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Abstract

The quest for the correct theory of quantum gravity has occupied many minds for
the last few decades. Recently, it was realised by Strominger and his collaborators
that diverse aspects of infrared physics are related to one another. These relations,
well-known as the infrared (IR) triangle have successfully predicted new symmetries
of asymptotically flat spacetimes. These predictions may prove to be the pillars
of establishing the holographic dual to flat spacetime. In that context, this thesis
explores the theory of asymptotic symmetries of asymptotically flat spacetimes and
the spin memory effect in D = 4 dimensions.

The thesis starts by exploring the supertranslations at timelike infinity where,
we propose a definition of asymptotic flatness at timelike infinity in four spacetime
dimensions. We present a detailed study of the asymptotic equations of motion and
the action of supertranslations on asymptotic fields. We show that the Lee-Wald
symplectic form Ω(g, δ1g, δ2g) does not get contributions from future timelike infinity
with our boundary conditions. As a result, the “future charges” can be computed on
any two-dimensional surface surrounding the sources at timelike infinity. We present
expressions for supertranslation and Lorentz charges.

In a separate attempt to explore the asymptotic symmetries of asymptotically
flat spacetimes, we study the dynamics of a probe Maxwell field on the extreme
Reissner-Nordström solution. The extreme Reissner-Nordström solution has a dis-
crete conformal isometry that maps the future event horizon to future null infinity
and vice versa, the Couch-Torrence inversion isometry. We present a gauge fixing
that is compatible with the inversion symmetry. The gauge fixing allows us to re-
late the gauge parameter at the future horizon to future null infinity, which further
allows us to study global charges for large gauge symmetries in the exterior of the ex-
treme Reissner-Nordström black hole. Along the way, we construct Newman-Penrose
and Aretakis like conserved quantities along future null infinity and the future event
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horizon, respectively, and relate them via the Couch-Torrence inversion symmetry.
Finally, we explore the other corner of Strominger’s IR triangle, the memory

effect. We derive the leading spin-dependent gravitational tail memory, which appears
at the second post-Minkowskian (2 PM) order and behaves as u−2 for large retarded
time u. This result follows from classical soft graviton theorem at order ω lnω as a low-
frequency expansion of gravitational waveform with frequency ω. First, we conjecture
the gravitational waveform from the classical limit of quantum soft graviton theorem
up to sub-subleading order in soft expansion and then we derive it for a classical
scattering process without any reference to the soft graviton theorem. We show that
the final result of the gravitational waveform in the direct derivation completely agrees
with the conjectured waveform.
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CHAPTER 1

Introduction

Diverse studies of infrared physics namely, asymptotic symmetries, memory effects,
and soft theorems form a triangular relation, known as the infrared triangle [1], shown
in Fig. 1.1. These relations have successfully illuminated symmetries of asymptotically
flat spacetimes. The three main ideas of infrared physics reside at the three corners of
the infrared triangle. This thesis explores few technical questions at various corners
of the infrared triangle.

The infrared triangle is as follows. The lower left corner is represented by soft
theorems. Soft theorems are well established in quantum electrodynamics (QED)
[2, 3] which were later been generalised to gravity by Weinberg [4]. Soft theorems in
quantum field theories are the exact statement of the factorisation property of (n+1)-
particle to n-particle scattering amplitudes in gauge and gravity theories, when one
of the particles are taken to be soft (energy taken to be zero).

The lower right corner represents asymptotic symmetries. The theory of asymp-
totic symmetries concerns symmetries and the related conserved charges of any system
that has an asymptotic boundary. An important example of such asymptotic sym-
metries is the BMS supertranslations of asymptotically flat spacetimes explored by
Bondi, Van der Burg, Metznar and Sachs (BMS) [5, 6] in the 1960’s.

The top corner represents the memory effect, first introduced by Zel’dovich and
Polnarev [7] in the context of gravity, where they studied gravitational scattering and
later generalised to gauge theories [8, 9]. Gravitational-wave memory is the perma-
nent changes in the relative position of the pair of inertial detectors in space due
to the passing of a gravitational wave. The permanent displacement carries infor-
mation about the net gravitational flux detected over some time interval and maybe
potentially be detected in LIGO experiments in the future.
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Figure 1.1: The infrared triangle [1].

The three corners of the triangle are connected to one another by mathematical
relations. The soft graviton theorem is equivalent to the Ward identity associated
with supertranslations; the gravitational memory is the Fourier transform of the
classical limit of the soft graviton factor, and the gravitational memory effect can be
understood as a vacuum transition of two inequivalent vacua of the gravitational field
that are related by specific supertranslation.

In this thesis, we focus on certain technical problems at the three corners of
the infrared triangle. We attempt to make the corners and the connections between
the corners of the IR triangle richer and larger. In chapters 2 and 3, we explore
the asymptotic symmetry corner. We study the BMS supertranslation symmetry at
timelike infinity in chapter 2, and the large gauge symmetries for a U(1) gauge field
in a specific spacetime with horizon in chapter 3. In chapter 4, we explore the soft
theorem and the memory effect corner and connection between these corners. The
connection to the asymptotic symmetries corner is not the subject of this thesis. A
more detailed synopsis of the three chapters is as follows.

Supertranslations at timelike infinity

In electromagnetic theory, we study the properties of isolated charge contributions by
studying the asymptotic fall-off conditions of the charge density jµ and the electro-
magnetic field tensor Fµν at large values of the spatial coordinate r. More precisely, in
the stationary case, the coefficients of the multipole expansion of the electromagnetic
field at large distances determines the structure of the charge-current distribution. In
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the non-stationary case, the multipole expansion coefficients determines the energy
radiated to infinity. One aims at obtaining similar results for an isolated system in
general relativity.

Unlike electrodynamics, the study of isolated systems in general relativity is not
straightforward as the metric gαβ is not flat everywhere in space. Thus, one can-
not specify the fall-off rates of the “curvature” of spacetime in terms of a preferred
coordinate r as the inertial coordinate system is not “global”.

The motivation of the first chapter starts from the simple question that was asked
by Bondi, Metznar and Sachs in 1960’s: Is the symmetry group of asymptotically flat
spacetimes Poincaré? As it turns out, the answer that they found was something more
than a Poincaré which they themselves found somewhat surprising. The asymptotic
symmetries group they found in known as the Bondi-Metznar-Sachs (BMS) symme-
tries. These symmetries are exact symmetries of general relativity, in the sense that
they leave the action invariant up to a surface term. This strongly suggests that
they should be visible in any description, in particular at spatial infinity and timelike
infinity, provided boundary conditions at spatial and timelike infinity are compatible
with boundary conditions at null infinity.

In chapter 2 of the thesis, we propose a definition of asymptotic flatness at timelike
infinity in four spacetime dimensions. We present a detailed study of the asymptotic
equations of motion and the action of supertranslations on asymptotic fields. We
show that the Lee-Wald symplectic form Ω(g, δ1g, δ2g) does not get contributions
from future timelike infinity with our boundary conditions. As a result, the “future
charges” can be computed on any two-dimensional surface surrounding the sources
at timelike infinity. We present expressions for supertranslation and Lorentz charges.

Horizon hair from inversion symmetry

The asymptotic symmetries of quantum electrodynamics unlike the gravity have been
discussed systematically only recently by Strominger and collaborators [10]. In gen-
eral, when we study a gauge theory in some spacetime and impose boundary condi-
tions that specify the behaviour of fields near the boundary, the asymptotic symmetry
group (ASG) is defined as,

ASG = allowed gauge symmetries
trivial gauge symmetries . (1.0.1)

The “allowed gauge symmetries” are the ones that respect the boundary conditions
and “trivial gauge symmetries” are the ones with vanishing gauge charges.

In Minkowski space electrodynamics, we are interested in boundary conditions
at J + or J −. The asymptotic behaviour is then derived from the fall-off conditions
and the field equations. If we consider a sphere at large r, its surface area grows like
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r2, so for the energy flux at any moment to be finite, Tuu must fall off as

Tuu = O(1/r2).

It follows from the energy flux condition that the components of the field fall-off in a
certain way near J +,

Fuz ∼ O(1), Fur, Fzr ∼ O(1/r2), (1.0.2)

which in turn suggests that the boundary fall-off conditions for the gauge fields to be

Az ∼ O(1), Ar ∼ O(1/r2), Au ∼ O(1/r). (1.0.3)
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Figure 1.2: Penrose diagram of flat spacetime as discussed in [1].

In recent years, it has been shown that there are infinite-dimensional symmetries
consisting of large gauge transformations for quantum electrodynamics (QED) in
Minkowski spacetime [10]. Roughly speaking, the boundary conditions Eq. (1.0.3)
are consistent with the gauge parameter,

ε = ε(z, z̄) +O
(1
r

)
. (1.0.4)

The transformations related to gauge parameter of the form Eq. (1.0.4) are the exact
analog of the BMS transformations that were perviously well known for gravity.

The charges related to these symmetries are soft electric charges (soft electric
hair). Recently Hawking, Perry, and Strominger [11] argued that non-extremal sta-
tionary black holes also exhibit infinite-dimensional supertranslation symmetries in
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the near horizon region, and can carry soft supertranslation hair. It is believed that
global charges associated with supertranslations receive contributions from the hori-
zon as well as from null infinity. Thus, a complete discussion of conservation laws
associated with supertranslations requires a detailed understanding of how the sym-
metries at the horizon relate to the symmetries at null infinity. It is natural to wonder
if these ideas be made more explicit in the context of electrodynamics on a black hole
background?

We take some preliminary steps in this direction in the chapter 3. We work with
a probe Maxwell field in the background of an extreme Reissner-Nordström (ERN)
black hole spacetime. The ERN spacetime has a discrete conformal isometry known
as Couch-Torrence (CT) inversion isometry which maps the future event horizon to
future null infinity and vice versa. We use this symmetry to study the dynamics of
probe Maxwell field on ERN background metric. We study the dynamics of a probe
Maxwell field on the extreme Reissner-Nordström solution in light of this symmetry.
We present a gauge fixing that is compatible with the inversion symmetry. The gauge
fixing allows us to relate the gauge parameter at the future horizon to future null
infinity, which further allows us to study global charges for large gauge symmetries
in the exterior of the extreme Reissner-Nordström black hole. Along the way, we
construct Newman-Penrose and Aretakis like conserved quantities along future null
infinity and the future event horizon, respectively, and relate them via the Couch-
Torrence inversion symmetry.

Spin memory effect

The observation of gravitational waves is one of the most important event in the
history of physics. The first direct observation of gravitational waves [12] was made
in 2015, when a signal generated by the merger of two black holes was received by the
LIGO gravitational wave detectors in Livingston and in Hanford. In gravitational-
wave astronomy, observations of gravitational waves are used to infer data about the
sources of gravitational waves.

Gravitational-wave memory effects are predicted persistent changes in the rela-
tive position of pairs of points in space due to the passing of a gravitational wave
(GW). Detection of gravitational memory effects has been suggested as a way of vali-
dating Einstein’s Theory of General Relativity. These memory effects can be “linear”
or “non-linear” depending upon the system. The linear memory is linear in the sense
that it is present in the gravitational waveform obtained from solving linearised Ein-
stein’s equations. It is generated for the GW signal produced by unbounded sources
that escape to infinity; e.g. the hyperbolic binary encounter of compact objects, core
collapse supernovae etc.
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It was then shown by Christodoulou [13] that the gravitational waveform accom-
panies a permanent strain offset. It can be realised as the non-linear effects that is
produced by the stress-energy tensor of the linearised theory while acting as a source
to the spacetime metric perturbations. One of the most important systems that
generate non-linear memory is the compact-binary-coalescences (CBCs) that are ob-
served by LIGO/VIRGO. Apart from these memory effects, there has been a proposal
by Laddha and Sen [14] of another kind of gravitational memory, known as the “tail
memory” which describes how the gravitational-wave memory builds up, i.e., how the
mirrors of gravity wave detector behaves at large retarded time before reaching to
their permanent displaced position. This kind of memory is realised for scattering
systems where some of the final state light particles (mass less than the scatterer’s
mass) are massive, e.g. in the merger of two neutron stars.

The late and early time gravitational waveforms responsible for the tail mem-
ory effects can be explicitly derived for a classical scattering process [15, 16], also
known as the classical soft graviton theorem . The waveforms are also related to
the low frequency GW radiation via a Fourier transformation. In chapter 4, we
study tail memory effects for such low frequency gravitational radiation. We mainly
focus on the gravitational tail memory generated from the scattering of spinning
particles. We show that the leading spin dependent tail memory appears at second
post-Minkowskian (2PM) order O(G2) and behaves as u−2 for large retarded time u.
At this iterative order, the spin dependent memory can be predicted from classical
soft graviton theorem at order ω lnω as a low frequency expansion of gravitational
waveform with frequency ω. In consecutive sections of this chapter, we predict the
low frequency gravitational waveform at the order ω lnω by taking classical limit
to quantum soft graviton theorem up to sub-subleading order in the soft expansion.
Then, we derive the gravitational waveform for a classical scattering process with-
out any consideration to the soft graviton theorem, and show that it matches with
the predicted one from soft graviton theorem at sub-subleading order for spinning
particles.
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CHAPTER 2

Supertranslations at timelike infinity

2.1 Introduction

The asymptotic properties of gravity have been studied for decades [17–20] in the
context of asymptotically flat spacetimes at null infinity, see [1, 21–25] for recent
reviews. Much of these studies are rightly motivated by the need to understand the
intricate nature of gravitational radiation. One remarkable outcome of these studies
was the discovery of the infinite-dimensional Bondi-Metzner-Sachs (BMS) group of
asymptotic symmetries in asymptotically flat spacetimes at null infinity. Recent works
have shown that the BMS group is related to the infrared properties of gravity, namely
soft-theorems and memory effects [1]. See references [26–28] for earlier works on these
issues and the reviews [1,24] for further references. The exploration of the connections
between the BMS group, soft-theorems, and memory effects have led to enormous
activity. Further enlargements of the BMS group [25, 29–33] have also been argued
to be relevant.

The BMS symmetries are exact symmetries of General Relativity, in the sense
that they leave the action invariant up to a surface term. This strongly suggests that
they should be visible in any description, in particular at spatial infinity and timelike
infinity, provided boundary conditions at spatial and timelike infinity are compatible
with boundary conditions at null infinity. This poses the dynamical question: how
to relate boundary conditions at null, spatial, and timelike infinity? The answer to
this question remains poorly understood, and therein lies the key to many unresolved
issues. The importance of understanding these issues has been stressed by Friedrich
in a recent article [34].
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On the specific question of BMS symmetries at spatial infinity there has been a lot
of progress in recent years, motivated in part by the need to understand the relation
between the BMS group, soft-theorems, and memory effects. Earlier investigations
of the asymptotic symmetries at spatial infinity [35–38] successfully found boundary
conditions that gave Poincaré group as asymptotic symmetries.

This situation was exhilarating on one hand and disappointing on the other. Ex-
hilarating because at least at spatial infinity there are consistent boundary conditions
that lead to Poincaré group as asymptotic symmetries whereas at null-infinity this
does not seem desirable. Disappointing because the lack of understanding of the BMS
symmetries at spatial infinity means that the relation between boundary conditions
at null and spatial infinity is incomplete. This had remained a deep puzzle for many
years.

Henneaux and Troessaert [39–41] in a series of paper have resolved this tension,
both in the cylindrical representation and the hyperbolic representation of spatial
infinity. They have proposed boundary conditions at spatial infinity that are invariant
under BMS symmetries. The BMS symmetries have non-trivial action on the fields
and have generically non-zero charges. They have also related BMS generators at
spatial infinity to BMS generators at past and future null infinity. Other works in
this direction include [42,43].

The situation at timelike infinity remains much less developed. Following works
at spatial infinity [37, 38], earlier work [44–46] had proposed boundary conditions
that gave Poincaré group as asymptotic symmetries. To the best of our knowledge,
no attempt has been made to realise BMS symmetries at timelike infinity in the non-
linear theory. Motivated by the relation between the BMS group and soft-theorems,
these issues were addressed in the linearised gravity in [47, 48], though the main
focus in these papers is somewhat different. The main aim of this chapter is to
present boundary conditions in non-linear general relativity at timelike infinity that
realise BMS symmetries in the sense that BMS symmetries have non-trivial action
on the fields and have generically non-zero charges. Our work in motivated by the
corresponding developments at spatial infinity [39–43].

Such a study is important for several reasons. Over the last two decades, it
has been argued in a variety of contexts that stationary black holes also possess an
infinite number of symmetries in the near horizon region [11, 49–53].1 Typically a
class of these symmetries is similar to supertranslations at null infinity. It is believed
that global charges associated with supertranslations receive contributions from the
horizon as well as from null infinity. Clearly, a complete discussion of conservation
laws associated with supertranslations requires a detailed understanding of how the

1The symmetry groups in these papers do not coincide. This is so because different authors
preserve different structures: some prefer to preserve a particular geometric structure on the null
surface, whereas others preserve the near horizon geometry.
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symmetries at the horizon relate to the symmetries at null infinity. However, this has
not been understood.2 Toy model studies include [54, 55]. It has been suggested by
several authors, specifically by Chandrasekaran, Flanagan, and Prabhu in [53] that
timelike infinity can be used to relate symmetries at the horizon to symmetries at
null infinity.

In this chapter we only focus on timelike infinity with perhaps the simplest bound-
ary conditions that allow for the BMS symmetries. The dynamical questions on the
relationship of our boundary conditions to null and spatial infinity is beyond the scope
of this work. Issues related to further enlargement of BMS symmetries [29–31,33] are
also beyond the scope of this work. We hope to return to these questions in future
works.

The rest of the chapter is organised as follows. In section 2.3, we introduce
our notion of asymptotic flatness at timelike infinity. Many of the calculations here
are direct translations of those at spatial infinity. Having said so, we must add
that the literature at spatial infinity is fairly large and confusing. Therefore, it is
absolutely essential to work-out things from the start to the end for timelike infinity
separately. In section 2.4, a detailed study of the asymptotic equations of motion is
presented. In section 2.5, expressions for supertranslation and Lorentz charges are
proposed. In section 2.6, the Schwarzschild solution is written in a form such that it
manifestly satisfies our boundary conditions. In section 2.7, some general remarks on
supertranslations are made. We close with a brief discussion in section 2.8. Dynamical
questions regarding the non-triviality of our construction, i.e., whether non-trivial
radiative spacetimes exist that satisfy our boundary conditions at timelike infinity
requires a separate investigation.

2.2 Notations and Conventions

In this chapter, we use the sign convention (−,+,+,+) throughout. We list some of
the conventions related to this chapter below

• Tensors indices on 4 dimensional spacetimes are denoted by lowercase Greek
letters µ, ν etc.

• Tensors indices on constant time three-dimensional hypersurfaces are denoted
by lowercase Roman indices a, b, c etc. The Christoffel symbol Γabc is constructed
from the induced metric hab on constant time three-dimensional hypersurfaces.

• The Ricci tensor, Rab is defined by Rab = Rcacb.
2To some extent these issues were explored in [11, 51]. In these references, advanced Bondi co-

ordinates are used; however, since advanced Bondi coordinates do not cover future null infinity,
the relation between symmetries at future null infinity and the future horizon remains unexplored.
These points were recently emphasised in [54, 55]. More broadly, in recent years several studies of
null boundaries have advanced our knowledge of fluxes along null surfaces [56–60].
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• We have used boldface quantities e.g., ω to denote differential forms in this
chapter.

2.3 Asymptotic flatness at timelike infinity

In this section we introduce our notion of asymptotic flatness at timelike infinity.
It is based on the corresponding notion introduced by Beig and Schmidt [61, 62] at
spatial infinity, which has been extensively studied over the years [63–67]. We work
with a coordinate based definition. If needed, our results can be readily translated
to geometric frameworks. A notion of asymptotic flatness at timelike infinity in
the geometrical framework of Ashtekar-Hansen [37] was introduced by Cutler [44]
and Porrill [45]. A closely related notion in the geometrical framework of Ashtekar-
Romano [38] was discussed by Gen and Shiromizu [46]. Our notion is different from all
these previous works, as we allow a class of spi-supertranslations to act as asymptotic
symmetries at timelike infinity.

2.3.1 Asymptotic metric

To introduce our notion of asymptotic flatness at timelike infinity we start by intro-
ducing a set of “polar coordinates” for Minkowski spacetime {τ, ρ, θ, ϕ} as follows

ηµνx
µxν = −τ2,

r

t
= ρ√

1 + ρ2 , (2.3.1)

where ηµν = diag{−1, 1, 1, 1} and xµ are a standard set of cartesian coordinates and
r2 = (x1)2 + (x2)2 + (x3)2. In these coordinates flat spacetime metric takes the form

ds2 = −dτ2 + τ2
(

dρ2

1 + ρ2 + ρ2(dθ2 + sin2 θdϕ2)
)
, (2.3.2)

≡ −dτ2 + τ2h
(0)
ab dφ

adφb (2.3.3)

where we denote coordinates {ρ, θ, ϕ} collectively as φa. Metric h(0)
ab is the unit metric

on Euclidean AdS3 hyperboloid H.
We start by considering a general class of spacetime admitting an expansion at

timelike infinity of the form

gµν = ηµν +
m∑
n=1

`
(n)
µν

τn
+ o(τ−m), (2.3.4)

where `(n)
µν , for each n, is a function of xσ

τ . Following Beig and Schmidt [62], this
metric can be put in the following more convenient form

ds2 = −N2dτ2 + habdφ
adφb, (2.3.5)
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where

N = 1 + σ(φa)
τ

, (2.3.6)

hab = τ2
[
h

(0)
ab (φc) + 1

τ
h

(1)
ab (φc) + 1

τ2h
(2)
ab (φc) +O

( 1
τ3

)]
. (2.3.7)

A derivation of the form of the metric Eq. (2.3.5)–Eq. (2.3.7) starting from Eq. (2.3.4)
is given in appendix 2.A. We define asymptotically flat spacetimes at timelike infinity
as spacetimes admitting an asymptotic expansion as in Eq. (2.3.5)–Eq. (2.3.7). Fur-
ther boundary conditions will be specified below. We will comment on the smoothness
of fields σ, h(1)

ab , h(2)
ab , etc. on EAdS3 hyperboloid H at a later stage.

2.3.2 Supertranslation at timelike infinity

A natural question to ask is what is the set of diffeomorphisms preserving the form
of the metric Eq. (2.3.5)–Eq. (2.3.7).3 In particular, if supertranslations are genuine
symmetries of general relativity then they should also be realisable at timelike infinity.
In order to spell out our boundary conditions explicitly, we start by looking at the
action of supertranslations on asymptotic fields.

First order

As shown in detail in appendix 2.B, the diffeomorphism

τ = τ̄ − ω(φ̄a) +O
(1
τ̄

)
, (2.3.8)

φa = φ̄a + 1
τ̄
h(0)ab∂bω(φ̄c) +O

( 1
τ̄2

)
, (2.3.9)

preserves the asymptotic form of the metric to order 1
τ . Here ω(φa) is an arbitrary

function on H that determines the higher order terms in the diffeomorphism uniquely.
When ω(φa) is in the four-parameter class of solutions of

DaDb ω − ωh
(0)
ab = 0, (2.3.10)

with Da being the covariant derivative on H compatible with metric h(0)
ab , the trans-

formation Eq. (2.3.8)–Eq. (2.3.9) correspond to a translation. More generally, the
above diffeomorphism corresponds to a supertranslation. The four functions satisfy-
ing (Eq. (2.3.10)) are{√

1 + ρ2, ρ cos θ, ρ sin θ sinφ, ρ sin θ cosφ
}
, (2.3.11)

3In the context of spatial infinity this question has been analysed in great detail by many authors
over the years; see [64,65] for a concise summary of the earlier results.
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representing respectively, the time-translation and three-spatial translations.
Under general supertranslation Eq. (2.3.8)–Eq. (2.3.9), the zeroth order field h(0)

ab

does not transform,
h

(0)
ab → h

(0)
ab , (2.3.12)

whereas the first order fields transform as,

σ → σ, (2.3.13)

h
(1)
ab → h

(1)
ab + 2DaDb ω − 2ωh(0)

ab . (2.3.14)

We define,
kab := h

(1)
ab + 2σh(0)

ab . (2.3.15)

It follows from Eq. (2.3.14) that under general supertranslation,

kab → kab + 2DaDbω − 2ωh(0)
ab . (2.3.16)

Now, there are two natural set of boundary conditions to consider. First, one can
dispose of all the supertranslations by demanding

kab = 0. (2.3.17)

These are the boundary conditions used in [44–46]. As is clear from Eq. (2.3.16)
that with these boundary conditions, supertranslations are not allowed asymptotic
symmetries. In the class of diffeomorphisms Eq. (2.3.8)–Eq. (2.3.9) only translations
(cf. Eq. (2.3.10)) are allowed asymptotic symmetries.

Second, motivated by the work on spatial infinity [66] and [39,40] one can choose,

k := h(0)abkab = 0. (2.3.18)

The requirement that the trace of kab vanishes should be invariant under supertrans-
lations. From Eq. (2.3.16) we therefore deduce that the following differential equation
for the function ω,

(�− 3)ω = 0. (2.3.19)

This is the class of supertranslations we work with in this chapter. Here � is the
Laplacian on H: � = DaDa.

There can be other classes of transformations with appropriately modified notions
of asymptotic flatness, e.g., logarithmic translations, superrotations, more general su-
pertranslations, that one can explore. We do not study them in this work. Very likely,
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our considerations can be extended to include a study of logarithmic translations fol-
lowing, say, [66]. However, how superrotations at timelike infinity [47, 48, 68] can
feature in such an analysis is not clear to us. Naively, the introduction of superrota-
tions does not look compatible with the zeroth order equations of motion in the 1/τ
expansion.4

Second order

It is of interest to study the action of supertranslations on the second order fields. At
second order the diffeomorphism presented in Eq. (2.3.8)–Eq. (2.3.9) generalises to,

τ = τ̄ − ω(φ̄a) + 1
τ̄
F (2)(φ̄a) +O

( 1
τ̄2

)
, (2.3.20)

φa = φ̄a + 1
τ̄
h(0)ab∂bω(φ̄c) + 1

τ̄2G
(2)a(φ̄c) +O

( 1
τ̄3

)
, (2.3.21)

where the functions F (2)(φ̄a) and G(2)a(φ̄c) are uniquely fixed in terms of the function
ω(φ̄a) by the requirement that the form of the metric should remain the same to
order 1

τ2 . We apply the above transformations and expand the metric in Eq. (2.3.5)–
Eq. (2.3.7) upto second order. Using the boundary condition k = 0, we find,

h
(2)
ab → h

(2)
ab − ωkab + ωcDc kab + 1

2ω
c
b kac + 1

2ω
c
a kbc −

1
2ω

c (Da kbc)−
1
2ω

c (Db kac)

+ 2σωh(0)
ab + σ(aωb) − σωab − σc(aωcb) − σcω

c
(ab) + (σ ↔ ω)

+ ω2h
(0)
ab − 2ωωab + ωcaωbc . (2.3.22)

Here σa = Daσ,DaDbσ = σba,DaDbDcσ = σcba etc. and similarly for ω. A detailed
derivation is given in appendix 2.B.

A non-trivial consistency check on this expression is presented in appendix 2.D.
There we consider doing a supertranslation on flat spacetime. We begin with (for flat
spacetime)

σ = 0, h
(1)
ab = 0, h

(2)
ab = 0. (2.3.23)

We note that σ does not change under supertranslations. Thus for the supertrans-
lated spacetime too σ = 0. From Eq. (2.3.14), it follows that for the supertranslated
spacetime

h
(1)
ab = kab = −2ωh(0)

ab + 2ωab, (2.3.24)

and from Eq. (2.3.22), it follows that

h
(2)
ab = ω2h

(0)
ab − 2ωωab + ωcaωbc. (2.3.25)

4We thank the anonymous referee for suggesting us to add these comments.
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In appendix 2.D, we check that the expression in Eq. (2.3.24) for kab and Eq. (2.3.25)
for h(2)

ab are consistent with the second order equations of motion.5

2.4 Asymptotic expansion of the equation of motion

Einstein’s equations can be split into 3+1 form, providing a set of three equations
appropriately projected along normal direction to constant τ hypersurface. The split
provides the Hamiltonian and momentum constraints, and the evolution equation for
the metric on the 3-dimensional τ = constant hypersurface. These equations read,

H ≡ 1
N
∂τK +KabK

ab − 1
N
habDaDbN = 0, (2.4.1)

Ha ≡ DbK
b
a −DaK = 0, (2.4.2)

Hab ≡ Rab + 1
N
∂τKab − 2KacK

c
b +KKab −

1
N
DaDbN = 0. (2.4.3)

Here D is the covariant derivative compatible with metric hab and Kab = 1
2N ∂τhab is

the extrinsic curvature of the constant τ hypersurface.
These equations can be expanded in inverse powers of τ as,

H ≡ H(0)

τ2 + H(1)

τ3 + H(2)

τ4 +O
( 1
τ5

)
, (2.4.4)

Ha ≡
H

(0)
a

τ
+ H

(1)
a

τ2 + H
(2)
a

τ3 +O
( 1
τ4

)
, (2.4.5)

Hab ≡ H
(0)
ab + 1

τ
H

(1)
ab + 1

τ2H
(2)
ab +O

( 1
τ3

)
. (2.4.6)

The expansion coefficients at zeroth, first, and second order are summarised in the
following subsections. A detailed derivation of these results is given in appendix 2.C.

2.4.1 Zeroth and first order

At zeroth order, the Hamiltonian and the momentum constraints are identically sat-
isfied. The evolution equation implies that the three-dimensional metric h(0)

ab on H
must satisfy,

H
(0)
ab = R(0)

ab + 2h(0)
ab = 0. (2.4.7)

5An expression for corresponding transformation of h(2)
ab at spatial infinity was reported in equation

(4.111) of [66]. All the ω-ω-terms, the analog of the third line in Eq. (2.3.22), are missing there. We
note that the action of supertranslations at the second order has not been much discussed in the
literature; comments appear in [66, 67], though neither of these papers present any details on this
specific calculation. We hope that the reader will find our appendices 2.B and 2.D useful. The action
of translations was discussed in [62].
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This condition implies that H is maximally symmetric with R(0) = −6 and the
Riemann tensor is given by,

R(0)
abcd = R

(0)

6
(
h(0)
ac h

(0)
bd − h

(0)
ad h

(0)
bc

)
= −h(0)

ac h
(0)
bd + h

(0)
ad h

(0)
bc . (2.4.8)

Thus H is Euclidean AdS3 space, as noted earlier.
At first order, the Hamiltonian constraint gives,

H(1) = (−� + 3)σ = 0. (2.4.9)

The momentum constraint gives,

Dbkab = Dak. (2.4.10)

The evolution equations H(1)
ab = 0 gives,

(� + 3) kab = DaDbk + kh
(0)
ab . (2.4.11)

Boundary conditions presented in Eq. (2.3.18) further simplify these equations to

Dbkab = 0, (� + 3) kab = 0. (2.4.12)

2.4.2 Second order

At second order, the Hamiltonian constraint takes the form,

h(2) = 12σ2 + 1
4k

ab kab − kabDaDbσ −DcσDcσ, (2.4.13)

where h(2) is the trace of h(2)
ab , h(2) = h(0)abh

(2)
ab . In arriving at this equation we have

used the boundary condition k = 0 cf. Eq. (2.3.18) and the first order equations of
motion. The momentum constraint reads,

Dbh(2)b
a = 1

2k
bp (Db kpa) +Da

(
−1

8 k
bc kbc + 8σ2 − kabDaDbσ −DcσDcσ

)
. (2.4.14)

The evolution equation H
(2)
ab = 0 yields,

(� + 2)h(2)
ab = S

(kk)
ab + S

(kσ)
ab + S

(σσ)
ab , (2.4.15)

where the non-linear source terms have the following expressions,

S
(kk)
ab =

(
Dc kd(aDb) kcd

)
− 1

2Da k
cdDb kcd + (Dc kad)

(
Dckdb

)
− (Dc kad)

(
Dd kbc

)
− kpa kpb + kcd

(
DcDd kab −DcD(a kb)d

)
, (2.4.16)
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S
(kσ)
ab =−DaDb

(
kcdDcDdσ

)
+ 4Dcσ

(
−Dckab +D(a kb)c

)
− 4σkab

+
(
−2h(0)

ab k
cdDcDdσ + 4kcdh(0)

d(aDb)Dcσ
)
, (2.4.17)

S
(σσ)
ab =DaDb

(
5σ2 −DcσDcσ

)
+ h

(0)
ab

(
18σ2 + 4DcσDcσ

)
+ 4σDaDbσ . (2.4.18)

The second order equations of motion, in the form presented above, with more
restrictive boundary condition kab = 0 take a particularly nice form and can be
concisely presented in terms of the electric and magnetic parts of the Weyl tensors,
as is the case at spatial infinity [65, 69, 70]. These results are presented in appendix
2.E.

2.5 Charges at timelike infinity

Next we would like to understand contributions from timelike infinity to the Iyer-Wald
global charges [71,72] (see also [53]) for supertranslations and Lorentz symmetries. To
this end, we compute contributions from timelike infinity to the Lee-Wald symplectic
form. This computation is presented in section 2.5.1. We find that with our boundary
conditions this contribution vanishes. It has been suggested by several authors6 that
this should be the case with appropriate boundary conditions at timelike infinity. As
a result, “future charges” can be computed on any two-dimensional topologically-
spherical surface surrounding the “sources” at timelike infinity. We present charge
expressions in section 2.5.2. Some further properties of these charges are studied in
section 2.5.3.

What are these sources at timelike infinity? Note that bound objects (and fields)
reach timelike infinity. Fields close to these bound objects do not become weak and
cannot be regarded as asymptotic fields in the usual sense. In the τ →∞ limit, it is
convenient to regard individual bound systems, gravitationally unbound relative to
each other, as finite number of points on the timelike infinity hyperboloid H. These
points serve as sources for the charge integrals. This picture will become more clear
in section 2.6 where we discuss the Schwarzschild solution in the τ →∞ limit.

2.5.1 Contributions to the Lee-Wald symplectic form

Consider a spacetime with no horizons. The components of the boundary are the
past and future null infinity J −, J + and the points (in the Penrose diagram in
Fig. 2.1) past and future timelike infinity i−, i+, and spatial infinity i0. Since the
global charge variation is invariant under local deformations of the Cauchy surface
Σ, one can deform Σ in the far future to i+ ∪ J +. Then, the first variation of the

6See for example section 7 of [53].
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i0

Figure 2.1: Consider a spacetime with no horizons. The components of
the boundary are J−, J + and the points at infinity i−, i0, and i+. Since
the first variation of global charges is invariant under local deformations
of the Cauchy surface Σ, one can deform Σ in the far future to i+ ∪J +.
Then, the first variation of the Iyer-Wald global charges satisfies δQξ(Σ) =
δQξ(J +) + δQξ(i+). With our boundary conditions δQξ(i+) = 0.

Iyer-Wald global charges satisfies

δQξ(Σ) = δQξ(J +) + δQξ(i+). (2.5.1)

With our boundary conditions we now show that δQξ(i+) = 0. This is schematically
shown in Fig. 2.1. Recall that

δQξ(Σ) = Ω(g, δg,£ξg). (2.5.2)

The computation proceeds as follows. The Lee-Wald symplectic form [71,72] is

Ω(g, δ1g, δ2g) =
∫

Σ
ω(g, δ1g, δ2g) =

∫
Σ
ωγnγ

√
h d3x, (2.5.3)

where

ωγ = P γναβµδ [δ2gνα∇βδ1gµδ − (1↔ 2)] ,

P γναβµδ = gγµgδνgαβ − 1
2g

γβgνµgδα − 1
2g

γνgαβgµδ − 1
2g

ναgγµgδβ + 1
2g

ναgγβgµδ,

(2.5.4)
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and where nγ is the unit normal to the hypersurface Σ,

n = −Ndτ, (2.5.5)

and ∇α is the covariant derivative compatible with the spacetime metric gµν . We
choose the hypersurface Σ to be a τ = constant surface. The volume factor

√
h d3x

grows as τ3 in the τ → ∞ limit. The aim, therefore, is to determine how ωγnγ

behaves in the τ →∞ limit. On τ = constant hypersurface,

− ωγnγ = Nωτ = ωτ (1 +O(1/τ)) . (2.5.6)

As a result, the problem simply reduces to analysing the behaviour of ωτ in the τ →∞
limit. For our purposes, the ωγ expression can be written in a more convenient form
as follows,

ωγ = gγµgδνgαβ (δ2gνα∇βδ1gµδ)−
1
2g

γβgνµgδα (δ2gνα∇βδ1gµδ)−
1
2g

γνgαβgµδ (δ2gνα∇βδ1gµδ)

− 1
2g

ναgγµgδβ (δ2gνα∇βδ1gµδ) + 1
2g

ναgγβgµδ (δ2gνα∇βδ1gµδ)− (1↔ 2)

= gγµ
(
gδνgαβδ2gνα

)
∇βδ1gµδ −

1
2
(
gνµgδαδ2gνα

)
∇γδ1gµδ −

1
2
(
gγνgαβδ2gνα

)
∇β
(
gµδδ1gµδ

)
− 1

2 (gναδ2gνα)
(
gγµgδβ∇βδ1gµδ

)
+ 1

2g
γβ (gναδ2gνα)

(
gµδ∇βδ1gµδ

)
− (1↔ 2)

= 1
2

[
δ2g

αβ (∇γδ1gαβ) + δ2 ln g
(
∇βδ1gγβ

)
+ δ2g

γβ (∇βδ1 ln g) + δ2 ln g (∇γδ1 ln g)

− 2δ2gαβ
(
∇αδ1gγβ

)
− (1↔ 2)

]
(2.5.7)

where we have simply raised and lowered the indices in a convenient form and have
converted some terms to the determinant g of the metric. In this form, each of the
terms in ωτ can be easily evaluated. The following expressions are useful:

δgττ = −2δσ
τ

+ o(1/τ), δgττ = 2δσ
τ

+ o(1/τ), (2.5.8)

δgab = τδh
(1)
ab + o(τ), δgab = − 1

τ3 δh
(1)ab + o(1/τ3), (2.5.9)

and for the four-dimensional Christoffel symbols the following expressions are useful:

Γcτa = 1
2h

cd∂τhad = 1
τ
δca + o(1/τ), (2.5.10)

Γτττ = 1
2h

ττ∂τhττ = − σ

τ2 + o(1/τ2), (2.5.11)

Γτab = −1
2h

ττ∂τhab = τh
(0)
ab + o(τ). (2.5.12)

Using these expressions, the first term in Eq. (2.5.7) for γ = τ becomes,

δ2g
αβ (∇τδ1gαβ) = δ2g

ττ (∇τδ1gττ ) + δ2g
ab (∇τδ1gab)
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= −
(2δ2σ

τ
+ · · ·

)(2δ1σ

τ2 + · · ·
)
−
(
− δ2h

(1)ab

τ3 + · · ·
)(

δ1h
(1)
ab + · · ·

)
= 1
τ3

(
δ2h

(1)abδ1h
(1)
ab − 4δ1σδ2σ

)
+ o(1/τ3)

= 1
τ3

(
δ2k

abδ1kab − 2δ2σδ1k − 2δ1σδ2k + 8δ1σδ2σ
)

+ o(1/τ3)

(2.5.13)

The second term becomes,

δ2 ln g
(
∇βδ1g

τβ) =
(2δ2σ

τ
+ h

(0)
ab δ2h

(1)ab

τ
+ · · ·

)(4δ1σ

τ2 −
h

(0)
ab δ1h

(1)ab

τ2 + · · ·
)

= 1
τ3

(
− 40δ1σδ2σ + 4δ1kδ2σ + 10δ2kδ1σ − δ1kδ2k

)
+ o(1/τ3)

(2.5.14)

The third term becomes,

δ2g
τβ(∇βδ1 ln g

)
= δ2g

ττ ∂τ
(
δ1 ln g

)
=
(2δ2σ

τ
+ · · ·

)(
− 2δ1σ

τ2 −
h

(0)
ab δ1h

(1)ab

τ2 + · · ·
)

= 1
τ3
(
8δ1σδ2σ − 2δ2σδ1k

)
+ o(1/τ3) (2.5.15)

The fourth term becomes

δ2 ln g∇τδ1 ln g = −
(2δ2σ

τ
+ h

(0)
ab δ2h

(1)ab

τ
+ · · ·

)
∂τ

(2δ1σ

τ
+ h

(0)
ab δ1h

(1)ab

τ
+ · · ·

)
= 1
τ3

(
16δ1σδ2σ − 4δ1σδ2k − 4δ1kδ2σ + δ1kδ2k

)
+ o(1/τ3) (2.5.16)

The fifth term becomes

δ2gαβ
(
∇αδ1g

τβ
)

= δ2gττ (∇τδ1g
ττ ) + δ2gab

(
∇aδ1g

τb
)

=
(2δ2σ

τ
+ · · ·

)(
−2δ1σ

τ2 + · · ·
)

+ 2
τ3

(
δ1σδ2h

(1)
ab h

(0)ab + · · ·
)

= 1
τ3

(
2δ1σδ2k − 16δ1σδ2σ

)
+ o(1/τ3) (2.5.17)

Most of these terms cancel out upon (1↔ 2) anti-symmetrisation. The final expres-
sion for ωτ reads,

ωτ = 2
τ3
(
δ1σδ2k − δ1kδ2σ

)
+ o(1/τ3) (2.5.18)
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Using the boundary condition, k = 0, the O(1/τ3) term in Eq. (2.5.18) vanishes.
Hence, in the τ →∞ limit

Ω(g, δ1g, δ2g) = 0. (2.5.19)

This implies,
δQξ(i+) = 0. (2.5.20)

To summarise: we have shown that with our notion of asymptotic flatness, timelike
infinity does not contribute to the Lee-Wald symplectic form. Hence, the contribution
to the first variations of the Iyer-Wald charges from timelike infinity is zero. It has
been suggested by several authors that this should be the case. The result is entirely
expected on physical grounds. Eq. (2.5.1) simplifies to

δQξ(Σ) = δQξ(J +). (2.5.21)

The contribution from null infinity, δQξ(J +), is well studied; for a review see [21].
One of key ideas in the subject is that the integral over null infinity can be written
as the difference of localised charges [53]

Qξ(J +) = Qloc
ξ (J +

− )−Qloc
ξ (J +

+ ), (2.5.22)

where J +
± are respectively the future and past 2-sphere limits of null infinity J +.

In the following we will be interested in Qloc
ξ (J +

+ ), which is what we call “future
charges”. Timelike infinity hyperboloid H reaches J +

+ in the ρ→∞ limit.

2.5.2 Charges

Since the contributions to the Lee-Wald symplectic form from timelike infinity van-
ishes, it follows that “future charges” can be computed on any two-dimensional
topologically-spherical surface surrounding the “sources” at timelike infinity. To keep
the notation simple, we denote future charges by simply Qξ, instead of Qloc

ξ (J +
+ ).

Motivated by the corresponding expressions at spatial infinity [66], we propose
expressions for supertranslation and Lorentz charges at timelike infinity and show ap-
propriate conservation properties. We do not present a first principal derivation for
these expressions. Such a derivation can be given, for example, by relating the expres-
sions below to the corresponding expressions to null infinity, but such a calculation
is not attempted in this work.

We begin by observing some elementary properties of the 1/τ expansion of the
Weyl tensor projected on τ = constant hypersurface. In four spacetime dimensions,
the Weyl tensor expressed in terms of the Riemann tensor, Ricci tensor and Ricci
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scalar takes the form,

Wαβµν = Rαβµν −
1
2 (gαµRβν +Rαµgβν − gανRβµ −Rανgβµ) + R

6 (gαµgβν − gανgβµ) .

(2.5.23)

Let (τ, φa) be the four-dimensional spacetime coordinates associated to the 3+1 split.
Then, for a general spacetime coordinates xµ = xµ(τ, φa) we define

eµa = ∂xµ

∂φa
. (2.5.24)

The vectors eµa with {a = 1, 2, 3} are tangent to τ = constant hypersurface. The
projected electric part of the Weyl tensor on τ = constant hypersurface is defined as,

Eab = Wαβµνe
α
an

βeµb n
ν . (2.5.25)

For vacuum spacetimes, with Rαβ = 0 = R, Gauss–Codazzi equations give,

Eab = Rαβµνe
α
an

βeµb n
ν = −£nKab +KacK

c
b +N−1DaDbN , (2.5.26)

where £n is the Lie-derivative with respect to the unit normal nµ.
Given the expansions for the extrinsic curvature components and the lapse func-

tion N in powers of 1/τ , we can obtain the expansion of the electric part of the Weyl
tensor. A calculation gives,

Eab ≡
1
τ
E

(1)
ab + 1

τ2E
(2)
ab + · · · , (2.5.27)

where the zeroth order expansion coefficient identically vanishes and the first order
expansion coefficient is,

E
(1)
ab = σab − σh

(0)
ab . (2.5.28)

The first order electric part of the Weyl tensor satisfies the following properties on
H,

E
(1)
ab = E

(1)
ba , (symmetric) (2.5.29)

E(1)a
a = �σ − 3σ = 0, (traceless) (2.5.30)

DbE(1)b
a = 0, (divergence-free) (2.5.31)

upon using the first order equations of motion. It then follows that for conformal
Killing vectors ξa on H, E(1)

ab ξ
a is a conserved current. The four translations induce

four conformal Killing vectors ξa = Daω on H (recall when ω represents a translation
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for ωab − h(0)
ab ω = 0), and this conserved current can be used to construct “future

charges” [45,46],
Qξ = − 1

8πG

∫
C

√
q d2xE

(1)
ab ξ

arb (2.5.32)

where C is a two dimensional topologically-spherical surface surrounding sources on
H. The induced metric on C is qab and ra is the unit outward normal to C in H.
These charges are “conserved” in the sense that the integral can be done on any
topologically-spherical surface C of H surrounding the sources, and the answer is
independent of the choice of C.

Clearly for supertranslations, such a construction does not work as Daω is not a
conformal Killing vector on H. Fortunately, a slight modification of this construction
works [66]. We have,

E
(1)
ab ξ

a = E
(1)
ab ω

a = σabω
a − σωb. (2.5.33)

Next consider 2Da(ω[aσb]) for translations ωab − h(0)
ab ω = 0, i.e.,

2Da(ω[aσb]) = Da(ωaσb)−Da(ωbσa) = 3ωσb + ωaσb
a − ωbaσa − ωb(3σ)

= 3ωσb + ωaσab − ωσb − 3ωbσ

= σabω
a + 2ωσb − 3σωb (2.5.34)

Hence, for translations,

E
(1)
ab ξ

a − 2Da(ω[aσb]) = 2(σωb − ωσb). (2.5.35)

The key point is that the term Da(ω[aσb])ξarb when integrated over C only contributes
a total divergence and therefore is zero. Hence,∫
C

√
q d2x (E(1)

ab ξ
a−2Da(ω[aσb]))ξarb =

∫
C

√
q d2xE

(1)
ab ξ

arb = 2
∫
C

√
q d2x (σωb−ωσb)rb.

(2.5.36)
This last expression admits generalisation for supertranslations. The current (σωb −
ωσb) is conserved for supertranslations as well, since (�− 3)ω = 0, implying

Db(σωb − ωσb) = 0. (2.5.37)

Hence, we can define a charge for supertranslation ω as

Qω = − 1
4πG

∫
C

√
q d2x (σωb − ωσb)rb. (2.5.38)

For translations this expression reduces to the previous expressions [45,46].
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Expression for Lorentz charges is relativity easier to propose. One of the second
order equation of motion, namely Eq. (2.4.14), automatically gives a conserved tensor,

Jab = −h(2)
ab + 1

2k
c
akbc + h

(0)
ab

(
−1

8kcdk
cd + 8σ2 − kcdDcDdσ −DcσDcσ

)
(2.5.39)

with DaJab = 0. For a Killing vector ξa on H representing a four-dimensional rotation
or boost we define,

Qξ = 1
8πG

∫
C

√
qd2xJabξ

arb. (2.5.40)

These charges match with [45, 46] upon setting kab = 0 and noting the fact that the
second order magnetic part of the Weyl tensor is related to Jab by the curl operation
defined in appendix 2.E.

2.5.3 Commutator of charges

In the previous section, we wrote expressions for supertranslation and Lorentz charges.
The Poisson bracket between two charges is defined as (see e.g., [53, 73]),

{Qχ, Qχ′} = −δχQχ′ (2.5.41)

where the variation δχ acts on the fields as the transformation induced by the asymp-
totic symmetry. Supertranslation charges defined in Eq. (2.5.38) can also be written
as

Qω = 1
4πG

∫
C
d2x
√
q (σaω − σωa) ra = 1

4πG

∫
V
d3x ∂a

[√
−h(0) (σaω − σωa)

]
,

(2.5.42)

where V is the part of H surrounded by C. Now, we wish to compute the Poisson
bracket between Lorentz charges and supertranslation charges. Identifying χ = ξ (a
Lorentz transformation) and χ′ = ω (a supertranslation), Eq. (2.5.41) becomes,

{Qξ, Qω} = −δξQω . (2.5.43)

Using which the Poisson bracket becomes,

{Qξ, Qω} = − 1
4πG

∫
V
d3x ∂a

{
δξ

[√
−h(0) (σaω − σωa)

]}
= − 1

4πG

∫
V
d3x ∂a

[√
−h(0)

{
ξbDb (σaω − σωa)−

(
σbω − σωb

)
Dbξa

}]
= − 1

4πG

∫
V
d3x ∂a

[√
−h(0)

{
σa
(
ξbDbω

)
+ ωξbDbσa −

(
ξbDbσ

)
ωa − σ

(
ξbDbωa

)
−
(
σbω − σωb

)
Dbξa

}]
= 1

4πG

∫
V
d3x ∂a

[√
−h(0)

{
σa
(
−ξbDbω

)
− σ

(
−ξbDbωa − ωbDaξb

)}]
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− 1
4πG

∫
V
d3x ∂a

[√
−h(0)

{
ωξbDbσa −

(
ξbDbσ

)
ωa − σbωDbξa

}]
= 1

4πG

∫
V
d3x ∂a

[√
−h(0)

{
σa (£−ξω)− σDa (£−ξω)

}]
− 1

4πG

∫
V
d3x ∂a

[√
−h(0)

{
ωξbDbσa −

(
ξbDbσ

)
ωa − σbωDbξa

}]
= Qω′ + 1

4πG

∫
V
d3x

√
−h(0)Da

[
ωξbDbσa −

(
ξbDbσ

)
ωa − σbωDbξa

]
= Qω′ + 1

4πG

∫
V
d3x

√
−h(0)

[
ωξbDaDbσa −

(
ξbDbσ

)
�ω − σbωDaDbξa

]
= Qω′ + 1

4πG

∫
V
d3x

√
−h(0)

[
ωξb[Da,Db]σa + 3ωξbσb − 3

(
ξbDbσ

)
ω − σbω[Da,Db]ξa

]
= Qω + 1

4πG

∫
V
d3x

√
−h(0)

[
ωξbR

(0)
ab σ

a + 3ωξbσb − 3
(
ξbDbσ

)
ω − σbωR(0)

ab ξ
a
]

= Qω′ (2.5.44)

where ω′ = £−ξω. We have used the result, δξ
√
−h(0) = (1/2)

√
−h(0)h(0)abδξh

(0)
ab = 0.

One could attempt the calculation the other way round, i.e., identifying χ′ = ξ (a Lorentz
transformation) and χ = ω (a supertranslation). That calculation is more involved. We expect
to recover Qω′ possibly with terms that only contribute to a total divergence on C. At spatial
infinity the technology for identifying total divergence on the cuts of de Sitter hyperboloid is
fairly well developed, see e.g., [70]; at timelike infinity some further technical work is required.

2.6 The Schwarzschild solution near timelike infinity

In this section, we write the Schwarzschild solution near timelike infinity in the Beig-Schmidt
form Eq. (2.3.5)–Eq. (2.3.7). The Schwarzschild metric in standard static coordinates takes
the form

ds2 = −
(

1− 2GM
r

)
dt2 +

(
1− 2GM

r

)−1
dr2 + r2dΩ2, (2.6.1)

where dΩ2 = (dθ2 + sin2 θdϕ2) is the round metric on the unit two-sphere. We begin by
introducing (τ0, ρ0) coordinates defined as follows:

t = τ0

√
1 + ρ2

0, (2.6.2)

r = ρ0τ0. (2.6.3)

These coordinates do not bring the Schwarzschild solution near timelike infinity in the Beig-
Schmidt form as in Eq. (2.3.5)–Eq. (2.3.7). A chain of further coordinate transformations
outlined in appendix 2.A are required (as expected). In coordinates (τ0, ρ0) the non-zero
components of the metric takes the form to leading order in 1/τ0:

gτ0τ0 = −1 + (2GM)
(
ρ−1

0 + 2ρ0
) 1
τ0

+O(τ−2
0 ) (2.6.4)

gρ0τ0 = 4GM +O(τ−1
0 ) (2.6.5)

gρ0ρ0 = τ2
0 (1 + ρ2

0)−1 + (2GM)(1 + ρ2
0)−1 (ρ−1

0 + 2ρ0
)
τ0 +O(1) (2.6.6)

gθθ = ρ2
0τ

2
0 +O(1) (2.6.7)

gϕϕ = ρ2
0τ

2
0 sin2 θ +O(1). (2.6.8)
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Since gρ0τ0 term does not fall-off as O(τ−1
0 ), the metric is not in the Beig-Schmidt form at

O(τ−1
0 ). To fix this, following appendix 2.A we do the transformation,

ρ0 = ρ1 + G(ρ1)
τ1

, (2.6.9)

G(ρ1) = 4GM(1 + ρ2
1), (2.6.10)

τ0 = τ1. (2.6.11)

In the new coordinates (τ1, ρ1) the non-zero metric components take the form,

gτ1τ1 = −1 + (2GM)
(
ρ−1

1 + 2ρ1
) 1
τ1

+O(τ−2
1 ) (2.6.12)

gρ1τ1 = O(τ−1
1 ) (2.6.13)

gρ1ρ1 = τ2
1 (1 + ρ2

1)−1 + (2GM)(1 + ρ2
1)−1 (ρ−1

1 + 6ρ1
)
τ1 +O(1) (2.6.14)

gθθ = ρ2
1τ

2
1 + 8GMρ1(1 + ρ2

1)τ1 +O(1) (2.6.15)

gϕϕ = ρ2
1τ

2
1 sin2 θ + 8GMρ1(1 + ρ2

1) sin2 θτ1 +O(1). (2.6.16)

The above metric is in the Beig-Schmidt form, though it does not satisfy our boundary
condition k = 0. To bring the metric in the requisite form, we do a general supertranslation
and call the final coordinates (τ, ρ):

τ1 = τ − F (ρ), (2.6.17)

ρ1 = ρ+ 1 + ρ2

τ
∂ρF (ρ), (2.6.18)

F (ρ) = −GM
(
ρ+ 2

√
1 + ρ2 sinh−1 ρ

)
. (2.6.19)

F (ρ) does not satisfy �F = 3F . The resulting metric is in the requisite Beig-Schmidt form
at first order in the expansion in inverse powers of τ , and

h
(1)
ab = −2σh(0)

ab . (2.6.20)

That is, not only k = 0, but the full kab is zero. The field σ takes the value,

σ = −(GM)
(
ρ−1 + 2ρ

)
, �σ = 3σ. (2.6.21)

From these transformations, we see that as τ goes to ∞ for fixed r, ρ goes to 0. Thus,
the horizon r = 2GM intersects the timelike infinity hyperboloid H at the origin ρ = 0. Note
that the function σ is singular at ρ = 0.

The four functions satisfying

DaDbω − h(0)
ab ω = 0, (2.6.22)

are
{√

1 + ρ2, ρ cos θ, ρ sin θ sinφ, ρ sin θ cosφ
}

representing respectively, the time-translation
and three-spatial translations. The charge integral

Qω = − 1
4πG

∫
C

√
q d2x (σωb − ωσb)rb, (2.6.23)



26 Chapter 2. Supertranslations at timelike infinity

<latexit sha1_base64="QmszWFUhk1uOI4bEyuDLIkfVKqc=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBAEIexKUI9BLzlGNA9I1jA7mU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k795hPXRsTqAUcJ9yPaVyIUjKKV7quP591C0S25M5Bl4mWkCBlq3cJXpxezNOIKmaTGtD03QX9MNQom+STfSQ1PKBvSPm9bqmjEjT+enTohp1bpkTDWthSSmfp7YkwjY0ZRYDsjigOz6E3F/7x2iuG1PxYqSZErNl8UppJgTKZ/k57QnKEcWUKZFvZWwgZUU4Y2nbwNwVt8eZk0LkreZal8Vy5WbrI4cnAMJ3AGHlxBBapQgzow6MMzvMKbI50X5935mLeuONnMEfyB8/kDutKNcg==</latexit>

H+

<latexit sha1_base64="+x7G8HdDxPhXcKo22X10FY8/mwc=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EiyCp7IrpXoseumxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR33b39g8Oj0vFJW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcjf3O09UaRbLBzNNaCDwSLKIEWys9OhmfYI5aswGpbJX8RZA68TPSRlyNAelr/4wJqmg0hCOte75XmKCDCvDCKczt59qmmAywSPas1RiQXWQLQ6eoQurDFEUK1vSoIX6eyLDQuupCG2nwGasV725+J/XS010E2RMJqmhkiwXRSlHJkbz79GQKUoMn1qCiWL2VkTGWGFibEauDcFffXmdtK8qfq1Sva+W67d5HEU4g3O4BB+uoQ4NaEILCAh4hld4c5Tz4rw7H8vWgpPPnMIfOJ8/4taP0w==</latexit>H

Figure 2.2: Horizon H+ intersecting the timelike infinity hyperboloid
H. In the limit τ →∞ the intersection shrinks to a point.

on ρ = constant spherical surface C for time-translation ω =
√

1 + ρ2 gives M .

2.7 Some final remarks

In the previous section we saw that for the Schwarzschild solution the fields σ and h
(1)
ab =

−2σh(0)
ab are singular at ρ = 0. The singularity is such that the charge integral is finite even

on a ρ = ε surface C. Thus, for the region r > 2GM of the Schwarzschild solution, timelike
infinity is the hyperboloid H minus the origin. This indicates that for a system composed of
individually bound systems, gravitationally unbound relative to each other, timelike infinity
for the spacetime region describing outside the world-tubes of these system can be taken to
be H minus one point each for the individually bound system. These points act as sources
for the charge integrals.

For simplicity we focus on only one bound system, represented as a black hole, and take
the horizon to intersect the timelike infinity hyperboloid H at the origin ρ = 0. We excise the
point ρ = 0: i+ = H\{ρ = 0}. The horizon is a blow up of the point ρ = 0 as schematically
shown in Fig. 2.2. Having excised the point ρ = 0, the fields are all smooth at timelike infinity.
The considerations of section 2.5 can be carried over. The first variation of the Iyer-Wald
charges at timelike infinity vanishes

δQξ(i+) = 0. (2.7.1)

This is schematically shown in figure Fig. 2.3.
Let us comment on the general form of the solutions for ω, σ and relate it to the Green’s

function discussion of [68]. The supertranslation function ω and the field σ both satisfy the
equation (�− 3)f = 0. Expanding in spherical harmonics, we have

f(ρ, θ, ϕ) =
∞∑
l=0

l∑
m=−l

fl(ρ)Ylm(θ, ϕ). (2.7.2)
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i+

i0

i�

⌃

J +

i+ [ J + [ H+
H+

Figure 2.3: For a black hole formed by gravitational collapse, compo-
nents of the boundary are J−, J +, H+ and the points at infinity i−, i0,
and i+. Since the first variation of global charges is invariant under local
deformations of the Cauchy surface Σ, one can deform Σ to J + ∪ i+ ∪H+

in the far future. Then, δQξ(Σ) = δQξ(J +)+δQξ(i+)+δQξ(H+). With
our boundary conditions δQξ(i+) = 0.

The equation for functions fl(ρ) admits two classes of solutions. The first set takes the form,

f
(I)
l (ρ) = ρl

cl
2F1

(
l − 1

2 ,
3 + l

2 ; 3
2 + l;−ρ2

)
, (2.7.3)

where 2F1 is the standard hypergeometric function where cl = Γ(l+ 3
2 )

Γ(2+ l
2 )Γ( 3+l

2 ) is a convenient

normalisation. In the ρ → 0 limit these solutions go as f (I)
l (ρ) ∼ 1

cl
ρl. In the ρ → ∞ limit

they behave as f (I)
l (ρ) ∼ ρ. These functions correspond to supertranslations:

ω(ρ, θ, ϕ) =
∞∑
l=0

l∑
m=−l

clmf
(I)
l (ρ)Ylm(θ, ϕ). (2.7.4)

This can be seen as follows. For Minkowski space, in outgoing coordinates (u, r, θ, ϕ) =
(t− r, r, θ, ϕ), the time-translation takes the form,

∂u = ∂t = ∂τ

∂t
∂τ + ∂ρ

∂t
∂ρ =

√
1 + ρ2 ∂τ −

ρ
√

1 + ρ2

τ
∂ρ. (2.7.5)

In the τ → ∞ limit and then ρ → ∞ limit, ∂u ∼ ρ ∂τ . Thus the expected behaviour of
f(θ, ϕ)∂u is indeed the one captured by the supertranslations Eq. (2.3.8)–Eq. (2.3.9) with
ω(ρ, θ, ϕ) given in Eq. (2.7.4). A general null infinity supertranslation f(θ, ϕ)∂u correspond
to

f(θ, ϕ)∂u =
∞∑
l=0

l∑
m=−l

clmYlm(θ, ϕ)∂u. (2.7.6)
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This construction, from the function f(θ, ϕ) to ω(ρ, θ, ϕ) via Eq. (2.7.4), is the same as the
Green’s function construction of reference [68].7

The second independent set of solutions for the functions fl(ρ) takes the form

f
(II)
l (ρ) = ρ−l−1

2F1

(
−1 + l

2 , 1−
l

2 ; 1
2 − l;−ρ

2
)
. (2.7.7)

In the ρ→ 0 limit these solutions go as f (II)
l (ρ) ∼ ρ−l−1. Explicitly first few of these functions

are

f
(II)
0 (ρ) = ρ−1 + 2ρ (2.7.8)

f
(II)
1 (ρ) = ρ−2(1− 2ρ2)

√
1 + ρ2, (2.7.9)

f
(II)
2 (ρ) = ρ−3, (2.7.10)

etc. For l > 2, in the ρ → ∞ limit they behave as f (II)
l (ρ) ∼ const ρ−3. Our σ for the

Schwarzschild solution matches with f
(II)
0 (ρ). Motivated by the corresponding discussion at

spatial infinity, it is natural to speculate that the most general σ consists of the linear sum
of the functions f (II)

l (ρ)Ylm(θ, ϕ)

σ(ρ, θ, ϕ) =
∞∑
l=0

l∑
m=−l

dlmf
(II)
l (ρ)Ylm(θ, ϕ). (2.7.11)

Note that such a σ is singular at ρ = 0.

2.8 Conclusions

In this chapter, we have initiated the study of supertranslations at timelike infinity. Largely
developing on the previous works at spatial infinity, we have proposed a definition of asymp-
totic flatness at timelike infinity in four spacetime dimensions. We presented a thorough study
of the asymptotic equations of motion and the action of supertranslations on asymptotic fields.
We showed that the Lee-Wald symplectic form Ω(g, δ1g, δ2g) does not get contributions from
the future timelike infinity with our boundary conditions. As a result, the “future charges”
can be computed on any two-dimensional surface surrounding the sources at timelike infinity.
We presented expressions for supertranslation and Lorentz charges. For general spacetimes
we expect

future charges u→+∞←−−−−− Bondi charges at J + u→−∞−−−−−→ spatial infinity charges. (2.8.1)

Whether radiative spacetimes with non-trivial supertranslation charges exist that satisfy this
hierarchy is open to argument [24].

7A proof can be explicitly written using the addition theorem of spherical harmonics.
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2.A Asymptotic form of the metric

We begin by considering a general class of spacetimes admitting an expansion at timelike
infinity of the form

gµν = ηµν +
m∑
n=1

`(n)
µν

(
xσ

τ

)
1
τn

+ · · · , (2.A.1)

where
τ2 = −ηµνxµxν , (2.A.2)

and where xµ are a set of Cartesian coordinates on flat spacetime at infinity. This class of the
spacetimes can be put in a more convenient form as in Eq. (2.3.5)–Eq. (2.3.7). In this appendix
we do so explicitly, following Beig and Schmidt [61]. The form Eq. (2.3.5)–Eq. (2.3.7) is our
starting point for defining asymptotically flat spacetimes at timelike infinity.

The ten functions in `(n)
µν at any given order n are functions of the dimensionless coordi-

nate (xσ/τ). To avoid cumbersome notation, henceforth in all the expressions we shall simply
write `(n)

µν without mentioning its dependence on (xσ/τ).
Instead of the Cartesian coordinates xµ, it is more convenient to use (τ, φa) as a new set

of coordinates, with τ defined in Eq. (2.A.2) and φa are coordinates on hyperboloid H. For
any set of φa we define functions ωµ(φa), such that,

ωµ(φa) = xµ

τ
. (2.A.3)

Using this relation we get,
dxµ = ωµdτ + τ(∂aωµ)dφa. (2.A.4)

Inserting the above equation in Eq. (2.A.1) we obtain the following expression for the line
element,

ds2 = gµνdx
µdxν =

[
ηµν +

m∑
n=1

`(n)
µν

1
τn

+ · · ·
]
dxµdxν

=
[
ηµν +

m∑
n=1

`(n)
µν

1
τn

+ · · ·
]

(ωµdτ + τ(∂aωµ)dφa)
(
ωνdτ + τ(∂bων)dφb

)
=
[
ηµν +

m∑
n=1

`(n)
µν

1
τn

+ · · ·
]

×
[
ωµωνdτ2 + των(∂aωµ)dφadτ + τωµ(∂aων)dφadτ + τ2(∂aωµ)(∂bων)dφadφb

]
= −

[
−ηµνωµων −

m∑
n=1

`(n)
µν ω

µων
1
τn

+ · · ·
]
dτ2

+ 2τ
[
ηµνω

µ(∂aων) +
m∑
n=1

`(n)
µν ω

µ(∂aων) 1
τn

+ · · ·
]
dτdφa

+ τ2

[
ηµν(∂aωµ)(∂bων) +

m∑
n=1

`(n)
µν (∂aωµ)(∂bων) 1

τn
+ · · ·

]
dφadφb. (2.A.5)
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Using ηµνω
µων = −1 and ηµνω

µ(∂aων) = (1/2)∂a(ωµωµ) = 0, along with the following
definitions,

σ̄(n)(φc) ≡ −`(n)
µν ω

µων , (2.A.6)

A(n)
a (φc) ≡ `(n)

µν ω
µ(∂aων) , (2.A.7)

h
(n)
ab (φc) ≡ `(n)

µν (∂aωµ)(∂bων) (2.A.8)

h
(0)
ab (φc) ≡ ηµν(∂aωµ)(∂bων) , (2.A.9)

the asymptotic form of the line element at timelike infinity takes the form,

ds2 = −
[

1 +
m∑
n=1

σ̄(n)(φc)
τn

+O
(
τ−m−1)] dτ2 + 2τ

[
m∑
n=1

A
(n)
a (φc)
τn

+O
(
τ−m−1)] dτdφa

+ τ2

[
h

(0)
ab +

m∑
n=1

h
(n)
ab (φc)
τn

+O
(
τ−m−1)] dφadφb , (2.A.10)

= −
[

1 +
m∑
n=1

σ(n)(φc)
τn

+O
(
τ−m−1)]2

dτ2 + 2τ
[
m∑
n=1

A
(n)
a (φc)
τn

+O
(
τ−m−1)] dτdφa

+ τ2

[
h

(0)
ab +

m∑
n=1

h
(n)
ab (φc)
τn

+O
(
τ−m−1)] dφadφb . (2.A.11)

Here, σ(n)(φc) are functions of σ̄(n)(φc), e.g., σ(1) = (σ̄(1)/2).
Next we show that there exist a coordinate transformation that brings the metric in

Eq. (2.A.11) to a form where,

σ(n)(φc) = 0 , for n ≥ 2, (2.A.12)

A(n)
a (φc) = 0, for n ≥ 1. (2.A.13)

We achieve this order by order. At first order, we take

φa = φ̄a + G(1)a(φ̄b)
τ̄

, (2.A.14)

τ = τ̄ . (2.A.15)

This yields,

dφa = dφ̄a − G(1)a

τ̄2 dτ̄ + 1
τ̄

(
∂bG

(1)a
)
dφ̄b, (2.A.16)

and
σ(n)(φc) = σ(n)(φ̄c) + G(1)a(φ̄b)

τ̄
∂aσ

(n) +O(τ̄−2). (2.A.17)

In these new coordinates, line element Eq. (2.A.11) takes the form (keeping track of all the
first order terms),

ds2 = −
[

1 +
2σ(1)(φ̄c)

τ̄
+O

(
τ̄−2
)]

dτ̄2 + 2τ̄
[
A

(1)
a (φ̄c)
τ̄

+O
(
τ̄−2
)]

dτ̄dφ̄a

+ τ̄2
[
h

(0)
ab

+
h

(1)
ab

(φ̄c)
τ̄

+O
(
τ−2
)]

dφ̄adφ̄b − 2τ̄2
[
h

(0)
ab

+
h

(1)
ab

(φ̄c)
τ̄

+O
(
τ−2
)] G(1)a

τ̄2 dτ̄dφ̄b

+ 2τ̄2
[
h

(0)
ab

+
h

(1)
ab

(φ̄c)
τ̄

+O
(
τ−2
)] 1

τ̄

(
∂cG

(1)a
)
dφ̄cdφ̄b
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= −
[

1 +
2σ(1)(φ̄c)

τ̄
+O

(
τ̄−2
)]

dτ̄2 + 2
[
A

(1)
a (φ̄c)− h(0)

ab
G(1)b +O

(
τ̄−1
)]
dτ̄dφ̄a

+ τ̄2
[
h

(0)
ab

+
h

(1)
ab

(φ̄c)
τ̄

+
2
τ̄
h

(0)
cb

(
∂aG

(1)c
)

+O
(
τ−2
)]

dφ̄adφ̄b . (2.A.18)

Thus setting,

A(1)
a = h

(0)
ab G

(1)b , (2.A.19)

the line element takes the requisite form at the first order in the inverse powers of τ .
Keeping track of the second order terms, we have

ds2 = −
[
1 + 2σ(1)(φc)

τ
+ (σ1)2 + 2σ(2)

τ2 +O
(
τ−3)] dτ2 + 2τ

[
A

(2)
a (φc)
τ2 +O

(
τ−3)] dτdφa

+ τ2

[
h

(0)
ab + h

(1)
ab (φc)
τ

+ h
(2)
ab (φc)
τ2 +O

(
τ−3)] dφadφb . (2.A.20)

The following coordinate transformation,

τ = τ̄ + F (2)(φc)
τ̄

, (2.A.21)

φ̄a = φa, (2.A.22)

yields

ds2 = −
[

1 +
2σ(1)

τ̄
+

(σ1)2 + 2σ(2)

τ̄2 −
2F (2)

τ̄2 +O
(
τ̄−3
)]

dτ̄2 + 2τ̄
[
A

(2)
a − ∂aF (2)

τ̄2 +O
(
τ̄−3
)]

dτ̄dφa

+ τ̄2
[
h

(0)
ab

+
h

(1)
ab

τ̄
+
h

(2)
ab

τ̄2 +
2F (2)

τ̄2 h
(0)
ab

+O
(
τ̄−3
)]

dφadφb . (2.A.23)

Thus, no (1/τ̄) term has been generated in the coefficient of the dτ̄dφa term and hence the
condition A

(1)
a = 0 continues to hold. Furthermore, if we choose,

2F (2) = 2σ(2) , (2.A.24)

then the (1/τ̄2) term in the coefficient of the dτ̄2 in the metric can be set to (σ1)2. Thus the
modified metric has only [(σ1)2/τ̄2] term in the coefficient of the dτ̄2 and no (1/τ̄) term in
the coefficient of the dτ̄dφa. We can now use,

φa = φ̄a + G(2)a(φ̄b)
τ̄2 , (2.A.25)

τ = τ̄ , (2.A.26)

and choose the function G(2)a(φ̄b), such that A(2)
a h(0)ab = G(2)b and hence the (1/τ̄2) term in

the coefficient of the dτ̄dφa can be made to vanishes. Next, setting

τ = τ̄ + F (3)(φc)
τ̄2 (2.A.27)

we can eliminate (1/τ̄3) term in the coefficient of the dτ̄2.
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Proceeding in an identical manner, we can eliminate all terms in the coefficient of dτ̄dφa

and all terms beyond τ̄−2 in the coefficient of dτ̄2. Thus, metric Eq. (2.A.11) can be reduced
to the one satisfying conditions Eq. (2.A.12)–Eq. (2.A.13). Thereby, we arrive at our final
form Eq. (2.3.5)–Eq. (2.3.7).

2.B Action of supertranslation on asymptotic fields

We apply the following transformation,

τ = τ̄ − ω(φ̄a) + 1
τ̄
F (2)(φ̄a) +O

(
1
τ̄2

)
, (2.B.1)

φa = φ̄a + 1
τ̄
h(0)ab∂bω(φ̄c) + 1

τ̄2G
(2) a(φ̄c) +O

(
1
τ̄3

)
. (2.B.2)

We obtain,

dτ =
[
1− 1

τ̄2F
(2) +O

(
1
τ̄3

)]
dτ̄ +

[
−∂aω + 1

τ̄
∂aF

(2) +O
(

1
τ̄2

)]
dφ̄a , (2.B.3)

dφa =
[
δac + 1

τ̄
∂c

(
h(0)ab∂bω

)
+ 1
τ̄2

(
∂cG

(2)a
)

+O
(

1
τ̄3

)]
dφ̄c

+
[
− 1
τ̄2

(
h(0)ab∂bω

)
− 2
τ̄3G

(2)a +O
(

1
τ̄4

)]
dτ̄ . (2.B.4)

The following relations are also obtained,

σ(φa) = σ(φ̄a) + 1
τ̄
h(0)ab∂bω∂aσ +O

(
1
τ̄2

)
, (2.B.5)

h
(0)
ab (φc) = h

(0)
ab (φ̄c) + 1

τ̄
h(0)cd∂dω

(
∂ch

(0)
ab

)
+ 1
τ̄2

[
G(2) c

(
∂ch

(0)
ab

)
+ 1

2

(
h(0)cp∂pω

)(
h(0)dq∂qω

)
∂c∂dh

(0)
ab

]
+O

(
1
τ̄3

)
,

(2.B.6)

h
(1)
ab (φc) = h

(1)
ab (φ̄c) + 1

τ̄
h(0)cd∂dω

(
∂ch

(1)
ab

)
+O

(
1
τ̄2

)
. (2.B.7)

Inserting these expressions in the full metric we can read the changes in the first order fields,

σ → σ (2.B.8)

h
(1)
ab → h

(1)
ab − 2ωh(0)

ab + h(0)cd∂dω
(
∂ch

(0)
ab

)
+ h

(0)
pb ∂a

(
h(0)pq∂qω

)
+ h(0)

pa ∂b

(
h(0)pq∂qω

)
.

(2.B.9)

This last expression can be more conveniently written as,

h
(1)
ab → h

(1)
ab + 2DaDbω − 2ωh(0)

ab . (2.B.10)

In order to preserve the original form of the metric, we must choose,

F (2) = σω + h(0)ab∂bω∂aσ −
1
2h

(0)
ab

(
h(0)ac∂cω

)(
h(0)bd∂dω

)
, (2.B.11)
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2G(2)
a = −∂aF (2) + 2σ∂aω − (∂bω) ∂a

(
h(0)bp∂pω

)
+ 2ω∂aω − h(1)

ab ∂
bω − ∂bω∂cω

(
∂ch

(0)
ab

)
.

(2.B.12)

This results in the transformation for h(2)
ab as

h
(2)
ab → h

(2)
ab −DaωDbω +

[
−ωh(1)

ab +DcωDch(1)
ab + 2h(1)c

(a Db)Dcω
]

+
(

2F (2) + ω2
)
h

(0)
ab

+ 2D(aG
(2)
b) − 4ω DaDbω +DaDcω DbDcω + 2D(aDcω Ddω Γ(0)

b)cd

+Dcω Ddω
(
DcΓ(0)

(ba)d + Γ(0)p
cd Γ(0)

(ba)p − Γ(0)p
(ac Γ(0)

b)dp

)
, (2.B.13)

where we have used the following notation

DcΓ(0)
pqr := ∂cΓ(0)

pqr − Γ(0)i
cp Γ(0)

iqr − Γ(0)i
cq Γ(0)

pir − Γ(0)i
cr Γ(0)

pqi . (2.B.14)

and the following results

Γ(0)
qab + Γ(0)

aqb = ∂bh
(0)
qa , (2.B.15)

Γ(0)
cad + Γ(0)

dca = ∂ah
(0)
cd , (2.B.16)

∂pω ∂ah
(0)cp + h(0)cp∂a∂pω = DaDcω −Ddω Γc (0)

ad . (2.B.17)

Next we simplify Eq. (2.B.13). Defining φa = Daφ, for any scalar function φ, we obtain,

δωh
(2)
ab =− ωaωb − ωkab + 2σωh(0)

ab + ωcDc kab + ωcb kac + ωca kbc − 2σcωch(0)
ab − 4σωab

+
(
2σω + 2ωcσc − ωcωc + ω2)h(0)

ab − 4ωωab + ωcaωbc + ωcaω
dΓ(0)

bcd + ωcbω
dΓ(0)

acd

− 1
2 (DaDb +DbDa)F (2) + σaωb + 2σωab + σbωa

− 1
2ω

c (Da kbc) + σaωb −
1
2kbcω

c
a + 2σωab −

1
2ω

c (Db kac) + σbωa −
1
2 kacω

c
b

− ωacωcb −
1
2ωc (DaDb +DbDa)ωc + 2ωaωb + 2ωωab

− 1
2ω

pωq
(
DaΓ(0)

bpq +DbΓ(0)
apq

)
− ωpaωqΓ

(0)
bpq − ω

p
bω

qΓ(0)
apq

+ ωcωd
(
DcΓ(0)

(ba)d + Γ(0) p
cd Γ(0)

(ba)p − Γ(0) p
(ac Γ(0)

b)dp

)
. (2.B.18)

We further obtain,

(DaDb +DbDa)F (2) = 2σabω + 2ωaσb + 2σaωb + 2σωab
+ ωc (DaDb +DbDa)σc + 2σcaωcb + 2σcbωca + σc (DaDb +DbDa)ωc

− ωacωcb − ωbcωca − ωc (DaDb +DbDa)ωc. (2.B.19)

Combining these expressions we obtain,

δωh
(2)
ab =− ω kab + ωcDc kab + 1

2ω
c
bkac + 1

2ω
c
a kbc −

1
2ω

c (Da kbc)−
1
2ω

c (Db kac)

+ 2σωh(0)
ab + σ(aωb) − σωab − σc(aωcb) − σcω

c
(ab) + (σ ↔ ω)

+ ωaωb +
(
−ωcωc + ω2)h(0)

ab − 2ωωab + ωcaωbc

+ 1
2ω

cωd
[ (
DcΓ(0)

bad −DaΓ(0)
bcd − Γ(0) p

ac Γ(0)
bdp + Γ(0) p

cd Γ(0)
bap

)
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+
(
DcΓ(0)

abd −DbΓ
(0)
acd + Γ(0) p

cd Γ(0)
abp − Γ(0) p

bc Γ(0)
adp

) ]
. (2.B.20)

Using

DcΓ(0)
bad −DaΓ(0)

bcd − Γ(0) p
ac Γ(0)

bdp + Γ(0) p
cd Γ(0)

bap = R
(0)
bdca = −h(0)

bc h
(0)
da + h

(0)
ba h

(0)
dc , (2.B.21)

DcΓ(0)
abd −DbΓ

(0)
acd + Γ(0) p

cd Γ(0)
abp − Γ(0) p

bc Γ(0)
adp = R

(0)
adcb = −h(0)

ac h
(0)
bd + h

(0)
ab h

(0)
cd , (2.B.22)

we obtain our final form for δωh(2)
ab ,

δωh
(2)
ab =− ω kab + ωcDc kab + 1

2ω
c
b kac + 1

2ω
c
a kbc −

1
2ω

c (Da kbc)−
1
2ω

c (Db kac)

+ 2σωh(0)
ab + σ(aωb) − σωab − σc(aωcb) − σcω

c
(ab) + (σ ↔ ω)

+ ω2h
(0)
ab − 2ωωab + ωcaωbc. (2.B.23)

2.C Expansion of the equations of motion

Given the previous series of coordinate transformations, we arrive at the following form of
the asymptotic metric, near timelike infinity,

ds2 = −N2dτ2 + habdφ
adφb, (2.C.1)

where

N = 1 + σ(φa)
τ

, (2.C.2)

hab = τ2
[
h

(0)
ab (φc) + 1

τ
h

(1)
ab (φc) + 1

τ2h
(2)
ab (φc) +O

(
1
τ3

)]
. (2.C.3)

The future directed unit normal vector to a τ = constant surface is,

nµ = −N∇µτ, nµ = 1
N
δµτ . (2.C.4)

The induced metric on τ = constant hypersurface is hab, while the inverse spatial metric has
the following expansion,

hab = 1
τ2h

(0)ab − 1
τ3h

(1)ab − 1
τ4

(
h(2)ab − h(1)a

c h(1)cb
)

+O
(

1
τ5

)
. (2.C.5)

For any spatial tensor T (n)
ab at order n in the expansion, we raise and lower indices with h(0)

ab ,
for example,

T (n)ab = h(0)ach(0)bdT
(n)
cd . (2.C.6)

For a general spatial tensor Tab, we have T ab = hachbdTcd.

The extrinsic curvature Kab

The extrinsic curvature of τ = constant hypersurface takes the form,

Kab = 1
2N ∂τhab = τh

(0)
ab +

(
1
2h

(1)
ab − σh

(0)
ab

)
+ 1
τ

(
σ2h

(0)
ab −

σ

2 h
(1)
ab

)
+O

(
1
τ2

)
. (2.C.7)
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Upon raising one and two indices respectively we have

Ka
b = hacKcb = 1

τ
δab + 1

τ2

(
−1

2h
(1)a
b − σδab

)
+ 1
τ3

(
σ2δab + σ

2 h
(1)a
b − h(2)a

b + 1
2h

(1)aph
(1)
pb

)
+O

(
1
τ4

)
(2.C.8)

Kab = hacKb
c = 1

τ3h
(0)ab + 1

τ4

(
−3

2h
(1)ab − σh(0)ab

)
+ 1
τ5

(
−2h(2)ab + 2h(1)aph(1)b

p + 3σ
2 h(1)ab + σ2h

(0)
ab

)
+O

(
1
τ6

)
. (2.C.9)

The trace of the extrinsic curvature becomes,

K = δbaK
a
b = 3

τ
+ 1
τ2

(
−1

2h
(1) − 3σ

)
+ 1
τ3

(
3σ2 + σ

2 h
(1) − h(2) + 1

2h
(1)abh

(1)
ab

)
+O

(
1
τ4

)
.

(2.C.10)

Asymptotic expansion of intrinsic geometry

For any perturbed symmetric, spatial tensor S(n)
ab , we note the following identity

−∂dS(n)
bc + ∂bS

(n)
dc + ∂cS

(n)
bd = −DdS(n)

bc +DbS(n)
dc +DcS(n)

bd + 2Γ(0)p
bc S

(n)
pd , (2.C.11)

where D denotes covariant derivative compatible with h
(0)
ab on H. Using the above identity,

the asymptotic expansion of the Christoffel symbol takes the form,

Γabc = 1
2h

ad (−∂dhbc + ∂bhdc + ∂chbd) (2.C.12)

≡ Γ(0)a
bc + 1

τ
Γ(1)a
bc + 1

τ2 Γ(2)a
bc +O

(
1
τ3

)
, (2.C.13)

where

Γ(1)a
bc = −h(1)a

d Γ(0)d
bc + 1

2h
(0)ad

(
−Ddh(1)

bc +Dbh(1)
dc +Dch(1)

bd + 2Γ(0)p
bc h

(1)
pd

)
, (2.C.14)

Γ(2)a
bc = −

(
h

(2)a
d − h(1)a

p h
(1)p
d

)
Γ(0)d
bc + 1

2h
(0)ad

(
−Ddh(2)

bc +Dbh(2)
dc +Dch(2)

bd + 2Γ(0)p
bc h

(2)
pd

)
− 1

2h
(1)ad

(
−Ddh(1)

bc +Dbh(1)
dc +Dch(1)

bd + 2Γ(0)p
bc h

(1)
pd

)
. (2.C.15)

Here, Γ(0)a
bc is the non-tensorial Christoffel symbol associated with the zeroth order spatial

metric h(0)
ab . The other expansion coefficients are tensors and have the following simplified

expressions,

Γ(1)a
bc = 1

2

(
−Dah(1)

bc +Dbh(1)a
c +Dch(1)a

b

)
, (2.C.16)

Γ(2)a
bc = 1

2

(
−Dah(2)

bc +Dbh(2)a
c +Dch(2)a

b

)
− 1

2h
(1)ad

(
−Ddh(1)

bc +Dbh(1)
dc +Dch(1)

bd

)
.

(2.C.17)

The three-dimensional Ricci tensor takes the form,

Rab = ∂cΓcab − ∂bΓcca + ΓcabΓdcd − ΓcadΓdbc
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≡ R(0)
ab + 1

τ
R(1)
ab + 1

τ2R
(2)
ab +O

(
1
τ3

)
. (2.C.18)

Here, R(0)
ab is the Ricci tensor associated with the spatial metric h(0)

ab , while the other two
expansion coefficients are,

R(1)
ab = 1

2

(
DcDah(1)c

b +DcDbh(1)c
a −DcDch(1)

ab −DaDbh
(1)
)
, (2.C.19)

R(2)
ab = 1

2

(
DcDah(2)c

b +DcDbh(2)c
a −DcDch(2)

ab −DaDbh
(2)
)

+ 1
2Db

(
h(1)cdDah(1)

cd

)
− 1

2Dc
[
h(1)cd

(
−Ddh(1)

ab +Dbh(1)
da +Dah(1)

bd

)]
+ 1

4Dch
(1)
(
−Dch(1)

ba +Dbh(1)c
a +Dah(1)c

b

)
− 1

4Dah
(1)c
d Dbh(1)d

c + 1
2D

ch
(1)
adDch

(1)d
b − 1

2D
ch

(1)
adD

dh
(1)
bc . (2.C.20)

These expressions will be used extensively in what follows.

The Hamiltonian constraint

The Hamiltonian constraint takes the form,

H ≡ 1
N
∂τK +KabK

ab − 1
N
habDaDbN = 0, (2.C.21)

where Da is the covariant derivative compatible with hab. Expanding out each of these terms
we obtain,

H = H(0)

τ2 + H(1)

τ3 + H(2)

τ4 +O
(

1
τ5

)
. (2.C.22)

where

H(0) = 0, (2.C.23)

H(1) = (−� + 3)σ = 0, (2.C.24)

H(2) = h(2) − 9σ2 − 1
4h

(1)abh
(1)
ab −

1
2σh

(1) + h(1)abDaDbσ + σ�σ + h(0)abΓ(1)c
ab Dcσ = 0.

(2.C.25)

Using, kab = h
(1)
ab + 2σh(0)

ab , cf. Eq. (2.3.15), the second order coefficient can be simplified,
yielding,

H(2) = h(2) − 12σ2 − 1
4k

abkab + kabDaDbσ +DcσDcσ

+ 1
2σk − σ (�− 3)σ − 1

2Dcσ (Dck) +DcσDakac . (2.C.26)

Now upon using our boundary condition k = 0 and lower order equations of motion it sim-
plifies to

H(2) = h(2) − 12σ2 − 1
4k

abkab + kabDaDbσ +DcσDcσ = 0. (2.C.27)
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The momentum constraint

The momentum constraint Ha = 0 takes the form,

Ha ≡ DbK
b
a −DaK = 0. (2.C.28)

This can be expanded as,

Ha = 1
τ
H(0)
a + 1

τ2H
(1)
a + 1

τ3H
(2)
a + . . . (2.C.29)

where

H(0)
a =0 (2.C.30)

H(1)
a =− 1

2Db
(
kba − kδba

)
(2.C.31)

H(2)
a =−Dbh(2)b

a + 1
2k

bp (Dbkpa) + 1
2kpa

(
Dbkbp

)
− 3

2σ
(
Dbkba

)
− 1

4k
c
a (Dck) + σ

2 (Dak)

+Da
[
h(2) − 3

8k
bckbc + σk − 4σ2

]
. (2.C.32)

Using second order Hamiltonian constraint H(2) = 0 and boundary condition k = 0, together
with first order equations of motion, we get

H(2)
a = −Dbh(2)b

a + 1
2k

bp (Dbkpa) +Da
(
−1

8k
bckbc + 8σ2 − kabDaDbσ −DcσDcσ

)
= 0.

(2.C.33)

Asymptotic expansion of the evolution equation

The evolution equation of the spatial metric hab takes the following form,

Hab := Rab + 1
N
∂τKab − 2KacK

c
b +KKab −

1
N
DaDbN = 0. (2.C.34)

Expanding in powers of 1
τ we have,

Hab ≡ H(0)
ab + 1

τ
H

(1)
ab + 1

τ2H
(2)
ab + . . . , (2.C.35)

where

H
(0)
ab = R(0)

ab + 2h(0)
ab = 0, (2.C.36)

H
(1)
ab = −1

2 (� + 3) kab = 0, (2.C.37)

H
(2)
ab = −1

2 (� + 2)h(2)
ab + T

(kk)
ab + T

(kσ)
ab + T

(σσ)
ab = 0, (2.C.38)

and where the non-linear terms are

T
(kk)
ab = 1

2

[ (
Dckd(aDb)kcd

)
− 1

2Dak
cdDbkcd + (Dckad)

(
Dckdb

)
− (Dckad)

(
Ddkbc

)
− kpakpb + kcd

(
DcDdkab −DcD(akb)d

) ]
, (2.C.39)
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T
(kσ)
ab = 1

2

[
−DaDb

(
kcdDcDdσ

)
+ 4Dcσ

(
−Dckab +D(akb)c

)
− 4σkab

+
(
−2h(0)

ab k
cdDcDdσ + 4kcdh(0)

d(aDb)Dcσ
)]

, (2.C.40)

T
(σσ)
ab = 1

2

[
DaDb

(
5σ2 −DcσDcσ

)
+ h

(0)
ab

(
18σ2 + 4DcσDcσ

)
+ 4σDaDbσ

]
, (2.C.41)

where we have used the boundary condition k = 0 and the first order equations of motion.

2.D A consistency check

In this appendix we perform a non-trivial consistency check on our asymptotic equations of
motion and expression Eq. (2.B.23) for δωh(2)

ab . We consider doing a supertranslation on flat
spacetime. Thus to begin with we have (for flat spacetime)

σ = 0, h
(1)
ab = 0, h

(2)
ab = 0. (2.D.1)

We note that σ = 0 does not change under supertranslations. Thus for the supertranslated
spacetime too σ = 0 and from Eq. (2.B.10) it follows that

h
(1)
ab = δωh

(1)
ab = kab = −2ωh(0)

ab + 2ωab. (2.D.2)

From Eq. (2.B.23) it follows that

h
(2)
ab = ω2h

(0)
ab − 2ωωab + ωcaωbc. (2.D.3)

We check that expression Eq. (2.D.2) for kab and Eq. (2.D.3) for h(2)
ab are consistent with second

order equations of motion.
Recall that �ω = 3ω, and also we note the following useful relation,

�ωa = DbDbDaω = DbDaDbω = [Db,Da]Dbω +Da�ω

= R
(0)b
cbaD

cω + 3ωa = −2h(0)
ca ω

c + 3ωa = ωa. (2.D.4)

Hamiltonian constraint

The Hamiltonian constraint Eq. (2.C.27) becomes,

h(2) = 1
4kabk

ab. (2.D.5)

Given expression Eq. (2.D.2) for kab, we have

1
4kabk

ab = 3ω2 − 2ω�ω + ωabω
ab = −3ω2 + ωabω

ab, (2.D.6)

which matches with the trace of Eq. (2.D.3), viz.,

h(2) = 3ω2 − 2ω�ω + ωabωab = −3ω2 + ωabωab. (2.D.7)
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Momentum constraint

The momentum constraint presented in Eq. (2.C.33) becomes,

Dbh(2)
ab = 1

2k
bpDbkpa −

1
4k

bcDakbc. (2.D.8)

On the one hand, the right hand side of Eq. (2.D.8) is

1
2k

bpDbkpa −
1
4k

bcDakbc = −2ωbωba + ωbcDbDcωa + 3ωωa − ωbcR(0)
cdabω

d

= −2ωbωba + ωbcDbDcωa + 3ωωa − ωbc
(
−h(0)

ac h
(0)
bd + h

(0)
bc h

(0)
ad

)
ωd

= −ωbωba + ωbcDbDcωa. (2.D.9)

On the other hand, the divergence of Eq. (2.D.3) yields for the left hand side of Eq. (2.D.8)

Dbh(2)
ab = Db

(
ω2h

(0)
ab − 2ωωab + ωcaωcb

)
= 2ωωa − 2ωbωab − 2ω�ωa + ω cb

a ωcb + ωca�ωc

= −ωbωab + ω cb
a ωcb, (2.D.10)

which matches with Eq. (2.D.9).

Evolution equation

The evolution equation as presented in Eq. (2.C.38) is decomposed into several terms,

(� + 2)h(2)
ab = 1

2

Dc kdaDb kcd︸ ︷︷ ︸
Term 1

+Dck(1)
db Da k

cd︸ ︷︷ ︸
Term 2

−1
2Da k

cdDb kcd︸ ︷︷ ︸
Term 3

+ (Dc kad)
(
Dc kdb

)︸ ︷︷ ︸
Term 4

− (Dc kad)
(
Dd kbc

)︸ ︷︷ ︸
Term 5

− kpa kpb︸ ︷︷ ︸
Term 6

+

kcdDcDd kab︸ ︷︷ ︸
Term 7

−
1

2 k
cdDcDa kbd︸ ︷︷ ︸

Term 8

+1
2 k

cdDcDb kad︸ ︷︷ ︸
Term 9

 . (2.D.11)

We first evaluate the right hand side using Eq. (2.D.2) and then evaluate the left hand side
using Eq. (2.D.3) and show the match.

We obtain the following expression for various terms on the right hand side. For “Term
1” we have,

1
2Dc kdaDbk

cd = 2Dc
(
−ωh(0)

da + ωda

)
Db
(
−ωh(0)cd + ωcd

)
= −2ωc[Db,Dc]ωa − 2ωcωabc + 2ωadc[Db,Dc]ωd + 2ωadcω dc

b

= 2h(0)
ab (ωcωc)− 4ωcωabc + 2ωadcω dc

b , (2.D.12)

while “Term 2” follows from interchange of (a, b) in “Term 1”. For “Term 3” we have,

1
2Dak

cdDb kcd = 2Da
(
−ωh(0)cd + ωcd

)
Db
(
−ωh(0)

cd + ωcd

)
= −6ωaωb + 2

{
[Da,Dc]ωd + ω dc

a

}
{[Db,Dc]ωd + ωbdc}
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= 2ωcωch(0)
ab − 4ωcωabc + 2ωadcω dc

b . (2.D.13)

For “Term 4” we have,

(Dckad)
(
Dckdb

)
= 4Dc

(
−ωh(0)

ad + ωad

)
D(0)
c

(
−ωδdb + ω d

b

)
= 4ωcωch(0)

ab − 8ωcωabc + 4ωadcω dc
b . (2.D.14)

For “Term 5” we have,

(Dc kad)
(
Dd kbc

)
= 4Dc

(
−ωh(0)

ad
+ ωad

)
Dd
(
−ωh(0)

bc
+ ωbc

)
= 4ωaωb − 4ωc[Db,Dc]ωa − 8ωcωabc − 4ωc[Da,Dc]ωb + 4[Dc,Dd]ωaω cd

b + 4ωacdω cd
b

= −4ωaωb + 8ωcωch(0)
ab
− 12ωcωabc + 4ωacdω cd

b + 4ωcωbca

= −4ωaωb + 8ωcωch(0)
ab
− 8ωcωabc + 4ωacdω cd

b + 4ωc[Da,Dc]ωb

= 4ωcωch(0)
ab
− 8ωcωabc + 4ωacdω cd

b . (2.D.15)

For “Term 6” we have,

kpa kpb = 4
(
−ωδpa + ωpa

)(
−ωh(0)

pb
+ ωpb

)
= 4ω2h

(0)
ab
− 8ωωab + 4ωpaωpb . (2.D.16)

For “Term 7” we have,

kcdDcDd kab = 4
(
−ωh(0)cd + ωcd

)
DcDd

(
−ωh(0)

ab + ωab

)
= 12ω2h

(0)
ab − 4ωcdωcdh(0)

ab − 4ω�ωab + 4ωcdωabdc , (2.D.17)

and finally for “Term 8” we have,

1
2k

cdDcDa kbd = 2
(
−ωh(0)cd + ωcd

)
DcDa

(
−ωh(0)

db + ωbd

)
= 2ωωab − 2ωacωcb − 2ωh(0)cdDc {[Da,Dd]ωb} − 2ω�ωab + 2ωcdωbadc + 2ωcdDc {[Da,Dd]ωb}

= 6ω2h
(0)
ab − 2ω�ωab + 2ωcdωbadc − 2ωcdωcdh(0)

ab . (2.D.18)

“Term 9” is obtained by interchanging (a, b) in “Term 8”. Collecting all these expressions we
get,

(� + 2)h(2)
ab = −4ω2h

(0)
ab + 8ωωab + 2h(0)

ab (ωcωc)− 4ωcaωcb − 4ωcωabc + 2ωadcω dc
b (2.D.19)

On the other hand, using expression Eq. (2.D.3) for h(2)
ab we obtain,

(� + 2)h(2)
ab = 2ω2h

(0)
ab − 4ωωab + 2ωcaωcb + h

(0)
ab D

cDcω2 − 2DcDc (ωωab) +DcDc
(
ωdaωdb

)
= 8ω2h

(0)
ab − 10ωωab + 2h(0)

ab (ωcωc) + 2ωcaωcb − 4ωcωabc + 2ωacdω cd
b

+ ωcb�ω
c
a + ωca�ωcb − 2ω�ωab . (2.D.20)

We now have the following identity,

�ωab = DcDcDaDbω
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= Dc
(
R

(0)
bpcaω

p
)

+DcDaDbωc

=
(
−h(0)

bc h
(0)
pa + h

(0)
ba h

(0)
pc

)
ωpc + [Dc,Da]Dbωc +DaDcDbωc

= −ωab + h
(0)
ab �ω +R

(0)
bpcaω

cp +R(0)
pa ω

p
b +Da [Dc,Db]ωc +DaDb�ω

= −ωab + 3ωh(0)
ab +

(
−h(0)

bc h
(0)
pa + h

(0)
ba h

(0)
pc

)
ωcp − 2ωab +R

(0)
pb ω

p
a + 3ωab

= −3ωab + 6ωh(0)
ab . (2.D.21)

Thus we obtain,

(� + 2)h(2)
ab = 8ω2h

(0)
ab − 10ωωab + 2h(0)

ab (ωcωc) + 2ωcaωcb − 4ωcωabc + 2ωacdω cd
b

+ ωcb (−3ωca + 6ωδca) + ωca

(
−3ωcb + 6ωh(0)

cb

)
− 2ω

(
−3ωab + 6ωh(0)

ab

)
= − 4ω2h

(0)
ab + 8ωωab + 2h(0)

ab (ωcωc)− 4ωcaωcb − 4ωcωabc + 2ωacdω cd
b ,

(2.D.22)

which matches with Eq. (2.D.19). A similar calculation at spatial infinity was done in [67].

2.E Expansion of the Weyl tensor

In four spacetime dimensions, the Weyl tensor expressed in terms of the Riemann tensor,
Ricci tensor and Ricci scalar takes the form,

Wαβµν = Rαβµν −
1
2 (gαµRβν +Rαµgβν − gανRβµ −Rανgβµ) + R

6 (gαµgβν − gανgβµ) .

(2.E.1)

Let (τ, φa) be the four-dimensional spacetime coordinates associated to the 3+1 split. Then,
for a general set of spacetime coordinates xµ = xµ(τ, φa) we define

eµa = ∂xµ

∂φa
. (2.E.2)

The vectors eµa with {a = 1, 2, 3} are tangent to the τ = constant hypersurface. The projected
electric part of the Weyl tensor on τ = constant hypersurface is defined as,

Eab = Wαβµνe
α
an

βeµb n
ν . (2.E.3)

For vacuum spacetimes, with Rαβ = 0 = R, it simplifies to,

Eab = Rαβµνe
α
an

βeµb n
ν = −£nKab +KacK

c
b +N−1DaDbN , (2.E.4)

where £n is the Lie-derivative with respect to the unit normal Eq. (2.C.4). We have used the
fact that τ = constant surface is spacelike.

The projected magnetic part of the Weyl tensor is defined as,

Bab = 1
2
(
εαβρσW

ρσ
µν

)
eαan

βeµb n
ν

= 1
2
(
eαan

βεαβρσ
)
gργgσδWγδµνe

µ
b n

ν
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= 1
2
(
eαan

βεαβρσ
)

(hργ + εnρnγ)
(
hσδ + εnσnδ

)
Wγδµνe

µ
b n

ν

= 1
2
(
eαan

βεαβρσ
) (
hργhσδWγδµνe

µ
b n

ν
)
. (2.E.5)

For vacuum spacetimes,

Bab = 1
2
(
eαan

βεαβρσ
) (
hργhσδRγδµνe

µ
b n

ν
)

= −1
2εacd

(
DcKd

b −DdKc
b

)
= −εacdDcKd

b .

(2.E.6)

Note that we have used the result, εραβµnρ = εabce
a
αe
b
βe
c
µ, where εabc is the three-dimensional

Levi-Civita tensor. In what follows we will expand both the electric and magnetic parts of
the Weyl tensor.

Expansion of the electric part of the Weyl tensor

Given the expansions for the extrinsic curvature components and the lapse function N in
powers of 1/τ , we can obtain the expansion of the electric part of the Weyl tensor. A
calculation gives,

Eab ≡
1
τ
E

(1)
ab + 1

τ2E
(2)
ab + · · · (2.E.7)

where the zeroth order expansion coefficient identically vanishes and the first order expansion
coefficient is,

E
(1)
ab = −σh(0)

ab +DaDbσ, (2.E.8)

while the second order expansion coefficient is,

E
(2)
ab = 3σ2h

(0)
ab − h

(2)
ab + 1

4h
(1)p
a h

(1)
pb − σDaDbσ − Γ(1)c

ab Dcσ −
σ

2 h
(1)
ab

= − h(2)
ab + 5σ2h

(0)
ab + 1

4k
p
akpb − σkab −

σ

2 kab − σDaDbσ

− 1
2 (−Dc kab +Dakcb +Dbkca)Dcσ + 2DaσDbσ − h(0)

ab DcσD
cσ. (2.E.9)

For the first order term, we have the following properties,

E
(1)
ab = E

(1)
ba , (symmetric) (2.E.10)

E(1)a
a = −3σ + �σ = 0, (traceless) (2.E.11)

DbE(1)b
a = 0. (divergence-free) (2.E.12)

We consider the following combination at the second order

E
(2)
ab − σE

(1)
ab = − h(2)

ab + 6σ2h
(0)
ab − 2σDaDbσ + 2DaσDbσ − h(0)

ab DcσD
cσ

− 1
2 (−Dckab +Dakcb +Dbkca)Dcσ + 1

4k
p
akpb −

3σ
2 kab (2.E.13)

For kab = 0,

E
(2)
ab − σE

(1)
ab = −h(2)

ab + 6σ2h
(0)
ab − 2σDaDbσ + 2DaσDbσ − h(0)

ab DcσD
cσ , (2.E.14)
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is also symmetric, traceless, and divergence free upon using second order equations of motion.
The trace and divergence equations for h(2)

ab can equivalently be thought of as tracefree and
divergence free conditions for E(2)

ab − σE
(1)
ab .

Expansion of the magnetic part of the Weyl tensor

We now compute the expansion of the magnetic part of the Weyl tensor starting from
Eq. (2.E.6),

Bab = −εacdhcmDmK
d
b ≡

1
τ
B

(1)
ab + 1

τ2B
(2)
ab + · · · . (2.E.15)

The first order expansion coefficient is,

B
(1)
ab = ε

(0)
acd

(
1
2D

ch
(1)d
b + δdbDcσ

)
= ε

(0)
acd

[
1
2D

c
(
kdb − 2σδdb

)
+ δdbDcσ

]
= 1

2ε
(0)
acd

(
Dckdb

)
, (2.E.16)

while the second order expansion coefficient is,

B
(2)
ab = ε

(0)
acd

{[
Dch(2)d

b − 2δdbDc
(
σ2)]− 1

2 (kcm + σδcm)Dmkdb + 1
2h

(0)cmΓ(1)d
mp k

p
b

− 1
2h

(0)cmΓ(1)p
mb k

d
p −Dc

(σ
2 k

d
b

)
−Dc

(
1
2k

dp kpb

)
+Dc

(
2σkdb

)}
(2.E.17)

where, we have used the result, h(1)dph
(1)
pb = (kdp−2σh(0)dp)(kpb−2σh(0)

pb ) = kdp kpb−4σkdb +
4σ2δdb . These expressions become much simpler for kab = 0, in which case, we have,

B
(1)
ab = 0, (2.E.18)

B
(2)
ab = ε

(0)
acdD

c
(
h

(2)d
b − 2δdbσ2

)
. (2.E.19)

B
(2)
ab in Eq. (2.E.19) is symmetric,

ε(0)abpB
(2)
ab = ε(0)abpε

(0)
acdD

c
(
h

(2)d
b − 2δdbσ2

)
(2.E.20)

=
(
δbcδ

p
d − δ

b
dδ
p
c

)
Dc
(
h

(2)d
b − 2δdbσ2

)
=
(
Dbh(2)p

b

)
+ 4

(
Dbσ2)−Dp (h(2)

)
= Dp

(
8σ2 −DcσDcσ

)
+ 4

(
Dbσ2)−Dp (12σ2 −DcσDcσ

)
= 0, (2.E.21)

where we have used the second order equations of motion. B(2)
ab is traceless,

B(2)a
a = ε

(0)
acdD

c
(
h(2)ad − 2h(0)adσ2

)
= 0, (2.E.22)

furthermore B(2)
ab is divergence-free,

DaB(2)a
b = ε(0)acdDa

[
Dc
(
h

(2)
bd − 2h(0)

bd σ
2
)]

= ε(0)acdDa
[
Dc
(
h

(2)
bd − 2h(0)

bd σ
2
)]
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= 1
2ε

(0)acd[Da,Dc]h(2)
bd − 2h(0)

bd ε
(0)acdDaDcσ2

= 1
2ε

(0)acd
(
Rbpach

(2)p
d +Rdpach

(2)p
b

)
= 1

2ε
(0)acd

[(
−h(0)

ab h
(0)
pc + h

(0)
bc h

(0)
pa

)
h

(2)p
d +

(
−h(0)

da h
(0)
pc + h

(0)
dc h

(0)
pa

)
h

(2)p
b

]
= 0.

(2.E.23)

The trace and divergence equations for h(2)
ab can equivalently be thought of as tracefree and

divergence free conditions for B(2)
ab .

Evolution of the electric and magnetic parts of the Weyl tensor

Here we describe the evolution equation for the electric and magnetic parts of the Weyl tensor.
It will be advantageous to define,

curl Tab = ε
(0)
acdD

cT db . (2.E.24)

It follows that,

curl (curl Tab) = ε
(0)
acdD

c
(
ε(0)dpq DpTqb

)
= ε

(0)
dacε

(0)dpq DcDpTqb = (δpaδqc − δqaδpc )DcDpTqb
= DcDaTcb −�(3)Tab

= [Dc,Da]Tcb +Da (DcTcb)−�(3)Tab

= R(0) mc
c a Tmb +R

(0) mc
b a Tcm +Da (DcTcb)−�(3)Tab

= −2Tab +
(
−δcbδma + h

(0)
ab h

(0)mc
)
Tcm +Da (DcTcb)−�(3)Tab

= − (� + 3)Tab +Da (DcTcb) + h
(0)
ab T

c
c . (2.E.25)

Thus, if the tensor Tab is traceless and divergence free, the above expression yields,

curl (curl Tab) = − (� + 3)Tab . (2.E.26)

Since the combination (E(2)
ab − σE

(1)
ab ) and B

(2)
ab are both traceless and divergence free, both

of them satisfy the above identity. A calculation then shows that

curl
(
E

(2)
ab − σE

(1)
ab

)
= −B(2)

ab − 4ε(0) cd
(a (Dcσ)E(1)

b)d . (2.E.27)

On the other hand,

curl B(2)
ab = ε(0) cd

a DcB
(2)
db

= ε(0) cd
a Dc

[
ε
(0)
dpq D

p
(
h

(2)q
b − 2δqbσ

2
)]

= −h(2)
ab + 6σ2h

(0)
ab − h

(0)
ab (DcσDcσ) + 2DaσDbσ − 2σDaDbσ

= E
(2)
ab − σE

(1)
ab . (2.E.28)
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As a result, the evolution equation in terms of the electric part of the Weyl tensor takes the
form (

� + 2
)(

E
(2)
ab − σE

(1)
ab

)
= 4 curl

[
ε
(0) cd

(a

(
Dcσ

)
E

(1)
b)d

]
. (2.E.29)

and equivalently in terms of the magnetic part of the Weyl tensor takes the form

(� + 2)B(2)
ab = 4ε(0)

cd(aE
(1)d
b) D

cσ. (2.E.30)

Eq. (2.C.38) can equivalently be thought of as Eq. (2.E.29) or Eq. (2.E.30). In terms of the
electric and magnetic parts of the Weyl tensor, the second order equations take much simpler
forms. The above analysis is inspired by the corresponding results at spacelike infinity [65,
69,70].
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CHAPTER 3

Horizon hair from Inversion symmetry

3.1 Introduction

In general relativity, diffeomorphisms that preserve fall-off conditions near null infinity give
rise to the infinite-dimensional BMS group [17, 18, 74]. In recent years, it has been shown
that there are closely related infinite-dimensional symmetries consisting of large gauge trans-
formations for quantum electrodynamics (QED) [10,75] in Minkowski spacetime. The gauge
parameter is an arbitrary function on the sphere εI+(z, z̄) at future null infinity. These sym-
metries enable one to view soft photon theorems in QED as associated Ward identities [1].

Related developments have found that stationary black holes also possess an infinite
number of symmetries in the near horizon region [11,49–53,76–84]1,2. Often, the symmetries
are diffeomorphisms that preserve a notion of the near horizon geometry or diffeomorphisms
that preserve a particular geometric structure on the horizon. Typically, a class of these
symmetries is similar to supertranslations at null infinity. It is believed that global charges
associated with supertranslations receive contributions from the horizon as well as from null
infinity. A complete discussion of conservation laws associated with supertranslations requires
a detailed understanding of how the symmetries at the horizon relate to the symmetries at
null infinity. However, the precise relation between the horizon and null infinity symmetries
has not been sufficiently understood. It is therefore of considerable interest to understand,
say, even in a toy model, the relation between the horizon and null infinity symmetries. The
aim of this work is to make progress on this issue in the context of the dynamics of a probe
Maxwell field on the extreme Reissner-Nordström (ERN) black hole spacetime.

1The references are representative of the very large literature on the subject.
2The symmetry groups in the referenced papers do not necessarily coincide. This is so because

different authors preserve different structures: some prefer to preserve a particular geometric structure
on the null surface, whereas others preserve the near horizon geometry. Reference [81] performs the
near-horizon asymptotic symmetry analysis for the Reissner-Nordström black hole in the Einstein-
Maxwell theory.
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To some extent these issues were explored in [1, 11], where electromagnetic soft-hair
shockwaves into the Schwarzschild black hole were considered.3 In these references, the
gauge Av = 0 in advanced Bondi coordinates was used. This gauge is natural in analysing
how excitations from past null infinity relate to excitations near the future horizon. However,
since the advanced Bondi coordinates do not cover future null infinity, the relation between
gauge parameters at future null infinity and the future horizon remains unexplored (at best
indirect).4

The aim of this work is to overcome this shortcoming in a toy model. We hope that the
fundamental ideas will find broader applicability. Our toy model is the dynamics of a probe
Maxwell field on the exterior of the ERN black hole. The ERN background enjoys a discrete
conformal symmetry. The symmetry acts as a spatial inversion interchanging the future event
horizon H+ and future null infinity I+: the Couch-Torrence (CT) inversion symmetry [86].5

This inversion symmetry is the key property of the ERN spacetime used in this work.
The organisation of the rest of the chapter is as follows. The CT symmetry and its action

on a probe Maxwell field is presented in section 3.3. In section 3.4 we present a study of a CT
invariant gauge fixing for the probe Maxwell field on the ERN background. We show that the
CT invariant gauge fixing is closely related to the harmonic gauge in an asymptotic expansion
near null infinity. Specifically, we show that in an asymptotic expansion, the harmonic gauge
condition is compatible with the CT invariant gauge condition. We then analyse the CT
invariant gauge condition near the horizon in an asymptotic expansion. We conclude that at
the future horizon too, the gauge parameter is an arbitrary function on the sphere εH+(z, z̄)
independent of the ingoing Eddington-Finkelstein coordinate v.

How are the two functions εH+(z, z̄) and εI+(z, z̄) related to each other? The CT invariant
gauge condition leads to a fourth order differential equation for the residual gauge parameter.
The fourth order equation is difficult to analyse. Motivated by the results of the previous
sections, namely the usefulness of the harmonic gauge and conformal transformations, we solve
a simpler problem that captures the essential ideas in section 3.5. We study the residual gauge
parameter in the harmonic gauge on a spacetime obtained by a conformal rescaling of the
ERN spacetime. This spacetime has two asymptotically flat ends (two future null infinities):
one representing the future null infinity of the ERN spacetime and the other representing
the horizon. The spacetime has the inversion symmetry. We show that the gauge parameter
smoothly extends from an arbitrary function on the sphere from one null infinity to the other
null infinity in such a way that εH+(z, z̄) = εI+(z, z̄).

In section 3.6 we present an expression for the global charge (often called the Iyer-Wald
charge) for the probe Maxwell field on the ERN spacetime. The charge integral is well defined
when we push the Cauchy surface to I+ ∪H+. The answer is written as a sum of two terms:
one at I+ and the other at H+. We argue that soft electric hairs on the horizon of the ERN

3In a gravitational setting, references [51, 85] consider throwing a soft-hair shockwave into the
Schwarzschild black hole; reference [81] considers soft-hair shockwaves in the Reissner-Nordström
black hole.

4The importance of understanding this relation is emphasised by Chandrasekaran-Flanagan-
Prabhu in [53].

5The CT inversion also interchanges the past event horizonH− and past null infinity I−. However,
for most of the chaper we will be only concerned with the mapping between the future event horizon
and future null infinity.
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Figure 3.1: Under the Couch-Torrence (CT) mapping, a purely ingoing
configuration of a probe Maxwell field on the extreme Reissner-Nordström
(ERN) background (left) is transformed to a purely outgoing configuration
(right) and vice versa. Later in the chapter we show that if the right
configuration carries soft charges at future null infinity, the ingoing left

configuration carries soft charges at the horizon.

spacetime follows from the CT transformation of configurations that have soft electric hairs
at null infinity, and vice versa. This is schematically shown in figure Fig. 3.1.

Finally, in section 3.7 we construct Newman-Penrose and Aretakis like conserved quan-
tities along future null infinity and the future event horizon, respectively. These constants
are related via the CT inversion symmetry. This section is an extension of the corresponding
mapping understood for the massless scalar field on the ERN spacetime.

3.2 Notations and Conventions

In this chapter we use the sign convention (−,+,+,+) throughout. We list some of the
conventions related to this chapter below

• Tensors indices on 4 dimensional spacetimes are denoted by lowercase Roman letters
a, b, c etc.

• The pull back of the Couch-Torrence (CT) map will be denoted by T∗. Tildes, like Ãa,
denote conformally transformed objects.

• The Ricci tensor, Rab is defined by Rab = Rcacb.

3.3 A probe Maxwell field on the extreme RN back-
ground

The ERN solution has a discrete conformal symmetry [86], which acts as a spatial inversion
interchanging the future event horizon H+ and future null infinity I+. The significance of
this inversion map for scalar dynamics has been explored by several authors in the physics



50 Chapter 3. Horizon hair from Inversion symmetry

literature [87–93] and in the mathematical general relativity literature [94]. In this chapter,
we are interested in the significance of this inversion map on the dynamics of a probe Maxwell
field. We are especially interested in the transformation of the probe Maxwell field under this
symmetry.

Let us consider the metric of the 4-dimensional ERN spacetime in static coordinates

ds2 = −
(

1− M

r

)2
dt2 +

(
1− M

r

)−2
dr2 + r2dΩ2

2, (3.3.1)

where dΩ2
2 is the line element of the 2-sphere. Throughout the chapter, we will describe the

metric of the 2-sphere in terms of the complex stereographic coordinates (z, z̄),

dΩ2
2 = 2γzz̄dzdz̄ = 4

(1 + zz̄)2 dzdz̄ . (3.3.2)

The ERN metric in static coordinates admits a discrete conformal symmetry under the CT
transformation,

T : (t , r , z , z̄)→
(
t ,M + M2

r −M
, z , z̄

)
. (3.3.3)

The pull-back of this transformation on the metric acts as a conformal transformation

T∗(g) = ω2g where ω = M

r −M
. (3.3.4)

The transformation equation (Eq. (3.3.3)) is an involution, i.e. T 2 = 1. On the tortoise
coordinate r∗(r), defined by,

r∗(r) = r −M − M2

r −M
+ 2M log

(
|r −M |
M

)
, (3.3.5)

it acts as T : r∗ → −r∗. This, in particular, implies that it interchanges the ingoing and
outgoing Eddington-Finkelstein coordinates v = t+ r∗ and u = t− r∗:

T : u↔ v. (3.3.6)

Hence, it can be concluded that the CT transformation through its action as a spatial inversion
interchanges the future event horizon H+ with future null infinity I+.

Let us now consider a probe Maxwell field on the ERN background. The probe field is
different from the Maxwell field under which the ERN black hole is charged. Let us denote
the probe field by Aa, with the corresponding field strength written as

Fab = ∂aAb − ∂bAa. (3.3.7)

The field satisfies the source-free Maxwell equations

gca∇cFab = 0, (3.3.8)

where ∇a is the covariant derivative. Let us now consider a general conformal transformation
of the spacetime metric gab

gab → g̃ab = Ω2gab , (3.3.9)
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with Ω being the conformal factor. In four spacetime dimensions Maxwell’s equations are
known to be conformally invariant

∇̃aFab → Ω−2∇aFab, ∇̃[aFbc] → ∇[aFbc] (3.3.10)

with conformal weight zero.
Using equation (Eq. (3.3.4)) in equation (Eq. (3.3.8)), it follows that,

0 = ∇aFab = T∗(∇aFab) = ∇aT∗(g)(T∗Fab) = ∇aω2g(T∗Fab) = ω−2(∇a(T∗Fab)). (3.3.11)

Thus, if Fab is a solution of Maxwell’s equations, then so is T∗Fab. Specifically, in coordinates,
if Fab(x) is a given solution in static coordinates xa = {t, r, z, z̄}, then

(T∗Fab)(y) =
(
∂xc

∂ya

)(
∂xd

∂yb

)
Fcd(x), (3.3.12)

is a different solution in static coordinates where ya =
{
t,M + M2

r−M , z, z̄
}
. Since the coor-

dinate transformation only changes the radial coordinate, only the radial components of the
two-form field pick up additional factors. That is, if Fir and Fij for i = t, z, z̄ is a solution,
then so is

Fir(t, r, z, z̄) = − M2

(r −M)2Fir
(
t,M + M2

r −M
, z, z̄

)
, (3.3.13)

Fij(t, r, z, z̄) = Fij
(
t,M + M2

r −M
, z, z̄

)
. (3.3.14)

In terms of ingoing and outgoing coordinates, if Fvr(v, r, z, z̄) and Fzz̄(v, r, z, z̄) are com-
ponents of a given solution in the ingoing Eddington-Finkelstein coordinates then,

Fur(u, r, z, z̄) = − M2

(r −M)2Fvr
(
u,M + M2

r −M
, z, z̄

)
, (3.3.15)

and
Fzz̄(u, r, z, z̄) = Fzz̄

(
u,M + M2

r −M
, z, z̄

)
, (3.3.16)

are the components of a different solution in outgoing Eddington-Finkelstein coordinates.

3.4 Eastwood-Singer Couch-Torrence invariant gauge con-
dition

While solutions of Maxwell’s equations are invariant under conformal transformations, this
property does not extend to arbitrary gauge fixings of the Maxwell field. For instance, as is
well known the harmonic gauge ∇aAa = 0 is not conformally invariant [95]. Under conformal
transformations g̃ab = Ω2gab,

∇aAa → ∇̃aÃa = Ω−2 (∇aAa + 2ΥaAa) , (3.4.1)

where Υa = ∇a ln Ω . Tildes will be used to denote all conformally transformed objects.
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A conformally invariant gauge choice for the source-free Maxwell equations was intro-
duced by Eastwood and Singer [96]:

DaAa := ∇b
(
∇b∇a − Sab

)
Aa = 0 , (3.4.2)

where
Sab = −2Rab + 2

3Rg
ab. (3.4.3)

The invariance of equation (Eq. (3.4.2)) under conformal transformations for the source-
free Maxwell equations can be established via a straightforward, if somewhat, tedious calcu-
lation. Consider ∇b∇aAa and Sab terms separately. The conformal transformation of the
tensor Sab defined in equation (Eq. (3.4.3)) is:

S̃ab = Ω−4
(
Sab + 2∇(aΥb) − 2gab∇cΥc − 4ΥaΥb

)
. (3.4.4)

The conformal transformation of the term ∇b∇aAa is:

∇̃b∇̃aÃa = ∇̃b
(
Ω−2 (∇a + 2Υa) Ãa

)
= Ω−4 (∇b − 2Υb

)
(∇a + 2Υa)Aa (3.4.5)

Combining the above two results, the transformation of DaAa is,

D̃aÃa = ∇̃b
(
∇̃b∇̃a − S̃ab

)
Ãa = ∇̃b

(
Ω−4Vb

)
, (3.4.6)

where

Vb =
(
∇b∇a − Sab

)
Aa + 2

[(
Υa∇b −Υb∇a

)
Aa +Ab∇aΥa −Aa∇aΥb

]
. (3.4.7)

Next we observe that for an arbitrary vector V a,

∇̃b
(
Ω−4V b

)
= Ω−4∇bV b. (3.4.8)

To demonstrate the conformal invariance of the Eastwood-Singer gauge, we use equation
(Eq. (3.4.8)) in the last expression of equation (Eq. (3.4.6)) to find

D̃aÃa = Ω−4∇aVa = Ω−4 (DaAa + 2Υb∇aFab
)

= Ω−4DaAa. (3.4.9)

In arriving at the last equality, we made use of the source-free Maxwell equations ∇aFab = 0.
Thus equation (Eq. (3.4.2)) is invariant under conformal transformations.

This gauge condition is also invariant under the CT transformation on the ERN space-
time. Denoting the CT transformed gauge field as T∗Aa, we have,

T∗ (DaAa) = ∇T∗(g)b

(
∇bT∗(g)∇

a
T∗(g) − T∗(S

ab)
)
T∗Aa = ω−4Da (T∗Aa) = 0, (3.4.10)

where we have used T∗(g) = ω2g from equation (Eq. (3.3.4)). Hence, if Aa is gauge fixed
by equation (Eq. (3.4.2)), then the CT transformed gauge field T∗Aa also satisfies the same
gauge condition.
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We are now in position to discuss the residual gauge transformations for the Eastwood-
Singer gauge. Under the gauge transformationsAa → Aa+∇aε, the expression in (Eq. (3.4.2))
provides the equation satisfied by the residual gauge parameter ε,

Da∇aε = ∇b
(
∇b� +

(
2Rab − 2

3Rg
ab

)
∇a
)
ε = 0 , (3.4.11)

where � = gab∇a∇b = gab (∂a∂b − Γcab∂c) is the D’Alembertian operator on curved space-
times. Equation (Eq. (3.4.11)) simplifies on the ERN spacetime, for which R = 0 and
∇aRab = 0 (from Einstein’s equations). As a result, equation (Eq. (3.4.11)) on the ERN
spacetime becomes

(
�gab + 2Rab

)
∇a∇bε = ��ε+ 2Rab∂a∂bε− 2RabΓcab∂cε = 0. (3.4.12)

This is a fourth-order equation for ε in the exterior of the ERN spacetime. Our interest
in residual gauge transformations is largely in the context of soft charges at the asymptotic
boundaries of the spacetime, namely at future null infinity I+ and the future event horizon
H+. We also note that if ε is a function satisfying (Eq. (3.4.12)) then so is T∗ε.

To investigate possible solutions for ε near I+ we use the ERN metric in outgoing
Eddington-Finkelstein coordinates

ds2 = −
(

1− M

r

)2
du2 − 2dudr + r2dΩ2

2. (3.4.13)

Let us quickly recall the discussion for the harmonic gauge. Inserting the ansatz [1],

ε(r, u, z, z̄) = ε(0)(u, z, z̄) + 1
r
ε(1)(u, z, z̄) + 1

r
f (1)(u, z, z̄) log u

2r
+ 1
r2 ε

(2)(u, z, z̄) + 1
r2 f

(2)(u, z, z̄) log u

2r +O(r−3), (3.4.14)

in the scalar equation �ε = 0, and expanding in powers of large r, we find the following
equations order-by-order in inverse powers of r,

∂uε
(0) = 0, (3.4.15)

∂uf
(1) = −1

2D
2ε(0), (3.4.16)

∂uf
(2) = −1

2D
2f (1), (3.4.17)

∂uε
(2) = 1

2D
2f (1) − 1

2D
2ε(1) − 1

2f
(1) − 1

u
f (2), (3.4.18)

where D2 denotes the Laplacian on the 2-sphere. The first of these equations tells us that
ε(0)(u, z, z̄) is independent of u: ε(0)(u, z, z̄) =: εI+(z, z̄).

Using expansion (Eq. (3.4.14)) and equations (Eq. (3.4.15))–(Eq. (3.4.18)), a calculation
shows that the gauge condition (Eq. (3.4.12)) is satisfied in an expansion in inverse pow-
ers of r. Let us demonstrate how this works. Inserting expansion (Eq. (3.4.14)) in equa-
tion (Eq. (3.4.12)), the leading order term is O(r−3), whereas the last two terms of equa-
tion (Eq. (3.4.12)) start at O(r−6) and O(r−5) respectively. Hence, the last two terms do
not contribute at order O(r−3) and O(r−4). As a result, at these orders, the gauge fixing
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equation simply becomes
��ε = 0. (3.4.19)

At order O(r−3) equation (Eq. (3.4.19)) gives,

∂2
uf

(1) = 0, (3.4.20)

which is consistent with equations (Eq. (3.4.15))–(Eq. (3.4.18)), in this sense that if those
equations are satisfied then (Eq. (3.4.20)) is also satisfied:

∂u(∂uf (1)) = ∂u

(
−1

2D
2(ε(0))

)
= −1

2D
2(∂uε(0)) = 0. (3.4.21)

At order O
(
r−4 log u

2r
)

equation (Eq. (3.4.12)) or (Eq. (3.4.19)) gives,

∂2
uf

(2) + 1
2D

2(∂uf (1)) = 0. (3.4.22)

This is also consistent with equations (Eq. (3.4.15))–(Eq. (3.4.18)) as,

∂2
uf

(2) + 1
2D

2(∂uf (1)) = ∂u

(
∂uf

(2) + 1
2D

2f (1)
)

= 0. (3.4.23)

At order O
(
r−4) the details are a little more cumbersome. One finds,

D2D2ε(0) + 2D2ε(0) + 4M∂uε
(0) + 4

u
D2f (1) + 8∂uf (1) + 4D2(∂uf (1)) + 4D2(∂uε(1))

12∂2
uf

(2) + 16
u
∂uf

(2) − 8
u2 f

(2) + 8∂2
uε

(2) = 0. (3.4.24)

Again, one can check that this equation is consistent with equations (Eq. (3.4.15))–(Eq. (3.4.18)).6

As argued above, if ε is a solution to the gauge condition then so is T∗ε. The expansion
of

ε(r, v, z, z̄) = T∗(ε(r, u, z, z̄)), (3.4.25)

near the horizon takes the form, cf. (Eq. (3.3.3)),

ε̃(r, v, z, z̄) = ε̃(0)(v, z, z̄) + (r −M)
rM

{
ε̃(1)(v, z, z̄) + f̃ (1)(v, z, z̄) log

[
v(r −M)

2rM

]}
+(r −M)2

r2M2

{
ε̃(2)(v, z, z̄) + f̃ (2)(v, z, z̄)

[
v(r −M)

2rM

]}
+O((r −M)3). (3.4.26)

Using ingoing Eddington-Finkelstein coordinates,

ds2 = −
(

1− M

r

)2
dv2 + 2dvdr + r2dΩ2

2, (3.4.27)

and substituting the series expansion (Eq. (3.4.26)) in gauge condition (Eq. (3.4.12)) we find
that the first non-trivial term appears at order (r−M)−1. The conditions at orders (r−M)−1,

6The easiest way to confirm this is to substitute ∂uε(2) in (Eq. (3.4.24)) from (Eq. (3.4.18)).
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log
[
v(r−M)

2rM

]
, and O(1) respectively give,

∂2
v f̃

(1) = 0, (3.4.28)

∂2
v f̃

(2) + 1
2D

2(∂v f̃ (1)) = 0, (3.4.29)

and

D2D2ε̃(0) + 2D2ε̃(0) + 4M∂v ε̃
(0) + 4

v
D2f̃ (1) + 8∂v f̃ (1) + 4D2(∂v f̃ (1)) + 4D2(∂v ε̃(1))

12∂2
v f̃

(2) + 16
v
∂v f̃

(2) − 8
v2 f̃

(2) + 8∂2
v ε̃

(2) = 0. (3.4.30)

These equations are identical to the ones obtained earlier in the expansion near null infinity.
Thus, we conclude that tilde variables satisfying equations (Eq. (3.4.15))–(Eq. (3.4.18)) (with
u replaced with v at all places) determine the gauge parameter for ε̃(r, v, z, z̄) near the horizon
as well. At the horizon limr→M ε̃(r, v, z, z̄) = ε̃(0)(z, z̄) =: εH+(z, z̄): an arbitrary function on
the sphere.

To summarise: near null infinity we take the ansatz (Eq. (3.4.14)) for the gauge parame-
ter. The various functions entering the expansion are taken to satisfy equations (Eq. (3.4.15))–
(Eq. (3.4.18)), which are those for the harmonic gauge choice at null infinity. Such a choice is
consistent with the Eastwood-Singer gauge fixing (Eq. (3.4.12)). Next, using the CT inversion
symmetry of the Eastwood-Singer gauge fixing condition, we obtain expansion (Eq. (3.4.26))
near the horizon. The same functions enter the expansion as near null infinity, except that
at all places u is replaced by v. We conclude that CT inversion allows us to consider gauge
fixing such that at the future horizon too, the gauge parameter is an an arbitrary function on
the sphere independent of v. At this stage the two arbitrary functions on the sphere εH+(z, z̄)
and εI+(z, z̄) are not related. In next section we conjecture that it is natural to expect that
they are the same.

Note that the gauge parameter in the Eastwood-Singer gauge has conformal weight zero.
This is related to it satisfying a specific fourth order differential equation. The gauge param-
eter in the harmonic gauge on the other hand satisfies a second order differential equation. If
we require this equation to be conformally invariant, then the conformal weight of the scalar
should be one.

3.5 Hyperboloidal slicing and a toy model problem

In the previous section we showed that large gauge transformations on ERN spacetime consists
of the union of two types of transformations. First, where the gauge parameter is an arbitrary
function on the sphere independent of v at the horizon. Second, where the gauge parameter is
an arbitrary function on the sphere independent of u at null infinity. The two sets are related
by the CT inversion symmetry. It is natural to ask if there exists a smooth interpolation
between the two.

The Eastwood-Singer residual gauge parameter satisfies a fourth order differential equa-
tion. It is difficult to analyse that equation. As we saw in the previous section, in an
expansion near null infinity the Eastwood-Singer gauge condition is compatible with the har-
monic gauge condition. For this reason, in this section, we study the residual gauge parameter
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Figure 3.2: Schematic drawing of constant s spacelike surfaces in the
ERN background. The surfaces reach future null infinity along u = s out-
going null lines. At the future horizon the surfaces intersect at advanced

time v = s, however, the normal there is timelike.

in the harmonic gauge on a spacetime conformal related to ERN spacetime as a toy model
problem. We do so in a convenient ‘hyperboloidal’ slicing and show that εH+(z, z̄) = εI+(z, z̄)
. We conjecture that the same is true for the Eastwood-Singer gauge parameter in the ERN
spacetime.

The hyperboloidal slices [97,98] parameterised by coordinate s (introduced below) inter-
sect future null infinity along an outgoing null line at the retarded time u = s. They intersect
the future horizon at the advanced time v = s, however, the normal to the s = constant
surfaces at the future horizon is not null; it is timelike. The key point being that the slices
intersect both the future null infinity and the future horizon.

To set up these coordinates, we begin by introducing,

t̃ = t

4M and x = ln
( r

M
− 1
)
, (3.5.1)

in terms of which the metric takes the form,

ds2 = 16M2

(1 + e−x)2

(
−dt̃2 + cosh4

(x
2

)
(dx2 + dΩ2

2)
)
. (3.5.2)

In contrast to the exterior of the ERN, the spacetime described by the line element in the
brackets in equation (Eq. (3.5.2)),

ds̃2 = −dt̃2 + cosh4
(x

2

)
(dx2 + dΩ2

2), (3.5.3)

is geodesically complete with (t̃, x) ∈ R2. The Ricci scalar of this spacetime is zero.
This spacetime has two asymptotically flat ends: x→ ±∞. Asymptotic flatness at these

ends can be seen by introducing, say, ρ = cosh2 (x
2
)

and taking ρ→∞ limit. The reflection
symmetry x ↔ −x is an isometry of the metric ds̃2. The x ↔ −x is a conformal symmetry
of the metric ds2. This symmetry is precisely the CT symmetry discussed in the previous
sections.
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Next we introduce,
s = t̃− 1

2 (cosh x+ ln(2 cosh x)) , (3.5.4)

and foliate the spacetime by hyperboloidal surfaces of constant s. These surfaces are called
hyperboloidal as their asymptotic behavior is similar to standard hyperboloids in Minkowski
spacetime [98]. These surfaces are spacelike. The ERN metric in coordinates (s, x, θ, φ) takes
the form,

gss = −g, gxs = −1
2g(sinh x+ tanh x), (3.5.5)

gxx = g cosh4
(x

2

)
sech2(x), gzz̄ = 2g

(1 + zz̄)2 . (3.5.6)

where we denote the conformal factor as,

g(x) = 16M2

(1 + e−x)2 . (3.5.7)

The inverse metric components take the form

gss = −g−1sech2(x), gxs = −2g−1sech x tanh
(x

2

)
, (3.5.8)

gxx = g−1sech4
(x

2

)
gzz̄ = 1

2g
−1(1 + zz̄)2. (3.5.9)

From the component gss it follows that the normal to the constant s surface na has the
norm,

n · n = gss = − 1
4M2

(1 + ex)2

(1 + e2x)2 . (3.5.10)

The norm goes to zero as x→∞. Let us calculate the value of u where s = const hypersurface
intersects future null infinity as x→∞:

u = t− r∗ = 4Mτ −
(
r −M − M2

r −M
+ 2M ln

( r

M
− 1
))

, (3.5.11)

= 2M
(

2s+ e−x + ln
[

2 cosh x
ex

])
. (3.5.12)

Thus,
u→ 4Ms as x→∞. (3.5.13)

The s = const hypersurface approaches a finite point at null infinity as x → ∞. A similar
calculation shows,

v = t+ r∗ = 2M (2s+ ex + ln [2 cosh x ex]) . (3.5.14)

Thus,
v → 4Ms as x→ −∞. (3.5.15)

i.e., along the s = const hypersurface we approach a finite point at the future horizon x →
−∞. The norm of the normal n · n approaches −1/(4M2) as x → −∞. The slices are
schematically shown in figure Fig. 3.2. In the unphysical spacetime ds̃2 the slices become
symmetrical with respect to the left and right null infinities. This is shown in figure Fig. 3.3.
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Figure 3.3: Schematic drawing of constant s spacelike surfaces in
the conformally rescaled ERN background described by the line element
(Eq. (3.5.3)). A constant s surface reaches the right future null infinity
along the outgoing null line u = s and the left future null infinity along

the ingoing null line v = s.

We consider the toy model problem (the residual gauge transformations for the harmonic
gauge),

�̃ε = 0, (3.5.16)

on the spacetime conformally related to the ERN spacetime described by metric (Eq. (3.5.3)).
Introducing r̃ ∈ (−∞,∞) such that,

r̃ =
∫

cosh2
(x

2

)
dx = x

2 + sinh(x)
2 , (3.5.17)

and then ρ ∈ (−∞,∞) such that,

t̃ = τ
√

(1 + ρ2), (3.5.18)

r̃ = ρτ, (3.5.19)

metric (Eq. (3.5.3)) takes the form,

ds̃2 = −dτ2 + τ2
(

dρ2

1 + ρ2 + τ−2f(ρ, τ)2dΩ2
2

)
. (3.5.20)

The function f(ρ, τ) is an implicit function of coordinates ρ, τ ,

f(ρ, τ) = cosh2
(
x(ρ, τ)

2

)
. (3.5.21)

Consider the constant τ slice, say, τ = 1. The metric induced on the slice is

ds2
slice = dρ2

1 + ρ2 + f(ρ, τ = 1)2dΩ2
2. (3.5.22)

A graph of f(ρ, τ) as a function of ρ on the τ = 1 slice is shown in figure Fig. 3.4. In
the limit ρ→ ±∞, function f(ρ, τ = 1) behaves as limρ→±∞ f(ρ, τ = 1)→ |ρ|. Thus, in the
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Figure 3.4: A graph of f(ρ, τ) as a function of ρ on the τ = 1 slice.

ρ → ±∞ limit the slice is asymptotically Euclidean AdS3. The slice has two asymptotically
AdS3 ends.7 On the τ = 1 slice consider

ε(ρ, θ, φ) =
∞∑
l=0

εl(ρ)Ylm. (3.5.23)

The resulting equation for the function εl(ρ) for a fixed l is,

(1 + ρ2)f(ρ)2ε′′l (ρ) + f(ρ)((2(1 + ρ2)f ′(ρ) + ρf(ρ)))ε′l(ρ)− l(l + 1)εl(ρ) = 0. (3.5.24)

In the asymptotic region ρ→∞, the “non-normalisable” solution goes as,

εl(ρ) ∼ ρl 2F1

(
1 + 1

2 l,
1
2 l; l + 3

2;−ρ2
)
, (3.5.25)

which becomes a constant in the ρ → ∞ limit. With a numerical integration, it can be
readily seen that as ρ goes from negative to positive values a symmetric εl(ρ) can be found to
smoothly interpolate between the same constant values as ρ→ ±∞. Thus, by summing over
spherical harmonics it follows that for this toy model problem, the gauge parameter functions
ε(z, z̄) at the two null infinities can be taken to be identical. We conjecture that the same
can be done for the Eastwood-Singer gauge condition at the future horizon and future null
infinity in the ERN spacetime.

Two comments are in order here. First, we have presented the above discussion on the
τ = 1 slice, but in fact the discussion is independent of any fixed value of τ . To see this note
that for any fixed τ , the induced metric on the constant τ slice is

ds2
τ = τ2

(
dρ2

1 + ρ2 + τ−2f(ρ, τ)2dΩ2
2

)
, (3.5.26)

where the function f(ρ, τ) is given in equation (Eq. (3.5.21)). Apart from an overall scaling,
the relevant property to understand is the behavior of τ−1f(ρ, τ) as a function of ρ. In terms

7Additional motivation for working with such a slicing and harmonic gauge fixing comes from the
success of such an approach at timelike infinity in flat space [99]. Working in the harmonic gauge,
Campiglia and Laddha showed that the angle-dependent large gauge transformations introduced at
future null infinity have a natural extension in the interior. The slices then can be pushed to timelike
infinity. The gauge transformations at timelike infinity have a well defined action on the asymptotic
phase space of massive particles, and the resulting Ward identities are found to be equivalent to
Weinberg’s soft photon theorem.
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of the variable x it is clear that

{
ρ, τ−1f(ρ, τ)

}
=
{

1
τ

(
x

2 + sinh(x)
2

)
,

1
τ

cosh2
(x

2

)}
. (3.5.27)

Figure Fig. 3.4 is precisely the parametric plot for τ = 1 of
{

1
τ

(
x
2 + sinh(x)

2

)
, 1
τ cosh2 (x

2
)}

.
For τ 6= 1 both the x and y axes of the graph get rescaled by a factor of 1

τ . In particular,
for any τ in the limit ρ→ ±∞, τ−1f(ρ, τ) goes as ρ. Thus, τ = constant slices all have two
asymptotically AdS3 ends.

Second, in the τ →∞ limit the metric

ds2
i+ = dρ2

1 + ρ2 + τ−2f(ρ, τ)2dΩ2
2, (3.5.28)

can be thought of as the blow up of the point i+ for the spacetime described by metric
(Eq. (3.5.3)).8 It can be readily checked that for any finite ρ 6= 0, τ−1f(ρ, τ) behaves as ρ in
the τ →∞ limit. In the neighbourhood of ρ = 0 it smoothly interpolates between the ρ > 0
and the ρ < 0 AdS3 regions.

Studies on interpolating asymptotic dynamics between two different asymptotic regions
include [100, 101]. The toy model example studied in this section calls for a corresponding
study in four-dimensional asymptotically flat settings.

3.6 Horizon hair and soft charges

For the Maxwell field on flat spacetime, it is now well appreciated that there exists large gauge
transformations parametrised by arbitrary non-vanishing gauge parameters on the asymptotic
sphere at null infinity [1,10,102]. As a consequence, there exist an infinite number of boundary
symmetry charges [53,72]. In this section we present an expression for the global charge (often
called the Iyer-Wald charge) for the probe Maxwell field on the ERN spacetime.

For the electromagnetic field, with Lagrangian,

L = −1
4

∫ √
−gFabFabd4x, (3.6.1)

the symplectic form as an integral over an arbitrary Cauchy surface Σ is,

Ω (A , δ1A , δ2A) = −
∫

Σ

(
δ1A

bδ2Fab − δ2Abδ1Fab
)
na
√
hd3x, (3.6.2)

where na is the future pointing unit normal to Σ. The total charge as the generator of gauge
transformations is given as,

δQε = Ω (A , δA , δεA) . (3.6.3)

One finds,
Qε =

∫
Σ
∇b (εFab)na

√
hd3x. (3.6.4)

On black hole spacetimes and in the absence of massive particles, a choice of Cauchy
surface is I+ ∪H+. The Cauchy surface I+ ∪H+ can be reached by taking the t→∞ limit

8The blow-up in the sense of Ashtekar-Hansen [37]. For a recent discussion of this blow-up in the
context of BMS-supertranslations at spacelike infinity see [42].
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of constant t Cauchy surfaces Σt for the exterior of the ERN black hole. In previous sections,
we argued that εH+(z, z̄) = εI+(z z̄): the gauge parameter is the same function of the sphere
coordinates at I+ and at H+. As a result, the charge integral (Eq. (3.6.4)) is well defined
when we push the Cauchy surface to I+ ∪H+. The total integral splits into two parts,

Qε := lim
{Σt→I+∪H+}

∫
Σ
∇b (εFab)na

√
hd3x (3.6.5)

=
∫
I+
∇b (εFab)na

√
hd3x+

∫
H+
∇b (εFab)na

√
hd3x (3.6.6)

= QI
+

ε +QH
+

ε . (3.6.7)

In outgoing Eddington-Finkelstein coordinates (Eq. (3.4.13)), na
√
hd3x = δaur

2γzz̄dudzdz̄.

With boundary conditions,

Fij (u , r , z , z̄) = F
(0)
ij (u , z , z̄) +O

(
1
r

)
, (3.6.8)

Fir (u , r , z , z̄) = 1
r2F

(0)
ir (u , z , z̄) +O

(
1
r3

)
, (3.6.9)

where i, j collectively stand for (u, z, z̄), the integrand at I+ becomes

∇b (εFab)na
√
h = −γzz̄ ε0 (z , z̄) ∂uF (0)

ru + ∂z

(
ε0 (z , z̄)F (0)

uz̄

)
+ ∂z̄

(
ε0 (z , z̄)F (0)

uz

)
. (3.6.10)

Hence the QI+

ε contribution in equation (Eq. (3.6.7)) takes the form,

QI
+

ε = −
∫
I+
dudzdz̄ γzz̄ ε0 (z , z̄) ∂uF (0)

ru (u , z , z̄) , (3.6.11)

where ε0 (z , z̄) is the limiting value of ε on approaching I+. Equation (Eq. (3.6.11)) is the
known expression for the soft charge on asymptotically flat spacetimes in terms of a volume
integral over I+ [1, 10].

In ingoing Eddington-Finkelstein coordinates, the integrand of equation (Eq. (3.6.4)) at
H+ (r = M), becomes na

√
hd3x = δavM

2γzz̄dvdzdz̄. With the boundary conditions,

Fij (v , r , z , z̄) = F̄
(0)
ij (v , z , z̄) +O(r −M), (3.6.12)

Fir (v , r , z , z̄) = 1
M2 F̄

(0)
ir (v , z , z̄) +O(r −M), (3.6.13)

where i, j now collectively stand for (v, z, z̄), the integrand at H+ becomes

∇b (εFab)na
√
h = γzz̄ ε0 (z , z̄) ∂vF̄ (0)

rv + ∂z

(
ε0 (z , z̄) F̄ (0)

vz̄

)
+ ∂z̄

(
ε0 (z , z̄) F̄ (0)

vz

)
. (3.6.14)

Hence, QH+

ε contribution to equation (Eq. (3.6.7)) takes the form,

QH
+

ε =
∫
H+

dvdzdz̄ γzz̄ ε0 (z , z̄) ∂vF̄ (0)
rv (v , z , z̄) , (3.6.15)

in terms of a volume integral over H+.
Now we can see that the horizon soft charges follow from the CT dual of the null in-

finity soft charges. We first note from equation (Eq. (3.6.9)) that the CT transformation of
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r2Fru (u , r , z , z̄) is,

T∗
(
r2Fru (u , r , z , z̄)

)
= T∗

(
F (0) (u , z , z̄) +O

(
1
r

))
(3.6.16)

At leading order in (r −M), this becomes, via equation (Eq. (3.3.15)),

M2Frv (v , r , z , z̄) = −F (0) (v , z , z̄) +O
(
r −M
M

)
. (3.6.17)

Note that after the transformation, the function F (0) has arguments (v , z , z̄), but it is oth-
erwise the same function. As a result,

QH
+

ε = −
∫
H+

dvdzdz̄ γzz̄ ε0 (z , z̄) ∂vF (0) (v , z , z̄) (3.6.18)

= T∗
[∫
I+
dudzdz̄ γzz̄ ε0 (z , z̄) ∂uF (0) (u , z , z̄)

]
= T∗

(
QI

+

ε

)
. (3.6.19)

Hence soft electric hair on the horizon of the ERN spacetime follow from the CT transforma-
tion on the soft electric hair at null infinity. This is schematically shown in figure Fig. 3.1.

It is natural to expect that the conservation law in the present setting takes the form

QI
+

ε +QH
+

ε = QI
−

ε +QH
−

ε . (3.6.20)

If not on the ERN spacetime, it should be possible to make precise the conservation law
following [103] on the spacetime with two asymptotic flat ends considered in section 3.5.

3.7 Aretakis and Newman-Penrose constants

In this section, we write expressions for Aretakis and Newman-Penrose constants for a probe
Maxwell field in an ERN background and relate them via the inversion symmetry. This
discussion is an extension of the scalar analysis of refs. [88–92]; and is largely independent of
the discussion of the previous sections.

We start with the spherical harmonics decomposition of the Maxwell field Aa in the
outgoing Eddington-Finkelstein coordinates cf. (Eq. (3.4.13)). Expanding various components
of the Maxwell field in appropriate scalar and vector spherical harmonics we have both even
(−1)l and odd (−1)l+1 parity terms, Aadxa = Aodd

a dxa +Aeven
a dxa, as

Aodd
a dxa =

∑
lm

αlm
(
∂zY

lmdz − ∂z̄Y lmdz̄
)
, (3.7.1)

Aeven
a dxa =

∑
lm

(
flmY

lmdu+ hlmY
lmdr + κlm(∂zY lmdz + ∂z̄Y

lmdz̄)
)
, (3.7.2)

where Ylm are the standard scalar spherical harmonics satisfying,

2γzz̄∂z∂z̄Y lm = −l(l + 1)Y lm. (3.7.3)

The coefficients in the decomposition, αlm , flm , hlm and κlm are functions of r, u. For now
we restrict ourselves to l ≥ 1, we comment on the l = 0 case separately below. Even and
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odd parity perturbations can be fully described by one gauge invariant variable each. These
variables satisfy a decoupled wave equation [104] of the form,

2∂u∂rψl − ∂r (grr∂rψl) + l(l + 1)
r2 ψl = 0 , (3.7.4)

in outgoing Eddington-Finkelstein coordinates, and of the form,

2∂v∂rψl + ∂r (grr∂rψl)−
l(l + 1)
r2 ψl = 0 , (3.7.5)

in ingoing Eddington-Finkelstein coordinates. For the odd parity perturbation ψl = αlm and
for the even parity perturbation ψl = 1

l(l+1)r
2(∂uhlm − ∂rflm). A small calculation shows

that,

Fodd
zz̄ = −2αlm∂z∂z̄Y lm, (3.7.6)

Feven
ur = (∂uhlm − ∂rflm)Y lm. (3.7.7)

Thus the ψl entering in the above equations are essentially (upto numerical factors) the
magnetic component Fzz̄ for the odd parity field and r2 times the electric field component
Fur for the even parity field. Let us denote the even and odd parity fields as ψ+

l and ψ−l . In
situations where the distinction is not relevant, we simply denote the two fields collectively
as ψl.

We first demonstrate that the wave equation (Eq. (3.7.5)) in ingoing Eddington-Finkelstein
coordinates admits an infinite tower of Aretakis constants, one for each l at H+. Our con-
struction parallels the corresponding discussion in section 6.2 of [89]. Let f(r) be a smooth
function that is non-vanishing at the horizon, and without loss of generality we set the func-
tion f(r)

∣∣
r=M = 1. Multiplying equation (Eq. (3.7.5)) by r2f(r) and differentiating l times

with respect to r and evaluating at r = M we deduce that,

Al[ψl] = M l−1

(l + 1)! [∂
l
r(r2f(r)∂rψ)]

∣∣∣∣
r=M

, (3.7.8)

is conserved along H+ for l > 0, provided the derivatives of the function f(r) at r = M are
related by the following set of equations,

f (k)
∣∣∣
r=M

= − 2(l − k)
2l + 1− k

(
r−1f

)k−1
∣∣∣
r=M

, (3.7.9)

for 1 ≤ k ≤ l. Equations (Eq. (3.7.9)) determine the constants f (k)
∣∣∣
r=M

recursively. The
Aretakis constants (Eq. (3.7.8)) only depend on these derivatives and are independent of the
specific choice of the function f(r). A rich class of configurations can be described by an
expansion in powers of (r −M) near the horizon as,

ψl(v, r) =
∞∑
k=0

ak(v) (r −M)k

Mk
. (3.7.10)
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We can readily calculate the form of the Aretakis charges for the solution of the form
(Eq. (3.7.10)). It gives,

Al = al + al+1 for l ≥ 1. (3.7.11)

We now construct the Newman-Penrose constants. A rich class of configurations can be
described as an expansion in inverse powers of r near null infinity in outgoing coordinates as,

ψl(u, r) =
∞∑
k=0

bk(u)
(
M

r

)k
. (3.7.12)

Inserting this expansion into equation (Eq. (3.7.4)) and looking at successive inverse powers
of r gives a set of linear equations. These equations can be expressed concisely in terms of
Pascal matrices as first discussed in [92]. We follow the same strategy. For a given l we look
at the set of equations in powers of r coming from the first l + 2 terms in the expansion
(Eq. (3.7.12)), i.e., the first l + 1 equations involving b0, b1, . . . , bl, bl+1. We organise these
equations using (l + 1) × (l + 1) matrices whose components are labelled by i = 0, 1, . . . , l.
We consider the vector b whose components are bi, and the vector ḃ+ whose components are
(ḃ+)i = ∂ubi+1. The equations of motion can then be summarised as

MNlḃ+ = [ 1
2 l(l + 1)− Pl]b, (3.7.13)

where Nl is the diagonal matrix (Nl)ij = (i + 1)δij and Pl is a lower triangular matrix with
entries (Pl)ij = 1

2 i(i+ 1)δi,j − (i2 − 1)δi,j+1 + 1
2 (i− 2)(i+ 1)δi,j+2.

The matrix Pl can be diagonalised as

Pl = LlTlL−1
l , (3.7.14)

where Tl is a diagonal matrix with entries (Tl)ij = 1
2 i(i+1)δi,j . The matrix Ll can be written

as a product of two matrices Jl and L̃l, Ll = JlL̃l. The matrix Jl has components

(Jl)ij = (i+ 1)δi,j , (3.7.15)

while L̃l has components,

L̃l =
(

1 0
0 i−1Cj−1

)
, for 1 ≤ i, j ≤ l, (3.7.16)

where pCq are the binomial coefficients. The (L̃l)ij components for i, j ≥ 1 are those of the
Pascal matrices [105]. The inverse of Ll is thus L−1

l = (L̃l)−1J−1
l , where J−1

l has components
(J−1
l )ij = 1

i+1δi,j , while (L̃l)−1 has components

L̃l =
(

1 0
0 (−1)i+j−2 · i−1Cj−1

)
, for 1 ≤ i, j ≤ l, (3.7.17)

It follows that
ML−1

l Nlḃ+ = [ 1
2 l(l + 1)− Tl]L−1

l b. (3.7.18)

Since, the last component of the matrix Tl is 1
2 l(l + 1), the right hand side of the last
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component of this matrix equation is zero. It implies conservation of (L−1
l Nlb+)l. A short

calculation shows that this quantity is,

Nl =
l∑
i=1

(−1)l+i−2 · l−1Ci−1bi+1, for l ≥ 1, (3.7.19)

∂uNl = 0. (3.7.20)

The constants Nl at null infinity are called the Newman-Penrose constants. Newman and
Penrose in [106] wrote their expressions as surface integrals over I+ for arbitrary l. They can
be seen to be related to the constants derived above.

Let us now comment on the l = 0 mode. For l = 0 we only have the even field component,

Aeven
a = (f00(u, r), h00(u, r), 0, 0) . (3.7.21)

This provides only one Maxwell field component,

Fur = (∂uh00 − ∂rf00) =: β00. (3.7.22)

Maxwell’s equations simply become,

∂r
(
r2β00

)
= 0,

∂u (β00) = 0. (3.7.23)

These equations have the solution
β00 = c

r2 , (3.7.24)

where c is a constant — the electric charge. A similar analysis holds for the ingoing Eddington-
Finkelstein coordinates. Thus, the l = 0 Aretakis constant and the l = 0 Newman-Penrose
can be taken to be the electric charge.

We now discuss how the Aretakis charges map to Newman-Penrose charges under the
CT transformation. To do so, we recall that a solution of the probe Maxwell field near I+

can be determined from a known solution at H+ and vice-versa. The CT transformation on
Fru acts as, cf. (Eq. (3.3.15)),

T∗
(
r2Frudrdu

)
→ −T∗

(
r2Frv

)
drdv, (3.7.25)

and the other non-radial components of the electromagnetic field are unaffected. As a result,
the even parity field ψ+

l picks up an additional minus sign and the odd parity field remains
the same. With this understanding, let us now work out the CT transformation of the class
of configurations described by equation (Eq. (3.7.10)). We have,

ψl(u, r) = T∗ψl(v, r) = T∗

( ∞∑
k=0

ak(v)
(
r −M
M

)k)

=
∞∑
k=0

ak(u)
(
M

r

)k (
1− M

r

)−k
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=
[
a0 + a1

M

r
+ (a1 + a2)

(
M

r

)2
+ (a1 + 2a2 + a3)

(
M

r

)3
+ · · ·

]
. (3.7.26)

Comparing equation (Eq. (3.7.26)) with equation (Eq. (3.7.12)), we find the transformation
between coefficients ai and bi,

b = L̃la, (3.7.27)

which implies,
b+ = Lla+, (3.7.28)

where Ll is simply the lower triangular Pascal matrix. In the discussion after equation
(Eq. (3.7.18)) we noted that the (l+1)-th component of the column matrix L−1

l Nlḃ+ provides
the Newman-Penrose constants. It then follows that the Newman-Penrose constants for the
transformed solutions are the (l + 1)-th component of the vector,

L−1
l NlLla+. (3.7.29)

A short calculation gives the Newman-Penrose constants for the transformed configuration
as

Nl = al + al+1, (3.7.30)

which are nothing but the Aretakis constants.
Finally, let us discuss the time-independent solutions of the scalar wave equation. We

consider the wave equation in {t , r , z , z̄} coordinates. For l ≥ 1, the odd and even parity
equations both take the form,

[
−∂2

t + ∂2
r∗

]
ψl(t, r) = grr

l (l + 1)
r2 ψl(t, r). (3.7.31)

The l 6= 0 time independent solutions of equation (Eq. (3.7.31)) are

ψl(r) = 1
(r −M)l+1 ((l + 1) r −M) , (3.7.32)

ψl(r) = (r −M)l(M + lr). (3.7.33)

Under the CT transformation, one static solution goes to the other,

T∗
(
(r −M)l(M + lr)

)
= M2l+1

(r −M)l+1 ((l + 1) r −M) . (3.7.34)

3.8 Conclusions

In this chapter, we have investigated certain properties of solutions of a probe Maxwell field
on the exterior of the extreme Reissner-Nordström (ERN) black hole spacetime. We demon-
strated in section 3.3 that Maxwell’s equations are invariant under the Couch-Torrence (CT)
transformation of the spacetime, which maps the future null infinity to the future event
horizon and vice versa. This in particular implies that asymptotic solutions of Maxwell’s
equations at null infinity can be mapped to analogous solutions near the event horizon.
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In section 3.4, we showed that the Eastwood-Singer conformally invariant gauge fixing [96]
is invariant under the CT symmetry of the spacetime. In Eddington-Finkelstein coordinates,
using the known asymptotic solutions of the residual gauge parameters at null infinity [1,10],
we demonstrated that solutions of the residual gauge parameters near the future event horizon
have the same exact form as the solutions at null infinity.

This raises the interesting question on whether there exists a smooth interpolation in the
bulk between solutions of the residual gauge parameters at the future event horizon and at
future null infinity. We argued in the affirmative for the existence of such an interpolation
through our analysis in section 3.5. In this section, we mostly studied a toy model problem.
It will be interesting to further understand these bulk interpolating solutions. More gener-
ally, it will be interesting to understand asymptotic symmetries for spacetimes with two (or
more) asymptotically flat ends. Studies on interpolating asymptotic dynamics between two
different asymptotic regions in the context of AdS3 spacetimes include [100, 101]. The toy
model example studied in this chapter calls for a corresponding study in four-dimensional
asymptotically flat settings.

We investigated conserved charges for the probe Maxwell field on the ERN spacetime
in section 3.6. We used the expression for the Iyer-Wald charge to define globally conserved
charges for the probe Maxwell field on arbitrary Cauchy slices of the spacetime. One such
slice is the union of the future null infinity and the future event horizon. We argued that, soft
electric charges on the horizon of the ERN spacetime follow from the CT transformation on
the soft electric charges at null infinity. Soft electric charges on the event horizon are often
called soft horizon hair. This is schematically shown in figure Fig. 3.1.

Finally, in section 3.7 we constructed Newman-Penrose and Aretakis like constants along
future null infinity and the future event horizon, respectively. We showed that these constants
are related via the CT inversion symmetry.
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CHAPTER 4

Spin dependent Gravitational tail memory in D = 4

4.1 Introduction

The observation of the permanent displacement between the mirrors of the gravitational
wave detector relative to their initial distance after the passage of full gravitational radiation
produced from an astrophysical scattering event is known as gravitational memory. Non-
oscillatory sources, e.g. scattering of two un-bounded compact objects in hyperbolic orbit
contributes to ”linear memory”, which can be read off from the matter energy-momentum
tensor determined in terms of the trajectories of the scattered objects [7, 107, 108]. In com-
panion with this, there will also be ”non-linear memory” due to gravitational radiation from
the gravitational waves produced during the scattering process, which can be read off study-
ing gravitational energy-momentum tensor [109–113]. The nonlinear memory effect is always
present for any gravitational scattering process whether it is bounded or not. In the recent fu-
ture there is a hope of direct detection of gravitational memory in the upcoming gravitational
wave detectors [114,115].

In recent years, there has been a proposal of another kind of gravitational memory known
as ”tail memory”, which describes how the mirrors of a gravitational wave detector behaves
at large retarded time before reaching their permanent displaced position [116–120]. The late
and early time gravitational waveforms responsible for gravitational tail memories are first
conjectured from the classical limit of soft graviton theorem with some infrared regulator
prescription [117, 121, 122], and then derived explicitly in the name of classical soft graviton
theorem [118,119]. It has also been shown that these late and early time behaviours of gravi-
tational waveform are related to the radiative mode of low frequency gravitational waveform
via Fourier transformation in the frequency variable. In [118, 119], the setup considered for
the scattering event is schematically described in Fig. 4.1. Consider M number of objects are
coming in from asymptotic past with masses {m′a}, momenta {p′a}, spins {Σ′a} going through
some unspecified interaction within region R of spacetime size L and disperse to N number of
objects with masses {ma}, momenta {pa}, spins {Σa}. These incoming and outgoing objects
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can also be massless radiations. We choose the origin of coordinate system (i.e. scattering
centre) well inside this region R and we place the gravitational wave detector at a distance
R from this origin, along the direction n̂.

Figure 4.1: The setup of the gravitational scattering event.

Now we define the deviation of metric from Minkowski background as:

hµν(x) ≡ 1
2
(
gµν(x)− ηµν

)
, eµν(x) ≡ hµν(x)− 1

2ηµνη
αβhαβ(x) (4.1.1)

The time Fourier transform of the trace reversed metric is defined as:

ẽµν(ω, ~x) =
∫ ∞
−∞

dt eiωt eµν(t, ~x) (4.1.2)

With this scattering setup the goal is to determine the radiative mode of ẽµν(ω,Rn̂) in the
frequency range R−1 << ω << L−1. In [118,119] the first three non-analytic contribution in
ω → 0 limit has been evaluated which behave like ω−1, lnω and ω(lnω)2 and the coefficients
depend only on the incoming and outgoing momenta and n̂. These low-frequency gravita-
tional waveforms contribute to DC gravitation memory, u−1 tail memory, and u−2 ln u tail
memory respectively. To derive these results the authors developed an iterative prescription
of solving the geodesic equation of scattered objects and Einstein equation treating gravita-
tional constant G as an iterative parameter. Since GMω is a dimensionless quantity in the
unit where speed of light is unity, expansion in the power of ω is equivalent to expansion in
the power of G, where M represents the mass or momentum of scattered objects. Generaliz-
ing this prescription the structure of leading non-analytic contribution in each iterative order
has been conjectured in [119], which has been summarized in the second column of the table
given in Fig. 4.2.
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Figure 4.2: This table summarizes different orders of low frequency
gravitational waveform ẽµν(ω,R,n) in ω → 0 limit [written in green]
and their relations to post-Minkowskian (PM) expansion. It also de-
scribe how the late and early time gravitational waveform eµν(u,Rn̂)
behaves at large retarded time u [written in blue]. The spin dependent
order ω lnω gravitational waveform indicated inside the blue cell is the

primary interest of this chapter.

If the scattered objects carry spin Σ, along with GMω there will be another dimensionless
quantity GΣω2. This simple dimensional analysis tells us that the spin dependence of grav-
itational waveform at any iterative order in G will carry an extra factor of ω relative to
the spin-independent leading non-analytic contribution at that order. With this observation,
from the table in Fig. 4.2 we see that at the order G of the gravitational waveform, spin
dependence appears at order ω0. Since the order ω0 term is analytic in ω → 0 limit it does
not contribute to displacement kind of memory [123]. Now in the next iterative order i.e. in
the order G2 of the gravitational waveform the spin dependence comes at order ω lnω, which
is non-analytic in ω → 0 limit and contributes to order u−2 tail memory1. The existence of
spin-dependent u−2 tail memory was first pointed out in the subsection-(5.3) of [119], using
some naive analysis of matter and gravitational energy-momentum tensor, indicated within
the blue cell in the table of Fig. 4.2. From the table, it is also clear that the spin-dependent
order ω lnω waveform is not exact, but receives corrections from order G3 as well. The order
G3 correction to ω lnω gravitational waveform is expected to be spin-independent.

In this chapter, our main goal is to derive the ω lnω gravitational waveform at order G2

and the gravitational tail memory it predicts. The main result of the chapter is summarised
in Eq. (4.3.9) and Eq. (4.3.10). In section 4.3 we make a conjecture on the ω lnω gravita-
tional waveform from the classical limit of sub-subleading soft graviton theorem and discuss
various applications of the result in different limits. Then in section 4.4 we derive the ω lnω

1Here we want to emphasize that the order u−2 tail memory is there even for the scattering of
non-spinning objects as GLω2 for L being the orbital angular momentum of the scattered object, is
also a dimensionless quantity like GΣω2. Hence in our final result of order u−2 tail memory, setting
the spins of the scattered objects to zero, one can read off the result of the gravitational waveform
for non-spinning object’s scattering.
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gravitational waveform directly for a classical scattering process without any reference to soft
graviton theorem. Various appendices discuss intermediate steps required in the analysis of
section 4.4. Finally, in section 4.5 we conclude the chapter by discussing the novel features
of our result, its theoretical and observational importance, and possibility of re-derivation of
our result with other available prescriptions in the literature.

4.2 Notations and Conventions

In this chapter we use the sign convention (−,+,+,+) throughout. We list some of the
conventions related to this chapter below

• Tensor indices on 4 dimensional spacetimes are denoted by lowercase Greek letters
µ, ν, α, β etc.

• Gr(k) denotes the momentum space retarded Green’s function for the scalar d’Alembertian
in Minkowski spacetime.

4.3 Prediction of spin dependent gravitational waveform
from classical limit of soft graviton theorem

Emboldened by the success of predicting long wavelength gravitational waveform and gravi-
tational tail memory from classical limit of quantum soft graviton theorem at subleading and
sub-subleading orders [117, 118], here we proceed to conjecture the leading spin dependent
gravitational tail memory in D = 4 spacetime dimensions.

In spacetime dimensions D > 4, the universal piece of quantum soft graviton operator
up to sub-subleading order takes the following form [124]:

Sgruni =
M+N∑
a=1

[
εµνp

µ
ap
ν
a

pa.k
+ εµνp

µ
akρĴρνa
pa.k

+ 1
2
εµνkρkσĴρµa Ĵσνa

pa.k

]
(4.3.1)

Note that we have not included the non-universal piece in the sub-subleading soft factor
which is determined in terms of non-minimal coupling of hard particle field to soft graviton
field via Riemann tensor along with the three point 1PI vertex involving two hard particles
and a soft graviton [124]. In the above expression of soft graviton operator ε represents the
polarization tensor of the soft graviton with momentum k = ωn, where ω is the energy of the
outgoing soft graviton. The scattering process involves M number of ingoing hard particles
and N number of outgoing hard particles. Momentum of hard particle-a is denoted by pa

and angular momentum operator is given by:

Ĵµνa ≡ pνa
∂

∂paµ
− pµa

∂

∂paν
+ Σ̂µν

a (4.3.2)

where Σ̂µν
a represents the quantum spin generator of Lorentz group for hard particle-a. We are

following the convention that the outgoing particles carry positive energy and the incoming
particles carry negative energy.

From the classical limit of quantum soft graviton theorem up to sub-subleading order
in D=4, we get the following radiative mode of gravitational waveform with frequency ω at
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distance R = |~x| from the scattering centre [117,121,122]:

ẽµν(ω, ~x) = (−i) 2G
R

eiωR exp
[
− 2iG ln{(ω + iε)R}

N∑
b=1

pb.k
]

×
M+N∑
a=1

[
pµap

ν
a

pa.k
− i p

(µ
a kρJρν)

a

pa.k
− 1

2
εµνkρkσJρµa Jσνa

pa.k

]
(4.3.3)

where Jµνa is the classical angular momentum of particle-a expressed in terms of trajectory
Xa and classical spin Σa of particle-a by the following relation:

Jµνa = Xµ
a p

ν
a −Xν

ap
µ
a + Σµνa (4.3.4)

In Eq. (4.3.3), the symmetrization convention we are following is: A(αBβ) ≡ 1
2 (AαBβ +

AβBα). It is well known that in four spacetime dimensions the asymptotic trajectories of the
scattered particles receive logarithmic correction due to long range gravitational force [117,
122] (e.g. if the asymptotic trajectory of particle-a is represented by Xµ

a (σ) = rµa+vµaσ+Y µa (σ)
for proper time σ, then Ya(σ) behaves like ln |σ| for σ → ±∞ ). So following the prescription
of [117, 122], if we replace ln |σ| by − ln(ω + iεηa) in the classical angular momentum of
Eq. (4.3.3), it predicts the correct gravitational waveform, which has been independently
verified in [118, 119] up to sub-subleading order non-spinning particle scattering. Here once
again using the same prescription, from Eq. (4.3.3) we get,

ẽµν(ω, ~x)

= (−i) 2G
R

eiωR exp
[
− 2iG ln{(ω + iε)R}

N∑
b=1

pb.k
]

×

[
M+N∑
a=1

pµap
ν
a

pa.k
+
M+N∑
a=1

p
(µ
a kρ
pa.k

{(
pν)
a

∂

∂paρ
− pρa

∂

∂paν)

)
Kcl
gr − i

(
rρap

ν)
a − rν)

a p
ρ
a + Σρν)

a

)}

+ 1
2

M+N∑
a=1

kρkσ
pa.k

{(
pµa

∂

∂paρ
− pρa

∂

∂paµ

)
Kcl
gr − i

(
rρap

µ
a − rµapρa + Σρµa

)}

×

{(
pνa

∂

∂paσ
− pσa

∂

∂paν

)
Kcl
gr − i

(
rσap

ν
a − rνapσa + Σσνa

)} ]
(4.3.5)

where the expression of Kcl
gr is given by [119]:

Kcl
gr = − i2 (8πG)

∑
b,c
b6=c

∫ L−1

ω

d4`

(2π)4 Gr(`)
1

pb.`+ iε

1
pc.`− iε

{
(pb.pc)2 − 1

2p
2
bp

2
c

}

= − i2 (2G)
∑
b,c
b 6=c

ηbηc=1

ln
{
L(ω + iεηb)

} (pb.pc)2 − 1
2p

2
bp

2
c√

(pb.pc)2 − p2
bp

2
c

(4.3.6)

In the above expression ηb = +1 if the particle-b is outgoing and ηb = −1 if the particle-b is
ingoing in the scattering event. In the expression of Kcl

gr, L−1 denotes the UV energy scale
and for the value of ω below this UV scale our result for the gravitational waveform can be
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trusted. Roughly, the length scale L ' |ra − rb| is of the order of the impact parameters for
a scattering event involving un-bounded hyperbolic orbits of compact objects.

Now expanding the exponential in small ω limit we find the following order O(ω lnω)
contribution of the gravitational waveform at order G2:

∆(ω lnω)
(G2) ẽµν(ω, ~x) = (−i) 2G

R
exp

{
iωR− 2iG lnR

N∑
b=1

pb.k
}[
− 2G ln{ω + iε}

N∑
b=1

pb.k

×
M+N∑
a=1

p
(µ
a kρ
pa.k

(
rρap

ν)
a − rν)

a p
ρ
a + Σρν)

a

)
− i2

M+N∑
a=1

kρkσ
pa.k

{(
pµa

∂

∂paρ
− pρa

∂

∂paµ

)
Kcl
gr ×

(
rσap

ν
a − rνapσa + Σσνa

)
+
(
pνa

∂

∂paσ
− pσa

∂

∂paν

)
Kcl
gr ×

(
rρap

µ
a − rµapρa + Σρµa

)}]
(4.3.7)

Explicitly the above equation can be written in terms of incoming scattering data {p′a,Σ′a, r′a}
and outgoing scattering data {pa,Σa, ra} in the following way:

∆(ω lnω)
(G2) ẽµν(ω,R,n)

= G2

R
exp

{
iωR− 2iGω lnR

N∑
b=1

pb.n
}

×

[
4iω ln(ω + iε)

N∑
b=1

pb.n
{

N∑
a=1

p
(µ
a nρ
pa.n

(
rρap

ν)
a − rν)

a p
ρ
a + Σρν)

a

)
−

M∑
a=1

p
′(µ
a nρ
p′a.n

(
r
′ρ
a p
′ν)
a − r

′ν)
a p

′ρ
a + Σ

′ρν)
a

)}

+iω ln(ω + iε)
N∑
a=1

N∑
b=1
b 6=a

pa.pb
[(pa.pb)2 − p2

ap
2
b ]3/2

{2(pa.pb)2 − 3p2
ap

2
b}

nρnσ
pa.n{

(pµap
ρ
b − p

ρ
ap
µ
b )(rσapνa − rνapσa + Σσνa ) + (pνapσb − pσapνb )(rρapµa − rµapρa + Σρµa )

}
+iω ln(ω − iε)

M∑
a=1

M∑
b=1
b6=a

p′a.p
′
b

[(p′a.p′b)2 − p′2a p
′2
b ]3/2

{2(p′a.p′b)2 − 3p
′2
a p
′2
b }

nρnσ
p′a.n

{
(p
′µ
a p
′ρ
b − p

′ρ
a p
′µ
b )(r

′σ
a p
′ν
a − r

′ν
a p
′σ
a + Σ

′σν
a ) + (p

′ν
a p
′σ
b − p

′σ
a p
′ν
b )(r

′ρ
a p
′µ
a − r

′µ
a p
′ρ
a + Σ

′ρµ
a )

}]
(4.3.8)

where kµ = ωnµ = ω(1, n̂) with n̂ being the unit vector denoting the direction of gravita-
tional radiation. For the scattering of non-spinning objects, we can read off the order ω lnω
gravitational waveform after setting Σa = 0 and Σ′a = 0 in the above relation.

4.3.1 Spin dependent tail memory
Performing Fourier transform in ω variable of expression in Eq. (4.3.8), we find the following
expressions for late and early time gravitational waveforms:

∆(1/u2)
(G2) eµν(u, ~x = Rn̂)
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= −
G2

R

1
u2

[
4
N∑
b=1

pb.n

{ N∑
a=1

p
(µ
a nρ
pa.n

(
rρap

ν)
a − r

ν)
a p

ρ
a + Σρν)

a

)
−

M∑
a=1

p
′(µ
a nρ
p′a.n

(
r′ρa p

′ν)
a − r

′ν)
a p′ρa + Σ′ρν)

a

)}

+
N∑
a=1

N∑
b=1
b 6=a

pa.pb

[(pa.pb)2 − p2
ap

2
b
]3/2 {2(pa.pb)2 − 3p2

ap
2
b}

nρnσ
pa.n

{
(pµapρb − p

ρ
ap
µ
b

)(rσapνa − rνapσa + Σσνa )

+ (pνapσb − p
σ
ap
ν
b )(rρapµa − rµapρa + Σρµa )

}]
, for u→ +∞ (4.3.9)

∆(1/u2)
(G2) eµν(u, ~x = Rn̂)

=
G2

R

1
u2

M∑
a=1

M∑
b=1
b 6=a

p′a.p
′
b

[(p′a.p′b)2 − p′2a p′2b ]3/2 {2(p′a.p′b)
2 − 3p′2a p′2b }

nρnσ
p′a.n{

(p′µa p′ρb − p
′ρ
a p
′µ
b

)(r′σa p′νa − r′νa p′σa + Σ′σνa ) + (p′νa p′σb − p
′σ
a p
′ν
b )(r′ρa p′µa − r′µa p′ρa + Σ′ρµa )

}
,

for u→ −∞ (4.3.10)

where retarded time u is given by u = t − R + 2G lnR
N∑
b=1

pb · n . The above expressions

predict the order u−2 tail memory along with the known order u−1 and u−2 ln u tail memories.
For non-spinning object scattering the order O(u−2) tail memory is non-vanishing and can
be read off by setting Σa = 0 and Σ′a = 0 in the above expressions. At this stage the order
O(u−2) gravitational tail memory seems to be non-universal even at order G2, as the result
depends not only on the asymptotic data i.e. incoming and outgoing momenta and spins of
scattered objects but also on the choice of the region R through ra. Let us fix two particular
time slices before and after the scattering event such that before and after this time, the value
of the kinetic energy of all the particles exceeds the value of their potential energy due to
interaction among themselves. This way we can fix the boundary of the region R. In our
notation this boundary corresponds to σ = 0 for the particle’s trajectory i.e. Xa(σ = 0) = ra.
Now if we want to change our definition of region R to a different time slice say σ = σ0, it
would not affect our result above as under this choice ra will be shifted by ra+ pa

ma
σ0 and that

does not affect (rαa pβa − rβapαa ) combination. Hence this property suggests that in principle, it
is possible to write the result only in terms of the asymptotic data. As a piece of evidence,
consider a special case of 2→ 2 scattering event where object-1 is very heavy and object-2 is
a probe of small mass and suppose they scatter with a large impact parameter. Now for this
process, if we choose the scattering centre at the origin of object-1, then r1 = 0 and r2 is the
impact parameter which can be determined in terms of asymptotic scattering data.

4.3.2 Spin dependent tail memory rewritten

Consider a classical scattering process where out of N outgoing objects Ñ number of objects
are massive and rest are massless radiation including gravitational wave. For this process
in [120], it has been shown that the late time gravitational memory at order u−1 and u−2 ln u
can be fully expressed in terms of the momenta of incoming massive objects, incoming massless
radiation and outgoing massive objects only. So the information about outgoing massless
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radiation is not needed to compute the late time gravitational memory at order u−1 and
u−2 ln u. In this subsection, we show that the late time gravitational memory at order u−2,
given in Eq. (4.3.9) can also be rewritten in such a way that it would not carry any information
of outgoing massless radiation.

We denote the momenta of outgoing massive objects by p̃a, the spins of outgoing massive
objects by Σ̃a and the coordinates of the intersection points with the boundary of region R
of outgoing massive objects by r̃a for a = 1, · · · , Ñ . Then after some manipulation using
conservation of asymptotic momenta and asymptotic angular momenta the expression in
Eq. (4.3.9) can be rewritten as:

∆(1/u2)
(G2) eµν(u, ~x = Rn̂)

= −G
2

R

1
u2

[
4
Ñ∑
b=1

p̃b.n
{

Ñ∑
a=1

p̃
(µ
a nρ
p̃a.n

(
r̃ρap̃

ν)
a − r̃ν)

a p̃
ρ
a + Σ̃ρν)

a

)}

−4(P ′ · n)
{

M∑
a=1

p
′(µ
a nρ
p′a.n

(
r′ρa p

′ν)
a − r′ν)

a p′ρa + Σ′ρν)
a

)}

+
Ñ∑
a=1

Ñ∑
b=1
b 6=a

p̃a.p̃b
[(p̃a.p̃b)2 − p̃2

ap̃
2
b ]3/2

{2(p̃a.p̃b)2 − 3p̃2
ap̃

2
b}

nρnσ
p̃a.n

{
(p̃µa p̃

ρ
b − p̃

ρ
ap̃
µ
b )(r̃σa p̃νa − r̃νa p̃σa + Σ̃σνa )

+ (p̃νap̃σb − p̃σa p̃νb )(r̃ρap̃µa − r̃µa p̃ρa + Σ̃ρµa )
}

−4P̃ (µ nρ
Ñ∑
a=1

(
r̃ρap̃

ν)
a − r̃ν)

a p̃
ρ
a + Σ̃ρν)

a

)
+4P ′(µ nρ

M∑
a=1

(
r′ρa p

′ν)
a − r′ν)

a p′ρa + Σ′ρν)
a

)]
, for u→ +∞ (4.3.11)

where P ′µ =
M∑
a=1

p′µa and P̃µ =
Ñ∑
a=1

p̃µa . The above expression does not carry any information
about massless outgoing radiation.

Now consider binary blackhole merger process, where there is only one incoming object
(i.e. M = 1) which is the bound state of two blackholes and in the final state there are one
massive blackhole (i.e. Ñ = 1) and lots of gravitational radiation. Hence for this process the
third and fourth lines after the equality vanishes in Eq. (4.3.11). Also the first term within
the square bracket cancels the second last term as well as the second term within the square
bracket cancels the last term in Eq. (4.3.11). Hence the late time gravitational memory at
order G2u−2 given in Eq. (4.3.11) vanishes for blackhole merger process. But as discussed in
the introduction, the u−2 tail memory receives correction at order G3, which has not been
derived or conjectured yet. So we do not know whether order G3u−2 memory also vanishes
or not for blackhole merger process.

Now let us consider a gravitational scattering process where all the incoming and outgoing
objects are massless particles/radiation. For this event after using conservation of asymptotic
momenta and asymptotic angular momenta, the expression in Eq. (4.3.9) and Eq. (4.3.10)
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takes the following simple form:

∆(1/u2)
(G2) eµν(u→ +∞, ~x = Rn̂) = − ∆(1/u2)

(G2) eµν(u→ −∞, ~x = Rn̂)

= −4G2

R

1
u2

[
P ′(µnρ

(
r′ρa p

′ν)
a − r′ν)

a p′ρa + Σ′ρν)
a

)
− (P ′ · n)

M∑
a=1

p
′(µ
a nρ
p′a.n

(
r′ρa p

′ν)
a − r′ν)

a p′ρa + Σ′ρν)
a

)]
(4.3.12)

From the above expression it is clear that for massless particle scattering the order O(G2u−2)
gravitational tail memory is completely determined in terms of the scattering data of ingoing
particles only. So the result is independent of scattering angles even if the ingoing massless
particles/radiation form a blackhole along with some massless gravitational radiation in the
final state. In [120] this feature has been established for u−1 and u−2 ln u tail memories as
well.

4.4 Derivation of spin dependent gravitational waveform

We consider a classical scattering process where M number of spinning macroscopic objects
come in from asymptotic past, go through some complicated process involving fusion, split-
ting etc. within a finite region of spacetime R, and finally disperse to N number of objects
including finite energy radiation flux as shown in Fig. 4.1. For this kind of scattering event,
we are interested in determining the late and early time gravitational waveform, which is also
related to the radiative mode of low-frequency gravitational waveform via Fourier transfor-
mation in the time variable. We choose the region R to be sufficiently large so that outside
this region only long-range gravitational interaction is present. Let us consider the size of
the spacetime region R to be L. Now we choose the scattering centre well inside the region
R and place the gravitational wave detector at a distance R from the scattering centre along
the direction n̂. With this setup we want to determine the 1

R component of the gravitational
waveform with frequency ω within the range R−1 << ω << L−1.

We proceed by defining the deviation of the metric from flat background and it’s trace
reversed component in the following way,

hµν(x) ≡ 1
2
(
gµν(x)− ηµν

)
, eµν(x) ≡ hµν(x)− 1

2ηµνη
αβhαβ(x) (4.4.1)

In the above expression η represents the Minkowski metric in mostly positive signature. In
several literatures including [118,121,122,125,126] the following relation between the radiative
mode of gravitational waveform and the Fourier transform of the total energy-momentum
tensor has been derived in four spacetime dimensions:

ẽµν(ω,R, n̂) ' 2G
R

eiωR T̂µν(k) (4.4.2)

where under ' sign, we are neglecting the terms with higher powers of R−1. In the relation
above ~x = Rn̂, k = ω(1, n̂) ≡ ωn and the gravitational radiation is considered to be outgoing.
The expressions of ẽµν and T̂µν are given by,

ẽµν(ω, ~x) =
∫ ∞
−∞

dt eiωt eµν(t, ~x) (4.4.3)
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T̂µν(k) =
∫
d4x e−ik.x Tµν(x) + boundary terms at ∞ (4.4.4)

where Tµν(x) is the total (matter + gravitational) energy-momentum tensor which appears
in the RHS of linearised Einstein’s equation. In the above relation the Fourier transform of
energy-momentum tensor is defined inside the region |~x| << R or equivalently we may need
to add appropriate boundary terms at∞ to make the integral well defined [118,121,122,126].

4.4.1 General setup and strategy

Consider the incoming particles have masses {m′a}, velocities {v′a}, momenta {p′a = m′av
′
a}

and spins {Σ′a} at asymptotic past for a = 1, 2, · · · ,M and the outgoing particles have
masses {ma}, velocities {va}, momenta {pa = mava} and spins {Σa} at asymptotic future
for a = 1, 2, · · · , N . Let X ′a(σ) denotes the trajectory of the incoming particles in the affine
parameter range −∞ < σ ≤ 0 for a = 1, 2, · · · ,M and Xa(σ) denotes the trajectory of the
outgoing particles in the affine parameter range 0 ≤ σ <∞ for a = 1, 2, · · · , N . Now to treat
incoming and outgoing particles uniformly, we treat the incoming particles as extra outgoing
particles under the following identifications:

mN+a = m′a , v
µ
N+a = −v′µa , pµN+a = −p′µa , ΣµνN+a = −Σ

′µν
a , Xµ

N+a(σ) = X
′µ
a (−σ)

for a = 1, 2, · · · ,M and 0 ≤ σ <∞ (4.4.5)

The trajectories and spins of the scattered objects satisfy the following boundary conditions,

Xµ
a (σ = 0) = rµa ,

dXµ
a (σ)
dσ

∣∣∣∣∣
σ→∞

= vµa , (4.4.6)

and Σµνa (σ)
∣∣∣
σ→∞

= Σµνa for a = 1, 2, · · · ,M +N . (4.4.7)

with ra being the coordinate on the boundary of region R, where the trajectory of a’th
particle intersects. Now outside the region R, the movement of the scattered objects can be
well captured by the following matter energy-momentum tensor [126–137]2,

TXαβ(x) =
M+N∑
a=1

∫ ∞
0

dσ

[
ma

dXα
a (σ)
dσ

dXβ
a (σ)
dσ

δ(4)(x−Xa(σ)
)]

+
M+N∑
a=1

√
−det g(x) ∇γ

[∫ ∞
0

dσ
dX

(α
a (σ)
dσ

Σβ)γ
a (σ)

δ(4)(x−Xa(σ)
)√

−det g(x)

]
+ · · · (4.4.9)

where unspecified “ · · · ” terms contain two or more covariant derivatives derivatives operating
on the σ integral containing delta function and carry the information of the internal structures
of the macroscopic objects in terms of gravitational multipole moments and tidal responses,

2We are using the following definition of energy-momentum tensor for the world-line action SX :

TXαβ(x) = 2 δSX
δgαβ(x) , (4.4.8)

which differs from the canonical definition of energy-momentum tensor by a multiplicative factor of√
−det g.
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which will not affect our result to the order we are working in. The symmetrization convention
used above is defined as: A(αBβ) = 1

2
(
AαBβ +AβBα

)
. Now using the definition of covariant

derivative on a rank-3 tensor and the property Γγγδ = 1√
−det g

∂δ
(√
−det g

)
, the above matter

energy-momentum tensor simplifies to:

TXαβ(x) =
M+N∑
a=1

∫ ∞
0

dσ

[
ma

dXα
a (σ)
dσ

dXβ
a (σ)
dσ

δ(4)(x−Xa(σ)
)

+dX
(α
a (σ)
dσ

Σβ)γ
a (σ) ∂γδ(4)(x−Xa(σ)

)
+ Γ(α

γδ(Xa(σ))dX
δ
a(σ)
dσ

Σβ)γ
a (σ)δ(4)(x−Xa(σ)

)]
(4.4.10)

With the above matter energy-momentum tensor, we have to solve Einstein equation to derive
the background metric,

√
−det g

(
Rαβ − 1

2R gαβ

)
= 8πG TXαβ (4.4.11)

We also have to solve geodesic equation and the equation for the time evolution of spin as
given below [133,134,136,138–141]:

d2Xα
a (σ)

dσ2 + Γαβγ(Xa(σ))dX
β
a (σ)
dσ

dXγ
a (σ)
dσ

= − 1
2ma

Rα νρσ(Xa(σ))Σρσa (σ)dX
ν
a (σ)
dσ

(4.4.12)
dΣµνa (σ)
dσ

+ Γµαβ(Xa(σ))Σαν(σ)dX
β
a (σ)
dσ

+ Γναβ(Xa(σ))Σµα(σ)dX
β
a (σ)
dσ

= 0 (4.4.13)

The above equations follow from Mathisson-Papapetrou equations with some correction terms,
which are explicitly derived in appendix-4.A. Also in appendix-4.A the above equations has
beed derived demanding the covariant conservation of the canonical version of the matter
energy-momentum tensor in Eq. (4.4.10).

Now in terms of trace reversed metric fluctuation the Einstein’s equation Eq. (4.4.11)
takes the following form:

ηρσ∂ρ∂σe
αβ(x) = −8πG

(
TXαβ(x) + Thαβ(x)

)
≡ −8πG Tαβ(x) (4.4.14)

where Thαβ(x) is the gravitational energy-momentum tensor defined as,

Thαβ ≡ − 1
8πG

[√
−det g

(
Rαβ − 1

2R gαβ

)
+ ηρσ∂ρ∂σe

αβ

]
(4.4.15)

Now we briefly sketch the strategy of our computation:

• We solve the equations Eq. (4.4.14), Eq. (4.4.12) and Eq. (4.4.13) iteratively considering
gravitational constant G as an iterative parameter, in post-Minkowskian(PM) sense.

• At zeroth iterative order we set the initial value of the metric fluctuation eµν(x) = 0
and consider the scattered objects travel in asymptotic linearised trajectory Xµ

a (σ) =
rµa + vµaσ with constant value of spin Σµνa (σ) = Σµνa .
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• Next, the Fourier transform of matter energy-momentum tensor given in Eq. (4.4.10)
is computed keeping the terms up to subleading order in ω expansion. We divide the
integration region in Eq. (4.4.4) into two parts: one the inside of region R denoted by
|~x| ≤ L, where we only need to use the conservation of energy-momentum tensor, and
another the outside of region R denoted by |~x| ≥ L, where we only need to use the
linearized trajectory approximation of scattered objects [126].

• Now using Eq. (4.4.2) we can read off order O(G) gravitational waveform up to sublead-
ing order in small ω. Here the leading contribution in small ω expansion contributes
to gravitational DC memory after Fourier transformation in time variable. But the
subleading terms in ω expansion which depends on spin, does not contribute to dis-
placement kind of memory as it is analytic in ω → 0 limit.

• In the first iterative order we use the O(G) metric fluctuation as background metric
and solve geodesic equation Eq. (4.4.12) with boundary condition Eq. (4.4.6) to find the
correction to linearised trajectory. At this order we also need to solve the spin evolution
equation Eq. (4.4.13) with boundary condition Eq. (4.4.7).

• Now using this corrected trajectory, spin correction and order O(G) background metric
we compute the first iterative correction to the matter and gravitational energy mo-
mentum tensor outside region R3. This first iterative correction to energy-momentum
tensor contributes to non-analytic terms as ω → 0 at order O(ωn lnω) for n ≥ 0 along
with analytic terms.

• Using Eq. (4.4.2) with the corrected energy-momentum tensor we get the order O(G2)
gravitational waveform. At this order the leading non-analytic contribution in small ω
expansion behaves like lnω and this has been evaluated in [118], which contributes to
u−1 tail memory. So in this article our main goal is to systematically evaluate the order
ω lnω contribution to the gravitational waveform which turns out to be spin dependent
and after Fourier transform contributes to u−2 tail memory as first time pointed out
in [119].

• Now if we do the analysis in the next iterative order i.e. at order O(G3) of gravitational
waveform, we see that it corrects the order ω lnω gravitational waveform [119]. Possibly
there might be corrections also from order O(Gn) for n ≥ 4 to order ω lnω gravitational
waveform, which seems to be absent by naive dimensional analysis (e.g. see table in
Fig. 4.2). Hence in our analysis we are only able to derive the order ω lnω contribution
of gravitational waveform at order O(G2). So our result should be thought of as 2PM
contribution of order ω lnω gravitational waveform, which is also equivalent to 2PM
contribution of order u−2 gravitational tail memory.

3Since at this order we are only interested to extract the non-analytic terms in ω for ω−1 >> L,
Fourier transform of energy-momentum tensor inside the regionR does not contribute to non-analytic
terms in ω.
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4.4.2 Order O(G) gravitational waveform

In this subsection we review the analysis of [126] in four spacetime dimensions4, which is
necessary for our analysis of next subsection. Following the strategy, let ∆(0)T̂

X
< denotes

the contribution of Fourier transform of Eq. (4.4.10) inside region R and ∆(0)T̂
X
> denotes the

contribution of Fourier transform of Eq. (4.4.10) outside region R at order O(G0).
After using integration by parts the Fourier transform of Eq. (4.4.10) outside region R

becomes,

T̂Xαβ> (k) =
M+N∑
a=1

∫ ∞
0

dσ e−ik.Xa(σ)

[
ma

dXα
a (σ)
dσ

dXβ
a (σ)
dσ

+ i
dX

(α
a (σ)
dσ

Σβ)γ
a kγ

+ Γ(α
γδ(Xa(σ))dX

δ
a(σ)
dσ

Σβ)γ
a (σ)

]

−
M+N∑
a=1

∫ ∞
0

dσ

∫
d4x δ(|~x| − L)δ(4)(x−Xa(σ)) e−ik.Xa(σ)

× dX
(α
a (σ)
dσ

Σβ)γ
a ñγ (4.4.16)

where ñα '
(
0, ~x|~x|

)
is the outward unit vector on the boundary ∂R. In the last two lines we get

the boundary contribution using
∫
|x|≥L d

4x ∂γA
αβγ(x) = −

∫
d4x δ(|~x| −L)ñγAαβγ(x). Now

to evaluate the boundary contribution(last two lines) of the above expression with trajectory
Xa(σ) = ra + vaσ, we first do the integration over x using the delta function δ(4)(x−Xa(σ)),
which substitutes x = ra + vaσ everywhere inside the integrand. Now we do the σ integral
using the delta function δ(|~ra+~vaσ|−L), which contributes to 1/(va.ña) where ñαa =

(
0, ~ra|~ra|

)
.

There is no modulus sign in the contribution from delta function as for outgoing particles
va.ña is positive. Hence from Eq. (4.4.16) we get5,

∆(0)T̂
Xαβ
> (k) =

M+N∑
a=1

e−ik.ra

[
mav

α
a v

β
a

i(va.k − iε)
+ v

(α
a Σβ)γ

a kγ
va.k − iε

]

−
M+N∑
a=1

e−ik.ra
1

ña.va
v(α
a Σβ)γ

a ñaγ

= (−i)
M+N∑
a=1

[
pαap

β
a

pa.k − iε
+ i

p
(α
a Σβ)γ

a kγ
pa.k − iε

− ik.ra
pαap

β
a

pa.k − iε

]

−
M+N∑
a=1

1
ña.pa

p(α
a Σβ)γ

a ñaγ + O(ω) (4.4.17)

where in the last two lines we only kept the terms up to subleading order in ω expansion and
used pa = mava. The iε prescription is fixed demanding the finiteness of T̂X from the ∞
range of σ integration.

4There are some sign differences relative to [126] due to the fact that we are considering the
velocities of outgoing particles to be positive, where as there the velocities of outgoing particles were
considered to be negative.

5Here we ignore the term containing Christoffel connection inside the square bracket of
Eq. (4.4.16), as it will not contribute at order O(G0).
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Now to derive the Fourier transform of matter energy-momentum tensor inside the region
R, let us start with:

−ikαT̂Xαβ< (k) =
∫
|x|≤L

d4x
∂

∂xα

[
e−ik.x

]
TXαβin (x)

=
∫
d4x δ(|~x| − L) e−ik.x ñαTXαβin (x) (4.4.18)

where TXαβin (x) represent the matter energy-momentum tensor inside region R which is not
same as Eq. (4.4.10) in general. To get the second line from the first line above, we use
integration by parts and consider the conservation law of matter energy-momentum tensor
∂αT

Xαβ
in = 0 at linearized order. Since the full contribution is written as just a boundary

term on ∂R, TXin will match with the expression in Eq. (4.4.10) at the boundary. So in the last
line above we substitute the expression Eq. (4.4.10) in place of TXin and then do integration
by parts to remove the derivative over the delta function. Finally after performing the x
integration using the delta function, we get6

−ikαT̂Xαβ< (k) =
M+N∑
a=1

∫ ∞
0

dσ e−ik.Xa(σ) ñα

[
δ
(
| ~Xa(σ)| − L

)
ma

dXα
a

dσ

dXβ
a

dσ

−ñγδ′
(
| ~Xa(σ)| − L

)dX(α
a

dσ
Σβ)γ
a + ikγδ

(
| ~Xa(σ)| − L

)dX(α
a

dσ
Σβ)γ
a

]
(4.4.19)

Now we want to evaluate the above expression using asymptotic linearized trajectory Xa(σ) =
ra + vaσ. To do that we have to use the following two identities of delta function:

δ
(
|~ra + ~vaσ| − L

)
= 1
ña.va

δ(σ) , δ′
(
|~ra + ~vaσ| − L

)
= 1

(ña.va)2 δ
′(σ) (4.4.20)

Hence using these properties and performing the σ integration we get,

−ikα∆(0)T̂
Xαβ
< (k)

=
M+N∑
a=1

e−ik.ra

[
pβa −

i

2
k.va
ña.va

Σβγa ñaγ + i

2Σβγa kγ + i

2
vβa
ña.va

ñaαΣαγa kγ

]

=
M+N∑
a=1

[
− ik.ra pβa −

i

2
k.pa
ña.pa

Σβγa ñaγ + i

2Σβγa kγ + i

2
pβa

ña.pa
ñaαΣαγa kγ

]
+O(ω2)

(4.4.21)

Now from the above expression after stripping out the kα and using total angular momentum
conservation relation

∑
a

(
Σαβa + rαa p

β
a − rβapαa

)
= 0 we get7,

∆(0)T̂
Xαβ
< (k) =

M+N∑
a=1

[
r(α
a p

β)
a + p

(α
a

ña.pa
Σβ)γ
a ñaγ

]
+ O(ω) (4.4.22)

6Again here we are ignoring the term containing Christoffel connection as it will not contribute
at order O(G0) in the analysis of T̂Xαβ(k).

7The stripping out of kα is unique up to this order as illustrated in [126].
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Summing over the contributions of Eq. (4.4.17) and Eq. (4.4.22) we find the following order
O(G0) Fourier transformed energy-momentum tensor:

∆(0)T̂
Xαβ(k) = (−i)

M+N∑
a=1

1
(pa.k − iε)

[
pαap

β
a + ip(α

a J
β)γ
a kγ

]
+ O(ω) (4.4.23)

where Jβγa = rβap
γ
a − rγapβa + Σβγa is the total classical angular momentum tensor of particle-a.

Here we can see that neither rµa nor Σµνa are unambiguously defined as there exists transfor-
mation rµa → rµa + cµa and Σµνa → Σµνa − cµapνa + cνap

µ
a , under which total angular momentum

Jµνa remains invariant. So to give an unambiguous covariant definition of spin angular mo-
mentum we are using paµΣµνa = 0 from the beginning, which is known as Tulczyjew-Dixon
spin supplementary condition [131,142].

Now using the relation Eq. (4.4.2) we get the radiative mode of gravitational waveform
at order O(G) up to subleading order in ω expansion,

∆(0)ẽ
µν(ω,R, n̂) ' −i2G

R
eiωR

M+N∑
a=1

1
(pa.k − iε)

[
pµap

ν
a + ip(µ

a J
ν)ρ
a kρ

]
(4.4.24)

Now performing Fourier transform in time variable we get,

∆(0)e
µν(u,R, n̂) ' −2G

R

M+N∑
a=1

[
pµap

ν
a

pa · n
H(u) − p

(µ
a J

ν)ρ
a nρ

pa · n
δ(u)

]
(4.4.25)

where u = t−R is the retarded time and H(u) is the Heaviside theta function. Above the first
term within the square bracket contributes to gravitational DC memory [7,107,108,110–113,
116, 118, 123, 143, 144]. On the other hand the second term which depends on spin angular
momenta does not contribute to displacement gravitational memory as it is localized near
u = 08. Hence to derive the leading spin dependent memory we need to go to next iterative
order and hope to get a spin dependent non-analytic contribution in small ω from the Fourier
transform of energy-momentum tensor.

4.4.3 Order O(G2) gravitational waveform

Due to the asymptotic linearized trajectory of scattered object-b, the metric fluctuation can
be read off from the solution of linearized Einstein equation Eq. (4.4.11) with the momentum
space energy-momentum tensor Eq. (4.4.23),

h
(b)
αβ(x) = −(8πG)

∫
d4`

(2π)4 ei`·x Gr(`)
1

i(pb.`− iε)

[
pbαpbβ −

1
2p

2
bηαβ

+ ipb(αJb,β)γ`
γ − i

2p
δ
bJb,δγ`

γηαβ

]
(4.4.26)

where Gr(`) is the momentum space retarded Greens function given as Gr(`) = {(`0 + iε)2 −
~̀2}−1. We should denote the above metric fluctuation as ∆(0)h

(b)
αβ following our convention,

8But this angular momenta dependent term can contribute to a different kind of ‘spin memory’
induced by radiative angular momentum flux [123, 145, 146]. This order O(ω0) term in the grav-
itational waveform receives corrections from order O(Gn) for n ≥ 2 which turns out to be theory
dependent and depends on the structures of scattered objects. So the full (all PM order) contribution
of order O(ω0) gravitational waveform is non-universal [118,119].
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but just to reduce notational complexity we remove the ∆(0) piece. The Christoffel connection
for the metric above is given by,

Γ(b)µ
νρ (x)

= − (8πG)
∫

d4`

(2π)4 ei`.x Gr(`)
1

pb.`− iε

[
`ν

(
pbρp

µ
b −

1
2δ

µ
ρ p

2
b

)
+ `ρ

(
pbνp

µ
b −

1
2δ

µ
ν p

2
b

)
− `µ

(
pbνpbρ −

1
2p

2
bηνρ

)]
−i(8πG)

∫
d4`

(2π)4 ei`.x Gr(`)
1

pb.`− iε

[
`νpb(ρJ

µ)α
b `α + `ρpb(νJ

µ)α
b `α − `µpb(νJb,ρ)α`α

−1
2

(
`νδ

µ
ρ + `ρδ

µ
ν − `µηνρ

)
pδbJb,δγ`

γ
]

(4.4.27)

Now due to the non-flat background metric, consider the leading correction to the asymptotic
straight-line trajectory of particle-a outside the region R to be,

Xµ
a (σ) = rµa + vµaσ + Y µa (σ) (4.4.28)

with boundary conditions:

Y µa (σ)
∣∣∣∣∣
σ=0

= 0 , and dY µa (σ)
dσ

∣∣∣∣∣
σ→∞

= 0 (4.4.29)

Similarly due to the non-flat background metric, there will also be a correction of spin outside
the region R, which is given by,

Σµνa (σ) = Σµνa + Sµνa (σ) (4.4.30)

with boundary condition:

Sµνa (σ) = 0 , for |σ| → ∞ (4.4.31)

Now the order O(G) contribution of Y µa (σ) and Sµνa (σ) satisfies the equations below, which
follows from Eq. (4.4.12) and Eq. (4.4.13).

d2Y µa (σ)
dσ2 = −Γµνρ(ra + vaσ)vνav

ρ
a −

1
2ma

(
∂ρΓµνσ(ra + vaσ)− ∂σΓµνρ(ra + vaσ)

)
Σρσa vνa

dSµνa (σ)
dσ

= −Γµσρ(ra + vaσ)Σρνa vσa + Γνσρ(ra + vaσ)Σρµa vσa (4.4.32)

where Γµνρ(ra + vaσ) =
M+N∑
b=1
b 6=a

Γ(b)µ
νρ (ra + vaσ) . After doing integration with the specified

boundary conditions of Eq. (4.4.29) and Eq. (4.4.31), we get

dY µa (σ)
dσ

=
∫ ∞
σ

dσ′
[
Γµνρ(ra + vaσ

′)vνav
ρ
a +

1
2ma

(
∂ρΓµνσ(ra + vaσ

′)− ∂σΓµνρ(ra + vaσ
′)
)

Σρσa vνa

]
(4.4.33)

Sµνa (σ) =
∫ ∞
σ

dσ′
[

Γµσρ(ra + vaσ
′)Σρνa vσa − Γνσρ(ra + vaσ

′)Σρµa vσa

]
(4.4.34)
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Analysis of matter energy-momentum tensor

In this section we compute the order O(G) correction of the Fourier transformation of matter
energy-momentum tensor due to the corrected trajectory and spin of the particle. Since only
the non-analytic terms in ω contributes to gravitational memory, it is sufficient to analyze
the Fourier transformation of matter energy-momentum tensor outside region R without the
boundary contribution as given in Eq. (4.4.16). Contributions from the boundary terms and
inside the region R always reproduce terms, which are analytic in ω. Hence neglecting the
last two lines of Eq. (4.4.16) and substituting the corrected trajectory and spin we get,

T̂Xµν> (k) '
M+N∑
a=1

∫ ∞
0

dσe−ik.(vaσ+ra)
{

1− ik.Ya(σ) + · · ·
}[
ma

(
vµav

ν
a + vµa

dY νa (σ)
dσ

+vνa
dY µa (σ)
dσ

)
+ i
(
v(µ
a Σν)α

a + v(µ
a S

ν)α
a (σ) + dY

(µ
a (σ)
dσ

Σν)α
a

)
kα

+ Γ(µ
αβ(ra + vaσ)Σν)α

a vβa

]
(4.4.35)

The order O(G) correction to the matter energy momentum tensor,

∆(1)T̂
Xµν(k)

=
M+N∑
a=1

∫ ∞
0

dσe−ik.(vaσ+ra)

[
− ik.Ya(σ) mav

µ
av

ν
a +mav

µ
a

dY νa (σ)
dσ

+mav
ν
a

dY µa (σ)
dσ

+ i
dY

(µ
a (σ)
dσ

Σν)α
a kα + k.Ya(σ) v(µ

a Σν)α
a kα

]

+
M+N∑
a=1

∫ ∞
0

dσe−ik.(ra+vaσ)
[
iv(µ
a S

ν)α
a (σ)kα + Γ(µ

αβ(ra + vaσ)Σν)α
a vβa

]
(4.4.36)

Now performing integration by parts and using the boundary conditions of Eq. (4.4.29) we
get,

∆(1)T̂
Xµν(k) =

M+N∑
a=1

e−ik.ra

[
− pµap

ν
a

pa.k
kβ + pµaδ

ν
β + pνaδ

µ
β + iδ

(µ
β Σν)α

a kα − i
kβ
k.pa

p(µ
a Σν)α

a kα

]

×
∫ ∞

0
dσ e−ik.vaσ

dY βa (σ)
dσ

+
M+N∑
a=1

∫ ∞
0

dσe−ik.(ra+vaσ)
[
iv(µ
a S

ν)α
a (σ)kα + Γ(µ

αβ(ra + vaσ)Σν)α
a vβa

]
(4.4.37)

We evaluate the above integrations using the results of Eq. (4.4.33), Eq. (4.4.34) and
Eq. (4.4.27) and get,

Iβ ≡
∫ ∞

0
dσ e−ik.vaσ

dY βa (σ)
dσ

= (8πG)
M+N∑
b=1
b6=a

∫
d4`

(2π)4 ei`.ra Gr(`)
1

pb.`− iε
1

pa.`+ iε

1
pa.(`− k) + iε
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×
[
2pa.`(pa.pbpβb −

1
2p

2
bp
β
a)− `β{(pa.pb)2 − 1

2p
2
ap

2
b}
]

+i(8πG)
M+N∑
b=1
b6=a

∫
d4`

(2π)4 ei`.ra Gr(`)
1

pb.`− iε
1

pa.`+ iε

1
pa.(`− k) + iε

×
[
pa.`pa.pbJ

βα
b `α + pa.`p

β
b paρJ

ρα
b `α − `βpa.pbpaρJραb `α −

1
2
{

2pa.`pβa − `βp2
a

}
×pδbJb,δγ`γ

]
+i(8πG)

M+N∑
b=1
b6=a

∫
d4`

(2π)4 e
i`.raGr(`)

1
pb.`− iε

1
pa.`+ iε

1
pa.(`− k) + iε

[
pa.` `ρΣρσa pbσp

β
b −

1
2p

2
bpa.``ρΣρβa − `βpa.pb`ρΣρσa pbσ

]
(4.4.38)

The leading non-analytic contribution in small ω expansion from Eq. (4.4.37) is of the order
of lnω which is determined in [118]. Our goal in this sub-section is to extract the O(ω lnω)
contribution from Eq. (4.4.37) in the integration region ω << |`µ| << L−1. In turn this
demands that, we have to extract the order O(lnω) and order O(ω lnω) contributions from
the integral expression in Eq. (4.4.38) which we denote by Iβ1 and Iβ2 respectively.

Iβ1 = (8πG)
M+N∑
b=1
b6=a

∫ L−1

ω

d4`

(2π)4 Gr(`)
1

pb.`− iε
1

(pa.`+ iε)2

×
[
2pa.`(pa.pbpβb −

1
2p

2
bp
β
a)− `β{(pa.pb)2 − 1

2p
2
ap

2
b}
]

= i
∂

∂paβ
Kcl
gr (4.4.39)

where [119],

Kcl
gr = − i2 (8πG)

∑
b,c
b6=c

∫ L−1

ω

d4`

(2π)4 Gr(`)
1

pb.`+ iε

1
pc.`− iε

{
(pb.pc)2 − 1

2p
2
bp

2
c

}

= − i2 (2G)
∑
b,c
b 6=c

ηbηc=1

ln
{
L(ω + iεηb)

} (pb.pc)2 − 1
2p

2
bp

2
c√

(pb.pc)2 − p2
bp

2
c

. (4.4.40)

Iβ2 = i(8πG) (pa.k)
M+N∑
b=1
b 6=a

∫ L−1

ω

d4`

(2π)4 `.ra Gr(`)
1

pb.`− iε
1

(pa.`+ iε)3

×
[

2pa.`(pa.pbpβb −
1
2
p2
bp
β
a)− `β{(pa.pb)2 −

1
2
p2
ap

2
b}
]

+i(8πG) (pa.k)
M+N∑
b=1
b 6=a

∫ L−1

ω

d4`

(2π)4 Gr(`)
1

pb.`− iε
1

(pa.`+ iε)3

×
[
pa.`pa.pbJ

βα
b
`α + pa.`p

β
b
paρJ

ρα
b
`α − `βpa.pbpaρJραb `α −

1
2
{

2pa.`pβa − `βp2
a

}
pδbJb,δγ`

γ
]

+i(8πG)
M+N∑
b=1
b 6=a

∫ L−1

ω

d4`

(2π)4Gr(`)
1

pb.`− iε
1

(pa.`+ iε)3 pa.k



4.4. Derivation of spin dependent gravitational waveform 87

×
[
pa.` `ρΣρσa pbσp

β
b
−

1
2
p2
bpa.``ρΣρβa − `βpa.pb`ρΣρσa pbσ

]
(4.4.41)

The integral expression of Iβ2 above contributes at order ω lnω and has been explicitly
evaluated using contour integration in the complex `0 plane. The compact form of the result
after integration becomes:

Iβ2 = iG (pa.k) ln{(ω + iεηa)L}
M+N∑
b=1
b 6=a

ηaηb=1

1
[(pa.pb)2 − p2

ap
2
b
]3/2

[
5(pa.pb)2pb.rap

β
b
− 4pa.pbp2

bpa.rap
β
b

−2p2
bpa.pbpb.rap

β
a + 2(p2

b)
2pa.rap

β
a − (pa.pb)2p2

br
β
a −

1
2
p2
ap

2
bpb.rap

β
b

+
1
2
p2
a(p2

b)
2rβa

+(pa.pb)2p2
br
β
b
− 5(pa.pb)2pb.rbp

β
b

+ 4pa.pbp2
bpa.rbp

β
b

+ 2pa.pbpb.rbp2
bp
β
a − 2(p2

b)
2pa.rbp

β
a

+
1
2
p2
ap

2
bpb.rbp

β
b
−

1
2
p2
a(p2

b)
2rβ
b
− pa.pbp2

bΣ
βα
b
paα

]
−3iG (pa.k) ln{(ω + iεηa)L}

M+N∑
b=1
b6=a

ηaηb=1

1
[(pa.pb)2 − p2

ap
2
b
]5/2

[(
pa.pbpb.ra − p2

bpa.ra
)

×
{

(pa.pb)3pβ
b
− (pa.pb)2p2

bp
β
a −

1
2
p2
ap

2
bpa.pbp

β
b

+
1
2
p2
a(p2

b)
2pβa

}
+(pa.pb)3p2

bpa.rbp
β
b

+ (pa.pb)3p2
bpb.rbp

β
a −

1
2
p2
a(p2

b)
2pa.pbpa.rbp

β
b
−

1
2
p2
a(p2

b)
2pa.pbpb.rbp

β
a

−(pa.pb)4pb.rbp
β
b

+
1
2

(pa.pb)2p2
ap

2
bpb.rbp

β
b
− (pa.pb)2(p2

b)
2pa.rbp

β
a +

1
2
p2
a(p2

b)
3pa.rbp

β
a

]
.

(4.4.42)

Above ηb = +1 if particle-b is outgoing and ηb = −1 if particle-b is ingoing. We also need to
evaluate the last line of Eq. (4.4.37), which contributes at order O(ω lnω) in the integration
region ω << |`µ| << L−1,

M+N∑
a=1

∫ ∞
0

dσe−ik.(ra+vaσ)
[
iv(µ
a S

ν)α
a (σ)kα + Γ(µ

αβ(ra + vaσ)Σν)α
a vβa

]
' +iG

M+N∑
a=1

M+N∑
b=1
b 6=a

ηaηb=1

ln
{

(ω + iεηa)L
} 1

[(pa.pb)2 − p2
ap

2
b ]3/2

[
{(pa.pb)2 − p2

ap
2
b}pbρΣραa kα(pµapνb + pνap

µ
b )− p2

b{(pa.pb)2 − p2
ap

2
b}(pµaΣναa kα + pνaΣµαa kα)

−{(pa.pb)2 − p2
ap

2
b}pb.k(pµapbρΣρνa + pνapbρΣρµa ) + pa.pbp

2
bpbρΣραa kαp

µ
ap
ν
a

+(pa.k){(pa.pb)2 − p2
ap

2
b}
(
pµb pbαΣανa + pνbpbαΣαµa

)]
(4.4.43)

Now using these results of integrations, the orderO(ω lnω) contribution to matter energy-
momentum tensor from Eq. (4.4.37) becomes,

∆(ω lnω)
(1) T̂Xµν(k)

= −
M+N∑
a=1

(k.ra)
[
pµap

ν
a

pa.k
kα

∂

∂pαa
Kcl
gr −

1
2p

µ
a

∂

∂paν
Kcl
gr −

1
2p

ν
a

∂

∂paµ
Kcl
gr

]

+1
2

M+N∑
a=1

[
1

pa.k

{
pµaΣναa kα + pνaΣµαa kα

}
kβ

∂

∂pβa
Kcl
gr − Σναa kα

∂

∂paµ
Kcl
gr − Σµαa kα

∂

∂paν
Kcl
gr

]

−
M+N∑
a=1

[
pµap

ν
a

pa.k
kβI

β
2 − pµaIν2 − pνaI

µ
2

]
+
M+N∑
a=1

(k.ra)
[

1
2p

µ
a

∂

∂paν
Kcl
gr + 1

2p
ν
a

∂

∂paµ
Kcl
gr

]
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+iG
M+N∑
a=1

M+N∑
b=1
b6=a

ηaηb=1

ln
{

(ω + iεηa)L
} 1

[(pa.pb)2 − p2
ap

2
b ]3/2

[
{(pa.pb)2 − p2

ap
2
b}pbρΣραa kα(pµapνb + pνap

µ
b )− p2

b{(pa.pb)2 − p2
ap

2
b}(pµaΣναa kα + pνaΣµαa kα)

−{(pa.pb)2 − p2
ap

2
b}pb.k(pµapbρΣρνa + pνapbρΣρµa ) + pa.pbp

2
bpbρΣραa kαp

µ
ap
ν
a

+(pa.k){(pa.pb)2 − p2
ap

2
b}
(
pµb pbαΣανa + pνbpbαΣαµa

)]
(4.4.44)

Analysis of gravitational energy-momentum tensor

Here we will compute the spin dependent gravitational energy-momentum tensor for the
metric fluctuation given in Eq. (4.4.26). Fourier transform of the order G gravitational energy-
momentum tensor takes the following form:

∆(1)T̂
hµν(k) = −(8πG)

M+N∑
a,b=1

∫
d4`

(2π)4 Gr(k − `)Gr(`)
1

pb.`− iε
1

pa.(k − `)− iε

×
{
pbαpbβ −

1
2p

2
bηαβ + ipb(αJb,β)γ`

γ − i

2ηαβp
δ
bJb,δγ`

γ
}
Fµν,αβ,ρσ(k, `)

×
{
paρpaσ −

1
2p

2
aηρσ + ipa(ρJa,σ)δ(k − `)δ −

i

2ηρσp
κ
aJa,κτ (k − `)τ

}
(4.4.45)
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where [118,119],

Fµν,αβ,ρσ(k, `)

= 2
[1

2`
µ(k − `)νηαρηβσ + (k − `)µ(k − `)νηαρηβσ − (k − `)ν(k − `)βηαρηµσ

−(k − `)µ(k − `)βηαρηνσ + (k − `)α(k − `)βηµρηνσ + (k − `).` ηνβηαρηµσ

−`ρ(k − `)αηνβηµσ − 1
2(k − `)2ηµαηνβηρσ + ηµαηβρηνσ(k − `)2

+ ηναηβρηµσ(k − `)2
]
− ηµν

[3
2(k − `).` ηαρηβσ + 2(k − `)2ηαρηβσ

−`σ(k − `)αηβρ
]
− ηαβ(k − `)2 ηµρηνσ + 1

2η
αβ(k − `)2 ηρσηµν (4.4.46)

follows from the quadratic part of gravitational energy-momentum tensor defined in Eq. (4.4.15).
In the integration region R−1 << |`µ| << ω, at leading order F(k, `) approximates in the
following form up to gauge equivalence,

Fµν,αβ,ρσ(k, `) ' −2kβkσηαρηµν + 2kαkβηµρηνσ (4.4.47)

Hence in the integration region R−1 << |`µ| << ω the order O(ω lnω) contribution from
Eq. (4.4.45) turns out to be,

∆(ω lnω)
(1) T̂hµν1 (k)

= −(8πG)
M+N∑
a,b=1

1
pa.k

{
pbαpbβ −

1
2p

2
bηαβ

}[
− 2kβkσηαρηµν + 2kαkβηµρηνσ

]
×
{
ipa(ρJa,σ)δk

δ − i

2ηρσp
κ
aJa,κτk

τ
}∫ ω

R−1

d4`

(2π)4 Gr(`)
1

pb.`− iε
1

2k.`+ iε

(4.4.48)

Now after using the result of the integration [118]∫ ω

R−1

d4`

(2π)4 Gr(`)
1

pb.`− iε
1

k.`+ iε
= 1

4π δηb,1
1
pb.k

ln
{

(ω + iε)R
}

(4.4.49)

we get,

∆(ω lnω)
(1) T̂hµν1 (k)

= −iG ln
{

(ω + iε)R
} N∑
b=1

M+N∑
a=1

[
− ηµνpρbJa,ρσk

σ + pb.k

pa.k

(
pµaJ

νρ
a kρ + pνaJ

µρ
a kρ

)]
(4.4.50)

After using the total angular momentum conservation relation
M+N∑
a=1

Jρσa = 0 we get,

∆(ω lnω)
(1) T̂hµν1 (k) = −2iG ln

{
(ω + iε)R

} N∑
b=1

pb.k

M+N∑
a=1

1
pa.k

p(µ
a J

ν)α
a kα

(4.4.51)

Next we analyze the expression in Eq. (4.4.45) in the integration region ω << |`µ| << L−1
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and extract the order O(ω lnω) contribution. First let us substitute the following identity in
Eq. (4.4.45),

Gr(k − `)Gr(`) = Gr(k − `)Gr(−`)− 2πiδ(`2)
[
H(`0)−H(−`0)

]
Gr(k − `)

(4.4.52)

and focus on the contribution coming from Gr(k− `)Gr(−`) part. As described in appendix-
4.C, the gravitational energy-momentum tensor with δ(`2)

[
H(`0)−H(−`0)

]
× Gr(k − `) part does not contribute to order O(ω lnω) in the integration region ω <<

|`µ| << L−1. Following the discussion of appendix-B in [118], a part of this contribution
can be identified with the soft radiation from the finite energy real gravitational radiation,
which is already taken care of in the hard particle sums of the earlier expressions. So in the
integration region ω << |`µ| << L−1, the order O(ω lnω) contribution from gravitational
energy-momentum tensor with Gr(k − `)Gr(−`) part turns out to be,

∆(ω lnω)
(1) T̂hµν2 (k)

= (8πG)
M+N∑
a,b=1
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pb.`− iε

1
(pa.`+ iε)2 (pa.k)

×

[{
ip

(α
b J

β)γ
b `γ −

i

2η
αβpbκJ

κγ
b `γ

}
∆(``)Fµν αβ,ρσ(k, `)

{
pρap

σ
a −

1
2p

2
aη
ρσ
}

+
{
pαb p

β
b −

1
2p

2
bη
αβ
}
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}
(4.4.53)

In the above expression, ∆(``)F(k, `) and ∆(k`)F(k, `) corresponds to the order O(``) and or-
derO(k`) contributions of F(k, `) respectively, which can be easily extractable from Eq. (4.4.46).
The expression in Eq. (4.4.53) is explicitly evaluated in Appendix-4.B and the final result of
order O(ω lnω) contribution is written in Eq. (4.B.18).
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Total energy-momentum tensor and gravitational waveform at order O(ω lnω)

Summing over the contributions of Eq. (4.4.44), Eq. (4.B.18) and Eq. (4.4.51), we get the
Fourier transform the total energy-momentum tensor at order O(G ω lnω):

∆(ω lnω)
(1) T̂µν(k) = −2iG ln

{
(ω + iε)R

} N∑
b=1

pb.k
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1
pa.k

p(µ
a J

ν)α
a kα

−1
2
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kρkσ
pa.k
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∂

∂paρ
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)
Kcl
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(
rσap

ν
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)
+
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pνa

∂

∂paσ
− pσa

∂

∂paν

)
Kcl
gr ×

(
rρap

µ
a − rµapρa + Σρµa

)}
(4.4.54)

Using the relation in Eq. (4.4.2), the radiative mode of gravitational waveform at order
O(G2ω lnω) for the above derived energy-momentum tensor takes the following form:

∆(ω lnω)
(G2) ẽµν(ω, ~x)

= 2G
R

exp{iωR}
[

2iG ln{(ω + iε)R}
N∑
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pb.k

×
M+N∑
a=1

p
(µ
a kρ
pa.k

(
rρap

ν)
a − rν)

a p
ρ
a + Σρν)

a

)
−1

2

M+N∑
a=1

kρkσ
pa.k

{(
pµa

∂

∂paρ
− pρa

∂

∂paµ

)
Kcl
gr ×

(
rσap

ν
a − rνapσa + Σσνa

)
+
(
pνa

∂

∂paσ
− pσa

∂

∂paν

)
Kcl
gr ×

(
rρap

µ
a − rµapρa + Σρµa

)}]
(4.4.55)

Now if we compare the above expression with the conjectured result given in Eq. (4.3.7),
we observe that our result in the direct derivation completely agrees with the conjectured
waveform.

4.5 Conclusion

In this chapter, we derive the leading spin-dependent gravitational tail memory which behaves
like u−2 for retarded time u→ ±∞. First, we predict the result from the classical limit of the
soft graviton theorem, then derive it for a general gravitational scattering process involving
spinning objects. The final result of leading spin-dependent gravitational tail memory has
been summarized in sec.4.3.1 and sec.4.3.2. Here we are pointing out the novel features of
our result, its theoretical and observational importance and possible way of re-deriving our
result with other available prescriptions:

1. Even when the scattered objects do not carry any intrinsic spins still a large part of the
order O(G2ω lnω) gravitational waveform is non-vanishing and can be read off from
Eq. (4.3.8) by setting Σa = Σ′a = 0. This result is fully determined in terms of the
asymptotic momenta, asymptotic orbital angular momenta, and the direction cosine
and frequency of gravitational wave emission.
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2. Our result of order u−2 gravitational memory as given in Eq. (4.3.9) and Eq. (4.3.10)
has several theoretical and observational importance in the current era of gravitational
wave physics. First of all, from the observation of this tail memory one can read off
the intrinsic spins of the scattered objects, which is not possible from the earlier results
on displacement memory, u−1 tail memory, and u−2 ln u tail memory. Secondly, for
a black hole binary merger process even if the blackholes carry spin, still in sec.4.3.2
we have shown that gravitational tail memory at this order vanishes, which is another
non-trivial prediction from general relativity. In sec.4.3.2 we also have shown that if the
scattering event carries some massless particles or radiation along with high-frequency
gravitational wave in the final state, still the waveform can be rewritten in such a
way that it does not carry any information about the outgoing massless particles or
radiation.

4.A Review of geodesic equation and spin evolution of
spinning object

In this appendix we review the geodesic equation for spinning object as well as the time
evolution of the spin. These equations are known as Mathisson-Papapetrou equations [138,
139] in general relativity and the covariant form of those are discovered by Tulczyjew and
Dixon [131,132]. The Mathisson-Papapetrou-Dixon equations take the following form:

DPµ

Dσ
= −1

2R
µ
νρσu

νΣρσ (4.A.1)

DΣµν
Dσ

= Pµuν − P νuµ (4.A.2)

where Pµ is the kinematical momentum and Σµν is the spin angular momentum of the object
measured along the world line as a function of affine parameter σ. The four velocity is denoted
by uµ and defined as uµ = dxµ

dσ , for xµ(σ) representing the world line and uµuµ = −1 if σ is
the proper time. D

Dσ represents the covariant derivative along the world line. Let us define
the kinematic mass m ≡ −P · u, which is in general not a constant of motion [151]. Now
contracting with uν from Eq. (4.A.2) we get,

Pµ = muµ − DΣµν
Dσ

uν (4.A.3)

To understand how the kinematical mass evolves along the trajectory, let us take derivative
over m w.r.t. σ,

dm

dσ
= Dm

Dσ
= −DP

µ

Dσ
uµ − Pµ

Duµ
Dσ

= Duµ
Dσ

DΣµν
Dσ

uν (4.A.4)

where to get the last expression after equality, we substituted the results of Eq. (4.A.1) and
Eq. (4.A.2). Now we substitute the expression of Pµ in Eq. (4.A.1) and use the expressions in
Eq. (4.A.4) and Eq. (4.A.2). After this substitutions we simplify Eq. (4.A.1) using uαDu

α

Dσ = 0
and get the following simplified trajectory equation,

m
Duµ

Dσ
− D2Σµν

Dσ2 uν = −1
2R

µ
νρσu

νΣρσ (4.A.5)
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Note that to derive the above trajectory equation we do not have to use any spin supplemen-
tarity condition(SSC).

Now let us focus on the simplification of the spin evolution equation given in Eq. (4.A.2),
using the trajectory equation Eq. (4.A.5) and spin supplementarity condition uµΣµν = 0. We
start by substituting the expression of Pµ in Eq. (4.A.2) and get,

DΣµν
Dσ

= −DΣµα
Dσ

uαu
ν + DΣνα

Dσ
uαu

µ (4.A.6)

Now using the definition of covariant derivative on the spin tensor, moving the σ derivatives
from Σ to u and simplifying using spin supplementary condition uµΣµν = 09, the above
equation takes the following form:

dΣµν
dσ

+ ΓµαβΣανuβ + ΓναβΣµαuβ = Σµα duα
dσ

uν − Σνα duα
dσ

uµ

−ΓαρσΣµρuσuαuν + ΓαρσΣνρuσuαuµ

(4.A.7)

Substituting the trajectory equation, Eq. (4.A.5) in the RHS of the above equation, we get

dΣµν
dσ

+ ΓµαβΣανuβ + ΓναβΣµαuβ = 1
m

(
Σµαuν − Σναuµ

)(D2Σαβ
Dσ2 uβ − 1

2Rαβρσu
βΣρσ

)
(4.A.8)

In the above equation the LHS is basically DΣµν
Dσ , which is equal to terms quadratic in spin

as written in RHS. This above result also implies that D2Σµν
Dσ2 in Eq. (4.A.5) is also quadratic

in spin. Hence if we are interested in the trajectory and spin evolution equations which are
linear in spin10, Eq. (4.A.5) and Eq. (4.A.8) simplifies to

d2xµ

dσ2 + Γµρσ
dxρ

dσ

dxσ

dσ
= − 1

2mRµ νρσ
dxν

dσ
Σρσ + O(Σ2) (4.A.9)

and,

dΣµν
dσ

+ ΓµαβΣαν dx
β

dσ
+ ΓναβΣµα dx

β

dσ
= 0 + O(Σ2) (4.A.10)

Now we show that the above equations also follow from the covariant conservation of
the canonical version of the matter energy-momentum tensor in Eq. (4.4.10). For a given
world-line action SX of a moving object in gravitational background with metric gµν(x), the
canonical matter energy-momentum tensor is defined by:

TXαβc (x) ≡ 2√
−g

δSX
δgαβ(x) (4.A.11)

9In the literatures, we find two kinds of spin supplementarity conditions(SSC), which are uµΣµν =
0 and PµΣµν = 0. Different choices of SSC, will modify the O(Σ2) terms in the RHS of Eq. (4.A.9)
and Eq. (4.A.10), which are irrelevant for our analysis.

10Here we want emphasize that we are not making any small spin approximation while ignoring
terms quadratic in spin. We are ignoring those terms as those contribute at order O(G2) to the
correction of trajectory and spin in our analysis of 4.4.3 and would not affect our O(G2) gravitational
waveform.
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which satisfies the following conservation equation,

∇αTXαβc (x) = 0 (4.A.12)

In the above expressions, g ≡ det(gµν) and ∇α represents the covariant derivative with
background metric gµν(x). Let φβ(x) be an arbitrary rank-1 tensor with a sufficient fall off at
the boundary of spacetime, such that

[√
−g TXαβc (x)φβ(x)

]
|x|→∞ = 0 will be satisfied. Now

let us start with the following identity,∫
d4x
√
−g∇α

(
TXαβc (x)φβ(x)

)
=
∫

d4x
√
−g
[(
∇αTXαβc (x)

)
φβ(x)

)
+ TXαβc (x)∇(αφβ)(x)

]
⇒
∫

d4x
√
−g TXαβc (x)∇(αφβ)(x) = 0 (4.A.13)

Above to get the last line we used the fact that LHS of first line is a boundary term
which vanishes and the first term in the RHS of the first line vanishes due to the conser-
vation of matter energy-momentum tensor. In our convention, the relation between matter
energy-momentum tensor given in Eq. (4.4.10) and the canonical energy-momentum tensor
is: TXαβ(x) ≡ √−g TXαβc (x). Now after substituting the matter energy-momentum tensor
of Eq. (4.4.10) for a single particle in the above relation, we get

∫
dσ

∫
d4x

[
m
dXα(σ)
dσ

dXβ(σ)
dσ

δ(4)(x−X(σ)
)

+ dX(α(σ)
dσ

Σβ)γ(σ)

× ∂γδ
(4)(x−X(σ)

)
+ Γ(α

γδ(X)Σβ)γ(σ)dX
δ(σ)
dσ

δ(4)(x−X(σ)
)]

×

{
∂(αφβ)(x)− Γραβ(x)φρ(x)

}
= 0 (4.A.14)

In the above expression, we first perform integration by parts to remove the derivative over
delta function and then do the spacetime integration using the delta function. Next, after
using the identity dXα

dσ
∂

∂Xα = d
dσ and integration by parts for the derivatives w.r.t. σ we get,

∫
dσ φρ(X)

[
−md2Xρ(σ)

dσ2 −mΓραβ(X)dX
α(σ)
dσ

dXβ(σ)
dσ

+∂γΓραβ(X)dX
α(σ)
dσ

Σβγ(σ)− Γραβ(X)Γαγδ(X)dX
δ(σ)
dσ

Σβγ(σ)
]

+1
2

∫
dσ ∂γφρ(X)

[
dΣργ(σ)
dσ

+ Γραβ(X)dX
β(σ)
dσ

Σαγ(σ)− Γγαβ(X)dX
β(σ)
dσ

Σαρ(σ)
]

= 0 (4.A.15)

Since φρ(x) is an arbitrary rank-1 tensor, in the above expression the coefficients of φρ(X)
and ∂γφρ(X) will vanish individually. Hence replacing ρ → µ and γ → ν and using the
antisymmetry property of Σ(σ) we get the following two equations from the above expression:

d2Xµ(σ)
dσ2 + Γµαβ(X)dX

α(σ)
dσ

dXβ(σ)
dσ

= − 1
2mRµ αβγ(X) dX

α(σ)
dσ

Σβγ(σ)

dΣµν(σ)
dσ

+ Γµαβ(X)dX
α(σ)
dσ

Σβν(σ) + Γναβ(X)dX
α(σ)
dσ

Σµβ(σ) = 0 (4.A.16)
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where,

Rµ αβγ(X) = ∂βΓµαγ(X)− ∂γΓµαβ(X) + Γδαγ(X)Γµδβ(X)− Γδαβ(X)Γµδγ(X) (4.A.17)

Now if we compare the above equations with Eq. (4.A.9) and Eq. (4.A.10), we observe that
they are identical. This also proves that the geodesic equation and spin evolution equation
are consistent with our matter energy-momentum tensor.

4.B Detail analysis of the gravitational energy momen-
tum tensor

To evaluate the expression in Eq. (4.4.53) we need to use the results of the following three
integrals:
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(4.B.1)
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(4.B.2)

Jα3 =
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(4.B.3)

To evaluate the expression in Eq. (4.4.53), we divide it into sum over four integrals:

∆(ω lnω)
(1) T̂hµν2 (k) = Lµν1 + Lµν2 + Lµν3 + Lµν4 (4.B.4)
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The first three lines after the equality in Eq. (4.4.53) takes the following form after removing
the terms containing pa.` and pb.` in the numerator11,

Lµν1 = i
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(4.B.5)

In the above expression the particle indices a, b are dummy, so we can exchange a ↔ b

in the second integral above. In doing so we observe that many terms are same within the
square bracket of the first and second integrands, but there is relative sign between the two
integrals, hence those terms will cancel each other12. After cancelling those terms we combine
the two integrals into one and get the following expression,
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]
(4.B.6)

Fourth to sixth lines after the equality in Eq. (4.4.53) takes the following form after removing
the terms containing (pa.`)2 and pb.` in the numerator,
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(4.B.7)

11We do not keep the terms containing pa.` or pb.` in the numerator as they cancel with the
denominator of the integrand and then it can be shown that the integration result for those terms
vanishes after the `0 contour integration.

12Obviously for the cancelled terms between the two integrals there will be a sign difference in
front of iε in {pa.`± iε}−1 and {pb.`± iε}−1 but the contribution turns out to be the same as only
the relative signs in front of iε between the two denominator matter.
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Seventh to nineth lines after the equality in Eq. (4.4.53) takes the following form after re-
moving the terms containing pa.` and pb.` in the numerator,
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(4.B.8)

In the above expression the particle indices a, b are dummy, so we can exchange a↔ b in the
second integral above. In doing so we observe that many terms are same within the square
bracket of the first and second integrands, but there is relative sign between the two integrals,
hence those terms will cancel each other and we get13,

Lµν3 =
i

2
(8πG)
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{
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}2 1
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1
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b
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]
(4.B.9)

The last two lines in Eq. (4.4.53) represents Lµν4 , which takes the following form after con-
tracting the indices of the last line of Eq. (4.4.53) and removing the terms containing pa.` and
pb.` in the numerator, as they give vanishing contribution when we perform the ` integration.

Lµν4 = i

2(8πG)
M+N∑
a,b=1

∫ L−1

ω

d4`

(2π)4

{
Gr(−`)

}2 1
pb.`− iε

1
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13Here also the same logic holds as described in footnote-(12).
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[
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]
(4.B.10)

Let us first evaluate the sum of the contributions in Eq. (4.B.6) and Eq. (4.B.9) ,

Lµν1 + Lµν3

= i
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]
(4.B.11)

Now using the result of the integral given in Eq. (4.B.1) we get,
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= iG

2

M+N∑
a,b=1
b 6=a

ηaηb=1

1[
(pa.pb)2 − p2

ap
2
b

]3/2 ln
{
L(ω + iεηa)

}
[
2pa.pbpa.kpµb p

ν
apaαJ

αβ
b pbβ − 4pa.pbpa.kpνbpµapaαJ

αβ
b pbβ

−4p2
apb.kp

µ
b p
ν
apaαJ

αβ
b pbβ − 4(pa.pb)2pµb p

ν
apaαJ

αβ
b kβ + 2p2

ap
2
bp
µ
b p
ν
apaαJ

αβ
b kβ

−p2
ap

2
bp
µ
ap
ν
bpaαJ

αβ
b kβ − 4(pa.pb)2pµap

ν
apbαJ

αβ
b kβ + 4pa.pbp2

bp
µ
ap
ν
apaαJ

αβ
b kβ

+pa.pbp2
ap
µ
ap
ν
bpbαJ

αβ
b kβ + 2pa.pbp2

ap
µ
b p
ν
apbαJ

αβ
b kβ + 4(pa.pb)2pa.kp

µ
apbαJ

αν
b

+4pa.pbpb.kpµapνapaαJ
αβ
b pbβ + 3pb.kp2

ap
2
bp
µ
apaαJ

αν
b − 4pb.k(pa.pb)2pνapaαJ

αµ
b

+2pb.kp2
ap

2
bp
ν
apaαJ

αµ
b + 2pa.kp2

bp
µ
ap
ν
apbαJ

αβ
b paβ − 3p2

apa.pbpb.kp
µ
apbαJ

αν
b

+2p2
apa.pbpb.kp

ν
apbαJ

αµ
b − 4pa.pbp2

bpa.kp
µ
apaαJ

αν
b + 4pa.pb{(pa.pb)2 − p2

ap
2
b}pµaJναb kα

+4pa.k(pa.pb)2pνbpaαJ
αµ
b − 2pa.kp2

ap
2
bp
ν
bpaαJ

αµ
b − 2pa.kpa.pbp2

ap
ν
bpbαJ

αµ
b

+4pa.k(pa.pb)2pµb paαJ
αν
b − 2pa.kp2

ap
2
bp
µ
b paαJ

αν
b − 2pa.kpa.pbp2

ap
µ
b pbαJ

αν
b

+4pa.kp2
ap
µ
b p
ν
bpaαJ

αβ
b pbβ − p2

apa.pbpb.kp
µ
b paαJ

αν
b + (p2

a)2pb.kp
µ
b pbαJ

αν
b

+p2
apb.k{(pa.pb)2 − p2

ap
2
b}J

µν
b + p2

a{(pa.pb)2 − p2
ap

2
b} pνbJ

µρ
b kρ

−p2
apa.pbp

µ
b p
ν
bpaαJ

αβ
b kβ + (p2

a)2pµb p
ν
bpbαJ

αβ
b kβ + 2pa.k{(pa.pb)2 − p2

ap
2
b}pνapbαJ

αµ
b

]
(4.B.12)

In the above expression we substitute Jµνb = rµb p
ν
b − rνb p

µ
b + Σµνb and simplify using SSC,

pbµΣµνb = 0. Since a, b are dummy indices we interchange them and then the full expression
can be written in terms of ra and Σa. After all these steps finally we get,

Lµν1 + Lµν3
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(4.B.13)

From Eq. (4.B.10) using the result of the integration Eq. (4.B.1), we get

Lµν4 = iG
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]
(4.B.14)

Now substituting Jµνa = rµap
ν
a − rνapµa + Σµνa in the above expression and using SSC :

paµΣµνa = 0, we get
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(4.B.15)

Contribution from Eq. (4.B.7) after using the results of integrations Eq. (4.B.1), Eq. (4.B.2)
and Eq. (4.B.3) takes the following form,
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(4.B.16)

Now in the above expression we substitute total angular momenta in terms of orbital and
spin and interchange a ↔ b in appropriate places to make the result ra and Σa dependent.



4.B. Detail analysis of the gravitational energy momentum tensor 101

Then the above expression finally reduces to,
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ν
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2
a − 2(pa.pb)2pµb p

ν
bpa.ra + 2(pa.pb)2pνbp

µ
apb.ra

−2(pa.pb)3pνb r
µ
a + p2

ap
2
bpa.pbp

ν
b r
µ
a − 3(p2

b)2pa.rap
µ
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ν
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b)2p2
ap
ν
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µ
a

−2(pa.pb)2pb.rap
µ
b p
ν
a + 2(pa.pb)3pµb r

ν
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2
bpa.pbp

µ
b r
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a

+p2
bpa.pbp

µ
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2
bp
µ
b pbαΣανa

}]
(4.B.17)

After summing over the contributions of Eq. (4.B.13), Eq. (4.B.17) and Eq. (4.B.15) we
find the following order O(ω lnω) contribution from the gravitational energy-momentum ten-
sor expression Eq. (4.4.53):

∆(ω lnω)
(1) T̂hµν2 (k)

= iG

2

M+N∑
a,b=1
b6=a

ηaηb=1

1[
(pa.pb)2 − p2

ap
2
b

]5/2 ln
{
L(ω + iεηa)

}
[
pb.k

{
6(pa.pb)3pµb p

ν
apb.rap

2
a − 6(pa.pb)4pµb p

ν
apa.ra − 3(pa.pb)2p2

ap
2
bp
µ
ap
ν
apb.ra

+3(pa.pb)3p2
bp
µ
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ν
apa.ra − 6(pa.pb)2(p2

a)2pµb p
ν
bpb.ra + 6(pa.pb)3p2

ap
µ
b p
ν
bpa.ra
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+3pa.pb(p2
a)2p2
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ap
2
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ν
bpa.ra − 3pa.pb(p2
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b p
ν
apb.ra

+3(pa.pb)2p2
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2
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µ
b p
ν
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b
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µ
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ν
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b)2ra.kp

µ
ap
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ν
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µ
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2
b}pνap

µ
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2
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ap
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]
(4.B.18)



4.C. Soft radiation from high frequency gravitational wave emission 103

4.C Soft radiation from high frequency gravitational wave
emission

Let us first write down the expression of Eq. (4.4.45) with the replacement of Gr(k− `)Gr(`)
by −2πiδ(`2)

[
H(`0)−H(−`0)

]
Gr(k − `),

T̂hµνextra(k) ≡ (8πG)(2πi)
M+N∑
a,b=1

∫
d4`

(2π)4 δ(`2)
[
H(`0)−H(−`0)

]
Gr(k − `)

1
pb.`− iε

1
pa.(k − `)− iε

×
{
pbαpbβ −

1
2p

2
bηαβ + ipb(αJb,β)γ`

γ − i

2ηαβp
δ
bJb,δγ`

γ
}
Fµν,αβ,ρσ(k, `)

×
{
paρpaσ −

1
2p

2
aηρσ + ipa(ρJa,σ)δ(k − `)δ −

i

2ηρσp
κ
aJa,κτ (k − `)τ

}
(4.C.1)

We want to analyze the above expression in the integration region ω << |`µ| << L−1.
Due to the presence of

[
H(`0) − H(−`0)

]
inside the integrand, the part of the integrand

containing even number of ` vanishes. On the other hand to produce a lnω factor we need
an integrand with four power of ` in the denominator, which will vanish due to the presence
of
[
H(`0) −H(−`0)

]
. Hence just from this argument it is clear that we can not receive any

non-vanishing lnω or ω lnω contribution from the above expression. Still for completeness,
let us analysze the non-vanishing contribution of the above expression up to order O(ω0) in
the integration range ω << |`µ| << L−1:

∆T̂hµνextra(k)

= −(8πG)(2πi)
M+N∑
a,b=1

∫ L−1

ω

d4`

(2π)4 δ(`2)
[
H(`0)−H(−`0)

] 1
2k.`− iε

1
pb.`− iε

1
pa.`+ iε[{

pbαpbβ −
1
2
p2
bηαβ

}
∆(``)Fµν,αβ,ρσ(k, `)

{
paρpaσ −

1
2
p2
aηρσ + ipa(ρJa,σ)δk

δ −
i

2
ηρσp

κ
aJa,κτk

τ
}

−
{
pbαpbβ −

1
2
p2
bηαβ

}
∆(k`)Fµν,αβ,ρσ(k, `)

{
ipa(ρJa,σ)δ`

δ −
i

2
ηρσp

κ
aJa,κτ `

τ
}

+
{
ipb(αJb,β)γ`

γ −
i

2
ηαβp

δ
bJb,δγ`

γ
}

∆(k`)Fµν,αβ,ρσ(k, `)
{
paρpaσ −

1
2
p2
aηρσ

}]
−(8πG)(2πi)

M+N∑
a,b=1

∫ L−1

ω

d4`

(2π)4 δ(`2)
[
H(`0)−H(−`0)

] 1
2k.`− iε

1
pb.`− iε

pa.k

(pa.`+ iε)2[
−
{
pbαpbβ −

1
2
p2
bηαβ

}
∆(``)Fµν,αβ,ρσ(k, `)

{
ipa(ρJa,σ)δ`

δ −
i

2
ηρσp

κ
aJa,κτ `

τ
}

+
{
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2
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δ
bJb,δγ`

γ
}

∆(``)Fµν,αβ,ρσ(k, `)
{
paρpaσ −

1
2
p2
aηρσ

}]
(4.C.2)

Now in the above expression after contraction of various terms within the square bracket,
we find some terms containing `2, which will vanish due to the presence of δ(`2). On the other
hand if we get pb.` (or pa.`) then it cancels with the denominator {pb.`−iε}−1 (or{pa.`+iε}−1 )
and if only one such denominator present then after cancellation of it the rest of the coefficient
vanishes after using

∑
b

pαb = 0 or
∑
b

Jαβb = 0 (or
∑
a
pαa = 0 or

∑
a
Jαβa = 0). Hence after

eliminating those terms and interchanging a ↔ b in some places14, the above expression
simplifies to:

∆T̂hµνextra(k)

14Though the signs of iε are different for denominators between pa.` and pb.`, still a↔ b interchange
makes sense as the integrals have to evaluate with δ(`2). Hence we can set ε = 0 from the beginning.
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= −(8πG)(2πi)
M+N∑
a,b=1
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ω
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−p2
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µ`νpbρJ
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b
kσ + 2pa.pbpµa`νkαJαβb `β + 2pb.kpµa`νpaαJαβb `β + 2pa.pbpνa`µkαJ

αβ
b
`β

+2pb.kpνa`µpaαJ
αβ
b
`β − 2pa.kpa.pb`νJµαb `α − 2pa.kpµb `

νpaαJ
αβ
b
`β − 2pa.kpa.pb`µJναb `α

−2pνb `
µpa.kpaαJ

αβ
b
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}
+(8π2G)

M+N∑
a,b=1

∫ L−1

ω

d4`

(2π)4 δ(`2)H(`0)
1

k.`− iε
1

pb.`− iε
pa.k

(pa.`+ iε)2[
2`µ`νpa.pbpaαJαβb `β − p2
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µ`νpbαJ

αβ
b
`β − 2`µ`νpa.pbpbρJρσa `σ + p2
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µ`νpaρJ

ρσ
a `σ

]
+(8π2G)

M+N∑
a,b=1

∫ L−1

ω

d4`

(2π)4 δ(`2)H(`0)
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1

pa.`+ iε

{
4pµapνapbαJ

αβ
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`β + 2pa.pbpµaJναb `α

+2pνb p
µ
apaαJ
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b
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ap
µ
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ν
bJ
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pνapaαJ
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b
`β − 2pa.pbpνaJ
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}
(4.C.3)

The first line in the above expression has been identified with leading order soft radiation
from real hard gravitational radiation in appendix-B of [118]. So here generalizing appendix-
B of [118] to the next order, we try to understand whether the rest of the terms above
can be understood as subleading order soft radiation from real hard gravitational radiation.
Taking care of gravitational flux up to subleading order, the energy-momentum tensor for
soft gravitational radiation with momentum k becomes,

T̂µνR (k)

= G

π2

M+N∑
a,b=1

∫
d4` δ(`2)H(`0)

[
pρap

σ
a − ip

(ρ
a (k − `)αJασ)

a

pa.(`− k) + iε

] [
pκb p

τ
b − ip

(κ
b `βJ

βτ)
b

pb.`− iε

]

×
`µ`ν

∑
r
εrρσε

r∗
κτ − i`(µkγ

[
Σγν)
g

]
ρσ,κτ

i(`.k − iε) (4.C.4)

where polarisation sum and spin tensor of soft gravitational field are given by,∑
r

εrρσε
r∗
κτ =

1
2
(
ηρκηστ + ηρτησκ − ηρσηκτ

)
(4.C.5)

[
Σγν)
g

]
ρσ,κτ

= −
i

2

[
ηρκ(δγσδντ − δνσδ

γ
τ ) + ηρτ (δγσδνκ − δνσδ

γ
κ) + ησκ(δγρ δντ − δνρδ

γ
τ ) + ηστ (δγρ δνκ − δνρδ

γ
κ)
]

(4.C.6)

Substituting the above results in Eq. (4.C.4) and analyzing in the integration region
ω << |`µ| << L−1, we get the following non-vanishing contribution up to order ω0:

T̂µνR (k)

= − iG
π2

M+N∑
a,b=1

∫ L−1

ω

d4` δ(`2)H(`0) `µ`ν

k.`− iε
1

pb.`− iε
1

pa.`+ iε

{
(pa.pb)2 − 1

2p
2
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2
b

}

+ G

2π2

M+N∑
a,b=1

∫ L−1

ω

d4` δ(`2)H(`0) 1
k.`− iε

1
pb.`− iε

1
pa.`+ iε

{
2`µ`νpa.pbpaρJρσb kσ



4.C. Soft radiation from high frequency gravitational wave emission 105

−p2
a`
µ`νpbρJ

ρσ
b kσ + 2pa.pbpµa`νkαJ

αβ
b `β + 2pb.kpµa`νpaαJ

αβ
b `β + 2pa.pbpνa`µkαJ

αβ
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+2pb.kpνa`µpaαJ
αβ
b `β − 2pa.kpa.pb`νJµαb `α − 2pa.kpµb `

νpaαJ
αβ
b `β − 2pa.kpa.pb`µJναb `α

−2pνb `µpa.kpaαJ
αβ
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}
+ G

2π2

M+N∑
a,b=1

∫ L−1

ω

d4` δ(`2)H(`0) `µ`ν

k.`− iε
1

pb.`− iε
pa.k

(pa.`+ iε)2[{
2pa.pbpaαJαβb `β − p2

apbαJ
αβ
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}
−
{

2pa.pbpbρJρσa `σ − p2
bpaρJ

ρσ
a `σ

}]
(4.C.7)

Now if we compare the above expression with Eq. (4.C.3), we observe that leaving the last
two lines of Eq. (4.C.3), rest of the terms matches. But we do not need to worry about these
extra terms as they don’t contribute at order ω lnω.
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CHAPTER 5

Conclusions and Outlook

In this thesis, we have initiated the study of asymptotic symmetries at timelike infinity in non-
linear general relativity. We studied the dynamics of a probe Maxwell field on the extreme
Reissner-Nordström solution in light of a discrete conformal isometry that maps the future
event horizon to future null infinity and vice versa, the Couch-Torrence inversion isometry.
Finally, we studied the leading spin-dependent gravitational tail memories. The thesis aims
to build a better understanding of the relation between the diverse aspects of infrared physics.

The study of supertranslations at timelike infinity in chapter 2 offers several opportunities
for future research. These future directions will help us expand the IR physics dictionary. We
list few of them.

It is very much desirable to understand the relation between timelike infinity and null
infinity. We expect our charge expressions can be matched with appropriate expressions for
supertranslation and Lorentz charges at J +

+ (the future endpoint of the future null infinity)
following [39,42].

Can our boundary conditions we used to give a prescription for relating supertranslations
at future null infinity to supertranslations at the horizon, thereby making the general idea
mentioned in section 7 of [53] more precise? Note that this viewpoint differs from that of [51]
where global Bondi coordinates were used to link generators at the past null infinity J− and
the future horizon H+.

Finally, there are other classes of transformations, e.g., logarithmic translations, super-
rotations, more general spi-supertranslations etc. that we have not considered in this work.
One would like to understand their action/role at timelike infinity. For much of our non-linear
analysis we used the boundary condition k = 0. Is it desirable to relax this condition? We
hope to return to some of these problems in our future work.

In chapter 3, we have studied the dynamics of a probe Maxwell field in the ERN back-
ground in light of the Couch-Torrence (CT) symmetry. A natural question to ask is: Are
there other spacetimes which exhibits the CT conformal inversion symmetry? In rotating gen-
eralisation, the Kerr-Newman metric does not exhibit a conformal inversion symmetry [86].
However, a study by Cvetič et al. [147] argues that a useful notion of CT inversion can
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be introduced for a class of rotating extremal 4-charge solutions. It can be interesting to
understand this better.

In section 3.4, we have introduced Eastwood-Singer (ES) gauge which remains invariant
under the CT transformation. We show that the asymptotic expansion of the gauge parameter
is similar to the expansion of harmonic gauge parameter. It is an important question to explore
how the solutions for the gauge parameter are consistent with the decay results for scalars in
black hole spacetimes. Equally important is to explore the asymptotic dynamics of Maxwell’s
equation in terms of the gauge field Aa in the Eastwood-Singer gauge on the ERN spacetime.
We leave these questions for future work.

Also in section 3.4 we show that the ES residual gauge parameters have the same form
near future null infinity and the future horizon. This motivates us to show section 3.5 for
a toy model that there is a smooth interpolation between the residual gauge parameters at
the future event horizon and at the future null infinity. The study of these bulk interpolating
solutions can be interesting and remains to be further explored. The toy model example
studied in section 3.5 calls for a corresponding study in four-dimensional asymptotically flat
settings.

Finally in section 3.6 we have made the claim of [11] precise for an ERN black hole
by proving that the soft electric charges remain conserved. Our results follow from the CT
transformation. If not on the ERN spacetime, it should be possible to make precise the
conservation law following [103] on the spacetime with two asymptotic flat ends considered
in section 3.5.

In chapter 4, we have derived leading spin-dependent gravitational tail memory which
behaves like u−2 for retarded time u → ±∞. The late and early time gravitational wave-
forms derived from sub-subleading soft graviton theorem are shown to agree the gravitational
waveforms derived from classical scattering process. Other than a baby step towards finding
another copy of the IR triangle, our work has theoretical and observational implications. Here
we list some of them.

The observation of the leading spin-dependent tail memory will enable us to determine the
spins of the scattered objects given the data of scattered momenta of the outgoing particles,
impact parameters, and the angular frequency distribution of the emitted gravitational waves.

We have shown in section 4.3.2 that for a black hole binary merger process, even when the
black holes carry spin, the gravitational tail memory at u−2 order vanishes. This is another
non-trivial prediction from general relativity. The u−2 tail memory receives correction at
order G3 as shown in Fig. 4.2, which has not been explored yet. Whether order G3u−2

memory also vanishes for binary black hole merger processes is a subject of future research.
In the recent past there has been a lot of progress in deriving various classical observ-

ables including gravitational radiation for 2 → 2 scattering of spinning bodies under weak
gravitational interaction [127, 128, 148, 149]. There are two differences between our analysis
and the analysis done in the papers cited above. The first one is about setting the bound-
ary conditions: to derive the low-frequency gravitational waveform, we give both initial and
final data for the scattered objects. This has the advantage that we do not have to specify
the kind of interaction and strength within the region R. On the other hand in the refer-
ences [127,128,148,149], one specifies only the initial data for the scattered objects and derive
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various classical observables assuming weak gravitational interaction responsible for the scat-
tering event. Another difference is that in the references [127, 128,148,149] the gravitational
radiation has been expressed as an integral form without the evaluation of the integrals in
low-frequency limit (soft region), as done here. But recently in [150] an attempt has been
taken to relate these two approaches for non-spinning 2 → 2 particle scattering event un-
der weak gravitational interaction. It is possible to generalize this idea for spinning particle
scattering and re-derive our result.
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