of both sets would be the same. Suppose

P1, P
′
1 are of di�erent parities.

Using this we are going to extend the ideas of [Ned99] and show the following lemma:

Lemma 6.14. LetG be a plane graph and v1, v2, v3, v4 vertices such that v1, v2, v3 lie on the same
face. Consider two instances of disjoint paths (P1, P2, P3) and (P ′1, P

′
2, P

′
3) between v1, v2, v3, v4

as described above, of di�erent total parities, and let P1, P
′
1 have di�erent parities. Such a pair of

instances exists i� a structure consisting of the following exists :

• A simple odd list superface F with starting and ending vertices b, e and paths QF , Q
′
F (of

di�erent parities) as boundaries of F .

• Paths Qb from v1 to b, Qe from e to v2, Q2 from v2 to v3, and Q3 from v3 to v4.

• QF , Q
′
F , Qb, Qe, Q2, Q3 are all pairwise disjoint (except at vertices b, e).

Similar claim with appropriate changes also holds if paths P2, P
′
2 are of di�erent parities or if

paths P3, P
′
3 are of di�erent parities.

�e odd list superface will act as a switch for parities. �is gives a recipe, similar to [Ned99]

to �nd a solution in polynomial time. We can enumerate over all simple odd list superfaces

as done in [Ned99] and use the algorithm of [Sch94] to �nd the four pairwise disjoint paths

described above in G, a�er removing boundary vertices of the simple odd list superface. If

such an odd list superface and the corresponding paths exist, it gives a solution, else we out-

put that no solution exists. One direction of the claim is straightforward: If there exists a

simple odd list super face F and pathsQb, Qe, Q2, Q3 as described above, then the set of paths

(Qe.(one of QF , Q
′
F ).Qb, Q2, Q3) form two instances of disjoint paths of di�erent parities. In

order to prove the other direction of the claim, we note some de�nitions and observations.

LetG be a plane graph and v1, v2 be two vertices on the outer face, and P1, P
′
1 be two paths

from v1 to v2. By Jordan curve theorem, each path P1, P2 divides G into two regions. If P is

a directed path starting and ending on a closed boundary, we call the region on the le� of P
as left(P ) and the region along the right as right(P ).

Let P1 ∪ P ′1 denote the subgraph of G formed by vertices and edges of paths P1, P
′
1. �e

le�most undirected walk or the of subgraphP1∪P ′1, denote byP1
L

, is de�ned as the undirected
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walk obtained by traversing the clockwise �rst edge(ignoring direction) ofP1∪P ′1 with respect

to the parent edge at every step, until it reaches v2 or starts repeating. For the �rst step, we can

use an imaginary dart from v1 into the outer face as parent edge for reference. �e rightmost

walk of P1∪P ′1, denoted by P1
R

is de�ned similarly by taking the counter-clockwise �rst edge

at every step. We show some lemmas using these paths.

Claim 6.15. Suppose v1, v2 lie on outer face of G and P1, P
′
1 are paths from v1 to v2.

1. �e undirected walks P1
L, P1

R are simple, directed paths from v1 to v2.

2. Let P2 be a path disjoint from P1 and lying (strictly) in right(P1). Let P ′2 be a path disjoint
from P ′1, lying (strictly) in right(P

′
1). �en the path P1

L is disjoint from both P2, P
′
2, and lies

in left(P1) ∩ left(P ′1).

Proof. 1. We �rst show that P1
L

is a simple path ignoring directions.

Let P1
L = 〈v1, . . . y, x, z . . . w, x, . . .〉, where x is the �rst vertex on P1

L
that repeats in the

walk. Let C denote the subcycle 〈x, z . . . w, x〉 of P1
L

. Suppose the edge (y, x) belongs to

P1 (See Fig. 6.10). �e path P1[x, v2] cannot touch C at any point other than x, since v2 lies

on the exterior ofC and any edge touchingC from exterior at any point other than xwould

condradict the assumption thatC was obtained in the le�most walk. But if it touchesC at x
only, then edges (x, z), (w, x) must both belong to P ′1 and by similar argument they would

have to leave C contradicting the assumption that C occured in a le�most walk. �erefore

P1
L

is a simple undirected path. Next we show that P1
L

is actually a directed path from v1
to v2. Suppose that is not the case, which means it consists of segments that are alternately

directed towards or away from v2. Let x, y be the �rst maximal segment directed away

from v2(i.e. P1
L = 〈v1, . . . y, . . . x1, x, x2 . . . v2〉, where all arcs in the segment from v1 till

y are directed towards v2, all arcs in segment from y till x are directed away from v2, and

the arc (x, x2) is directed towards v2). Without loss of generality, let the arc (x, x1) be a

part of P1, which implies the incoming arc to x in P1 is not on P1
L

and lies in right(P1
L).

Consider the closed loop formed by segments P1[v1, x], P1
L[x, y], P1

L[v1, y]. Since P1 goes

to x1 a�er x, and v2 lies on the exterior of the loop, P1 must exit the loop a�er x1 to reach

v2. But cannot exit via that segment since that would contradict that P1
L[v1, y] is a subpath

of the lefmost undirected path P1
L

. �erefore every arc in P1
L

must be directed from v1 to

v2.

2. �is follows easily from de�nition of P1
L

.

Now we show a tweaked version of Lemma 2, and restate Lemma 1 of [Ned99].

Lemma 6.16. 1. (Extension of Lemma 2 of [Ned99]) Let P1, P
′
1 be paths as de�ned above, of dif-

ferent parity. LetP1
L andP1 be of di�erent parities. �en there exists an odd list superfaceF in

P1
L∪P1 with begining and ending vetices b, e respectively with boundaries P1

L[b, e], P1[b, e],
and paths Qb, Qe from v1 to b and e to v2 respectively such that Qb, Qe and F are pairwise
disjoint(except at some end points). Moreover Qb = P1

L[v1, b], Qe = P1
L[e, v2].

2. (Reiteration of Lemma 1 of [Ned99])If the odd list superface F found above inG is not simple,
we can �nd a simple odd list superfaceFs which is contained inside the region ofF , and extend
Qb to Q′b, from v1 to beginning of Fs, and Qe to Q′e, from ending of Fs to v2, such that the
extensions are also contained inside F and Fs, Q

′
b, Q

′
e are all pairwise disjoint.
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v1

v2

x

y

a)

P1

v1

v2

x

y

b)

P1

Figure 6.10: Suppose the undirected le�most walk from v1 in P1 ∪ P ′1 ends up in the cycle shown

in a). Suppose the edge (x, y) (undirected) belongs to P1. �en one of the (undirected) segments

P1[v1, x], P1[x, v2] must have an edge touching the cycle from its exterior as shown by the dashed

path. �is would contradict the cycle being part of the le�most walk. �erefore the le�most walk P1
L

must be a path. In �gure b), suppose the le�most path P1
L

, drawn in bold, has a segment from x to y
directed away from v2. Suppose the outgoing edge of x in this segment belongs to P1. �en P1[v1, x]
is a subpath of P1 lying in right(P1

L), forming a closed loop with the undirected segment P1
L[v1, x].

�erefore the only way for P1 to reach v2 is to exit the segment P1
L[x, y] into left(P1

L), contradicting

that P1
L

is the le�most path.

Proof. 1. Let x1 denote the �rst vertex a�er v1 where P1
L

and say, P1 diverge. Let y1 be the

�rst vertex of P1
L

a�er x1 which also is in P1. Let y′1 be the �rst vertex of P1 a�er x1 which

is also in P1
L

and y1 6= y′1. �en y′1 appears a�er y1 in P1
L

. �e segments P1
L[x1, y

′
1] ∪

(P1[x1, y
′
1]) forms a closed loop. Now the vertex y1 lies on the segment P1

L[x1, y
′
1] of the

loop P1
L[x1, y

′
1]∪P1[x1, y

′
1]. �e simple path P1[y

′
1, v2] must continue from y1 to v2 which

is outside the loop, for which it must exit the loop via the segment P1
L[x1, y

′
1]. But any

edge going out of the loop from a vertex of P1
L[x1, y

′
1) will contradict the assumption

that P1
L

is the le�most walk. �erefore y′1 = y1. �erefore we have a list superface in

P1
L∪P1 with beginning and ending vertices x1, y1 respectively and boundaries consisting

ofP1
L[x1, y1], P1[x1, y1]. Moreover, since x1 was the �rst point of divergence and y1 the �rst

point a�er x1 where both P1
L, P1 meet each other, the segments Qb = P1

L[v1, x1], Qe =
P1

L[y1, v2] are mutually disjoint and disjoint from boundaries of the list superface. If both

boundaries are of di�erent parity, then we are done. Else we keep the segment P1
L[v1, y1]

as part of our initial segment, and repeat the same argument starting from y1 instead of v1.
At some point we must get a list superface satisfying all the conditions and with di�erent

boundaries since the parities of P1
L, P1 are di�erent. �erefore the lemma holds.

2. �e proof of this is the same as that of Lemma 2 of [Ned99].

Now we prove the other direction of Lemma 6.14

Proof. We assume that v1, v2, v3 lie on the outer face, and hence can consider them on an

imaginary boundary that encloses the region R where the graph is embedded.(see Fig. 6.12).

We consider the cases of which of the pairs Pi, P
′
i , i ∈ {1, 2, 3}, consists of paths of di�erent

parity. In each case, we assume without loss of generality that Pi
L

is of same parity as P ′i , and

hence of parity di�erent from that of Pi
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v1
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Figure 6.11: �e red colored paths in Fig a) are P ′1, P
′
2, and the blue colored paths are P1, P2(We

use purple segments where they share edges). Single arrows denote odd length segments and double

arrows even length segments. Segments without arrows can be assumed to be of any parity. �e paths

highlighted in green in Fig b) denote the odd list superface and the segments Qb, Qe, P
′
2 that we get in

lemma 1.

1. Case 1. P1, P
′
1 are paths of di�erent parities. �e vertices v3, v4 must lie on the same side of

bothP1, P
′
1, since they are connected by a path disjoint fromP1 and a path disjoint fromP ′1.

W.l.o.g., we can assume that they lie strictly on the right side of P1, P
′
1. By our assumption,

P1
L, P1 are of di�erent parities. By claim 6.15, the sets (P1, P2, P3) and (P1

L, P ′2, P
′
3) are

also instances of disjoint paths of di�erent total parities. Let F be the odd list superface

formed by P1, P1
L

, as described in Lemma 6.16. �e boundary P1
L[b, e] of F , as well as

segments Qb = P1
L[v1, b], Qe = P1

L[e, v2] are disjoint from P2, P
′
2, P3, P

′
3 by claim 6.15.

Since other boundary of F is P1[b, e], both the boundaries of F , and segments Qb, Qe are

disjoint from P2, P3. �erefore we have the odd list superface F , and segmentsQb, Qe that

are all mutually disjoint, satisfying all requirements of lemma 6.14 except possibly for F
being simple. Now if F is not a simple odd list superface, then by lemma 6.16, there is a

simple odd list superface Fs contained inside F and Qb, Qe can be extended to beginning

and ending of Fs respectively. Since Fs and the extensions of Qb, Qe lie inside F , they are

also disjoint from P2, P3 and therefore all requirements of lemma 6.14 are satis�ed.

2. Case 2. P2, P
′
2 are paths of di�erent parities. We have two subcases:

a) Both v1, v4 lie on the same side of P2, P
′
2, say right side. In this case the same argument

as above works.

b) Vertex v1 lies on, say, the le� side of P2, P
′
2, and v4 on their right side. Since P2

L, P2

are of di�erent parities, let F be the odd list superface formed by P2
L, P2, with Qb =

P2
L[v2, b], Qe = P2

L[e, v3] as described in the lemma above. �en consider the paths

P1
L, P2

L[v2, b], P2
L[e, v3], P3 and F . By claim 6.15, P1

L
is disjoint from both P2

L, P2, P3

and P2
L

is disjoint from P3. Now we can proceed as in above argument and satisfy

conditions of the lemma.

3. Case 3. P3, P
′
3 are paths of di�erent parities. Since v4 need not lie on the outer face, P3

L

or P3
R

need not have the properties we showed in above lemma. Let F be an odd list

superface formed by P3, P
′
3, with b, e as beginning, ending vertices, and Qb, Qe paths from
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v3 to b and e to v4 as described by lemma 2 of [Ned99] (Note that each of Qb, Qe here can

have edged from both P3, P
′
3). �ere are two subcases (others are symmetrical).

a) Vertices v3, v4 lie on right side of P1, P
′
1 and also on the right side of P2, P

′
2. In this case

consider the paths P1
L, P2

L
. �ey are both mutually disjoint as well as disjoint from

F,Qb, Qe by claim 6.15. �en we can proceed as above.

b) Vertices v3, v4 lie on right side of P1, P
′
1 and on le� side of P2, P

′
2. �en consider the

paths P1
L, P2

R
. �ey are both mutually disjoint and also disjoint from F,Qb, Qe by

claim 6.15. Now we can again proceed as above.

Hence the claim holds.

Case 1
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P ′
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P ′
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P ′
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Case 3 b)
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v4 = e

P ′
1
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2

P2
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P ′
3
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Figure 6.12: Some cases of Lemma 6.14. �e red colored paths are P ′1, P
′
2, and the blue colored paths

are P1, P2. �e paths highlighted in green denote the odd list superface and the segments Qb, Qe, P
′
2

that we get in lemma 6.14.
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6.3 Main Algorithm
We now explain the two phases of the algorithm.

6.3.1 Phase 1
1. Find the 3-clique sum decomposition tree TG. Mark the piece that contains the vertex s

as the root of TG.

2. Pick any maximal set of leaf branch pieces of TG, say L1, L2, . . . , L`, which are a�ached

to a parent piece Gi via a common clique. Compute their parity configurations using

Nedev’s algorithm, or using Courcelle’s theorem.Then compute the parity configuration

of L1 ⊕ L2 ⊕ . . .⊕ L` using observation 6.7.

3. Compute the parity mimicking network, L′, ofL1⊕L2⊕ . . .⊕L` using lemma 6.9. Replace

L1 ⊕ L2 ⊕ . . .⊕ L` by L′ and merge it with Gi.

4. Since Gi⊕L′ is either of bounded treewidth or is planar by lemma 6.8, we can repeat this

step until no branch pieces remain.

6.3.2 Phase II
Let G′ denote the graph a�er phase I. A�er phase I, the modified tree T ′G looks like a path

of pieces, G1, G2, . . . , Gm, joined at cliques c1, c2 . . . cm−1.
2

The vertex s is in root piece G1,

and t in leaf piece Gm (we use G1, Gm instead of S, T here for notational convenience). We

can write G′ = G1 ⊕c1 G2 ⊕c2 . . . ⊕cm−1 Gm. Since it is clear in this phase that ci is the

clique joining Gi, Gi+1, we will omit the subscript for notational convenience and just write

G1+G2+ . . .+Gm instead. Let cm−1 = {v1, v2, v3} and let i, j, k ∈ {1, 2, 3} be distinct. The

snapshot of any even s-t path P inGm, can be one of the following four types (see figure 6.13):

• Type 1 : A path from vi to t without using vj, vk.

• Type 2 : A path from vi to t via vj , without using vk.

• Type 3 : A path from vi to t via vj, vk.

• Type 4 : A path from vi to vj and a path from vk to t, both disjoint from each other.

We call any path/set of paths in Gm of one of the above types as a potential snapshot of Gm.

We now construct the projection networks of potential snapshots of Gm.

De�nition 6.17. Let Gm be the leaf piece as described above with clique cm−1 = {v1, v2, v3},
and vertex t present in Gm.

• For each of the types described above, for all i ∈ {1, 2, 3}, and for all p ∈ {0, 1}, �nd a

potential snapshot (if it exists) in Gm from vi to t, of total parity p, using lemma 6.11.

2
Note that the vertices of a clique, say ci need no longer lie on the same face of Gi a�er phase I, since we

might have merged the parity mimicking network of the branch pieces incident at ci into the face corresponding

to ci.
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Figure 6.13: Fig 1) Denotes the decomposition tree a�er phase 1, with G1, G2 . . . , Gm denoting the

pieces. We skip drawing clique nodes here. On the right are examples of projection networks of

di�erent types. In �g 1), the snapshot of the s-t path in Gm is of type 4. �e two projection networks

of type 4 drawn on the right have same total parity, but di�erent parities of individual segments. It is

su�cient for our purpose to �nd any one of them since they are interchangeable.

• Let J be a potential snapshot found in the previous step, Its projection network, is de�ned as

the graph obtained from J by keeping terminal vertices intact, and replacing every terminal

to terminal path in J by a path of length 2− p.

�e type of the projection network is the type of the corresponding potential snapshot.

�e set of projection networks of Gm, denoted by N (Gm), is the set of all projection networks

obtained for Gm by the above procedure.

See Fig. 6.13 for an example. Since the total number of terminals is at most 4 (with

one fixed as t), it is easy to see that the number of possible projections networks for Gm

is bounded. Therefore N (Gm) can be computed in polynomial time. Note that N (Gm) is

not uniquely defined. But it is su�icient for our purpose, to compute any one of the various

possible choices of the set N (Gm) as explained in Fig. 6.13. The next lemma shows that the

projection networks of Gm preserve solutions, and also maintain invariants on planarity and

treewidth, when merged with the parent piece.

Lemma 6.18. Given G′ = G1 + . . .+Gm as described above.

1. Given a N (Gm), there is an s-t path in G′ of parity p i� ∃N ∈ N (Gm) such that G′[Gm →
N ] has an s-t path of parity p.

2. If Gm−1 is planar/of bounded treewidth, then for any projection network N ∈ N (Gm),
Gm−1 +N is planar/of bounded treewidth, respectively.

Proof. 1. �is follows from the de�nition of projection networks. �e only minor technical

point to note is that N (Gm) is not unique. For example, suppose there are two potential

snaphots in Gm of type 4. One is J1, consisting of a path P1 from v1 to v2 of even parity,

and a path P2 from v3 to t of odd parity. �e other is J2, consisting of a path P ′1 from v1
to v2 of odd parity, and a path P ′2 from v3 to t, of even parity. Since the total parity of J1
and J2 is same, Lemma 6.11 could output either one of them. We don’t have control over

it to �nd both. But �nding any one of them is su�cient for us, since if J1 is a snapshot

of an actual solution, then replacing J1 by J2 would also give a valid solution and vice

versa.(See Fig. 6.13)
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2. Suppose cm1 = {v1, v2, v3} is the clique where Gm−1, Gm are a�ached. �e argument

of treewidth bound is same as that of Lemma 6.8 in previous phase, when we a�ached

mimicking networks to parent pieces. However if Gm−1 is planar, there could have been

a parity mimicking network L′ a�ached to Gm−1 via cm−1 during phase I. Hence v1, v2, v3
might not lie on a common face in Gm−1 a�er phase I. We observe however, since L′ was

a�ached at a 3-clique, cm−1, every pair vi, vj of vertices of cm−1, must share a common

face in Gm−1. Now, the projection networks consist of at most three paths, two between

v1, v2, v3, and one from them to t. For any vi, vj , we can embed the path between vi, vj in

N , in the face inGm−1 shared by vi, vj , and �nally just add the path leading to t. �erefore

if Gm−1 is planar, all projection networks of Gm can be embedded in their parent nodes.

We make the following observation to compute a N (Gi + . . . Gm) recursively:

N (Gi + . . . Gm) =
⋃

N∈N (Gi+1+...Gm)

N (Gi +N) (6.3)

Thus we can proceed as follows:

1. Compute N (Gm) using lemma 6.11

2. For all N ∈ N (Gm), compute Gm−1 +N , and hence compute N (Gm +Gm−1) using the

observation above.

3. For all N ∈ N (Gm +Gm−1), compute Gm−2 +N , and hence compute N (Gm +Gm−1 +
Gm−2). Repeat until we reach G1.

This completes the algorithm for decision version of EvenPath.

6.3.3 Reducing even path and disjoint path with parity search to de-
cision

We now give a reduction from search version of even path problem to decision version. Our

algorithm will output the s-t even path which is lexicographically least according to vertex

indices. A path P1 is lexicographically lesser then P2 if the among the first vertices in P1, P2

where they diverge (assuming they start at the same vertex), the one in P1 has a lesser index

than the one in P2.

We give an algorithm below.

Procedure findParityPath(G, s, t, p):
if s == t then

return <>;

end
foreach vout = Each out neighbour of s (in increasing index order) do

if searchParityPath(G− {s}, vout, t, 1− p) then
return 〈s, vout〉+ findParityPath(G− {s}, vout, t, 1− p);

end
end
return NULL;

Algorithm 3: Routine to �nd a path of parity p between given vertices
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The correctness of the algorithm can be proved by inducting on length of the unique

lexicographically least path of parity from s to t. The algorithm can be optimized to makes

O(n) queries to searchParityPath routine, and so the time complexity is O(n.T (n)) where

T (n) is the complexity of decision version of parity path in G.

The same algorithm can be extended to find disjoint paths between (si, ti) with total

parity even with an oracle to decision version of the same problem. In that case, we will

output the lexicographically least instance of disjoint paths with total parity even, which

consists of solution obtained by considering solutions with lex-least (s1, t1) path, and then

amongst those, the solutions with lex-least (s2, t2) path and so on. Hence we can also find

disjoint paths with parity in timeO(n.T (n)) where T (n) is the complexity of decision version

of disjoint paths with parity in G.

Bibliographical Remarks The results presented in this chapter are based on joint work

with Samir Da�a, Chetan Gupta, and Vimal Raj Sharma, which appeared in [CDGS24].



Chapter 7

Conclusions

We summarize and conclude the thesis in this chapter.

We started with our results on DFS in planar digraphs in Chapter 4, giving a bound of

AC
1
(UL ∩ co-UL) for the problem. However the goal we had in mind while starting this prob-

lem remains open, that is to show that DFS in planar digraphs reduces to finding distances

between vertices in planar digraphs, which would lead to a UL ∩ co-UL bound for the prob-

lem. We believe that this does hold, though we do not yet have a proof for it. For undirected

graphs, we saw in Chapter 3 that DFS does reduce to computing distances. One approach to

a�ack the directed version would be to use the decomposition we develop in Chapter 4 more

optimally. Though we are able to compute the layering for planar digraphs in UL ∩ co-UL,

we are not able to use it to compute consistent DFS trees for each layer and patch them up.

Using it to find a separator and then going by divide and conquer discards all the information

regarding the layers that we had computed. It would be interesting to see if we can somehow

reuse the layerings to compute DFS traversals more e�iciently. It would also be interesting

to see if the decomposition can be used in some other problems.

In Chapter 5 we further explored results on DFS in other graph classes like bounded genus

graphs, bounded treewidth graphs, single-crossing-minor-free graphs. We gave gave an NC

bound for DFS in single-crossing-minor-free graphs, without going into finer analysis. We

believe that the problem is within the class AC
2
, perhaps even AC

1
(L) if we can show how to

compute path separators in single-crossing-minor-free graphs in L. The main things to check

would be the complexity of 3-clique sum decompositions (note that 2-clique sum decomposi-

tions are already known to computable in L by [DLN
+

22]), the complexity of finding 2-disjoint

paths in planar graphs, and finding balanced interior-exterior-cycle separators in weighted

planar graphs (we believe Shannon’s algorithm [Sha88] can be tweaked to achieve that in

L). It would also be interesting to see if we can give an NC algorithm for DFS in more gen-

eral minor-closed graph classes, like apex-minor free graphs or generalH-minor-free graphs.

There are decomposition theorems known for these classes by the work of Robertson and

Seymour and even polynomial time algorithms to compute them [RS03, GKR13]. It would

be quite interesting and useful if we could have NC algorithms for computing these decom-

positions, as it could open the doors to a�ack many problems in these graph classes in the

parallel se�ing.

Finally in Chapter 6 we study the EvenPath problem in directed single-crossing-minor-

free graphs and show that it is in P in that class. One question that naturally arises again is

to see if the problem is more tractable in more general minor-closed classes. The gap between

the classes where EvenPath is known to be tractable (planar graphs, single-crossing-minor-

90
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free graphs, single-crossing graphs) and where it is known to be NP-hard is quite large, and it

would be interesting to get some dichotomy results on its complexity. The two problems we

encountered while solving EvenPath in single-crossing-minor-free raise interesting questions

too. It would be nice to see if there exist (and if we can e�iciently consstruct them) small, pla-

nar parity mimicking networks for more than three terminals. We also do not know the status

of DisjointPathsTotalParity problem in planar directed graphs even for 2-paths (without any

constraints on placement of terminals), and it would be interesting to see if the problem is

tractable or is NP-hard.



Appendix A

Proof of lemma 6.9

We restate the lemma here:

Lemma A.1. Suppose L is a graph with terminals T (L), |T (L)| ≤ 3, and suppose we know
the parity con�guration of L with respect to T (L). We can in polynomial-time, �nd a parity
mimicking network L′ with respect to T (L) which consists of at most 13 vertices, and is also
planar, with all vertices of T (L′) on a common face.

Lemma 6.9. SupposeL is a graph with terminals T (L) = {v1, v2, v3}, and suppose we know the
parity con�guration of L with respect to {v1, v2, v3}. We can in polynomial-time, �nd a parity
mimicking network L′ of L, with respect to {v1, v2, v3} which consists of at most 18 vertices, and
is also planar, with v1, v2, v3 lying on a common face.

We will now formalise the proof idea using some definitions and lemmas. LetP denote the

parity configuration of L with respect to terminals {v1, v2, v3}. We will throughout assume

that variables i, j, k take distinct values in {1, 2, 3}. We will generally use xij, xij + 1, where

xij ∈ {0, 1} and addition is modulo 2, to denote entries of sets DirP(vi, vj),ViaP(vi, vk, vj).
We will refer to the entries in the Dir sets as direct set entries. Given two parity configu-

rations P ,P ′, we say P ′ is a sub-configuration of P , if all Dir,Via sets of P ′ are subsets of

the corresponding Dir,Via sets of P , i.e. DirP ′(vi, vj) ⊆ DirP(vi, vj), and ViaP ′(vi, vk, vj) ⊆
ViaP(vi, vk, vj),∀i, j, k. We denote this as P ′ ⊆c P .

We now define bad pairs of P .

De�nition A.2. Given the parity con�guration P , a pair of entries, xij ∈ DirP(vi, vj) and

xjk ∈ DirP(vj, vk), are called a bad pair if xij + xjk /∈ (DirP(vi, vk)
⋃

ViaP(vi, vj, vk)).
A direct set entry xij is called a bad entry if it is part of at least one bad pair in P . We

call direct set entries that are not part of any bad pair as good entries. We use the phrase

bad pairs between DirP(vi, vj),DirP(vj, vk), to refer to the bad pairs formed by entries of

DirP(vi, vj),DirP(vj, vk)

Next we define the bad kernel, Pbad of P , which is the sub-configuration of P consisting

of all the bad entries of P . Its closure, P̃bad adds a minimal number of entries to make it

realisable.

De�nition A.3. Given a parity con�guration, P , its bad kernel, denoted by Pbad, is the sub-

con�guration de�ned as:

• For every i, j and xij ∈ {0, 1}, xij ∈ DirPbad
(vi, vj) i� xij is a bad entry in DirP(vi, vj).

92
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�e closure of Pbad, denoted by P̃bad, is obtained from Pbad by augmenting it as follows:

1. For every bad pair (xij, xjk) in Pbad, if xij+xjk+1 /∈ DirPbad
(vi, vk), then add xij+xjk+1

to DirPbad
(vi, vk).

2. For every good pair (xij, xjk) in Pbad, if xij + xjk /∈ DirPbad
(vi, vk), then add xij + xjk to

ViaPbad
(vi, vj, vk).

The following is a simple claim:

ClaimA.4. LetP be a realizable parity con�guration. LetPbad be the bad kernel ofP , and P̃bad,
its closure. �en Pbad ⊆c P̃bad ⊆c P .

Proof. It is clear from de�nition of P̃bad that Pbad ⊆c P̃bad. Suppose xij, xjk form a bad pair

in P , and hence are present in Pbad. Since, P is realizable, there must a path from vi to vk
in any graph with parity con�guration P . Since by de�nition of a bad pair, the parity of that

path cannot be xij + xjk, it must be xij + xjk + 1. �erefore any entry added in step 1 of

construction of P̃bad must also be present in the corresponding set in P . Similar argument

also holds for entries added in step 2 of construction of P̃bad. �erefore the claim holds.

We show that in order to find a parity mimicking network of any realizable parity configu-

ration that satisfies the required planarity conditions, it is su�icient to give a parity mimicking

network obeying those conditions for the closure of its bad kernel.

Lemma A.5. Let P be a parity con�guration with respect to terminals {v1, v2, v3} and let P̃bad

denote the closure of the bad kernel ofP . Suppose L′′ is a planar parity mimicking network of the
parity con�guration P̃bad, with terminals lying on outer face. We can construct a planar parity
mimicking network L′ for con�guration P , with terminals lying on outer face, by adding edges
to L′′ using the following iterative operation:

• For every entry xij ∈ DirP(vi, vj), if there is not a direct path in L′′ from vi to vj of parity
xij already, then add a path of parity xij (length one or two) from vi to vj , disjoint from all
currently existing paths in the network.

Proof. By hypothesis, terminals v1, v2, v3 all lie on the outer face of L′′. It can be seen easily

that we can repeatedly add direct paths from vi to vj without intersecting others by drawing

them on the outer face (see Fig. 6.5). Hence L′ is planar with v1, v2, v3 on the same face. As

noted above, P̃bad is a sub-con�guration of P . Since all paths of parity corresponding to bad

entries ofP have already been added inL′′, the remaining entries for which paths are yet to be

added are good entries. Now, at any step in the above procedure, if we add a path of parity xij
from vi to vj disjoint from all existing paths in the network, the only possible extra terminal to

terminal paths that can be formed areVia paths from vi to vk via vj , of parity xij+xjk, and from

vk to vj via vi, of parity xki+xij . By de�nition of a good entry, both xij+xjk, xki+xij must exist

in (DirP(vi, vk)
⋃

ViaP(vi, vj, vk)) and (DirP(vk, vj)
⋃
ViaP(vk, vi, vj)) respectively. �ere-

fore this does not create any paths of unwanted parities in L′, and hence we can safely con-

struct L′ by this operation.

Now all that remains to show is how to construct parity mimicking networks for closures

of all possible bad kernels. For visual aid in figures, we will call the direct sets DirP(v1, v2),
DirP(v2, v3),DirP(v3, v1) as sets in upper row and the setsDirP(v2, v1),DirP(v3, v2),DirP(v1, v3)
as the sets in lower row. We will make a few observations regarding bad pairs of a realizable

parity configuration P which follow easily from definition of a bad pairs. We observe that:
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Observation A.6. 1. �ere can be at most two bad pairs between DirP(vi, vj) and DirP(vj, vk).
�is follows from the observation that at least one of {0, 1} must be present in
(DirP(vi, vk)

⋃
ViaP(vi, vj, vk)), since there is some path from vi to vk if P is realizable.

2. If there are two bad pairs between DirP(vi, vj) and DirP(vj, vk), then each of DirP(vi, vj) and
DirP(vj, vk) has both 0, 1 as entries, and the bad pairs are disjoint. For example, if (xij, xjk)
form a bad pair bewteen sets DirP(vi, vj), and DirP(vj, vk), then the other bad pair between
these sets, if it exists, must be (xij + 1, xjk + 1).

3. Suppose a direct set DirP(vi, vj) has both 0, 1 as entries. �en there can be no bad pairs formed
between DirP(vi, vk) and DirP(vk, vj).

4. Bad pairs can be formed only between Dir sets within upper row, or Dir sets within lower row,
not across.

To enumerate on the bad kernels, we can adopt without loss of generality, the following

two conventions:

• Number of bad pairs between upper row sets ≥ Number of bad pairs between lower row

sets.

• Number of bad pairs between DirP(v1, v2),DirP(v2, v3) ≥ Number of bad pairs between

DirP(v2, v3),DirP(v3, v1) ≥ Number of bad pairs between DirP(v3, v1),DirP(v1, v2),

The other cases are handled by symmetry. We make the following claim:

Claim A.7. Any realisable parity con�guration P can have at most 6 bad pairs.

Proof. Let the number of bad pairs in P be more than 6. We can then assume using our

conventions that the upper row sets have at least 4 bad pairs, and two of them must be be-

tween DirP(v1, v2),DirP(v2, v3). �is implies, by parts 2 and 3 of observation A.6 above, that

DirP(v1, v2) and DirP(v2, v3) each have both 0, 1 as entries, and hence there cannot be any bad

pairs between DirP(v1, v3),DirP(v3, v2) and between DirP(v2, v1),DirP(v1, v3) in the lower

row. Now there are two cases:

• If DirP(v3, v1) has two bad entries, each forming bad pairs with other upper row sets, then

there cannot be any bad pairs between the lower row sets. Since the total number of bad

pairs cannot be more than 6 in the upper row, this leads to a contradiction.

• If DirP(v3, v1) has lesser than two bad entries, they can form at most two bad pairs. �en

the total number of bad pairs in upper row is at most four, and in lower row at most two,

which also leads to a contradiction.

Hence total number of bad pairs in P cannot be more than 6.

This gives a bound on number of types of bad kernels we need to consider. We can write

the number of bad pairs of P as (nu, nl), where nu is the number of bad pairs in upper row

and nl the number of bad pairs in the lower row. Since nl ≤ nu ≤ 6 and nl + nu ≤ 6, we

can lexicographically enumerate all cases from (6, 0) to (1, 0), and construct explicitly, the

required mimicking networks for closure of each case. We list the cases below starting from

(6, 0) to (1, 1). The cases lying in between (6, 0) and (1, 1) that are not drawn are those which

cannot occur as bad kernels. We give some examples of such a cases, others have a similar
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argument. Case remaining a�er (1, 1) is (1, 0), which is shown in proof idea, so we do not

draw it here.

In all of the figures below, the entries of the parity configuration tables joined by the red

lines denote bad pairs. In the corresponding gadgets, if no parity expression is wri�en beside

an edge, then it is a path of length one or two according to if it has a single or a double

arrow respectively. If a parity expression is wri�en then the length is according to the parity

expression. The variables can take values in {0, 1}. We only show V ia sets when required.

Otherwise we assume them to be empty by default. The only case that is a bit tedious to verify

is that of (4, 0), as shown in Fig. A.1. For ease of verification, we have listed all the paths from

v1 to v3 along with their lengths (counting single arrows as length 1, double arrows as length

2.) All of these must be of same parity in that particular case. Paths from v2 to v1 follow a

symmetric pa�ern.

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1 x31 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x31 + x12 + 1 x12 + x23 + 1

v1

v1

v2 v3

Case: (6, 0)

x23 + x31 + 1

x 3
1
+
x 1

2
+
1

x
12 +

x
23 +

1

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1 x31 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 x31

v1

Case: (5, 1)

No bad pair possible in the lower row since
every column in upper row has both
0, 1 parity entries.

Not realizable.

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1 x31 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

v1

Case: (4, 2)

Lower row cannot contain any bad pair.

Not realizable.

x21

x12 + 1

x13x32

x32 + 1 x13 + 1
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DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

Case: (4, 2) b)

No bad pair possible between DirP(v3, v2),

Not realizable.

x21 x13x32

DirP(v1, v3), and between DirP(v1, v3),

DirP(v2, v1). Moreover, no direct set in lower

row can contain more than one element.

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

v1

Case: (3, 3) b)

Lower row can contain at most two bad pairs.

Not realizable.

x21

x12 + 1

x13x32

x32 + 1 x13 + 1

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12 x23 x31

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

v1

Case: (3, 3) b)

There cannot be bad pairs between all
threeDir sets in upper row if aDir set in
lower row has elements of both parities.

Not realizable.

x21

x21 + 1

x32

x32 + 1

x13

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12 x23 x31

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x31 + x12 + 1 x12 + x23 + 1

x 1
2
+
1

x
31 +

1

x23 + 1

v1

v1

v2 v3

Case: (3, 3) a)
The following constraints follow from bad pairs in lower row :

x12 + x23 + x31 = 1

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1 x31 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

v1

Case: (5, 0)

If x31, x12 form a bad pair, then x31 + 1,
x12 + 1 must also form a bad pair.

Not realizable.
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DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1 x31 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

v1

Case: (4, 1) a)

Lower row cannot contain any bad pair.

Not realizable.

x21

x12 + 1

x13x32

x32 + 1 x13 + 1

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x31 + x12 + 1 x12 + x23 + 1

v1

v1

v2 v3

Case: (4, 1) b)

x31

x 31
+
x 12

x23

x
12 + x

23 + 1

The following constraints follow from bad pairs in lower row :

x12 + x23 + x31 = 1

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 x31 + x12 + 1 x12 + x23 + 1

v1

v1

v2 v3

Case: (4, 1) c)

x31

x 31
+
x 12

x23
+ 1

x
12 + x

23 + 1

The following constraints follow from bad pairs in lower row :

x12 + x23 + x31 = 0

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

Case: (3, 2) a)

No bad pair possible between DirP(v3, v2),

Not realizable.

x21 x13x32

DirP(v1, v3), and between DirP(v1, v3),

DirP(v2, v1). Moreover, DirP(v2, v1) cannot

cannot contain more than one element.

x32 + 1
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DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12 x23 x31

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x21 x32 x13

Case: (3, 2) b)

The bad pair structure in upper
row fixes the parity values of lower
rows, and then there must exist a
bad pair between all three sets of
lower row.

Not realizable.

x21 + 1 x32 + 1

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12 x23 x31

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x12 + x23 + 1

V iaP(v2, v1, v3)

x
23 +

1x23

v1

v2 v3

Case: (3, 2) c)

x 2
3
+
1

The following constraints follow from bad pairs in lower row:

x12 + x31 + x23 = 1

x12 + x31

x31 + x12 + 1 x31 x12

The good pair between DirP(v1, v3) and
DirP(v2, v1) enforces this V ia entry in the
closure of this bad kernel.

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1 x31 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x12 + x23 + 1

V iaP(v3, v1, v2)

x23

x23 + 1
x 23

+
x 31

+
1

v1

v2 v3

Case: (4, 0)

x
12 +

x
23 +

1

a b c d

e f

g h i j

List of all direct v1 to v3 paths with lengths: v1, b, c, d, f, i, j, v3

v1, b, e, g, h, i, j, v3

v1, a, b, c, d, f, i, j, v3

v1, a, b, e, g, h, i, j, v3

v1, a, v2, g, h, i, j, v3List of all via v1 to v3 paths with lengths:

− x12 + x23 + 9

− x12 + x23 + 7

− x12 + x23 + 11

− x12 + x23 + 9

− x12 + x23 + 7

x 2
3
+
x 3

1
+
1

x 2
3
+
x 3

1

x
12 +

x
23

x
12 +

x
23 +

1

v1, b, e, a, v2, g, h, i, j, v3 − x12 + x23 + 9

Figure A.1: Case (4, 0), with list of all paths from v1 to v3 for ease of veri�cation.
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DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x31 + x12 + 1 x12 + x23 + 1

v1

v1

v2 v3

Case: (4, 0) b)

x31

x 31
+
x 12

x23

x
12 + x

23 + 1

There are two subcases based on parity of x12 + x23 + x31:

Subcase 1) : x12 + x23 + x31 = 0 :

In this subcase, the elements of lower row
all form good pairs with each other already
and we do not need to add any via entries
in the closeure. The same gadget as that in
case (4, 1) b) works here. (Reproduced on
the right).

v1

v2 v3

x31

x 31
+
x 12

x23

x
12 +

x
23 +

1

Subcase 1) : x12 + x23 + x31 = 1 :

In this subcase, we need to add the fol-
lowing via entry to ensure that elements of
DirP(v2, v1), DirP(v3, v2) form a good pair.

V iaP(v3, v2, v1)

x31 + 1

(Same as x12 + x23)

x12 + x23 + 1
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DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 x31 + x12 + 1 x12 + x23 + 1

v1

v1

v2 v3

Case: (4, 0) c)

x31

x 31
+
x 12

x23
+
1 x

12 + x
23 + 1

There are two subcases based on parity of x12 + x23 + x31:

Subcase 1) : x12 + x23 + x31 = 1

In this subcase, the elements of lower row
all form good pairs with each other already
and we do not need to add any via entries
in the closure. The same gadget as that in
case (4, 1) c) works here. (Reproduced on
the right).

v1

v2 v3

x31

x 31
+
x 12

x 23
+
1

x
12 +

x
23 +

1

Subcase 1) : x12 + x23 + x31 = 0 :

In this subcase, we need to add the fol-
lowing via entry to ensure that elements of
DirP(v2, v1), DirP(v3, v2) form a good pair.

V iaP(v3, v2, v1)

x31 + 1

(Same as x12 + x23 + 1)

x12 + x23 + 1
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DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x12 + x23 + 1

V iaP(v3, v1, v2)

x23 + 1

x 2
3

v1

v2

v3

Case: (3, 1) a)

a b

c
d

e f g

List of all direct v1 to v3 paths with lengths: v1, b, d, v3

v1, b, c, e, f, g, v3

v1, a, b, d, v3

v1, a, b, c, e, f, g, v3

v1, a, v2, e, f, g, v3List of all via v1 to v3 paths with lengths:

− x12 + x23 + 3

− x12 + x23 + 5

− x12 + x23 + 5

− x12 + x23 + 7

− x12 + x23 + 3

x 2
3

x 2
3
+
1

v1, b, c, a, v2, e, f, g, v3 − x12 + x23 + 5

x32

The following constraints follow from bad pairs of lower row:

x32 = x23

x23

x 1
2
+
x 2
3

x12
+ x23

x
31 +

1

List of all direct v2 to v1 paths with lengths: v2, e, f, c, a, b, d, v1 − x23 + x31 + 7

List of all via v2 to v1 paths with lengths: v2, e, f, g, v3, d, v1 − x23 + x31 + 5

List of all direct v3 to v2 paths with lengths: v3, d, g, v2 − x23 + 2

List of all via v3 to v2 paths with lengths: v3, d, v1, a, v2 − x12 + 2x23 + x31 + 2

v3, d, v1, b, c, e, v2 − x12 + 2x23 + x31 + 5

v3, d, v1, b, c, a, v2 − x12 + 2x23 + x31 + 4

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12 x23 x31

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x12 + x23 + 1

V iaP(v2, v1, v3)

x31 + 1

v1

v2

v3

Case: (3, 1) b)

x 1
2

The following constraints follow from bad pairs of lower row:

x12 + x31 + x23 = 1

x31 + x12

x31 + x12 + 1

x31

x31

V ia paths of these parity must exist be-
cause of good pairs in lower row formed
with element of DirP(v1, v3).

V iaP(v1, v3, v2)

x23 + x31

x 1
2
+
1
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DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x21 + x32 + 1

x23 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x21

x21 + 1

x32

x32 + 1

x12 + x23 + 1

v1

v1

v2

v3

Case: (2, 2) a)

x12 x21

x32

x23

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12 x23 x31

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x32 x12 + x23 + 1

V iaP(v3, v1, v2)

x
31 +

1

x23 + 1

x23 + 1

v1

v2 v3

Case: (2, 2) b)

x12

The following constraints follow from bad pairs in lower row:

x32 = x23

There are two subcases base on parity
of x12 + x23 + x31:

Subcase 1) : x12 + x23 + x31 = 1

x
31 +

1

x23 + 1

v1

v2 v3

x12

Subcase 2) : x12 + x23 + x31 = 0

x12 + x31

The good pair between DirP(v3, v1),
DirP(v1, v2) enforce the following via
entries in the closure, in this subcase.

V iaP(v2, v1, v3)

x12 + x31

x 1
2
+
1

x31
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DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12 x23 x31

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x32 x12 + x23 + 1

V iaP(v3, v1, v2)

v1

Case: (2, 2) c)

x31

x23

x23

v1

v2 v3

x12

x12 + x31

The following constraints follow from the bad pairs in lower row:

x23 = x32

x12 + x31 + x23 = 1

V iaP(v1, v3, v2)

x23 + x31

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x31

x23 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x12 + x23 + 1

V iaP(v3, v1, v2)

v1

v1

v2 v3

Case: (3, 0) a)

x12

x23

x31

0
1

x23
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DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12 x23 x31

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x31 + x12 + 1 x12 + x23 + 1

v1

v2 v3

Case: (3, 0) b)

x23 + 1
x 1
2
+
1 x

31 +
1

There are two subcases based on parity of x12 + x23 + x31

Subcase 1) : x12 + x23 + x31 = 0

v1

v2 v3

x23 + 1

x 1
2
+
1 x

31 +
1

Subcase 2) : x12 + x23 + x31 = 1

In this subcase, the following via entries must
be added in the closure due to good pairs in the
lower row :

x23

x12 x31

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x31 + x12 + 1 x12 + x23 + 1

V iaP(v1, v3, v2) V iaP(v2, v1v3) V iaP(v3, v2, v1)

x23 + x31 x31 + x12 x12 + x23

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23 x21 + x32 + 1

x23 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x21 x32 x12 + x23 + 1

v1

v1

v2 v3

Case: (2, 1) a)

x21

x
21 +

x
23 +

1

x 2
1
+
1

x
21 +

x
32 +

1

x23

x32 + 1

x21

V iaP(v2, v3, v1)

x21 + 1

V iaP(v3, v1, v2)

x32 + 1

Since element of DirP(v3, v1) forms good pairs
with both elements of DirP(v1, v2), there must be
an element in V iaP(v2, v3, v1) of parity x21 + 1.
Note that in the mimicking network we construct,
there are v2-v3-v1 paths of parity both 0, 1.
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DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12 x23 x31

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x32 x12 + x23 + 1

x
31 +

1

x23 + 1

x32 + 1

v1

v1

v2 v3

Case: (2, 1) b)

x12

The following constraints follow from definition of bad pairs:

x23 = x32

There are two subcases based on parity of x12 + x23 + x31

Subcase 2) : x12 + x31 + x32 = 1

V iaP(v1, v3, v2)

Subcase 1) : x12 + x31 + x32 = 0

x12 + 1

x
12 +

x
23 +

1

V iaP(v1, v3, v2)

x12 + 1

V iaP(v2, v1, v3)

x23 + 1

V iaP(v3, v1, v2)

x23 + 1

x
31 +

1

x23 + 1

x32 + 1

v1

v2 v3

x12

x
12 +

x
23 +

1
x 2

3
+
x 3

1

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12 x23 x31

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x12 + x23 + 1

V iaP(v3, v1, v2)

x31 + x12

v1
v1

v2 v3

Case: (2, 1) c)

x23 + 1

x 1
2

x
31 +

1

The following constraints follow from definition of bad pairs:

x12 + x23 + x31 = 1
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DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12

x12 + 1

x23

x23 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x12 + x23 + 1

v1 v1

v2

v3

Case: (2, 0) a)

x12

x23 + 1

DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12 x23 x31

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x23 + x31 + 1 x12 + x23 + 1

V iaP(v3, v1, v2)

v1

v1

v2 v3

Case: (2, 0) b)

x23 + 1

x 1
2

x
31 +

1

x12 + x31

The following constraints follow from definition of bad pairs:

x23 = x32

There are two subcases based on parity of x12 + x23 + x31

Subcase 1) : x12 + x23 + x31 = 0

v1

v2 v3

x23 + 1

x 1
2

x
31 +

1

Subcase 2) : x12 + x23 + x31 = 1

V iaP(v2, v1, v3)

x12 + x31
x 2

3
+
x 3

1
+

1
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DirP(v1, v2) DirP(v2, v3) DirP(v3, v1)

x12 x23 x21 + x32 + 1

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x21 x32 x12 + x23 + 1

v1

v2

v3

Case: (1, 1) a)

x23

x 1
2
+
1

x23

x21

We consider three subcases based on parities of x21, x32.
(The others are symmetric).

Subcase 1) : x21 = x12 + 1,

x32 = x23 + 1

v1

v2

v3

x23

x 1
2
+
1

x23

x21

Subcase 2) : x21 = x12,

x32 = x23 + 1 x
12 +

x
23 +

1
x
12 +

x
23

V iaP(v2, v1, v3)

x23 + 1

V iaP(v3, v1, v2)

x23

v1

v2

v3

x23 + 1

x 1
2
+
1

x23

x21

Subcase 3) : x21 = x12,

x32 = x23 x
12 +

x
23 +

1
x
12 +

x
23

V iaP(v2, v1, v3)

x23 + 1

V iaP(v3, v1, v2)

x23

V iaP(v1, v3, v2)

x12 + 1

V iaP(v2, v3, v1)

x12 + 1

DirP(v1, v2) DirP(v2, v3) DirL(v3, v1)

x12 x23

DirP(v2, v1) DirP(v3, v2) DirP(v1, v3)

x32 x12 + x23 + 1

x23 + 1

x32 + 1

v1

v1

v2 v3

Case: (1, 1) b)

x12

The following constraints follow from bad pair in lower row:

x23 = x32
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