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Abstract

In this thesis, we study the minimal graded free resolution of Hibi rings and the

h-polynomial of polyomino algebras.

Green and Lazarsfeld defined property N, for p € N to study the graded minimal
free resolution of S/I, where S is a polynomial ring over a field and I is an ideal
generated by quadratics. The ring S/I satisfies property N, if S/I is normal and the
graded minimal free resolution of S/I over S is linear up to p-th position. We prove
necessary conditions for Hibi rings to satisfy Green-Lazarsfeld property N, for p = 2
and 3. We also show that a Hibi ring satisfies property N, if and only if either it is a
polynomial ring or it has a linear resolution. In particular, it satisfies property N, for

all p.

Let P be a polyomino. Qureshi associated a finitely generated graded algebra K[P]
over a field K to P. Rinaldo and Romeo showed that if P is a simple thin polyomino,
then the h-polynomial of K[P] is the rook polynomial of the polyomino P and they

conjectured that this property characterises thin polyominoes.

In this thesis, we verify the conjecture of Rinaldo and Romeo when P is a non-thin
convex polyomino such that its vertex set is a sublattice of N2, We also show that the
Gorenstein rings associated with simple thin polyominoes satisfy the Charney-Davis

conjecture.
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Chapter 1

Introduction

A classical problem in commutative algebra is to study graded minimal free resolu-
tions of graded modules over polynomial rings. One of the fundamental results in this
direction is Hilbert’s syzygy theorem. Let S = Klzi,...,x,] be a standard graded
polynomial ring over a field K and let M be a finitely generated graded S-module.
Then M has a graded minimal free resolution, which is unique up to isomorphism.
Hilbert’s syzygy theorem states that the graded minimal free resolution of M has finite
length, which is at most n. The length of the graded minimal free resolution of M is
called the projective dimension of M. The Auslander-Buchsbaum formula expresses

the projective dimension of M in terms of its depth and n.

Let I be a graded S-ideal generated by quadratics. To study the graded minimal
free resolution of S/I, Green and Lazarsfeld [GL86] defined property N, for p € N. The
ring S/ satisfies property N, if S/I is normal and the graded minimal free resolution
of S/I over S is linear upto p-th position. In particular, if S/I satisfies property N, for
all p € N, then S/I has a linear resolution.

1.1 Aim of the thesis

In this thesis, we study the Green-Lazarsfeld property N, of Hibi rings and the h-
polynomial of polyomino algebras. Both Hibi rings and polyomino algebras are associ-
ated to some combinatorial objects, namely finite distributive lattices and polyominoes
respectively. We utilize the tools of combinatorics to study the graded minimal free

resolution and the Hilbert series of these algebraic objects.



1.2 Green-Lazarsfeld property N, of Hibi rings

Let P be a finite poset and Z(P) be its ideal lattice. Then Z(P), ordered by inclusion,
is a distributive lattice. By Birkhoff’s fundamental structure theorem [Bir67, Chapter

9, Theorem 10], every finite distributive lattice occurs in this way.

Let P be a finite poset and K[Z(P)] = K[{z, : « € Z(P)}] be the polynomial ring
over a field K. The Hibi ideal associated with Z(P), denoted by Iz(p), is the K[Z(P)]-
ideal generated by the binomials z,25 — TarsTavs Where a, 5 € Z(P) are incomparable
in Z(P). The ring K[Z(P)]|/Iz(p) is called the Hibi ring associated to Z(P) and denoted
by R[Z(P)]. These rings were defined by Takayuki Hibi in [Hib87]. He showed that
R[Z(P)] is a normal Cohen-Macaulay domain of dimension #P + 1, where #P is the
cardinality of P. He also characterized all posets for which the associated Hibi ring is
Gorenstein. In Theorem 6.15, we have characterized all posets for which the associated

Hibi ring is a complete intersection.

Hibi rings are normal and Hibi ideals are generated by quadratics. Hence, Hibi rings

satisfy property Ni. So it is natural to ask the following question:

Question 1.1. Forp € N, classify all posets for which the associated Hibi ring satisfies
property N,.

In [Vee2la, Vee21b], we try to answer the above question for various values of p. In
Theorem 3.33, we proved that a Hibi ring satisfies property N, if and only if either it is
a polynomial ring or it has a linear resolution. In particular, it satisfies property N, for
all p. We also characterize all such Hibi rings combinatorially which gives a different

proof of [EQR13, Corollary 10]. In particular, for p = 3, we have proved the following:

Theorem 1.2. (Theorem 3.30) Let P be a connected poset. Assume that P has at least

two minimal and mazimal elements. Then R|Z(P)] does not satisfy property Nj.

Answering the above question for p = 2 is an extremely difficult task. In this
direction, we have proved some necessary conditions for Hibi rings to satisfy property

N5. More precisely,

Theorem 1.3. (Theorem 3.20) Let P be a poset. Let S = UL {pi1,...,pin,} be a
subset of the underlying set of P such that

(0) for all1 <i <2, {pix,..-,Din, } 1 @ chain in P with p;1 <--- < pjp,.

2



(19) P11 7 P21, Ping 7 P2ns-

(193) {p11,p21} and {p1n,,Pan,} are antichains in P.
Let P’ be the induced subposet of P on the set S. If R[Z(P')] does not satisfy property
Ny, then R[Z(P)] does not satisfy property No.

Under the notations of the above theorem, Z(P’) is a planar distributive lattice.
Ene [Enel5] characterized all planar distributive lattices for which the associated Hibi

ring satisfies property Nj.

Suppose that a poset can be decomposed into a union of three chains and it has
three maximal and minimal elements. We prove some necessary conditions regarding

when Hibi rings associated to such posets satisfy property Vs.

Theorem 1.4. (Theorem 3.25) Let P be a poset on the set Us_{p;1, ..., Pin, } such that
(1) p11,D21, P31 are distinct and pi .y, Dony, Pang are distinct,

(17) {p1.1, P21, 3.1} and {P1nys Dongs Pams } are the sets of minimal and mazimal ele-

ments of P respectively and

(233) for all 1 <i <3, n; >3; {pi1,---Din;} i a chain in P with p;1 <--- < pjp,.
If P is connected and none of the minimal elements of P is covered by a maximal

element, then R[Z(P)] does not satisfy property Na.

The Segre product of two Hibi rings is a Hibi ring. More precisely, let P, and P, be
two posets. Then, R[Z(P))] * R[Z(P.)] = R[Z(P)] where % denotes the Segre product
and P is the disjoint union of P, and P,. For the Segre product of Hibi rings, we have

proved the following result:

Theorem 1.5. (Corollary 4.3) Let P be a poset such that it is a disjoint union of two
posets Py and Py. If R[Z(P)] satisfies property N, for some p, then so do R[Z(P;)] and
RIZ(P)].

Since polynomial rings are Hibi rings, the Segre product of polynomial rings may be
viewed as a Hibi ring. The property N, of the Segre product of polynomial rings have
been studied by various authors. Let A = Kz, ..., Z10, % - K[y 0,...,%rn,] be the
Segre product of r polynomial rings, where n; > 1 and n; € N for all 7. Sharpe [Sha64]
proved that if r = 2, then A satisfies property N,. For r = 2, Lascoux [Las78| and
Pragacz-Weyman [PW85] proved that A satisfies property N3 if K contains the rational

3



field Q. Hashimoto [Has90] showed that if » = 2, ny,ny > 4 and characteristic of the
field K is 3, then A does not satisfy property N3. Rubei [Rub02, Rub07] proved that
if > 3 and char(K) = 0, then A satisfies property N3 but it does not satisfy property

N,. Based on these results and various examples, we have conjectured the following:

Conjecture 1.6. Let P, and Py be two posets and P be their disjoint union.

1. If the Hibi ring R[Z(P;)] satisfies property Ny for alli = 1,2, then so does R|Z(P)].

2. If char(K) # 3 and the Hibi ring R[Z(FP;)] satisfies property N3 for all i = 1,2,
then so does R[Z(P)].

If (2) of Conjecture 1.6 is true, then one can completely resolve Question 1.1 for
p = 3 with the help of Theorem 1.2. If (1) of the Conjecture 1.6 is true, then in order
to answer Question 1.1 for p = 2, one has to take care of the connected posets only.
Generalizing the results of Rubei and giving more evidence in support of Conjecture 1.6,

we have proved the following results:

Theorem 1.7. (Theorem 4.14) Let P be a poset. If R[Z(P)] satisfies property Na, then
so does R[Z(P)]* K|ty,...,t,], where K[ty,...,t,] is a polynomial ring.

Theorem 1.8. (Theorem 4.5) Let P be a poset. If the Hibi ring R[Z(P)] satisfies
property N, then so does R|Z(P)] * K[t1,t5], where K|t1,t5] is a polynomial ring.

Now, suppose that for a poset P, the associated Hibi ring does not satisfy property
N,. Then, the second syzygy module of R[Z(P)], denoted by Syzo(R[Z(P)]), is not
generated by linear relations. So one could ask the following question, “Which Koszul
relations will be in the minimal generating set of Syzy(R[Z(P)])?”. We have partially

answered the above question in Theorem 6.13.

Let P be a poset. The comparability graph Gp of P is a graph on the underlying
set of P such that {z,y} is an edge of Gp if and only if x and y are comparable in P.
Hibi and Ohsugi [HO17] characterized chordal comparability graph of posets using toric
ideals associated with multichains of poset. Using one of our results [Vee2la, Theorem
5.6] and [Fro90, Theorem 1], we have characterized chordal comparability graph of
distributive lattices in terms of the subposet of join-irreducibles of the distributive
lattice in Corollary 3.34.



1.3 h-polynomial of Polyomino algebras

In recent joint work with Manoj Kummini [KV23a, KV23b], we have partially resolved

the following two conjectures:

1. Charney-Davis conjecture for the Gorenstein toric K-algebras associated to simple

thin polyominoes.

2. Rinaldo-Romeo’s conjecture concerning characterization of thin polyominoes.

The Charney-Davis conjecture [CD95, Conjecture D] asserts that if h(t) is the h-
polynomial of a flag simplicial homology (d — 1)-sphere, then (—1)L%Jh(—1) > 0. Stan-
ley [Sta00, Problem 4] extended this conjecture to Gorenstein* flag simplicial complexes.
Generalizing it further, Reiner and Welker [RW05, Question 4.4] posed the following;:

Question 1.9. Let K be a field and R a standard graded Gorenstein Koszul K -algebra.
Write the Hilbert series of R as hg(t)/(1 — t)4™F)  [s

deg hR(t)J

()l

ha(~1) > 07

We say that a standard graded Gorenstein Koszul K-algebra R is Charney-Davis

(CD) if it gives an affirmative answer to the above question.

Suppose that, in the notation of Question 1.9, deg hg(t) is odd. Then hr(—1) = 0;
see, e.g., [BHI3, Corollary 4.4.6]. Therefore Question 1.9 is open only when deg hy(t)
is even. See the bibliography of [RW05] and of [Sta00] for various classes of rings that
are CD. A class of CD rings related to the ones we have studied are Gorenstein Hibi
rings [Brd06, Corollary 4.3]. Recently, D’Ali and Venturello [DV22] proved that the

answer to Question 1.9 is negative in general.

Let K be a field and R be a standard graded finite type K-algebra. The Hilbert
series Hg(t) of R is the formal power series Y, dimg R;t* where for each i, R; is the
finite-dimensional K-vector-space of the homogeneous elements of R of degree i. There

exists a unique polynomial hg(t) such that

hr(t)

Het) = g —pimn

The polynomial hg(t) is called the h-polynomial of R.
)



A polyomino is a finite union of unit squares with vertices at lattice points in the
plane that is connected and has no finite cut-set [Stal2, 4.7.18]. Qureshi [Qurl2]
associated a finitely generated graded algebra K[P] (over a field K) to a polyomino P.
Qureshi-Shibuta-Shikama [QSS17, Corollary 2.3] proved that if PP is a simple polyomino,
then K[P] is a Koszul Cohen-Macaulay integral domain.

The S-property of simple thin polyominoes was introduced in [RR21] to characterize
such polyominoes P for which K[P] is Gorenstein. Therefore it is natural to ask whether
K[P] is CD if P is a simple thin polyomino with the S-property. In this regard, we

showed the following:

Theorem 1.10. (Theorem 5.17) Let P be a simple thin polyominoes with the S-
property. Then K[P] is CD.

In our preprint [KV23b], Manoj Kummini and I have partially proved Rinaldo-
Romeo’s conjectured characterization of thin polyominoes. For k € N, a k-rook config-
uration in P is an arrangement of k£ rooks in pairwise non-attacking positions. The rook

polynomial rp(t) of P is >, y7rkt" where ry is the number of k-rook configurations in

P.

Rinaldo-Romeo [RR21, Theorem 1.1] showed that if P is a simple thin polyomino,
then hgp)(t) = rp(t) and conjectured [RR21, Conjecture 4.5] that this property char-

acterizes thin polyominoes. We have proved this conjecture in the following case:

Theorem 1.11. (Theorem 5.19) Let P be a convex polyomino such that its vertex set
V(P) is a sublattice of N*. Let hyp)(t) = 1+ hit + hot* + - -+ be the h-polynomial of
KI[P] and rp(t) = 1+ rit + rot®> + -+ be the rook polynomial of P. If P is not thin,
then hy < ry. In particular hyp(t) # rp(t).

Using results of [EHQR21], we have extended our result to L-convex polyominoes.

More precisely,

Theorem 1.12. (Corollary 5.25) Let P be an L-convez polyomino that is not thin. Let
hip)(t) = 1+hit+hot*+- -+ be the h-polynomial of K[P] and rp(t) = 14+rit+rat*+- - -
be the rook polynomial of P. Then hy < rs.

Though the statements of both of the conjectures are algebraic, our proofs are purely
combinatorial. Later on, Qureshi-Rinaldo-Romeo [QRR22| also proved Theorem 1.11
and 1.12.



1.4 Organization of the thesis

In Chapter 2, we discuss the preliminaries and background of commutative algebra and
combinatorics required for the thesis. Chapter 3 is about the property NN, of Hibi rings
for p > 2. We prove some sufficient conditions for Hibi rings to not satisfy property Ny
in Sections 3.2 and 3.3. In Section 3.4, we study property N, of Hibi rings for p > 3.
First, we prove that if a poset is connected and it has at least two minimal and at
least two maximal elements, then the associated Hibi ring does not satisfy property
N3. The second main result of this section is about property N, of Hibi rings for p > 4.
Using this result and [Fr690, Theorem 1|, we characterize chordal comparability graph
of distributive lattices in terms of the subposet of join-irreducibles of the distributive

lattice.

In Chapter 4, we study the property N, for Segre product of Hibi rings for p > 2. We
prove that if a Hibi ring satisfies property Ny, then its Segre product with a polynomial
ring in finitely many variables also satisfies property No. When the polynomial ring is

in two variables, we prove the above statement for Nj.

In Chapter 5, we study the h-polynomial of Hibi rings and polyomino rings. In
particular, we prove the Charney-Davis conjecture for the Gorenstein toric K-algebras
associated to simple thin polyominoes and for Gorenstein Hibi rings of regularity 4.
Also, we partially prove Rinaldo and Romeo’s conjectured characterization of thin

polyominoes.

In the last chapter, we study the minimal Koszul syzygies of Hibi ideals and of initial
Hibi ideals. We also give a combinatorial characterization of complete intersection Hibi

rings.






Chapter 2

Preliminaries

2.1 Basics from commutative algebra

Let K be a field. Let S = K[x1,...,z,]| be a polynomial ring in n variables over K. Set
deg(z;) = 1 for all <. Then a monomial z{* - --z% has degree >  a;. For i € N, we
denote by S; the K-vector space generated by all monomials of degree i. As a K-vector
space S has a direct sum decomposition @,y S; such that S;S; C S;; for all ¢, j € N.
We refer to this as the standard grading of S.

Let M be an S-module. We say that M is graded if it has a K-vector space decom-
position @ZEN M; such that S;M; C M;; for all 4,7 € N. For ¢ € N, M; is called the
it" homogeneous component of M. An element of M; is homogeneous of degree i. For
graded S-modules M and N, a homomorphism ¢ : M — N is called graded of degree
rif ¢(M;) C N,4; for all i € N. We write S(—j) for a graded free S-module with
a homogeneous generator of degree j. We say that S(—j) is the module S shifted j
degrees. For each i € N, S(—j); = S;_; as a K-vector space. A ideal I of S is called
graded if it is generated by homogeneous elements. The ideal m = (z1,...,x,) is called

the graded maximal ideal of S.

Now we define another grading for .S which will be used in this thesis. Let H C
N be an affine semigroup with the unique minimal generating set hq, ..., h, € N™.
Consider a degree map deg : N — N defined by deg(e;) = h;. It is easy to see that the
degree map is a semigroup homomorphism. A monomial z*---z% in S is identified

with a vector (ai,...,a,) € N". Grading S by H is assigning each monomial z{* - - - 2"

in S to its degree deg((ay,...,a,)) = > i, a;h; € H where a; € N for all i. We refer
to this as H-grading of S. For any h € H, the set of homogeneous polynomials f € S

9



with deg(f) = h is a K-vector space spanned by the polynomials having degree h in H-
grading. As a K-vector space S has the direct sum decomposition €, S, such that
SpSp € Spyp for all hyh' € H. For an S-module M, we say it is H-graded if we can
write M = @heH M), as a K-vector space, such that for all h,h' € H, Sy M;, C My yp,.
For h € H, The module S(—h) is a free S-module of rank one with generator h.

Assume that S is standard graded. Let I C S be a graded S-ideal. So R = S/I
is a standard graded K-algebra, i.e., R is generated as a K-algebra by homogeneous
elements of degree 1. Let M be a finitely generated graded R-module. We say that
a homogenecous element s € R is an M-regular element if (0 :p; s) = 0. In other
words, s is a non-zero divisor on M. A sequence si,...,s, of homogeneous elements
of R is called an M -regular sequence if the following conditions are satisfied: () s; is
M/(s1,...,8i—1)M-regular element for all i = 1,...,r, and (i1) M/(s1,...,s,)M # 0.

Any two maximal M-regular sequences of M have the same length. The length of
a maximal regular sequence is called the depth of M and is denoted by depth,(M). It
is known that depthy(M) < dim(M). M is said to be a Cohen-Macaulay R-module
if depthp(M) = dim(M). If R itself is a Cohen-Macaulay module, then it is called a
Cohen-Macaulay ring. We say that R is a complete intersection if I is generated by a

regular sequence.

2.1.1 Graded free resolution

Let R = @®;>9 R; be a finitely generated graded K-algebra with Ry = K and let
n = @;>1 R; be the graded maximal ideal of R. A complex ' of R-modules is a sequence
of R-modules F; and maps 0; : F; — F;_; such that 9;0;41 = 0 for i € Z. The it
homology of the complex F, denoted by HZ(F), is the module ker(9;)/im(;y1). The
complex F is ezact if Hf(F) = 0 for all i. Let M be an R-module. A free resolution of

M over R is a complex
04 0
F: oo F=SF_,—- = F3E

of free R-modules such that F is exact and coker(d;) = M. The image of the map 0; is
called the i syzygy module of M, denoted by Syz:(M).

When M is finitely generated, we may take F; to be of finite rank. We say that F is

minimal if im(0;) C nF;_, for all . Assume that M is graded. Then a free resolution F

10



of M is said to be graded free resolution if the module F; are graded free modules, and
the maps 0; are homogeneous maps of degree 0. If for some m € N, we have F,,;; =0
but F; # 0 for all 0 < i < n, then we say that F is finite free resolution of length n.

Let M and N be graded R-modules. Let ' (resp. G) be the minimal graded free
resolution of M (resp. V) over R. Define

Torf(M,N) := H(F® N) = H;(M @5 G).

The Torf{(M, N) is a graded R-module and it is independent of choice of the resolutions
of M and N.

Let M be a finitely generated graded S-module, where S is the polynomial ring
K[zy,...,2,). Then M has a graded minimal free resolution, which is unique up to
isomorphism. By the Hilbert’s syzygy theorem, the graded minimal free resolution
of M is finite and has length < n. We define the graded Betti numbers of M in
standard grading and in H-grading, where H is a affine semigroup. First assume
that M is a graded in standard grading. Then, the standard graded Betti numbers
Bi;(M) = dimg Tor? (M, K); for all 7,5 € N. Similarly, assume that S is H-graded
and M is an H-graded S-module. Then for any h € H, the H-graded Betti number
Bin(M) = dimg Tor? (M, K), for all i € N,

In conclusion, the graded minimal free resolution FF of a standard graded S-module

M has the following form:

F:0— @S(—j)ﬁm — e @S(—j)ﬁlvj — @S(—j)ﬁ‘” where r < n.
J J J

The Betti table of M is numerical data consisting of the minimal number of gener-
ators in each degree in the minimal generating set of each syzygy module of M. More
precisely, the Betti table of M is an array with columns indexed by homological degrees
¢ having the entry 3;,1; in the row indexed j. Table 2.1 displays the Betti table of M.

Hilbert’s syzygy theorem implies that there are only finitely many pairs (i, ) for
which f; ; # 0. The size of a Betti table is given by the projective dimension and the

regularity. One defines the projective dimension of M as

proj dimg(M) = max{i : §; ;(M) # 0 for some j}

11



- 0 1 2 3 e 7 141
0| Boo Bio  Boo  Pso - Bio Bit1,0
1| Box Pz Ba,3 Bsa o Biit1 Bittiti+
2| Boz Pz Bea Bss o Biive Bitriviee
3| Bos  Bra  Bes  Bss o Biiws Birriti4s
J | Bo; Biiri Booyi Bss+i o Biivj  Bivtiti+g

TABLE 2.1: Betti table of M
and the (Castelnuovo-Mumford) reqularity of M as

regg(M) = max{j — ¢ : 5, j(M) # 0 for some j}.

The next proposition relates the projective dimension of a graded module over a

polynomial ring with its depth.

Proposition 2.1. (Auslander-Buchsbaum formula)/[HHO18, Theorem 2.15] Let M be
a finitely generated graded S-module. Then

proj dimg(M) + depthg(M) = dim(S) = n.

A immediate consequence of the proposition is that M is Cohen-Macaulay if and
and only if projdimg(M) = dim(S) — dimg(M).

Let I = (f1,..., fm) be a graded S-ideal. Let {ej,...,en,} be a basis of the free
S-module S™. Define a map ¢ : S™ — S by ¢(e;) = f;. Then, ker ¢ is the second
syzygy module of S/I, denoted by Syzy(S/I). Let f; and f; be two distinct generators
of I. Then the Koszul relation f;e; — fje; belongs to Syzo(S/1). We say f;, f; a Koszul

relation pairif fie; — f;e; is a minimal generator of Syzy(S/1).

Let I be a graded S-ideal generated by elements of degree d. Then [ said to have
a linear resolution if 5; j(I) = 0 for j # i+ d. We say that the ring S/I has a linear

resolution over S if I has a linear resolution.

Let I be a graded S-ideal with I C m? and let R = S/I. Let n be the graded
maximal ideal of R. The graded minimal free resolution of R/n over R is infinite if
and only if I # 0. One could still ask about the linearity of the graded minimal free

resolution of R/n.
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Definition 2.2. A standard graded K-algebra R is said to be Koszul if R/n has a linear
resolution, i.e., Tor{'(R/n, R/n), =0 for all i and all j # i.

A consequence of the Koszul algebras is the following:

Proposition 2.3. [Kem90, Lemma 4] Let R = S/ be a Koszul algebra. Then f3; ;(R) =
0 for all j > 21.

2.1.2 Initial Ideals

A monomial order < on S is a total order on the set of monomials of S such that

1. 1 < g for all monomial g with g # 1;

2. if g, ¢’ are two monomials with g < ¢, then fg < f¢’ for all monomials f.

Let f € S be a polynomial. The initial term of f with respect to <, denoted by
in_(f), is the largest monomial that appears with a non-zero coefficient in f. Let [

be an ideal of S. The ideal generated by the monomials {in(f) : f € I} is called the
initial ideal of I with respect to <, and is denoted by in. (7).

The following result provides a comparison between S/I and S/ in.(I).

Theorem 2.4. [HHO18, Theorem 2.19] Let I be a graded S-ideal, and let < be a

monomial order on S. Then the following holds:

(a) Bij(S/I) < Bi;(S/inc (1)) for alli and j;

(b) dimS/I = dimS/in.(I), depthS/in.(I) < depthS/I and regS/I <
reg S/ in_(I);

(¢) if S/inc(I) is Cohen-Macaulay, then S/I is Cohen-Macaulay;
(d) if S/in.(I) is Gorenstein, then S/I is Gorenstein.
Recently, Conca and Varbaro [CV20, Corollary 2.7] proved that if in_(I) is square-

free, then depth S/in.(I) = depth S/I and reg S/I = regS/in.(I). Consequently, if
S/I is Cohen-Macaulay, then so is S/ in.(I).

13



A Grébner basis for I is a set of polynomials {g¢1,...,¢.} C I such that in_(I) =
(in<(g1),--.,in<(gr)). There exists a finite subset G of I such that G is a Grébner
basis of I with respect to < (see [HHO18, Theorem 1.25]). If {g1,...,g.} is a Grobner
basis of I, then I = (g1, ...,9,) [HHO18, Theorem 1.16]. Assume that [ is graded and
it has a quadratic Grobner basis under some monomial order <. Then S/I is Koszul
[HHO18, Section 2.4].

2.1.3 Hilbert Series

Let R = S/I be a finitely generated K-algebra. Assume that R is standard graded,
i.e., R is generated as a K-algebra by homogeneous elements of degree 1. So one can
write R as @ R, where Ry = K and for each n > 1, R,, is the finite-dimensional

K-vector space of the homogeneous elements of R of degree n.

neN

The Hilbert series Hg(t) of R is the formal power series ) _dimg(R,)t". There
exists a unique polynomial hg(t) [BH93, Corollary 4.1.8] such that

hr(t)
W'

Hpg(t) =

The polynomial hr(t) is called the h-polynomial of R. Write hg(t) = ho+hit+-- -+

h,t" with h, # 0. If R is Cohen-Macaulay, then deg hr(t) is the regularity of R [HHO18,

Corollary 2.18] and h; > 0 for all i [BH93, Corollary 4.1.10]. If R is Gorenstein, then

h; = h,_; for all 0 <7 < r. When R is a domain, then the converse of the previous

statement also holds, i.e, if h; = h,_; for all 0 < i < r, then R is Gorenstein [BH93,
Corollary 4.4.6].

For a graded S-ideal I, the Hilbert series of S/I can be reduced to the case when [

is a monomial ideal. More precisely,

Proposition 2.5. [HHO18, Proposition 2.6] Let < be a monomial order on S, and let
I be a graded S-ideal. Then

Hgy1(t) = Hs/in(n)(t)-

14



2.2 Basics from poset theory

We start by defining some basic notions of posets and distributive lattices. For more
details and examples, we refer the reader to [Stal2, Chapter 3] and [Bir67]. Throughout

this thesis, all posets and distributive lattices will be finite.

A partially ordered set P (or poset in brief) is a set, together with a binary relation

<, satisfying the following axioms:

1. reflexive : x < x for all x € P;
2. antisymmetric: for any x,y € P, if v <y and y < x, then z = y;

3. transitive: for any x,y,z € P, if xt <y and y < z, then z < z.

We use the notation z > y to mean y < z, * < y to mean z < y and x # y. We
say that two elements x and y of P are comparable if v < y or y < x; otherwise x and

y are incomparable.

Let P be a poset. For x,y € P, we say that y covers xif x < y and there isno z € P
with z < z < y. We denote it by = < y. A poset is completely determined by its cover
relations. The Hasse diagram of poset P is the graph whose vertices are elements of P,
whose edges are cover relations, and such that if x < y then y is “above” z (i.e. with
a higher vertical coordinate). In this thesis, we use the Hasse diagrams to represent
posets. A subposet of P is a subset () with a partial order such that for z,y € Q we
have x <y in @ if and only if x <y in P.

A chain C of P is a totally ordered subset of P, that is, any two elements of C' are
comparable in P. The length of a chain C' of P is #C — 1. The rank of P, denoted by
rank(P), is the maximum of the lengths of chains in P. A poset is called pure if its all
maximal chains have the same length. For x € P, height(x) denotes the rank of the

subposet of P which consists of all y € P with y < x.

Definition 2.6. Let P and @) be two posets.

1. A nonempty subset S of P is an antichain in P if any two distinct elements of S

are incomparable. An antichain with n elements is said to have width n. Define
width(P) := max{#S : S C P, S is an antichain in P}.
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. A poset P is called simple if there is no p € P with the property that all elements

of P are comparable to p.

. The ordinal sum P @® @ of the disjoint posets P and () is the poset on the set
P UQ with the following order: if z,y € P® @, then x < y if either x,y € P and
r<yinPorz,yecQandx<yinQorx e P and y € Q.

. Let P, @ be two posets on disjoint sets. The disjoint union of posets P and () is
the poset P + () on the set P U Q) with the following order: if x,y € P + @, then
x < yif either z;,y € Pand x <yin Por z,y € Q and x < y in (). A poset
P which can be written as disjoint union of two posets is called disconnected.

Otherwise, P is connected.

. P and @ are said to be isomorphic, denoted by P = (), if there exists an order-

preserving bijection ¢ : P — () whose inverse is order preserving.

. A subposet P’ of P is said to be a cover-preserving subposet of P if for every

x,y € P with x <y in P’, we have x < y in P.

Example 2.7. Let P be the poset as shown in Figure 2.1a. Let P’ and P” be the

subposets of P as shown in Figure 2.1b and Figure 2.1c respectively. It is easy to see

that P’ is a cover-preserving subposet of P but P” is not a cover-preserving subposet

of P since p3 < p; in P” but not in P.

b7 DPs
b7 Ps P13
b7 Dbs
Ds pG/plz b5 DPe
Doy D3 / Ps ADP11 P3 Pa P9 P3
P1o
b1 D2 b1 D2 Pio D1
(a) (b) (c)
FiGure 2.1

Let P be a poset and z,y € P. An upper bound of x and y is an element z € P

satisfying = < z and y < z. A least upper bound (or join) of x and y is a least element

of the set {z € P: z is an upper bound of x and y}. If a least upper bound of x and

y exists, then it is unique and denoted by x V y. Dually one can define greatest upper

bound (or meet) of x and y, when it exists. It is denoted by z A .
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A lattice L is a poset for which every pair of elements has a least upper bound
and greatest lower bound. A lattice L is said to be a distributive if it satisfies one the

following equivalent conditions:

l.zV(yAz)=(xVy) A(zVz) for any x,y,z € L;

2. 2N (yVz)=(xAy)V(zAz)for any z,y,z € L.

Let L be a lattice. An element x € L is called join-irreducible if x is not the minimal

element of L and whenever x = y V z for some y, z € L, we have either x =y or x = 2.

Let P be a poset. A subset a of P is called an order ideal of P if it satisfies
the following condition: for any x € a and y € P, if y < x, then y € a. Define
Z(P) :== {o C P : « is an order ideal of P}. It is easy to see that Z(P), ordered by
inclusion, is a distributive lattice under union and intersection. Z(P) is called the ideal
lattice of the poset P.

Theorem 2.8. (Birkhoff)[Bir67, Chapter 9, Theorem 10/[Sta12, Theorem 3.4.1] Let L
be a distributive lattice. Then there is a unique poset P, up to isomorphism, for which

L=TZI(P).

Example 2.9. In this example, we illustrate Birkhoff’s theorem. Let P be a poset given
by Figure 2.2a. Then Z(P) is as shown in Figure 2.2b. The join-irreducible elements of
Z(P) are highlighted in blue. One can check that the poset of join-irreducible elements
of Z(P) is isomorphic to P.

{P17P27P3} {p17p27p4}

P3 2

{p17p2} {]92, p4}

{Pl}
y4 b2 o

(a) P (b) Z(P)

FIGURE 2.2
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2.3 Simplicial complexes

Let V' be a non-empty finite set. A simplicial complex A on V' is a collection of subsets
of V' such that {v} € A for all v € V and F' € A whenever F' C G for some G € A.

The elements of A are called faces, and the dimension of a face F, denoted by
dim F', is the number #F — 1. The dimension of the simplicial complex A is dim A =
max{dim F' : F' € A}. A 0O-dimensional face of A is called a verter of A. We denote
the vertex set of A by V(A). A facets of A is a face that is maximal under inclusion.

Note that the empty set () is a face of dimension —1 of A.

A subcomplex of the simplicial complex A is a simplicial complex whose faces are
contained in A. For n > 0, the n-skeleton of the simplicial complex A is the collection

of all those faces of A whose dimension is at most n. We denote the n-skeleton of A
by sk™(A).

Let K beafieldand V = {vq,...,v,}. For =1 <n < dim A, let Zn be the K-vector
space of the n-dimensional faces of A. A boundary map O Ay = A,y is given by

n

On({vo,- - va}) = > (=) {ve, .., By v}
i=0
Then,
0— AdimA adgA AdimA—l — = Al g zo ﬁ 8_1 —0

is a complex of finite dimensional K-vector spaces. The n!" reduced homology of the
simplicial complex A with scalars in K, denoted by ﬁ[n(A, K), is the K-vector space
ker(0,)/im(0,+1). Elements of ker(9,) are called cycles and elements of im(0,,41) are
called boundaries. Two cycles representing the same homology class are said to be

homologous. This means that their difference is a boundary.

Let A be a simplicial complex on a vertex set V. The support of a simplex ¢ in A
is the set of all vertices v € V such that v € 0. Let a = ), a,0; where ¢; € Z, be a
chain in A. The support of a, denoted by supp(«), is the union of the support of the

simplexes ;.

18



2.4 Graph theory

Let G be a simple graph on the vertex set [n]. The cliqgue complex (or flag complez)
A(G) associated to G is a simplicial complex defined in the following way: A(G) has
same vertices as G and the simplices of A(G) are exactly the subsets F' of [n] for which
every pair in F' is an edge of G. A graph G is called chordal if every induced cycle in
G of length > 4 has a chord, i.e., there is an edge in G connecting two nonconsecutive
vertices of the cycle. Let A be a simplicial complex. The Stanley-Reisner ideal Ia
generated by quadratics has linear resolution if and only if A = A(G) for some chordal
graph G [Fr690, Theorem 1].

Let P be a poset. The comparability graph Gp of P is a graph on the underlying set
of P such that {z,y} is an edge of Gp if and only if  and y are comparable in P. The
order complex A(P) of a poset P is the simplicial complex whose i-faces are exactly the

chains ug < uy < --- < wu; in P. It is known and easy to verify that A(P) = A(Gp).

2.5 Polyominoes and polyomino ideals

A cell in R? is a set of the form {(z,y) € R? |a <z <a+ 1,0 <y < b+ 1} where
(a,b) € Z*. Let P be a finite collection of cells. Then P determines a unique topological
subspace sp(P) := UgcepC of R%. By abuse of terminology, we assign the topological
attributes to P that sp(P) has. We identify the cells of P by their top-right corners:
For v € Z2, C(v) is the cell whose top-right corner is v. We say that P is a polyomino
if P is connected and does not have a finite cut-set [Stal2, 4.7.18] (i.e., sp(P) has these

properties).

FiGURE 2.3

We say that a polyomino P is simple if sp(P) is simply connected; it is thin if it
does not have a 2 x 2 square such as the one shown in Figure 2.3. We say that a
polyomino P is horizontally convez if for every line segment ¢ parallel to the z-axis

with end-points in P, ¢ C P. Similarly we define vertically conver polyominoes. We
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say that a polyomino P is convez if it is horizontally convex and vertically convex.
Figure 2.4 shows three examples of polyominoes that are convex, non-convex simple
and non-simple thin respectively. The set of cells of P is denoted by C(P). The vertex
set V(P) of P is P NZ2. By the left-boundary vertices of P, we mean the elements of
7Z? N OP that are top-left vertices of the cells of P; the bottom-boundary vertices of P
are the elements of Z? N OP that are bottom-right vertices of the cells of P.

FIGURE 2.4: From left to right: a convex polyomino, a non-convex simple polyomino
and a non-simple thin polyomino

Let P be a finite collection of cells. As mentioned earlier, we treat P interchangeably
with the topological space sp(P). Qureshi [Qurl2] associated a finitely generated graded
algebra K[P] (over a field K) to P. Let S = K[{z;; : (i,j) € P NZ?}] be the standard
graded polynomial ring in the variables z;;. Let Ip be the binomial ideal generated by
the binomials x;;zx — zyay; for all (4,7), (k,l) € P N Z? such that the rectangle with
vertices (i,7), (k,1), (k,j) and (i,1) is a subset of sp(P). Define K[P] = S/Ip. When

P is a polyomino, Ip is called a polyomino ideal.
Example 2.10. Let P be the polyomino as shown in Figure 2.5. Then,

Ip = (513'011'12 — Tp2x11, To1L22 — Lp2X21, To1L32 — L2X31, T10L21 — L11T20, T10TL22 —
T12X20, L11T22 — L12X21, L11X32 — T12L31, L10L23 — L13L20, L1123 — L13L21, L12L23 — L13T22,

L2132 — $22$31)-

(1,3) (2,3)
E
(0,2) (3,2)
B C D
(0,1) (3,1)
A
(1,0) (2,0)
FIGURE 2.5
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Theorem 2.11. [HM1/, Corollary 2.2] [QSS17, Corollary 2.3] Let P be a simple poly-

omino. Then K[P] is a Koszul Cohen-Macaulay integral domain.

The height of unmixed polyomino ideals have a very nice combinatorial interpre-
tation. Qureshi [Qurl2] proved that for a convex polyomino P, height of the poly-
omino ideal Ip is the number of cells of P. Extending this further, Herzog, Hibi and
Moradi [HHM22] recently proved that for a finite collection of cells P, if Ip is an
unmixed ideal, then the height of the ideal Ip is the number of cells of P.

Let P be a finite collection of cells. Let C, D € P. We say that C' is a neighbour
of D if C' N D is a line segment. A path from C to D is a sequence of cells C' =
Co,Ch,...,Cyp = D such that for all i # j, C; # C; and for all 1 < i < m, C; is a
neighbour of C;_;. If P is a simple thin polyomino, then for all cells C, D of P, there
is a unique path from C' to D.

A inner interval of P is a subcollection I of P such that sp(/) (which is a subspace of
sp(P)) is a rectangle with vertices (i1, j1), (1141, 1), (i1, j2) and (i;41, j2) or a rectangle
with vertices (i1, j1), (i1,71 + 1), (i2, 1) and (ia, j1 + 1) for some iy, i, j1, jo € Z with

11 < io and j; < jo. An inner interval of P is mazimal if it is maximal under inclusion.

For k € N, a k-rook configuration in P is an arrangement of k rooks in pairwise
non-attacking positions. The rook polynomial rp(t) of P is >, 7it" where 7y is the
number of k-rook configurations in P. The rook number r(P) of P is the degree of

rp(t), i.e., the largest k such that there is a k-rook configuration in P.

Theorem 2.12. [RR21, Theorem 1.1] Let P be a simple thin polyomino. Then
hicp)(t) = rp(t).

Example 2.13. Let P be as shown in Figure 2.5. Note that P is simple thin. We write
the Hilbert series of the ring K[P]. The height of the polyomino ideal Ip is the number
of cells of P, i.e., 5. The dimension of the ring K[P] is #V (P)— number of cells of
Pi.e., 12—-5=7. By Theorem 2.12, the h-polynomial of K[P] is the rook polynomial
of the polyomino P. We compute r;, namely the number of k-rook configurations in P
for £ > 0 as follows:

(k=0) 0;

(k=1) {A}, {B}, {C}, {D}, {E};

(k=2) {4, B}, {A, D}, {B, E}, {D, E};

(k=3)

k > 3) there is no k-rook configurations in P.
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Therefore
ro=1,1r =5 rp=4, r, =0 for all £k > 3.

Hence,
1 + 5t + 4¢2

HK[P}(t) = (1 _t)7

Let P be a simple thin polyomino. Observe that any cell of P belongs to at most
two maximal inner intervals. A cell C is said to be an end-cell of a maximal inner
interval [ if C' € I and C has exactly one neighbour cell in 1. A cell of P is called
single if it belongs to exactly one maximal inner interval of P. We say that P has the

S-property if every maximal inner interval of P has exactly one single cell.

Theorem 2.14. [RR21, Theorem 4.2] Let P be a simple thin polyomino. Then K[P]
1s Gorenstein if and only if P has the S-property.

2.6 Hibi rings

Let L = Z(P) be a distributive lattice with P = {py,...,p,}. Let R = K[t, 21, ..., 2,
be a polynomial ring in n + 1 variables over a field K. The Hibi ring associated with
L, denoted by R[L], is the subring of R generated by the monomials u, = t]], ., 2i
where a € L. If we set deg(t) = 1 and deg(z;) = 0 for all 1 <7 < n, then R[L] may be
viewed as a standard graded algebra over K. Hibi rings were defined by Takayuki Hibi
in [Hib87]. He showed that R[Z(P)] is a normal Cohen-Macaulay domain of dimension
#P 41, where #P is the cardinality of P. In that article, he also proved that the Hibi
ring R[Z(P)] is Gorenstein if and only if P is pure.

Let K[L] = K[{zs : @ € L}| be the polynomial ring over K and 7 : K[L] — R[L]
be the K-algebra homomorphism with z, — u,. Let Ip = (2,25 — TanpTavs @ @, 5 €
L and «, § incomparable) be an K[L]-ideal. Let < be a total order on the variables
of K[L] with the property that one has z, < xg if @« < § in L. Consider the graded

reverse lexicographic order < on K[L] induced by this order of the variables.

Theorem 2.15. [HHO18, Theorem 6.19] The generators of I, described above forms

a Grébner basis of ker(mw) with respect to <. In particular, ker(mw) = I.
The ideal I, is called the Hibi ideal of L. By Theorem 2.15, it follows that

inc(I) = (zozs : o, f € L and «, § incomparable).
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Example 2.16. Let P = {pi,...,ps} be a poset as shown in Figure 2.2a. So the
polynomial ring R = K[t,2,...,2). Note that vy = ¢, ugp, p,} = tz122 and up =

tz1292324. The Hibi ring associated to P is

RIZ(P)] = K|t tz1,tz0,t21 29, tz1 2023, L2024, t21 2924, 121 2223 24) -

Let P be a poset. Then, P is a chain if and only if R[Z(P)] is a polynomial ring. The
proof of this statement is elementary. First observe that P is a chain if and only if Z(P)
is a chain. Now, suppose that P is a chain. Write P = {py,...,p,} with p; <--- < p,.
Then Z(P) = {0, {p1},{p1,p2},..., P}. So, R[Z(P)] = K[t tz1,tz129,... ,tz1 - 2]
which is a polynomial ring. On the other hand, if R[Z(P)] is a polynomial ring, then
the Hibi ideal I7(py = 0. Therefore, there are no incomparable pairs in Z(P). Hence,
Z(P) is a chain.

Let L = Z(P) be a distributive lattice. The Krull-dimension of the Hibi ring R[L]
is #P + 1 [HHO18, Theorem 6.38]. R[L] is an affine semigroup rings (see Section 2.8).
Since in (1) is a square-free monomial ideal, R[L] is normal [EH12, Theorem 5.16].
Normal affine semigroup ring generated by monomials over a field are Cohen-Macaulay
[Hoc72, Theorem 1]. Hence R[L] is Cohen-Macaulay. The initial ideal in. (1) is the
Stanley-Reisner ideal of the order complex of L (see Lemma 6.2). By [BH93, Theorem
5.1.12], this complex is shellable; thus K[L]/in.(I}) is Cohen-Macaulay [BH93, Theo-
rem 5.1.13]. Now, we give a maximal regular sequence for K[L]/I, and K[L]/in.(I)

generated by linear forms.

Lemma 2.17. Let L = Z(P) be a distributive lattice with #P = n and R[L] = K[L]/1
be the Hibi ring associated with L. For all 0 < j < n, define y; = Zheig?lte(ﬁ):j Zq. Let
I =1+ (yo,...,y;) for all 0 < j < n. Then the following hold:

(a) zo € \/1; for all a € L with height(a) < j.

(b) zqxp € \/T] for all a, B € L such that o, 5 are incomparable and height(a) =
height(5) = j + 1.

Proof. We proceed by induction on j. Consider the case j = 0. Iy = I + (yo) =
I, + (xy). Clearly (a) holds. Let «, 5 € L be such that «, are incomparable and
height(a) = height(5) = 1. Since «, 5 are incomparable, height(a A 5) < height(«).
Therefore, a A = 0. Thus, TanrsTavs € Io. Hence z,25 € Iy C V.

Now, assume that j > 0. To prove (a), let § € L with height(8) = j. Consider
Tay; = x5+ > azp L6Ta- From the observation I;_y C I; and by induction hypothesis,
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Zaﬂax,@xa € \/T] Hence z5° € \/Z which implies x5 € \/T] Let o, € L be
such that «, 8 are incomparable and height(a) = height(8) = j + 1. Since «, 3 are
incomparable, height(aw A ) < height(c). Thus, TarsZavs € /I; from (a). Hence

Talg € \/E [

Proposition 2.18. Under the hypothesis of Lemma 2.17,
(1) Yo, ..., Yn is a reqular sequence of R[L].
(2) Yo,---,Yn is a reqular sequence of K[L]/in(Iy).

Proof. For a Cohen-Macaulay ring, every system of parameter is a regular sequence.
So it suffice to show that {yo,...,yn} forms a system of parameters of R[L] and
K[L]/in<(I1). Proof of (1) follows from Lemma 2.17. For (2), define J; = in. (1) +
(Yo, - .. ,y;) for all 0 < j < n. Note that (b) of Lemma 2.17 holds for J; by the definition
of inc(I). Also, (a) of Lemma 2.17 holds for J; by the similar argument. Hence (2)
holds. ]

We now discuss how Hibi rings behave under the ordinal sum of two posets. Let P;
and P, be two posets and P be the ordinal sum of P, and P. Let R[Z(P)] = K[{z, :
a € I(P)}]/ Iz, RIZ(R)] = K[{ys : 8 € I(P2)}]/Iz(py and RII(P)] = K[{z,
v € Z(P)}/Izp).-

Lemma 2.19. Let Py, P> and P be as above. Then
RIZ(P)] = (R[Z(P1)] @k RIZ(P)])/(xp — yo)-

Proof. Let T = K[{zo, :a € Z(P)}U{ys : B € I(P)}]/(xp, — yp) and T" =
T/([Z(Pl)T + [I(pQ)T). Define a map

p: K[I(P)] —» T

Ly if ’ngla

p(zy) =
yy if v =P Uy, where v C P,.

It is easy to see that ¢ is an isomorphism. If o, € Z(P) are incomparable then
either a, 8 € Z(P)) or « = P U and § = P, U " where o, 3" € Z(P,) and o, '
incomparable. Let m : T"— T” be the natural projection. Thus, 7o ¢ : K[Z(P)] — 1"
and ker(m o @) = ¢ (Iz(p)T + Iz(p,)T).
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Thus, it is sufficient to show that p(Izp)) = Iz(p)T + Izp)T. Let o, be two
incomparable elements of Z(P). If o, 8 € Z(P)) then ¢(24238 — ZangZaus) = Talp —
TarpZaug € Izip)T. If o = PLU® and f = Py U B where o/, € Z(P,), then
©(2028 = ZangZaus) = Ya'¥p — YarpYorup € IzpyT. Hence, p(Izp)) C Izp)T +
Izp)T. On the other hand, if «,3 are two incomparable elements of Z(P;) then
©(2028 — ZanpZaus) = Talp — TanpTaup While if o/, " are two incomparable elements of
Z(P) then p(zp,uar2pup — Z(Pluw)m(Plu,B')Z(Pluw)u(Pluﬂ')) = Y'Y — Ya'np'Yorupr- Hence
the equality. O]

Lemma 2.20. Let Py, {p} and P, be posets. Let P be the ordinal sum Py © {p} © Ps.
Then
R[Z(P)] = RIZ(P ® P)] @K Ky = R[Z(P)] @k RIZ(P)],

where K[y| is a polynomial ring.

Proof. First, we prove that
R[Z(P)] = RIZ(P, © )] @k K[y|.

Let R[I(Pl D Pg)} = KH’LLﬂ : 6 € I(Pl D PQ)}]/II(pl@pz) and R[I(P)] = K[{Ua Qo e
Z(P)}]/Izp). Define a map

o: KH{vy, ta€Z(P)} =T :=Kly,{ug : B€Z(P & P)}]

Uy if Y Q Pl,
plo) =qy if v=PU{p}
uy if y=P U{p}U~, wherey C B,.
It is easy to see that ¢ is an isomorphism. If a, § € Z(P) are incomparable, then either
a,f € Z(P) ora=PU{plUud and § = P, U {p} U where o, 3" € Z(P,) and
o, B incomparable. Let T" = T'/(Iz(pop,)T) and 7 : T' — T" be the natural surjection.
Thus, 7o ¢ : K[Z(P)] — T" and ker(m 0 ¢) = ¢ 'z pap,)T.

It is sufficient to show that ¢(Izp)) = Iz(p,ep,)T- The proof of this is similar to
the proof of Lemma 2.19.

Now, the minimal generating set of the Hibi ideal Izpy can be partitioned between
two disjoint set of variables {v, :a € Z(P) and o C P} and {v, : a € Z(P) and P, U
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{p} C a}. So the Hibi ring R[Z(P)] admits a tensor product decomposition, where one
of the rings is isomorphic to R[Z(P;)] and the other ring is isomorphic to R[Z(P,)]. O

In [Hib87], Hibi proved that R[Z(P) ® Z(P,)] = R[Z(P,)] ®k R[Z(P;)]. One can
immediately check that the poset of join-irreducibles of Z(P;) @ Z(F,) is isomorphic to
P e{ptehph.

Corollary 2.21. Let P be a poset and P = {p;,,...,p;.} be the subset of all elements
of P which are comparable to every element of P. Let P" be the induced subposet of P
on the set P\ P'. Then,

R[I(P)] = R[I(P”)} K K[yla v 7y7‘]7
where Klyi,...,y:] is a polynomial ring.

Proof. Without loss of generality, we may assume that p;, < --- < p;. in P. Let
PBh={peP:p<py}, b={pecP :p, <p<py, }forl<j<r—1and
P.={p€ P:p>p;}. Then P is the ordinal sum Py ® {p;,} D P ® - - D {pi.} ® P,..

Now, the result follows from Lemma 2.20. O

2.7 Algebras with straightening laws (ASL)

In this section, we define algebra with straightening laws (in short ASL) and we prove
that Hibi rings are ASL.

Let A = @®;en A; be a finite type graded K-algebra and let H be a finite poset.
Assume that an injective map ¢ : H — A is given. We identify the elements of
‘H with their images. A monomial a;---«, in A is called a standard monomial if
ap <ag < - < a,in H.

Definition 2.22. We say that A is an ASL on H over K if the following conditions

are satisfied:

ASL-1 The set of standard monomials is a K-basis of the algebra A.

ASL-2 If o, B are incomparable elements of H and if aff = > ¢;ivi1 -+ Vir;, where ¢; €
K\{0} and vi1 < -+ < yu,, is the unique expression of af as a linear combination

of standard monomials, then v;; < a, 8 for all 1.
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The relations in axiom ASL-2 are called the straightening relations of A. It follows
from the two axioms that the straightening relations are indeed the defining equations
of A as a quotient of the polynomial ring K[H] = K|z, : « € H] [DCEP82, Proposition
1.1]. That is, the kernel I of the canonical surjective map K[H| — A of K-algebras

induced by the map i : H — A is generated by the straightening relations regarded as
elements of K[H].

Let L = Z(P) be a distributive lattice with P = {p1,...,p,}. Let i : L — R =
Klt, z1,..., 2] be given by i(a) = t[], ., 2, where o € L. Note that L is embedded
into the polynomial ring R by the injective map 4. Also, note that for all o, 8 € L,

i(a)i(B) = i(aV Bi(a A p) (2.1)

Now, we shall show that R[L] is an ASL on L over K. The proof follows the
argument of [Enel5, Page 14]. It follows from Equation 2.1 that the Hibi ring R[L]
satisfies axiom ASL-2. For ASL-1, it suffices to show that the standard monomials are
distinct because they are monomials of the polynomial ring S = KJ[t, z, ..., 2,]. To
prove that, it is enough to show that for any two chains a; < ay < --- < @, and
f1 < Py < --- < Bsin L, we have i(aq) -+ -i(ay.) = i(B1) - -i(Bs) if and only if r = s
and oy = [ for all [.

The proof of ‘if’ direction is immediate. To prove the ‘only if’ direction, let

i(ar) -+ i(ay) =i(P1) - - i(Bs). Equivalently, we have
tIICIT =) =TI CIT =)
=1 pieh =1 p,eh
Clearly, r = s. Also, we have [[;_,(I1,,cs %) = [1121(I1,,ep 2i)- Therefore,

(IT=yC I =" C I =) =CI]=yC II = "-C II =)

pj€al pj€az\a1 pjEar\ar_1 P;€PL p;€B2\B1 Pi€Br\Br_1

Thus, we have oy = f3; for all [. Hence the proof.

Since the straightening relations generate the defining ideal of R[L], We get that
R[L] = KI[L]/IL, where K[L] = K[z, : @ € L] and I}, = (24%p — TarsTavp : @, 5 €

L and «, § incomparable). This is what we have proved in Section 2.6.
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Let A = ®;5>0A; and B = @50 B; be two graded K-algebras. Then the Segre
product of A and B is the graded K-algebra

i>0
Let P, and P, be two posets and P be their disjoint union. It was observed in [HHROO]
that R[Z(P)] = R[Z(P,)] * R[Z(P)], where % denotes the Segre product. Observe that
Z(P)=A{(o,B) : € Z(P,) and B € Z(P)}.

2.8 Semigroup rings

Let H C N” be an affine semigroup. Suppose that hy,..., h,, € N" is the unique
minimal set of generators of H. We consider the polynomial ring T' = Kty,...,t,| in

n variables. Then, the semigroup ring attached to H, denoted by K[H], is the subring
J=1"7
the jth component of the integer vector h;. In the following example, we discuss a

of T generated by the monomials u; = [] for 1 < i < m, where h;(j) denotes

semigroup ring structure of Hibi rings.

Example 2.23. Let L = Z(P) be a distributive lattice with P = {py,...,p,}. For
a € L, define a (n + 1)-tuple h, such that for 1 <i < n,

1 at the 1% position,
1 at (i + 1) position if p; € a,
0 at (i + 1) position if p; & a.

Let H be the affine semigroup generated by {h, : @ € L}. Then, we have K[H] = R[L].

Let S = K|[xy,...,x,] be a polynomial ring over K. Consider a K-algebra map
S — KJH]| defined by x; +— u; for all ¢ = 1,...,m. Let Iy be the kernel of this
K-algebra map. Set degx; = h; to assign a Z"-graded ring structure to S. Let m be
the graded maximal S-ideal. Then K[H| become Z"-graded S-module. Thus, K|[H]

admits a minimal Z"-graded S-resolution F.

Given h € H, we define the squarefree divisor complexr Ay as follows:

Ay = {F C [m] : [ ws divides £/ -2 in K[H]}.

el
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Equivalently,
Ap:={FC[m]:h=> hi€H}

S

Clearly, A}, is a simplicial complex. We denote the i*" reduced simplicial homology
of a simplicial complex A with coefficients in K by ]TIZ-(A, K).

Proposition 2.24. [BH97, Proposition 1.1], [Stu96, Theorem 12.12] With the notation
and assumptions introduced one has Tor;(K[H], Ky = H;_1(An, K). In particular,

Bih(K[H]) = dimg }N[ifl(Ah, K)-

Let H' be a subsemigroup of H generated by a subset X of {hy,...,h,}, and let
S" = K[{z; : h; € X}] C S. Furthermore, let F’ be the Z"-graded free S’-resolution
of K[H']. Then, since S is a flat S’-module, F' ®¢ S is a Z"-graded free S-resolution
of S/IgS. The inclusion (S'/IyS) ®s S — S/IgS induces a Z"-graded S-module
complex homomorphism F'®g¢ .S — F. Applying _®¢ K on this complex homomorphism

with K = .S/m, we obtain the following sequence of isomorphisms and natural maps of
Z"-graded K-modules

Tor¥ (K[H'], K) = Hy(F ©g K) = Hy(F ®g S) ®s K) —
Hy(F ®g K) = Tor? (K[H], K).

Corollary 2.25. [EHH15, Corollary 3.3] With the notation and assumptions intro-
duced, let h be an element of H' with the property that h; € A whenever h — h; € H.
Then the natural K -vector space homomorphism Tor? (K[H'], K);, — Tor? (K[H], K)j,

1s an isomorphism for all 1.

Proof. Let A} be the squarefree divisor complex of h where h is viewed as an element

of H'. Then we obtain the following commutative diagram

Tory(K[H'], K)y —— Tor;(K[H], K),

| |

ﬁi—l(AzuK) —_— ]:Ii—l(AhyK)-

The vertical maps and the lower horizontal map are isomorphisms, simply because

A}, = Ay, due to assumptions on h. This yields the desired conclusion. O]
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Definition 2.26. Let H C N” be an affine semigroup generated by hi,...,h,. An
affine subsemigroup H' C H generated by a subset of {hy,...,h,} will be called a
homologically pure subsemigroup of H if for all h € H' and all h; with h — h; € H, it
follows that h; € H'.

We need the following proposition several times in this thesis.

Proposition 2.27. [EHH15, Corollary 3.4] Let H' be a homologically pure subsemi-
group of H. IfF' is the minimal Z" -graded free S’-resolution of K[H'| and F is the min-
imal Z"-graded free S-resolution of K[H|, then the complex homomorphism F' @S — F
induces an injective map F' @ K — F ® K. Hence,

Tor? (K[H'], K) — Tor? (K[H], K)

is injective for alli. In particular, any minimal set of generators of Syz,(K[H']) is part
of a minimal set of generators of Syz;(K[H]). Moreover, B;;(K[H']) < B;;(K[H]) for
all i and j.

We want to use the above result for Hibi rings. To do that, we give a differ-
ent semigroup ring structure to Hibi rings which was defined by Herzog and Hibi
in [HHO5]. Let L = Z(P) be a distributive lattice with P = {py,...,p,} and let
S = Kly1,.--,Yn, 21, --,2n| be a polynomial ring in 2n variables over a field K. Let
S[L] be the subring of S generated by the monomials v, = ([ ], ¢, ¥:)(I],,¢q 2i), where
aec L.

Now, we show that S[L] is isomorphic to R[L] as a K-algebra. In order to show
that, we prove that S[L] is a ASL on L over K with same straightening relations as
R[L]. Let ¢ : L — S[L] be defined by « + v,. Note that for all o, € L,

p(a)p(B) = plaV B)p(a A B)

ASL-2 follows from the above equation. For ASL-1, it suffices to show that the
standard monomials are distinct because they are monomials of the polynomial ring

S =Ky, - Yn, 21, -, 2n). S0 it is enough to show that for any two chains oy < g <

< apand B < fp <o+ < By in L, we have p(an) -+ p(ar) = @(B1) - - (Bs) if and

only if » = s and «; = 5; for all i. The proof of ‘if” direction is immediate. To prove
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the ‘only if” direction, let () -+ - () = @(51) - - - p(Bs). Equivalently, we have

TICTT v CTT =) =TICTT wo (I =)

i=1 pjeh; Pi¢Bi i=1 p;epB; P EBi

In the above monomial, let the exponents of y; and z; be a; and b; respectively. Then,

a; + by = r and a; + by = s. Hence, r = s. Also, szl(HpjeBi Yj) = H;":l(l_[pjeﬁi ;).
Therefore,

([T v IT wr ' C I wo=CILw) C I] w)"--C II w)-

pj€on pj€az\aq pjEar\or—1 €L €L\ P E€Br\Br—1

Thus, we have a; = 3; for all . Hence the proof.

For a € L, define a 2n-tuple h, such that for 1 <1 < mn,

(
1 at ¢ position if p; € a,

0 at " position if p; ¢ a,
0

at (n + )" position if p; € a,

1 at (n+14)™ position if p; ¢ a.

\
Let H be the affine semigroup generated by {h, : @ € L}. Then, we have K[H| =

S[L]. We will use this semigroup ring structure to conclude the results about the Hibi
ring R[L].

Let us now explain how we will use Proposition 2.24 for standard grading. We
have S[L] = K[L]/I;. In order to use Proposition 2.24, we need to set deg(z,) = hq
for all @ € L. Note that 37" ho(i) = n for all @ € L. For a h € H, we set
deg(z") = (322", h(i))/n. In particular, deg(z,) = 1 for all a € L.
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Chapter 3

Property N, of Hibi rings

In this chapter, we study Green-Lazarsfeld property N, for Hibi rings. First, we identify
two kinds of homologically pure subsemigroups of an affine semigroup associated to a
Hibi ring; see Section 2.8 for the definition of homologically pure subsemigroups. Using
these, we prove necessary conditions for Hibi rings to satisfy property NV, for p = 2 and
3. We also show that if a Hibi ring satisfies property Ny, then it is a polynomial ring

or it has a linear resolution. Therefore, it satisfies property N, for all p > 4 as well.

Let S = K|x1,...,2,] be a standard graded polynomial ring over K and I be a
graded S-ideal. Let F be the graded minimal free resolution of S/I over S:

F:0 DS = > @S = PS)™.

Let p € N. Under the notations as above, we say that S/I satisfies Green-Lazarsfeld
property N, if S/I is normal and (3;;(S/I) = 0 for all i # j+1 and 1 <14 < p. Therefore,
S/1 satisfies property Ny if and only if it is normal; it satisfies property Nj if and only
if it is normal and I is generated by quadratics; it satisfies property N, if and only if
it satisfies property N; and [ is linearly presented and so on. We know that the Hibi
rings are normal and the Hibi ideals are generated by quadratics. Hence, the Hibi rings

satisfy property Nj.

First, we state a result of Ene which characterizes all simple planar distributive
lattices for which the associated Hibi ring satisfies property N,. We start by defining

the notion of planar distributive lattice.
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Definition 3.1. [HHO18, Section 6.4] A finite distributive lattice L = Z(P) is called
planar if P can be decomposed into a disjoint union P = {p1,...,pm} U{q1, ..., qn},
where m,n > 0 such that {p1,...,pm} and {q1,...,q,} are chains in P.

Remark 3.2. Let us consider the infinite distributive lattice N> with the partial order
defined as (i,7) < (k,l) if i < k and j < I. Let L = Z(P) be a finite planar dis-
tributive lattice, where P = {p1,...,pm} U{q,...,q.}. Assume that {p1,...,p,} and
{q1,...,q,} are chains in P with p; <--- <p,, and p; < --- < p,,,. Define a map

¢ :I(P) — N?

0,0) if a=0,
i,0) if a={peP: p<p},
0,j) if a={peP:p<g},

i,j) if a={pe P:either p<p;orp<g;}.

It is easy to see that ¢ is an order-preserving injective map. Hence, any finite planar
distributive lattice can be embedded into N2. Also, observe that [(0,0), (m,n)] is the

smallest interval of N? which contains L. O

Let L be a distributive lattice. If the poset of join-irreducibles of L is a simple poset,
then sometimes we abuse the notation and say that L is a simple distributive lattice.

Now we state Ene’s theorem.

Theorem 3.3. [Enel5, Theorem 3.12] Let L = Z(P) be a simple planar distributive
lattice with #P = n+m, L C [(0,0), (m,n)] with m,n > 2. Then R[Z(P)] satisfies
property No if and only if the following conditions hold:

(i) At least one of the vertices (m,0) and (0,n) belongs to L.

(ii) The vertices (1,n — 1) and (m — 1,1) belong to L.

Corollary 3.4. Let L = Z(P) be a simple planar distributive lattice with P =
{ai, ..., am,b1,...,by}. Let {ay,...,an} and {by,...,b,} be chains in P with ay <
Ay < -+ < ay and by < by < --- <b,. Assume that {ay,...,a,} is an order ideal of P.
If R[Z(P)] satisfies property No, then P is one of the posets as shown in Figure 3.1.
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a by dl by ay by CLi by
(a) (b) (c) (d)

FiGure 3.1

3.1 Homologically pure subsemigroups

In this section, we identify two kinds of homologically pure subsemigroups of a semi-
group associated to a Hibi ring and we use them to conclude results about property /V,

of Hibi rings. The first one is the following and the second one is in Notation 3.8.

Let L = Z(P) be a distributive lattice. Let 8,7 € L such that § < . Define
Li={aeL:p< a<~y}. Clearly, L is a sublattice of L. Let H be the affine

semigroup associated to H and let H; be the affine subsemigroup of H generated by
{ho 1 @ € Ly}

Proposition 3.5. Let H and H, be as defined above. Then H; is a homologically pure

subsemigroup of H.

Proof. We show that if o ¢ Ly then h — h, ¢ H for all h € H,. Suppose that o ¢ L,
then either @ € v or a # 3.

If v & v, then there exists a p; € o such that p; ¢ 7. So i entry of h,, is 1 but for
any o' € Ly, i entry of hy is 0. Hence, h — h, ¢ H for all h € H,.

If @ # B, then there exists a p; € 8 such that p; ¢ a. So (n+ j)™ entry of h, is 1
but for any o € Ly, (n + j)™ entry of hy is 0. Hence, h — hy ¢ H for all h € H;. [

Proposition 3.6. Let L and Ly be as above. Let f = {pay,---,Pa,} and v =
{Pays - sParsDbyy- -+ Pos t- Then, the induced subposet Py of P on the set {py,, ..., Db}

is isomorphic to the poset of join-irreducible elements of L.

Proof. The idea of the proof is based on the proof of [HHO18, Theorem 6.4]. For
finite posets @ and @', if Z(Q) = Z(Q') then @ = @'. So it is enough to prove that
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Z(Py) = L;. Define a map
p:I(P) — Ly

by
(@) = (V. pa) V(Y p).

pEQ

In particular, ¢() = Vi_; p,,. Clearly, ¢ is order-preserving.

Let o and & be two order ideals of Py with o # 4, say § € a. Let py be a maximal
element of 6 with py ¢ o. We show that ¢(a) # ¢(0). Suppose, on the contrary, that
p(a) = p(6), then

r r
(Y pe) V(Y P) = (Y pa) V(Y 0).

Since L; is distributive, it follows that
((V par) V(Y P)) Apo= (V. (Pa; AP0))V (V (pAPpo))-
= PEQ =1 PEQ
Since pyg is join-irreducible and for any p € P, p A py < po. It follows that (VI_, ps, V
(Vpea D)) A Do < po. However, since py € 9, (VI_;pa;, V (Vgesq)) A po = po. This is a

contradiction. Hence, ¢ is injective.

Since each a € L; can be the join of the join-irreducible elements p with p < a in
Ly, it follows that ¢(«) = a, where a is an order ideal of P, consisting of those p € P,

with p < a. Thus, ¢ is surjective.

Now, o=t : Ly — Z(P,) is defined as follows: for x € L,
o HNx)={p€ L :p<uxpis a join-irreducible} \ 'Ql Da;-
Clearly, o' is order-preserving. Hence the proof. O

We now try to understand how we are going to use the above propositions. For a
distributive lattice £, suppose that we want to prove J;;(R[L]) # 0 for some 4, j. The
idea of the proof is to reduce the lattice £ to a suitably chosen sublattice £,. Therefore,
by Propositions 3.5 and 2.27, if 5;;(R[£4]) # 0, then f;;(R[L]) # 0. Proposition 3.6

describes the subposet of join-irreducibles of £;. More precisely,

Discussion 3.7. Let P be a poset. Let B and B’ be two antichains of P such that for
each p € B there is a ¢ € B’ such that p < ¢ and for each ¢ € B’ there is a p’ € B
such that p’ < ¢/. Furthermore, let v = {p € P : p < g for some ¢ € B’} and ' = {p €
P:p <p<qforsomep € B,qg € B'}. Let § =\ . Note that ,~ are the order
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ideals of Z(P) and 8 < 7. Let Ly = {a € Z(P) : f < «a < ~v}. Furthermore, let H; be
the affine subsemigroup of H generated by {h, : @ € L;}. Then, by Proposition 3.5,
H, is a homologically pure subsemigroup of H. Also, by Proposition 3.6, the induced
subposet Py of P on the set 7\ § is isomorphic to the poset of join-irreducible elements
of L. Furthermore, by Proposition 2.27, 8;;(R[L1]) < B;;(R[L]). O

Notation 3.8. For a poset P, let Xp and Yp be the sets of minimal and maximal
elements of P respectively. Define X, = {¢ € P : p < ¢ for some p € Xp} and
Y, ={p € P :p<qforsomeq € Yp}. When the context is clear, we will omit the
subscripts and denote Xp, Xp, Yp and Y} by X, X' Y and Y’ respectively.

Let P be a poset. For z,y € P with x < y, define L' := {a € Z(P) : if z €
a then y € a}. It is easy to see that L’ is a sublattice of Z(P). Define a poset P’ on
the set P\ {p € P: x < p < y} with the following minimal order relations: if p,q € P’,
then p < ¢ in P’ if either

(1) pe PP\ {y},qe PPandp<gqin P or
(2) p=y and thereisap € {a € P: 2z <a <y} such that p’ < ¢ in P.

Let H be the semigroup corresponding to Z(P) and H' be the subsemigroup of H

corresponding to L'. O

Lemma 3.9. Let P,P', L', H, H' be as in Notation 3.8. Then L' = Z(P’") and H' is a

homologically pure subsemigroup of H.

Proof. Define a map
p:IZ(P)— L
by
a ify ¢ a,

pla) =
aU{peP:z<p<y} ifyeca

Clearly, ¢ is order-preserving. If v € L', then p(y') = v, where ¥/ =y \{pe Pz <
p < y}. Hence, ¢ is surjective. Now, we claim that, for any o € Z(P’), (o) N P’ = av.
If y € a, then p(a) NP =(aU{pe P:x<p<y}h)NP =aandify ¢ «, then
¢(a) = a. Therefore, if (o) = p(B) for any «, 5 € Z(P') then o = §. This proves

that ¢ is injective.

Now, o=t : L — Z(P') is defined as follows: for a € L/,

o Ha)={pe L :p<a,pis a join-irreducible} \ {p € P: 2 < p < y}.
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Clearly, ¢! is order-preserving. Hence, ¢ is an isomorphism.

To prove that H' is a homologically pure subsemigroup of H, we show that if o ¢ L'
then h — h, ¢ H for all h € H'. Suppose that @ ¢ L' then x € a but y ¢ «. Let
h =3, hs, € H and let the position corresponding to x of h be r. Then the positions
corresponding to x and y of h— h,, are r — 1 and r respectively. Hence, h—h, ¢ H. [

Discussion 3.10. For a poset Py, let Xp,, Yp,, Xj and Y}, be as defined in Nota-
tion 3.8. If there is an x € X and a y € Yp with x < y, reduce P to Py, using
the methods in Notation 3.8. Observe that y € Xp NYp, Xp, = Xp,,Yp, = Yp, and
#P, = #(Po\{pe P:x<p<uy}) <#F — 1. Repeating it, we get a sequence of
posets Py, ..., P,, where n < # Py — # Xy — #Yy — 1 such that for each 0 <i <n —1,
there is an x € X} and y € Yp, with x < y and P; is reduced to P, as in Notation 3.8.
Moreover, thereisno x € X}, and y € Y with the property < y. Here, P, is a poset
defined on the set Xp, UYp, UYy and rank(FP,) < 2. An example of this reduction is
given in Figure 3.2. By Lemma 3.9 and Proposition 2.27, if So4(R[Z(P;)]) # 0 for some

1 < i < n, then Bas(R[Z(B)]) # 0. O
P12 P11 D13 D13
Ps DP9 DP1o
y2 Ds Pe pr
4! b2 D3 y4! D2 Dps3
(a) (b) If ps € , then pg €
P11 P12 Do P13 P11 P12 DP9 P13
Ds D5 P1o Ps Ds P1o
b7
P b2 D3 P b2 b3
(c) If ps € @, then pip € « (d) If p7 € «, then pip € «

FiGURE 3.2

Example 3.11. In this example, we show that the converse of the conclusion in Discus-
sion 3.10 may not be true. Let P be a poset as shown in Figure 3.3a. By Lemma 5.16),
Bas(R[Z(P)]) # 0. Now, let x = py and y = p;. Reduce P to P', using the methods of
Notation 3.8. It is easy to see that P’ is as shown in Figure 3.83b. By Theorem 3.3,
Bua( RIZ(P)]) = 0.
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FiGUre 3.3

We now discuss when the converse of Discussion 3.10 holds. Let P be a poset and
let p,q € P with p < ¢q. Let L' be as defined in Notation 3.8. Let K[Z(P)] = K[{z, :
a €ZI(P)} and K[L'] = K[{zq :a € L'}] C K[Z(P)]. Let S = {ay, b1, 0,52} C L'

with «;, §; are incomparable in Z(P) and L' for all i = 1,2. Then we have

Proposition 3.12. Under the notations and assumptions as above, if xo, T —
TaynBrTarVhrs LasThy — TasnBsLasvs, 15 a Koszul relation pair of R[Z(P)|, then xq, x5, —

TaynBrTarvhrs Laslhs — TashfsTasvps 1S 0 Koszul relation pair of R[L].

Proof. Let H be the semigroup associated to Z(P) and H' be the subsemigroup of H
corresponding to the sublattice L'. Let h = hy, +ha, +hg, +hgs,. Since S C L', we have
h € H'. By Corollary 2.25, we get that TorX “)(R[L'], K);, — Tor®* PN (RIZ(P)], K)),

is an isomorphism for all 7. This completes the proof. n

3.2 Property N, of Hibi rings

In this section, we prove some sufficient conditions regarding when Hibi rings do not
satisfy property N,. The main result of this section is Theorem 3.20. It shows how to
reduce checking property Ny to a planar distributive sublattice. We begin by proving

some relevant lemmas.

Lemma 3.13. [HHO18, Problem 2.16] Let K be a field, S = Klzy,...,x,] and T =
Klyi,...,ym] be two polynomial rings. Let M be a finitely generated graded S-module
and N be a finitely generated graded T-module. Then M Qi N is a finitely generated
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graded S Q@ T-module and

qu M ®x N Zﬂmql ﬂqu( )

where the sum is taken over all p; and ps with py + ps = p, and over all q; and qo with

@1 +q =q.

Proof. Let {ay,...,a,} (respectively {b1,...,bs}) be a minimal generating set of M
(respectively N) over S (respectively T'). Then {a; ® b; : 1 <i<r 1<j<s}isa
minimal generating set of M @ N over S ®@x T.

Let F (respectively G) be the minimal graded free resolution of M (respectively N)
over S (respectively T'). Then the total complex of F ® ¢ G is the graded minimal free
resolution of M ®x N over S ®gx 1. Recall that the total complex of F ®x G is the

complex whose degree r part is @ F, ®x G, and whose differential is given by

p+aq=r
J(a®b) = (0da)®b+ (—1)Pa® (0b) for a € F,, b € G,. Its exactness follows from the
Kiinneth formula of complexes (see [Wei94, Theorem 3.6.3]). This implies the relation

between the Betti numbers. O

Lemma 3.14. Let P be a poset and p be an element of P which is comparable to every
element of P. Let P, ={q € P:q<p} and P, ={q € P : q > p} be induced subposets
of P. If P, and P, are not chains, then R[Z(P)] does not satisfy property Ns.

Proof. Since P, and P, are not chains, R[Z(P))] and R[Z(P,)] are not polynomial
rings. Therefore, f12(R[Z(P;)]) # 0 for i = 1,2. Note that P is the ordinal sum
P&{p}®P,. By Lemma 2.20, R[Z(P)] = R[Z(P,)|®R[Z(F2)]. Hence, fos(R[Z(P)]) # 0
by Lemma 3.13. O

In [Enel5], Ene proved the above lemma for the case when Z(P) is a planar dis-

tributive lattice.

Lemma 3.15. Let P be a simple poset such that #P = m +n. Let Z(P) be a planar
distributive such that Z(P) C [(0,0), (m,n)] with m,n > 2. On the underlying set of
P, let P' be a poset such that every order relation in P is also an order relation in P’.
Assume that the set of minimal (respectively maximal) elements of P’ coincide with
the set of minimal (respectively mazximal) elements of P. If Boy(R[Z(P)]) # 0, then

Pas(RIZ(P")]) # 0.
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Proof. If P’ is not simple, then there exists an element p € P’ which is comparable
to every element of P’. Observe that p is neither a minimal element nor a maximal
element. Let P, ={g€ P:q<p}and P,={q € P:q> p}. Since P, and P, are not
chains, fa4(R[Z(P')]) # 0 by Lemma 3.14. So we may assume that P’ is simple. On the
contrary, suppose that fos(R[Z(P’)]) # 0. So the conditions (i) and (ii) of Theorem 3.3
hold for Z(P'). Since Z(P') C Z(P), the conditions (i) and (i7) of Theorem 3.3 also
hold for Z(P) which is a contradiction. Hence the proof. O

an

1 D2 b1 P2

FiGure 3.4

Lemma 3.16. Let P be a poset such that the poset P' = {p1,...,ps} of Figure 3.4a is
a cover-preserving subposet of P. Then R[Z(P)] does not satisfy property Ns.

Proof. Observe that by Theorem 3.3, Bs(R[Z(P')]) # 0. Let B = {pi,p2}, B’ =
{ps, p4}. By Discussion 3.7, we may replace P by P;, where P; is as defined in Discus-
sion 3.7, and assume that the sets of minimal and maximal elements of P coincide with
the sets of minimal and maximal elements of P’ respectively.

Now, suppose that there exists an element p € P such that p ¢ P’. Then, we have
pi < p < p; for some i € {1,2} and j € {3,4}. This contradicts that p; <p;. Therefore,
P = P’. This completes the proof. O

Discussion 3.17. Let P be a poset. For k > 1, let & = UY_{pi1,...,pin,} be a
subset of the underlying set of P. Assume that {p11,...,pk1} and {p1n,,. .., Pen, } are
antichains in P. Also, assume that for all 1 < ¢ <k, {p;1,...,Din,} is a chain in P with
Pi1<---<pin,. Forqe P\S, define S} := {p € S:q<p}. Let B={p11,...,pr1} and
B" = {pinys---,Pkn,}- Using Discussion 3.7, reduce P to P, where P, is as defined
in Discussion 3.7. Let z,y € P, \ § with x < y. Reduce P; to P,, using the methods
of Notation 3.8. Observe that #P, = #P, — 1, S C P, and B and B’ are the sets
of minimal and maximal elements of P, respectively. Repeating it, we get a sequence
Py, Py, ..., P,, where m < #P — #S8 of posets such that for each 0 < i < m — 1, there
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exist z,y € P;\ § with z <y and P; is reduced to P;;; as in Notation 3.8. Moreover,
there are no =,y € P, \ S with the property = < y.

Now, we will do more reductions on P,,. Let ¢ € P,, \ S be such that #Sf m =1,
say S(fm = {p}. We have ¢ < p in P,,. Reduce P,, to P,,;1, using the methods of Nota-
tion 3.8. Under this reduction, S C P, and B and B’ are the sets of minimal and max-
imal elements of P, respectively. Repeating it, we get a sequence P,,, P y1,. .., Ps
of posets such that for each m <i < s—1, there exists a ¢ € P,\ S with #Sf’ =1and
P; is reduced to P,y as in Notation 3.8 and there is no g € Py \ S with #Sf‘ =1 1If
Bij(RIZ(F))]) # 0 for some i,7 and [ € {1,...,s}, then by Discussion 3.7, Lemma 3.9
and Proposition 2.27, 8;;(R[Z(P)]) # 0. O

Lemma 3.18. Let P be a poset and let the poset P’ = {p1,...,p4,q1, -, qn} for some
n > 1, as shown in Figure 3.4b is a cover-preserving subposet of P. Then R[Z(P)| does
not satisfy property No.

Proof. Note that by Lemma 3.14, Boy(R[Z(P")]) # 0. Let

S = {p17q17 s 7QT17p3} U {p?a qi, - - 7Q717p4}-

By Discussion 3.17, it suffices to show that R[Z(P,,)] does not satisfy property No,
where P, is as defined in Discussion 3.17. Note that {p;,p2} and {ps, ps} are the sets
of minimal and maximal elements of P, respectively. If there exists a cover-preserving
subposet of P, as shown in Figure 3.4a then foy(R[Z(F,,)]) # 0. So we may assume
that P,, does not contain any cover-preserving subposet as shown in Figure 3.4a. Let
S, be as defined in Discussion 3.17. There isno g € P, \ S with S; = {ps, p4} otherwise
P, will contain a cover-preserving subposet as shown in Figure 3.4a. So we deduce that
#S, = 1forall ¢ € P,,\'S. Now, reduce P, to Ps as in Discussion 3.17. Then P, = P'.
This completes the proof. O

Lemma 3.19. Let (P, <) be a poset. Then Z(P) =2 Z(P?), where P? is the dual poset
of P, that is, (P?, =) is the poset with the same underlying set but its order relation is
the opposite of P i.e. p < q if and only if ¢ < p. Hence, R[I(P)] = R[Z(P?))].

Theorem 3.20. Let P be a poset. Let & = UZ_{pi1,...,pin,} be a subset of the
underlying set of P such that

1. forall1 <i<2,{pi1,...,Pin,} i a chain in P with p;1 < -+ < pjn,;
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2. p11 and psy are incomparable in P;

3. Din, and pan, are incomparable in P.

Let P’ be the induced subposet of P on the set S. If R[Z(P')] does not satisfy property
Ny then so does R[Z(P)].

Proof. ¥or P, let Pi,..., Py, Ppi1,..., Ps be as defined in Discussion 3.17. For 1 <
i <'s, let P! be the induced subposet of P; on the set S. For 1 <i < s—1, every order
relation between the elements of S in P is also an order relation in P,y;. Also, {p11,p21}
and {p1n,,P2n,  are the sets of minimal and maximal elements of P, respectively, for
all i = 1,...,s. Therefore, by Lemma 3.15, Soy(R[Z(P])]) # 0 for all 1 < i < s. By
Discussion 3.17, it is enough to show that R|[Z(P;)] does not satisfy property No. We
may replace P by P and P’ by P..

Let P? be the dual poset of P. If ¢ € P\ S, then #Sf > 2. So if there exists a
q € P2\ S with #S;D ’ > 2, then P contains a cover-preserving subposet as shown in
Figure 3.4b. Thus, by Lemma 3.18, R[Z(P)] does not satisfy property N,. So we may
assume that for all p € P?\ S, #Sf 7= 1. Repeating the argument of Discussion 3.17,
we obtain a poset () such that there is no ¢ € @ \ S with #S(? = 1. Observe that
@ is a poset on the set §. By Discussion 3.17, it suffices to prove that R[Z(Q)] does
not satisfy property N,. Note that Q7 is a poset on the set S and all order relations
of P’ are also the order relations of Q2. So by Lemma 3.15, R[Z(Q?)] does not satisfy
property Np. Thus, by Lemma 3.19, R[Z(Q)] does not satisfy property No. Hence the
proof. O

Remark 3.21. Note that, in the proof of Theorem 3.20, the reduction from the poset
P to the poset Q7 is independent of the hypothesis that Z(P') is a planar distributive
lattice. In fact, we will also use the reduction from P to Q? in Discussion 3.27 where
the distributive lattice is not restricted to be planar. We have only used the fact
that Z(P') is a planar distributive lattice to conclude that Boq(R[Z(Q?)]) # 0 and
Boa(R[Z(P!)]) #0fori=1,...,s.

3.3 Property N, continued

In this section, we prove a result analogous to Ene’s result. Suppose that a poset can

be decomposed into a union of three chains and it has three maximal and minimal
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elements. We prove some necessary conditions regarding when Hibi rings associated to

such posets satisfy property Ns.

Lemma 3.22. Let P be a poset on the disjoint union Ule{pi,l,pi,g,pi,g} such that

1. for all 1 <i <3, {pi1,pi2,Pi3} is a chain in P with p;1 <pi2 <pis ;

2. {p11,p21,p31} and {p13, 23,33} are the sets of minimal and mazimal elements

of P respectively.

If there exists an element in P such that either it cover three elements or it is covered

by three elements and P is not as shown in figure 3.5a, then Poy(R[Z(P)]) # 0.

Proof. By Theorem 3.20, we may assume that there is no subposet P’ of P, as defined
in Theorem 3.20, with Say(R[Z(P’)]) # 0. Let p € P be the element such that either
it cover three elements or it is covered by three elements. Then, p is either a maximal
element or a minimal element or p € {p12,p229,p32}. If pis a maximal element of P,
then in P?, p is a minimal element and it is covered by three elements. In this case
by Lemma 3.19, replace P by P? and we may assume that p is a minimal element
of P. So we only have to consider the cases when either p is a minimal element or
D € {p12,P22,P32}. In most of the subcases of these two cases, we will take 0,y € Z(P)
and we will show that for the sublattice L' := {a € Z(P) : 6 < a < v}, Pasa(R[L']) # 0.
Hence, by Proposition 3.5 and Proposition 2.27, we conclude that [Soy(R[Z(P)]) # 0.

Case 1 Assume that p is a minimal element of P. Possibly by relabelling the elements of

P, we may assume that p = p; ;. We will prove this case in two subcases.

Subcase (a) Consider the subcase when p;; is covered by {p12,p22,p32}. Observe that ps s
can not cover ps o otherwise P will contain a cover-preserving subposet as shown
in Figure 3.4b; thus, f24(R[Z(P)]) # 0 by Lemma 3.18. We prove this subcase in
two following subsubcases:

(i) Assume that pss3 is covering p;» and pso only. Observe that 6 = () and
v = P\ {p23} are the order ideals of P. By Proposition 3.6, L' = Z(P’), where
P’ is the poset as shown in Figure 3.5d. One can use a computer to check that
Baa(RIZ(P'Y)) #0.

(i7) Now, assume that either ps3 is covering pso only or ps s is covering at least
p21 and pso. Let 0 = 0 and v = P\ {p13,p23}. By Proposition 3.6, L' = Z(P’),
where P’ is one of the posets as shown in Figure 3.5e-3.5g. Again, it can be
checked by a computer that Sy (R[Z(P")]) # 0.
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Subcase (b)

Case 2

Consider the subcase when p; 1 is not covered by {p1 2, p22,p32}. So p1 is either

covered by {p1.2,P2,3, P32} or {P12,P2,2, P33} Or {P12, P23, P33} By symmetry, it
is enough to consider one of the cases from {p; 2, 23,32} and {p12,P22,P33}

First, consider the subsubcase when p;; is covered by {p12,pa3,ps32}. We have
D21 < Po2,2, reduce P to P, using the methods of Discussion 3.8. If ps is covered
by p12 or p3o in P, then P, will contain a cover-preserving subposet as shown in
Figure 3.4a. So we may assume that ps; is not covered by p; 2 and ps 2. Observe
that P, is a poset on the underlying set P\ {p21}. Also, {p11,p22,p31} and
{p13, P23, P33} are the sets of minimal and maximal elements of P, respectively.
Also, py; is covered by {pi2,pa23,ps2} in Pi. Repeating the argument of the

subcase (a), we deduce that the result holds in this subsubcase.

Now, we consider the subsubcase when p;; is covered by {pi12,p23.p33}. We
have ps1 < pag2, reduce P to P, using the methods of Discussion 3.8. If py; is
covered by p; o in P, then P, will contain a cover-preserving subposet as shown
in Figure 3.4a. So we may assume that py; is not covered by p; o in P. Similarly,
we may assume that ps; is not covered by p;o. If either pys or pso is covered
by p13, then P will contain a subposet P’, as defined in Theorem 3.20, with
Paa(R[Z(P")]) # 0. If either poy is covered by pss or pso is covered by ps 3, then
we are done by the previous subsubcase. Since P is not as shown in figure 3.5a,
the only possibility for P is that P is isomorphic to one of the posets as shown
in Figure 3.5h-3.5i. One can use a computer to check that Soy(R[Z(P)]) # 0.

Assume that p € {p;.2, P29, p32}. Possibly by replacing P with P?, we may assume
that p is covering all the minimal elements. Possibly by relabelling the elements
of P, we may assume that p = py 9. If p12,p22 and ps o are covered by p; 3, then
we are done by Case 1. So we may assume that not all elements of {p1 2, P22, P32}
are covered by p;s. Let 6 = 0 and v = P\ {p23,p33}. By Proposition 3.6,
L' = Z(P'), where P’ is one of the posets as shown in Figure 3.5b-3.5¢c. Again,
one can use a computer to check that Say(R[Z(P')]) # 0.

]

We now give a SageMath [sage] code to compute the fay of a Hibi ring. The code

uses the SageMath interface to the Macaulay2 [M2]. One requires to give the cover

relation of the poset as an input in the code, then the code returns the Betti table of

the Hibi ring up to column 3 as an output.

45



1

def mnml (j):

return ’*’.join([’y0°’] + [’y’ + str(i) for i imn jJ])

CR = { 1: [4]1,2:[1,3:[1} #Cover relations of the poset
P= Poset (CR)

J = P.order_ideals_lattice();
1=[mnml (j) for j in J]

N = P.cardinality ()+1
= "["+",".join([ "x"+str(i) for i in range(0,len(J))])+"]1"

= "["+"," . join([ "y"+str(i) for i in range(O,N)])+"]"

= macaulay2.ring(’QQ’, X, ’GRevLex’);

0 o < X
[

= macaulay2.ring(’QQ’,Y, ’GRevlex’);

= macaulay2.map(S,R,1);
= macaulay2.ker(f) #The Hibi ideal associated to the poset P.
macaulay2.res(I,"LengthLimit=>2")

B B H
]

= macaulay2.betti(h)

LisTING 3.1: Sagemath code to compute the Betti number of a Hibi ring

Lemma 3.23. Let P be as defined in Lemma 3.22. If the induced subposet of P,
defined on the underlying set P\ {p11,D021,031} or P\ {p13,p23,p33}, is connected.
Then os(RIE(P)]) #0.

Proof. By Theorem 3.20, we may assume that there is no subposet P’ of P, as defined
in Theorem 3.20, with Boy(R[Z(P')]) # 0. Possibly by replacing P with P?, we may
assume that the subposet P’ of P defined on the underlying set P\ {p13,p23,P33} is
connected. Observe that P’ is isomorphic to one of the posets as shown in Figure 3.6a-

3.6b. If P’ is as shown in Figure 3.6b, then we are done by Lemma 3.22.

Now, consider the case when P’ is as shown in Figure 3.6a. Possibly by relabelling
the elements of P, we may assume that p; o is covering exactly one minimal element
of P. If either p;; < ps3 or ps1 < p2g Or pao < P33 O D32 < P23, then there exists
a subposet P’ of P, as defined in Theorem 3.20, with Boy(R[Z(P")]) # 0. Let 6 = ()
and v = P\ {p12,p13}. Let also L' = {a € Z(P) : § < o < v}. By Proposition 3.6,
L' = Z(P,), where P, is as shown in Figure 3.6c. One can use a computer to check that
Pas(R[Z(Py)]) # 0. Hence, by Proposition 3.5 and Proposition 2.27, Soy(R[Z(P)]) #
0. O
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Lemma 3.24. Let P be as defined in Lemma 3.22. If P is pure and connected, then

Pas(RIZ(P)]) # 0.

Proof. By Theorem 3.20, we may assume that there is no subposet P’ of P, as defined
in Theorem 3.20, with Boq(R[Z(P')]) # 0. By Lemma 3.22, we may assume that there
is no element in P such that either it cover three elements or it is covered by three

elements. By Lemma 3.23, we may assume that the subposets of P defined on the

pr
Ps Do
D4
P1 P2 P3
(b) f2a =8
b7
Ps D5
De
b1 P2 D3
(e) Paa=1
b7 P8 D9
P4 De
b1 D2 Pp3
(h) Baq =299
FiGURE 3.5
Ps D5 De
b1 D2 P3
(b)
FIGURE 3.6

47

b7

5 De
D4
P1 P2 P3
(c) B2g = 42
b7
Ps D5
DPe
b1 D2 P3
(f) Bag = 42
b7 Ps P9
P4 Pe
b1 D2 P3
(i) Baa = 327
DPs D7
y2 DPs
Y41 D2 b3
(c) Paa =1



Pr Ps P9 P7r Ps P9 Pr Ps P9

D4 Ps ¢ D6 P4 Pe Pa Ps ¥ DPe
P1 P2 P3 p1 P2 P3 P1 P2 P3
(a) B2a =3 (b) faa =1 (c) Baa =13
FIGURE 3.7

underlying sets P\ {p11,p21,p31} and P\ {p13,p23,p33} are not connected. Then P
is isomorphic to one of the posets as shown in Figure 3.7. One can use a computer to
check that faq(R[Z(P)]) # 0. This concludes the proof. O

Now we prove the main theorem of this section.

Theorem 3.25. Let P be a poset on the set U3 {p;1, ..., pin; } such that

1. p11,D2.1,p31 are distinct and p1p,, D2nys P3ns 0TC distinct;

2. {p11,021,031} and {p1n,, Dangs Pans} are the sets of minimal and mazimal ele-

ments of P respectively;

3. forall1 <i<3,n;>3;{pi1,---Din;} @5 a chain in P with p;; <--- < Pin,.

If P 1s connected and none of the minimal elements of P is covered by a maximal

element then Pay(R[Z(P)]) # 0.

Proof. Reduce P to P,, where P, is as defined in Discussion 3.10. Since P is connected
then so is P,. Since none of the minimal elements of P is covered by a maximal element,
we obtain that P, is pure. So by Discussion 3.10, we may replace P by P, and assume
that P is pure and n; = 3 for all 1 <7 < 3. Let X’ be as defined in Notation 3.8. We

will prove the result in the following cases:

(1) If #X’ =1, then the result follows from Lemma 3.14.

(2) If #X’ = 2, then P will contain a cover-preserving subposet as shown in Fig-

ure 3.4b. Hence, the result follows from Lemma 3.18.

(3) If #X’ = 3, then the result follows from Lemma 3.24.
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Discussion 3.26. Here we answer the following question: what happens if we weaken
the hypothesis of Theorem 3.257 Let P be a poset as defined in Theorem 3.25. The
case when P is disconnected will be discussed in Corollary 4.15. On the other hand,
suppose that P is connected and there exists a minimal element of P which is covered
by a maximal element. Using the proof of Theorem 3.25, we may replace the poset P
by P, and assume that n; = 3 for all 1 <i < 3. Let X’ be as defined in Notation 3.8.
Observe that # X' € {2,3}. If #X’ = 2, then we are done by the argument used in the
proof of Theorem 3.25.

Now, consider the case when #X’ = 3. We know that if P is as shown in figure 3.5a,
then Boy(R[Z(P)]) = 0. So we may assume that P is not as shown in figure 3.5a.
By Theorem 3.20, we may assume that there is no subposet P’ of P, as defined in
Theorem 3.20, with foy(R[Z(P')]) # 0. By Lemma 3.22, we may assume that there
is no element in P such that either it cover three elements or it is covered by three
elements. By Lemma 3.23, we may assume that the subposets of P defined on the
underlying sets P\ {p11,p21,p31} and P\ {p13,p23,p33} are not connected. Then P
is isomorphic to one of the posets as shown in Figure 3.8. One can use a computer to

check that if P is isomorphic to one of the posets as shown in Figure 3.8a-3.8e, then

Pas(R[Z(P)]) = 0 otherwise Soy(R[Z(P)]) # 0. O
Remark 3.27. Let P be a poset. Let & = U {pi1,...,pin,} be a subset of the
underlying set of P such that

1. p11,p2,1,p3,1 are distinct and pi p,, P2.ny, P3ny are distinct;

2. B:={p1,1,021,p31} and B’ := {p1n,, P2ny, P3.n; ; are antichains in P;

3. forall 1 <i<3,n;>3; {pi1,.-.,Din,t is achain in P with p;; <--- < pjp,.

Using Discussion 3.17 and the arguments of the proof of Theorem 3.20, we can
reduce P to the poset Q?, where Q? is a poset on the underlying set S. B and B’ are
the sets of minimal and maximal elements of Q? respectively. To prove that R[Z(P)]

does not satisfy property Ny, it is enough to show that R[Z(Q?)] does not satisfy
property Ny which can be easily checked using Theorem 3.25 and Discussion 3.26. [J
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3.4 Property N, of Hibi rings for p > 3

In this section, we study the property N, of Hibi rings for p > 3.

Lemma 3.28. Let P, ,,, where n,m > 2, be the poset as shown in Figure 3.9. Then
R[Z(P, )] does not satisfy Ni.

Proof. Observe that R[Z(P,,,)] satisfies property Na, by Theorem 3.3. Let = p, and
y = pn. Reduce P, ,, to P»,, using the methods of Notation 3.8. Now in P;,,, let
r = q and y = ¢,,. Reduce P, to P2 using the method discussed in Notation 3.8.
For n, m = 2, one can use a computer to check that f55(R[Z(P,.,)]) # 0. By Lemma 3.9
and Proposition 2.27, we have B35(R[Z(P,m)]) # 0. This completes the proof.

Pn qm

I).l q1

FIGURE 3.9: P, p; n,m > 2

]

Lemma 3.29. Let P be a poset such that Z(P) is a planar distributive lattice. Assume
that P has two minimal and two mazimal elements. If R([Z(P)]) satisfies property N3,

then P s a disjoint union of two chains.

Proof. Suppose that R([Z(P)]) satisfies property N3. Then, it also satisfies property
Ns. So P is simple otherwise there exists an element p € P which is comparable to
every element of P. By hypothesis, p is neither a minimal element nor a maximal
element. Let P, = {¢ € P:q < p}and P, = {g € P : ¢ > p}. Since P, and
P, are not chains, R([Z(P)]) does not satisfy property No by Lemma 3.14, which is
a contradiction. By Corollary 3.4, P is isomorphic to one of the posets as shown in
Figure 3.1. If P is not isomorphic to the poset shown in Figure 3.1a, then it will contain
a cover-preserving subposet as shown in Figure 3.9, call it P’. Let B and B’ be the
sets of minimal and maximal elements of P’ respectively. Hence, by Discussion 3.7 and
Lemma 3.28, f55(R[Z(P)]) # 0. This concludes the proof. O
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Now we prove our main theorem about property N3 of Hibi rings associated to

connected posets.

Theorem 3.30. Let P be a connected poset. Assume that P has at least two minimal

and mazimal elements. Then R[Z(P)] does not satisfy property Ns.

Proof. Claim : There exist two maximal chains C; = {py,...,p,} and Cy = {q1,...,¢s}
of P such that py <---<p,, 1 < - <qs, ;1 #q1 , pr # ¢s and 1,5 > 2.

Assume the claim. Let S = C; U (5. Using Discussion 3.17 and the proof of
Theorem 3.20, we can reduce P to the poset Q?, where Q7 is a poset on the underlying
set S and it is enough to show that R[Z(Q?)] does not satisfy property N3. Observe that
Q? is connected, {p1,q:} and {p,,qs} are the sets of minimal and maximal elements
of Q7 respectively. By Lemma 3.29, R[Z(Q?)] does not satisfy property Ns. This

completes the proof.

Now we prove the claim. Let C' be a maximal chain in P with the minimal element
p and maximal element ¢. Fix a maximal element ¢’ € P where ¢’ # ¢. If there exists
a maximal chain C” with the maximal element ¢’ and the minimal element not equal
to p, then we are done. So we may assume that all maximal chains with the maximal
element ¢’ have minimal element p. Fix a minimal element p’ € P where p’ # p. If
there exists a maximal chain C” with the minimal element p’ and maximal element
not equal to ¢, then we are done. So we may assume that all maximal chains with the
minimal element p’ have maximal element q. Then, we can take C; to be a maximal

chain from p to ¢’ and Cs to be a maximal chain from p’ to g. Hence the proof. n

Recall the notion of graphs from Section 2.4. The following lemma will be needed

in the proof of our main theorem about property N, for p > 4.

a1 a2 as ap—1 Qp,

b 1 b2 b3 bn -1 bn

FiGgure 3.10: L

Lemma 3.31. Let L be a distributive lattice as shown in Figure 3.10. Then the com-

parability graph G, of L is chordal.

52



Proof. First break the underlying set of L in two disjoint subsets A; = {ay,...,a,} and
Ay ={by,...,b,} (see Figure 3.10 for notational conventions). Let C' = (¢y,...,¢,.) be
a induced cycle of G, of length > 4. If {¢;,...,¢,} N A; > 3 for any ¢ € {1,2}, then C
has a chord because every pair in A; is an edge of G. So we may assume that r = 4
and #({c1,...,c,} N A;) =2 for all i. Let {¢;,, ¢, € Ay and {c;y, ¢;,} € Ay, Without
loss of generality, we may assume that ¢; = ¢;, and ¢; < ¢;, in L. Let ¢ € {¢;,,¢;,} be
such that {c1,c} is an edge in C. Therefore, ¢; and ¢ are comparable in L; therefore
¢ < ¢1 because ¢; € Ay and ¢ € Ay. Therefore ¢ < ¢;,. Hence (¢,¢,¢;,) is a induced
chain in Gz. Thus C has a chord. This completes the proof. O]

Example 3.32. Let P, be an antichain of cardinality three and P, be a poset such
that it is a disjoint union of two chains of length 1. By [Hib87, § 3, Corollary],
R[Z(P;)] is a Gorenstein ring for all ¢ = 1,2. For all ¢ = 1,2, the Hibi ring R[Z(F;)]
is Cohen-Macaulay, it is a quotient of a polynomial ring in #Z(F;) variables and the
Krull-dimension of R[Z(P;)] is #P; + 1. So the Auslander-Buchsbaum formula im-
plies that projdim(R[Z(P;)]) = #Z(P;) — #P;, — 1 for i = 1,2. It is easy to see that
projdim(R[Z(F;)]) = 4 for all i = 1,2. By self-duality of minimal free resolution of
Gorenstein rings, we obtain that £4;(R[Z(F;)]) # 0 for some j > 6 and for all ¢ = 1,2
irrespective of the characteristic of the field K.

We are now ready to prove our main theorem about property N, for p > 4.

Theorem 3.33. Let P be a poset and p > 4. Let P' = {p;,,....,pi.} be the subset of
all elements of P which are comparable to every element of P. Let P” be the induced

subposet of P on the set P\ P'. Then the following are equivalent:

1. R[Z(P)] satisfies property Np;
2. R[Z(P)| satisfies property Ny,
3. FEither P is a chain or P" is a disjoint union of a chain and an isolated element;

4. Either R[Z(P)] is a polynomial ring or K[Z(P")]/in(Izpry) has a linear resolu-

tion;

5. Fither R[Z(P)] is a polynomial ring or it has a linear resolution

Before going to the proof of the theorem, we remark that not all of the equivalent
statements are new. For example, (3) <= (5) was proved in [EQR13, Corollary 10]
and (5) = (4) follows from [CV20, Corollary 2.7].
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Proof. (1) = (2) is trivial.

(2) = (3) If width(P) > 3, then there exists an antichain P, in P of cardinal-
ity three. By Discussion 3.7, f;;(R[Z(F1)]) < Bi(R[Z(P)]) for all ¢ and j. Since
B4 (R[Z(Py)]) # 0 for some j > 6 by Example 3.32, 84,;(R[Z(P)]) # 0. Thus, R[Z(P)]
does not satisfy property Ny. So we may assume that width(P) < 2. If width(P) = 1,
then P is a chain. We now consider width(P) = 2. Observe that P” is simple. Since
R[Z(P")] satisfies property Ny, it also satisfies property N3. By Lemma 3.29, P” is a
disjoint union of two chains. Suppose that P” is a poset on the set U2 {p;1,. .., Pin; }
such that {p;1,...,pin,} is a chain in P” with p;; <--- <p;,, for all i = 1,2. We have
to show that either n; = 1 or ny = 1. On the contrary, suppose that n; > 2 for all
i =1,2. Let P be the induced subposet of P” on the set U2 {p;1,pi2}. Let B and B’
be the sets of minimal and maximal elements of P, respectively. By Example 3.32 and
Discussion 3.7, f4;(R[Z(P)]) # 0 for some j > 6 which is a contradiction. Hence the

proof.

(3) = (4) If P is a chain, then R[Z(P)] is a polynomial ring. Observe that the
distributive lattice Z(P") is as shown in Figure 3.10. The ideal in.(Izpry) is the
Stanley-Reisner ideal of the order complex A(Z(P")) of Izpr (see Section 6.1). It was
observed in Subsection 2.4 that A(Z(P")) = A(Gzpry) where Gz(pry is the compara-
bility graph of Z(P"). Now the result follows from Lemma 3.31 and [Fr690, Theorem
1].

(4) = (5) Since the Betti numbers of K[Z(P")]/in<(Izpry) over the ring K[Z(P")]
are greater than equal to those of R[Z(P")] [Peell, Theorem 22.9], we get that R[Z(P")]
has a linear resolution. Thus, R[Z(P)] has a linear resolution by Corollary 2.21.

(5) = (1) is immediate. O

Hibi and Ohsugi [HO17] characterized chordal comparability graph of posets us-
ing toric ideals associated with multichains of poset. We now use Theorem 3.33 and
[Fr690, Theorem 1] to characterize comparability graph of distributive lattices which
are chordal. It is immediate that for a chain P of length n, Gp is the complete graph
on the set [n + 1] which is chordal.

Corollary 3.34. Let L = Z(P) be a distributive lattice and G, be the comparability
graph of L. For P, let P" be as defined in Theorem 3.33. Then G, is chordal if and

only if P is a chain or P" is a disjoint union of a chain and an isolated element.
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Chapter 4

Property N, for Segre product of
Hibi rings
In this chapter, we discuss the property N, of Segre product of Hibi rings for p € {2, 3}.

The Segre product of two Hibi rings is a Hibi ring and it was observed in [HHR00].
We sketch a proof here.

Proposition 4.1. Let P, and Py be two posets and P be their disjoint union. Then
R[ZI(P)] = RIZ(Py)] * R[Z(P)], where * denotes the Segre product.

Proof. The idea of the proof is same as a proof in Section 2.8. We show that R[Z(P;)]x*
R[Z(P,)] is a ASL on Z(P) over K with same straightening relations as R[Z(P)]. Let

RIZ(P)) = K[{ua =t [ [ vi: @ € Z(P)Y] € K[t {yi : pi € P1}]

and
RI(Py)] = K[{vg =t2 [ [ 2 : B € Z(P)}] € K[t2, {2 : i € P2}].
;€8
Then,

RIZ(P)] * RIZ(P.)] = K[{uavs : a € I(P)), B € T(R)}].

Let ¢ : Z(P) — R[Z(P1)] * R[Z(P,)] be defined by («, ) — u,vs. Note that for all
(a1, Br), (a2, B2) € Z(P),

e((on, Br))e((az, B2)) = @((ar, B1) V (a2, B2))p((on, fr) A (2, B2)).
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ASL-2 follows from the above equation. For ASL-1, it suffices to show that the
standard monomials are distinct because they are monomials of the polynomial ring
T = Klt1,te,{y; : pi € P1},{zi : ¢; € P2}]. The proof of this is similar to the proof in
Section 2.8. O

From Section 2.8, recall the definition of the semigroup associated to a Hibi ring.
For i € {1,2}, let H; be the affine semigroup generated by {h, : @ € Z(F;)} and let
H be the affine semigroup associated to the Hibi ring R[Z(P)]. Since Z(P) = {(«, f) :
a € Z(P)) and € Z(P)}, it is easy to see that, up to isomorphism, H is generated
by {(ha,hs) : @ € Z(Py) and B € Z(P,)}.

Theorem 4.2. Let Py, P», P, Hy, Hy and H be as above. Then, for eachl € {1,2}, H; is
isomorphic to a homologically pure subsemigroup of H. In particular, if B;;(R[Z(P)]) #
0 for some | € {1,2}, then B;;(R[Z(P)]) # 0.

Proof. By symmetry, it suffices to prove the theorem for [ = 1. Consider the subsemi-
group Gy of H generated by {(ha, hg) : @ € Z(P;)}, where () is the minimal element of
Z(P,). It is easy to see that GGy is isomorphic to the semigroup H;. Also, observe that
§ = (0,0) and v = (P1,0) are the order ideals of H. The subsemigroup G is generated
by {h, : § <n < ~}. So by Proposition 3.5, G; is a homologically pure subsemigroup of
H. The second part of the theorem follows from Proposition 2.27. Hence the proof. []

Corollary 4.3. Let P be a poset such that it is a disjoint union of two posets P; and
Py. If R[Z(P)] satisfies property N, for some p > 2, then so do R[Z(Py)| and R[Z(P2)].
Proof. The proof follows from Theorem 4.2. m

Lemma 4.4. Let R[Z(P)] be a Hibi ring associated to a poset P. Then the following
statements hold:

(a) If Boa(R[Z(P)]) = 0, then R[Z(P)] satisfies property Ns.

(b) If RIZ(P)| satisfies property No and Bss(R[Z(P)]) = 0, then it satisfies property Ns.

Proof. (a) Since Hibi rings have a quadratic Grobner basis (see Theorem 2.15), Hibi
rings are Koszul. So by Proposition 2.3, f5;(R[Z(P)]) = 0 for all j > 5. This concludes
the proof.

(b) The proof follows from [ACI15, Theorem 6.1]. O
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4.1 Segre product with a polynomial ring in two

variables

We now wish to study the property N, of Segre product of Hibi ring and a polynomial
ring. The main result of this section, whose proof is postponed to the end of the section,

is the following:

Theorem 4.5. Let P, be a poset, P, = {b} and p € {2,3}. Let P be the disjoint union
of P, and Py. If R[Z(Py)] satisfies property N, , then so does R[Z(P)].

The proof of the above theorem follows the argument of Rubei [Rub02]. Let P, and
P, be as in theorem. So Z(P) = {(«o,B) : a« € Z(Py), 5 € Z(P2)}. Let H be the affine
semigroup generated by {(ha, hg) : @ € Z(Py), f € Z(Py)}. In order to prove the above
theorem, by Proposition 2.24 and Lemma 4.4, it is enough to show that for p € {2, 3},
if h = (hy, hy) € H with deg(h) = p+2, then H,_,(A,) = 0. For i = 1,2, let H; be the
affine semigroup generated by {h, : @ € Z(P;)}. Observe that H, is generated by two
elements hy and hy,. For simplicity, we denote hy,y by hy.

Before going to the technical details, we refer the reader to Section 2.3 for definitions

and notations.

Notation 4.6. Let g € H; with deg(g) = d.
(a) Denote g. = (g,¢'), where ¢’ = (d — e)hg + €hy, € Hy and € € {0,...,d}.
(b) For 0 <1 <d—1, let

F{A)= U U i b))y (gi, b))
(Bg)= U . oin d}<(go> 0)s- -5 (gi, o))
g1+...+9d=9

Lemma 4.7. Under the notations of Notation 4.6.
(a) For alli <1—1, Hy(F'(A,)) = H;(A,).
(b) Fore € {1,2}, F'(A,) C A, if and only if | <d—e— 1.

Proof. (a) The proof follows from F'(A,) = sk'(A,).
(b) Let g1,...,94 € Hy be such that Z?zl gi = g. Observe that for any {4, ..., 4} C [d],
{(Gio, Po), .-, (9i, hg)} is a simplex in Ay if and only if | < d —e — 1. O

Let g € Hy with deg(g) = d and let ¢ € {0,...,d}. Note that A, = A, for all
e € {0,d}. Also, we have A, = A,, . Thus, to prove the theorem, it suffices to
consider the cases hy = (p+ 2 — €)hg + chy, where ¢ € {1,2} and p € {2,3}.
o7



Remark 4.8. Let g € Hy with deg(g) = d and ¢ € {0,...,d}. Let g1,...,94 € Hy be
such that g = 2?21 g;. Observe that o = {(gil,h@),...,(gid_g+l,h@)} ¢ A, for any
i1y lgepr €{1,...,d}. Forle {1,...,d} with{ #4;, j e {1,...,d—e+ 1}, let

d—e+1
OJ = Z <_1)J71{(giz7 hb)7 (gi17 h@)a cey (gija h@)? ) (gid,€+17 h@)}
j=1

be a (d — ¢)-chain in A, . Then 0o = do’.

Definition 4.9. For any g € Hy with deg(g) =d and e € {1,...,d}, we define R, to

be the following simplicial complex:

U U i?h P i,,h ) ivh s o \Yi 7h .
oS L ) (G Be), (i o), (G o))
s.t. g1+...+ga=g i Fim

Lemma 4.10. Let g € Hy with deg(g) = d and € € {1,2}. Assume that

1. (i,d) € {(0,3),(1,4)};

2. Hi(A, ,)=0.

ge—1
Then H;(R,.) = 0.

Proof. Observe that R,. C A, ,. If ¢ = 1, then sk*(A,._,) € sk*(R,.). Thus,
I:-V[Z-(Agefl) = f[i(Rgﬁ) for i = 0,1. So we only have to consider the case ¢ = 2. Let
be an i-cycle in R, .. Since }NI,»(AQEA) = 0, there exists an (¢4 1)-chain nin A, | such
that dn = B. Suppose that n =, cjo;, where 0; is an (i 4+ 1)-simplex in A,_,. Now
consider an (i + 1)-chain ¢ in R,. such that i) = 3, ¢;07, where 0 = 0; if 0; € Ry,

else 0’ is as defined in Remark 4.8 corresponding to o;. Then 9y = 3. O

Lemma 4.11. Let g € Hy with deg(g) = 4 and € € {1,2}. Every I1-cycle v in A, is
homologous to an 1-cycle in F*(A,) (C A,).

Proof. We prove the lemma by induction on the cardinality of (supp(y) N sk®(A,.)) \
F(A,).

Let (f,hy) € supp(v). Let Sy p,) be the set of 1-simplexes of v with vertex (f, k).
For o = {v,(f, )} € Sy, let o = {v,(f, hg)}. Clearly, 0’ is an 1-simplex of A, .

Let a = Zaes<fh )(—0’ + ¢’) be the 1-cycle in A, .
g
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Now, we show that for a vertex v in A,_, if (v,(f, hy)) C Ay, then v € R, ¢..
Observe that

R _ = U U i h ’ . h
g—f,1 91,92,93€H1 i1,i2€{1,2,3} <(9117 @) <g7,27 @)>
s.t. g1+g2+g3=g—f 1o

and
Rg,f’z = U U <(gi17 hb)7 (g’i27 h@>>

91,92,93€ His.t. i,in€{1,2,3}
g1+g2+93=g—f 11712
If e =1, then v = (f’, hy) for some f' € Hy such that g — (f + f') € Hy. If e = 2,
then either v = (f’, hy) or v = (f’, hy) for some f' € H; such that g — (f + f') € H;.
In both cases, v € R,_¢..

So we obtain that supp(a) C C, where C' is the union of the cones ((f, hy), Ry—fe)
and ((f, hg), Ry—s.). Notice that C C A, . Since Hibi rings satisfy property Ny, we have
ﬁO(A(g—f)s,l) — 0. Thus, Hy(R,_f.) = 0 by Lemma 4.10. Since H;(C) = H;_y(R,_;.),
we have ﬁl(C’) = 0. Thus, «a is homologous to 0 which implies that o is homologous

to o + .

Observe that #((supp(y + «) N sk°(A,)) \ FH(A,)) < #((supp(y) N sk*(A,)) \
F'(A,)). Hence, we conclude the proof by induction. O

Proof of Theorem 4.5 for Ny. We have to show that if h = (hy, he) € H with deg(h) =
4, then Hy(A,) = 0. We consider the following cases:

(1). Assume that hy = 3hg + hy. Let v be an 1-cycle in A,. By Lemma 4.11, « is
homologous to an 1-cycle 7' of F(A;,) C Ap. In other words, there exists a
2-chain y in Ay, such that dpu = v —~/. Also, H(F2(Ap,)) = Hy(Ap,) = 0, where
the isomorphism is due to Lemma 4.7(a) and the equality is by hypothesis. As
FY(Ap,) C F?(Ay,), there exists a 2-chain g/ in F?*(Ay,) such that oy’ = 7.
Since F2(Ap,) € Ay, 1/ is a 2-chain in A,. Therefore, [¥] = 0 in H(Ay). So
(Y] = 0 in Hy(Ap).

(2). Consider hy = 2hy + 2hy. Every 1-cycle v in Ay, is homologous to an 1-cycle 4/ in
F(Ap,) by Lemma 4.11. But in this case, F*(Ay,) is not contained in Ay. Since
Hy(F2(Ay,)) = 0, there exists a 2-chain p in F2(Ay,) such that du = /. Let
=", ¢o;, where o; is a 2-simplex in F?(Ay,). Consider a 2-chain ¢ in A}, such

that ¢ = ). ¢;0f, where o] = o, if 0; € Ay, else 0] is as defined in Remark 4.8
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corresponding to o;. Then 0¢) = +'. Therefore, [y] =0 in ﬁl(Ah). So [y] =0 in
ffl(Ah). Hence the proof.

]

Lemma 4.12. Let g € Hy with deg(g) =5 and € € {1,2}. Every 2-cycle v in A, is
homologous to a 2-cycle in F?(A,) (C A,.).

Proof. We prove the result by induction on the cardinality of (supp(y) N sk(A,.)) \
F(A,).

Let (f,hy) € supp(7y). Let Sy p,) be the set of 2-simplexes of v with vertex (f, hy).
For o = {v,u, (f, )} € Sy, let o' = {v,u,(f, hg)}. Clearly, o is a 2-simplex of A,_.

Let . =) —o0 + o) be the 2-cycle in A, .

TES(£,y) (

Now, we show that for vertexes v,u in Ay, if (v,u, (f, h)) € Ay, then (v,u) C
Ry .. Observe that

R, = U U i h ) )
9=t g1,---,94€H1 i1,02,i3€{1,...,4} <<gzl, 9)7 <922, 9)(913 ®>>
s.t. g1+...+ga=g—f 1 Fi
and
R, o= U U ., h ) ., hg)).
g—F.2 Do miCH) i inise{L, 4} <(gz1a b)v (gzz’ (Z))(gzs ®>>
s.t. g1+...+ga=g—f i F iy

If e = 1, then (v, u) = ((f1, hp), (f2, hg)) for some fi, fo € Hy such that g— (f+ f1+

f2) € Hy. If € =2, then either (v, u) = ((f1,hg), (f2, hp)) or (v,u) = ((f1, ), (fo, hy))
for some fi, fo € H; such that g — (f + fi + f2) € Hy. In both cases, (v,u) =

((f1,ho), (f2, he)) C Ry

So we obtain that supp(a) € C, where C' is the union of the cones ((f, hy), Ry—fc)
and ((f, hp), Ry—.). Notice that C C A, . Since R[Z(P)] satisfies property Ny, we have
Hi(Aq-p),_,) = 0. Thus by Lemma 4.10, H,(R,_;.) = 0. Since H;(C) = H;_1(R,_;.),

we have [:&(C) = 0. Thus, a is homologous to 0. So ¢ is homologous to o + a.

Observe that #((supp(y + «) N sk®(A,)) \ F2(A,)) < #((supp(y) N sk°(A,)) \
F?(A,)). Hence, we conclude the proof by induction. O

Proof of Theorem 4.5 for N3. We have to show that if h = (hy, he) € H with deg(h) =
5, then Hy(A,) = 0. We consider the following cases:
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(1). Consider hy = 4hg+hy. Let v be a 2-cycle in Aj,. By Lemma 4.12, v is homologous
to a 2-cycle 7/ of F3(Ay,) C Ay. In other words, there exists a 3-chain p in Ay,
such that O = y—~/. Also, Hy(F3(An,)) = Hy(Ap,) = 0, where the isomorphism
is due to Lemma 4.7 and the equality holds because R[Z(P,)] satisfies property Nj.
As F?(Ay,) C F3(Ap,), there exists a 3-chain p/ in F?(Ay,) such that o' = +/.
Since F?(Ay,) € Ay, ¢ is a 3-chain in Aj. Therefore, [y/] = 0 in Hi(Ay). So
[y] = 0 in Hi(Ay).

(2). Assume hy = 3hg + 2h,. By Lemma 4.12; every 2-cycle 7 in A, is homologous to
a 2-cycle 7/ in F?(Ay,). But in this case, F3(Ay,) € Ap. Since Hy(F3(Ap,)) =0,
there exists a 3-chain p in F?(Ayp,) such that Ou = +'. Let u = >, ¢;04, where
0; is a 3-simplex in F3(Ay,). Consider a 3-chain ¢ in Ay, such that ¢ = ", ¢;0},
where o = o; if 0; € Ay, else o} is as defined in Remark 4.8 corresponding to ;.
Then &y = /. Therefore, [y] = 0 in Hy(A,). So [y] = 0 in Hy(A,). Hence the

proof.

4.2 Segre product with a polynomial ring

In this section, we show that if a Hibi ring satisfies property Ny, then its Segre product

with a polynomial ring in finitely many variables also satisfies property Ns.

Proposition 4.13. Let P be a poset such that it is a disjoint union of a poset P, and
a chain Py ={ay,...,a,} with a; <--- < a,. Let {x} be a poset and P} be the ordinal
sum Py @{z}. Let Q be the disjoint union of the posets Py and Py. If R[Z(P)] satisfies
property Ny, then so does R[Z(Q)].

We now state our main theorem of this section.

Theorem 4.14. Let P be a poset such that it is a disjoint union of a poset P, and a
chain Py. If R[Z(Py)] satisfies property Ny, then so does R[Z(P)].

Proof. The proof follows from Theorem 4.5 and Proposition 4.13. O]

Corollary 4.15. Let P be as defined in Theorem 3.25. Assume that P is disconnected.
Then Bay(R[Z(P)]) = 0 if and only if P is a disjoint union of two posets P, and Py such
that Z(Py) is a planar distributive lattice with Bay(R[Z(P1)]) = 0 and Py is a chain.
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Proof. The proof follows from Theorem 4.14 and Corollary 4.3. O]

The rest of section is dedicated to the proof of the Proposition 4.13. The proof of
Proposition 4.13 is motivated from Rubei [Rub07].

Let P be a poset such that it is a disjoint union of two posets P; and P,. Let {x}
be a poset and Pj be the ordinal sum P, & {x}. Let @ be the disjoint union of posets
Py and P;. Let H and H' be the affine semigroups generated by {h, : a € Z(Q)} and
{hs : B € Z(P)} respectively. For i € {1,2}, let H; be the affine semigroup generated
by {ho : @ € Z(P,)}. For a € Q, the first entry of h, is 1 if # € a and the second entry
of hyis 1if z ¢ a.

Note : Let h € H with deg(h) = d. In this subsection, we either denote h by
(e,d — e, ), where b € H' or we denote it by (e,d — €, ho, hy), where h; € H; for all
i=1,2.

Let h € H with deg(h) = d. Then h = (¢,d — ¢, 1), where i’ € H', e < d, e € N.

Let X}, be the following simplicial complex:

Xh = Ah U A(gfl,dfi-:«l»l,h/) u...u A(Oadzh/)'

[

Observe that A gny = Ap = Agony. Let v be an 1-cycle in Xj,. For every vertex
v € 7, let S, be the set of simplexes of v with vertex v and p,, be the 0-cycle such

that v * p1, , = ZTGSM 7, where * denotes the joining.

Proposition 4.16. Let h € H with deg(h) = 4. Let v be an 1-cycle in Ay. Then there

exists an I1-cycle 7' in Ay such that v is homologous to v in Xj,.

Proof. Let hy,, ..., Iy, be the vertices of v with non-zero first entry. In other words,
these are all the vertices h, of v such that x € a. For 1 <1i < m, let 5, = a; \ {z}.

Observe that Py, v 18 1 Ah—hal and
ﬁl(hal * Ah_hal U hﬁ1 * Ah_ha1> = ﬁO(Ah—h(,l> = O,

where the last equality holds because R[Z(Q)] satisfies property Ni. So ha, * fin, ~ —
hg, * pin,, ~ is homologous to 0 in Xj. Hence, v1 1= v — (hay * fhe, 4 — hp, * fih,, 5) 18
homologous to v in Xj. Informally speaking, we have got +; from ~ by replacing the
vertex h,, with hg,. Inductively, define

Yi = Vi1 — (hai * Phayvier — hﬂi * Mhaim'ﬂ)
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for 2 <4 < m. Since all the vertexes of 7, have first entry zero, we have v,,, € A4
We set v = ~,, and prove that -, is homologous to v in X},. To prove this, it suffices

to show that ha, * th,, v, — g, * Hh,, i, 18 homologous to 0 for 2 < i < m.

Let 0y be the sum of simplexes 7 of - such that 7 is a vertex of Ahfhai and let
01 be the sum of simplexes 7 of yip, -, , such that 7 is not a vertex of A,_p, . Observe
that Poha, i1 = 0y + 0, and 6 is a O-cell in A(E,Lg),g’h/),h%. Since P,y is a O-cycle,
0o is a O-cycle of Ay_p, and 0; is a 0-cycle of Ai_15-¢p)—p,, - Furthermore, since
R[Z(Q)] satisfies property Ny, ) is homologous to 0 in A4, and ¢; is homologous to
0in A(8_175_57h/)_hai. Thus, they are homologous to 0 in Xj,. Therefore, h,, * P, vi1 —

hg; * fih,, v, is homologous to 0 in Xj. This concludes the proof. O

Lemma 4.17. Let P = {q,...,q-} be a chain such that q; <---<gq, and let H be the
semigroup corresponding to R[Z(P)]. Let h = 3" hy, € H. Then

Ap = (hay, .- hay)-

Proof. 1t is enough to show that for some a € Z(P), if ho & {hay, - -, ha, }, then hy, is
not a vertex of A,. If @ = (), then the entry corresponding to “q; ¢ o” in h — h, will
be -1. So h, is not a vertex of A,. If oy < o for all i € {1,...,d}, then h — h, ¢ H.
Hence, h, is not a vertex of A,. Now suppose that for all i € {1,...,d}, a; £ a. Let
{hais-- - ha,, } be the subset of {hq,, ..., ha,} such that hy < hq, forallj=1,....m.
Let o = {q1,...,qs}, where 1 < s < r — 1. Observe that the entries corresponding to
qs and qs11 in h are m. But the entries corresponding ¢, and ¢s1 in h — h, are m — 1

and m respectively. Hence, h — h,, ¢ H. This completes the proof. O

From now onwards, let P be a poset such that it is a disjoint union of a poset P;
and a chain P, = {ay,...,a,} with a; <--- < a,. Let Pj be the ordinal sum P, & {z}.
Furthermore, let @ be the disjoint union of posets P, and P,. Let Hp; be the semigroup
associated to R[Z(Pj)].

Lemma 4.18. Let h = Y0 ho, € H with h = (e,d — ¢,/'), e > 1. Forr < d,
assume that there are exactly r number of i’s with a; = o} U Py, where o} € Z(Py). Let
T ={hg,,....ha,,, } be an m-simplex of X. Then T € Ay, if and only if there are at
most v number of B;’s with B; = B} U Py, where 8} € Z(P).

Proof. 1f we write h = (e,d — €, hy, hy), where h; € H; for all i = 1,2, then (¢ — 1,d —
e+ 1,M)=(e—1,d—e+1,hy, ). For 1 <i<d,let a; = (a?,}), where a? € Z(P})
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and a; € Z(P1), So we can write ha, = (1,0, hp,, hy1) if 2 € ; and ha, = (0,1, hy2, hyi)
if # ¢ af, where h,2 € Hy and h,y € Hy. We have

d d

hi=Y hy, (e,d—ehy) =) he.

i=1 i=1

Let 71 = {hﬁll, . hﬁyanrl} and 7 = {hgf, . hﬂfn+1}‘ Note that 71, 7 could be multi-

sets.

Now we show that 7 € Ay, if and only if 5 C {ha%, ce hai}‘ Observe that if 7 € Ay,
then (e,d — e, hy) — ZmH hﬂjz € Hp;. Hence, 79 C {hge,... :hag}, by Lemma 4.17.

j=1

. 41
On the other hand, if 5 C {haz,...,haz}, then (e,d — €, hy) — > hﬁjz € Hp.
Since 7 € X, there exists an iy € {0,...,e} such that 7 € A (c—ig,d—etio,ha,h1)- OO

(e —ig,d — e +ig, hy, hy) — 27 hg, € H. Therefore, h; — S hg1 € Hy. We obtain

7j=1 7=1
T E Ah'

The proof of ‘only if” part follows from the above claim. To prove ‘if’, it suffices to

show that 7 C {ha%, - hai}‘ For 1 <i < e, we have
e—1 € e+r d
(e—id—e+ih)) = hpy+ > hp+ > hp+ Y he€Hp,
7=1 Jj=e—i+1 Jj=e+1 j=e—r+1
Let ip € {0,..., e} besuch that 7 € A(._j).d—ctig,ho,h1)- Since there are at most r number

of Bs in 7 with 8; = 8} U P, where 3! € Z(P;), the multiplicity of hp, in 75 is at most
r. So by Lemma 4.17,

T2 g {hpQ/,...,hpQ/,hPQ,...7hp2,ha§7T ,...,hai} g {hoz%w'whag}v

+1

where the multidegrees of hp; and hp, in the middle set are € — iy and r respectively.
Hence, 75 C {hq2,..., ha2}. O

Remark 4.19. (1) Let p € {2,3} and h = >*"?h,, € H. Assume that there is an

af € Z(Py) \{o3,... a2 ,}. Let h=S"""2 hs be an element of H such that

o, if x ¢ «,
g =

L1 a2
a; Uag itz € q;.
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For  ={h,,...,h,,}, define 7' :={h,,,..., h,, }, where

% if x ¢ ;,
vy =

yjUaf ifz ey

Then 7 is a simplex of Ay, if and only if 7/ is a simplex of A;. Therefore, A, = A;.

(2) Letp € {2,3} and h = Y02 h,, € H. Let a2,a% € {a?,...,a2,,} with a® # a°.
Let h = fif hg, be an element of H such that

o if a? #a? a2,
Bi=qatua? if a=alUa?,

afUa? if o =aj Ua?

For 7 ={h,,,...,hy,}, define 7' :={h,,,... h,, }, where

Vi if 7]2%05275227
vj = V;U&z if yj:%onP,

V}Uozz if W:ﬁu&’?.

Observe that 7 is a simplex of Ay if and only if 7" is a simplex of A;. Therefore,
Ap = A O

Proposition 4.20. Let h = (1,3, hy, hy) = S+ ha, € H. Assume that T(Py) C
{a2,..., a2} and there are exactly two i’s with a? = Py. Let v be an I-cycle in Ay,. If

v is homologous to 0 in X}, then it is also homologous to 0 in Ay.

Proof. Let n = > c,0, where ¢, € 7Z, be a 2-chain in X, such that dn = 7. We
construct an 7’ in Ay such that o' = ~. Let {hy,, hy,, h,,} be a simplex in 7. By
Lemma 4.18, it is not a simplex of A, if and only if v} = P, for j = 1,2,3. Let
o = {hy,, huy, huy } be a simplex in 1 such that it is not a simplex of A;,. Note that
(0,4, ho, hy) — Zf’zl h,, € H, call it h,,. Observe that {h,,,...,h,,} is a face of Xj.
Define 5
0" =Y (1T g by b )

j=1
By Lemma 4.18, v? # P,. Therefore, ¢’ is a 2-chain in A,. Observe that do = do’.
Take ' = Eoen cy0', where ¢/ = o if 0 € A, otherwise ¢’ is as defined above for o.

Then 7’ is a 2-chain in A, and 0n' = 7. This completes the proof. O
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V)

Remark 4.21. Let () be a poset such that it is a disjoint union of a poset P, and a
chain P} = {ay, as, x}, with ay <ay<z. Assume that R[Z(P)] satisfies property N,. Let
H be the semigroup associated to R[Z(Q)]. Let A = {B:,...,81}, B = {p},5,01,04}
where 3j,6; € Z(Py), be two multisets with {d},0,} N {3,581} = 0, B] # B3 and
> peahs =2 pcphs € Hi. Let

S={{vi,...,uu} CIT(Q) : {v},...,v;} =IZ(P) and {v},..., v } € {A B}}.

Let A’ be the simplicial complex whose facets are {h,,, ..., h,, }, where {v,... v} € S.
We use SageMath [sage] to check that H,(A') = 0 for all choices of A and B.

The choices of A and B, up to isomorphism, are the following:

(a) {81, B2} = {65, 81}, 05 # 04,
import itertools;

A= [5,6,5,6];

3 B= [6,6,7,8];

V)

list(itertools.permutations (A));

list(itertools.permutations (B));

L1 = [[(0,b1),(1,b2),(2,b3),(3,b4)] for [b1,b2,b3,b4] in CJ;
L2 = [[(0,b1),(1,b2),(2,b3),(3,b4)] for [b1,b2,b3,b4] in DJ;
S L1+L2;

K

SimplicialComplex(S);
print (K.homology ())

LISTING 4.1: Sagemath code

(b) {81, Bz} = {Bs. Bi}. 05 = 05,
A=[5,6,5,6]
B=[5,6,7,7];

LISTING 4.2: Sagemath code

(c) B = B5, By # Bi, 05 # 01 and B ¢ {33, 61},
A=[5,6,5,7]
B=[5,6,8,9];
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N

N

LISTING 4.3: Sagemath code

(d) Bi = B3, Bi # Bi, By # Bi,05 and 05 = 6,

A=[5’6’5)7]
B=[5,6:8:8];

LISTING 4.4: Sagemath code

(e) Bi = B3, Bi # Bi, By # Bi, 05 # 0; and B = 43,

A=[5,6’5:7]
B=[5,6:6:8];

LISTING 4.5: Sagemath code

(f) B = B3, Bi # Bi, By # By and B = &3 = &,

A=[5,6’5:7]
B=[5,6:6:6];

LISTING 4.6: Sagemath code

(9) B = B5 = Bi, 05 # 63 and B & {05,01},

A=[556’5:5]
B=[5,6,7:8];

LISTING 4.7: Sagemath code

(h) Bi = B3 = Bi, B3 # 05 and &5 = 4,

A=[556’5:5]
B=[5,6,7:7];

LISTING 4.8: Sagemath code
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V]

¥

(i) B = B3 = Bi, 03 # &; and B = 43,
A=[5,6,5,5]
B=[5,6,6,71;

LisTING 4.9: Sagemath code

(4) B = B3 = Bi, By = 05 =0,
A=[5,6,5,5]
B=[5,6,6,6];

LISTING 4.10: Sagemath code

(k) {81, B2} N {Bs, Bi} = 0, B3 = B1, d5 = di,
A=[5,6,7,7]
B=[5,6,8,8];

LisTING 4.11: Sagemath code

(1) each element of A and B appears with multiplicity 1 and AN B = {4}, 53}

A=[5>6’7)8]
B=[5,6,9,10];

LISTING 4.12: Sagemath code

]

Proposition 4.22. Let h = (1,3, hg, hy) = S+, ha, € H. Assume that {a3,..., a3} =
Z(Py) (as a multiset). Let v be an 1-cycle in Ap. If v is homologous to 0 in Xy, then

it is also homologous to 0 in Ay,.

Proof. Let n = Y c,0, where ¢, € Z be a 2-chain in X}, such that dn = 7. Let
{hy,, Py, By } be a simplex in 7. By Lemma 4.18, it is not a simplex of A, if and only
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if there exist exactly two j's with 1/]2 = P,. We prove the proposition by induction on

k" :=>"|c,|, where o is a simplex of n but it is not a simplex of Ay,.

Let o1 = {hy,, hy,, hu, } be a simplex in 1 such that it is not a simplex of A, and
Vj,, Vj, = Py. Let a be the sign of the coefficient of oy in 7. Observe that {h,, ,h,, } is
a simplex in doy and it is not in Ay. Since 0n is in Ay, there is another {hl,j1 , h,,h} in
On with the opposite sign. So there is a simplex oy of n but not a simplex of A such
that o1 # 09 and 0(aoy + bos) is an 1-cycle in A, where b is the sign of the coefficient

of oy in 7.

Let 01,09 be as above. We will define an n; such that £ < k". Suppose that
o1 and oy are the faces of the same facet, say F. Let o3 and o4 be other two faces
of F. Then 03,04 € Ap, by Lemma 4.18 and there exist ¢,d € {1,—1} such that
J(cos + doy) = d(aoy + bosy). Define

n =1 — (aoy + boy) — (cos + doy).

Observe that dn; = 0.

On the other hand, suppose that o; and o5 are not the faces of the same facet. For
i = 1,2, let F; be the facet of X}, such that o; is a face of F;. Write Fy = {hg,,...,hg,}
and Fy = {hg,, hs,, hs,, hs,}. Let A={B,...,B8i}, B={B1,053,01,63}. For A and B,
let A’ be as defined in Remark 4.21. Observe that A’ is a subsimplicial complex of Ay,
and d(aoy + bos) is an 1-cycle in A, Since Hy(A') = 0, there exists a 2-chain Hoy oy 111
A’ such that dpy, o, = 0(aoy + bos). Define

m:=1mn-— (CLO'l + 602) — Hoy,0-

Observe that dn; = dn. Also, notice that in both cases, k™ < k". Hence the proof. [

Proof of Proposition 4.13. Let H and H' be the semigroup associated to R[Z((Q)] and
R[Z(P)] respectively. To prove the theorem, by Proposition 2.24 and Lemma 4.4, it
suffices to show that for all e € {0,...,4},if h = (g,4—¢,hy, hy) = Z?Zl he, € H then
ﬁl(Ah) = 0. We prove the theorem in the following two cases: Z(Py) € {o3,..., a3}
and Z(Pj) C {o,...,ai}. In particular, if n > 3, then we always have Z(P}) ¢

{a2,..., a2}

(a) Assume that Z(Py) € {af,...,a3}. It Py € {af,..., a3}, then by Remark 4.19(1),
Ap = Aj, where I is as defined in Remark 4.19(1). Observe that h = (0,4, &),
69



where 1/ € H'. We know that A; = Ap;. By hypothesis, ]:ll(Ag,) = 0. Therefore,
ffl(Afﬁ) =0. If Py ¢ {a3,...,a%}, then h = (0,4,h'), where h’ € H’. Thus,
Hy(Ap) = 0.

Now we assume that Z(Py) C {a?,...,a3}. We prove this case in two subcases
n =1and n = 2. If n = 1, then by Remark 4.19(2), it is enough to consider
the subcase h = (1,3, he, hy) and there are exactly two a?’s with a? = P,. Let
be an 1-cycle in A,. By Proposition 4.16, there exists an 1-cycle 7' of A 4,n,,h,)
such that 7 is homologous to 7’ in X}. By hypothesis, 4" is homologous to 0 in
Ap. Thus, by Proposition 4.20, v is homologous to 0 in Ay. This concludes the
proof for n = 1. For n = 2, if Z(P}) C {a2,..., a3}, then Z(P}) = {a?,...,a2}.
By the similar argument of the subcase n = 1 and Proposition 4.22, we are done

in this subcase also. Hence the proof.
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Chapter 5

h-polynomial of Hibi rings and

polyominoes

In this chapter, we partially resolve two conjectures about h-polynomials. More pre-

cisely, we prove

1. The Charney-Davis conjecture for the Gorenstein toric K-algebras associated to

simple thin polyominoes and for Gorenstein Hibi rings of regularity 4;

2. Rinaldo-Romeo’s conjecture concerning characterization of thin polyominoes.

Recall the definitions of Hilbert Series and h-polynomial from Subsection 2.1.3. We

start by giving a combinatorial description of A-polynomial of Hibi rings.

Let P be a naturally ordered poset, i.e., P is a poset on a underlying set {q1, ..., ¢, }
and ¢; < ¢; in P implies i < j in N. Let L = Z(P) be a distributive lattice and let R[L]
be the Hibi ring associated to L. Assume that P is a poset on the set [n]. Let A(L) be
the order complex of L and let K[A(L)] be the Stanley-Reisner ring of A(L). It follows
from Lemma 6.2 (which is independent of this discussion) and Proposition 2.5 that the
h-polynomials of R[L] and of K[A(L)] are the same. We use the results of [BGS82] to

relate the h-polynomial of R[L] to the descents in the maximal chains of L.

Discussion 5.1. We follow the discussion of [BGS82, Section 1]. Let w : P —
{1,...,n} be a (fixed) order-preserving map. Let M(L) be the set of maximal chains
of L. Let € M(L). We write x as a chain of order ideals of P: 0 = I, C I, € --- C
I, = 1. Then |I;\ I,_1| = {p;} for some p; € P. Define w(y) = (w(p1),...,w(py)).
For 1 < i < n —1, we say that i is a descent of p if w(p;) > w(pi+1). The descent
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set Des(p) of pis {t | 1 < i < m+n—1, iisadescent of u}. For k € N, define
Mi(L) = {p € M(L) : [Des(p)| = k}. O

Proposition 5.1. Let R[L] be the Hibi ring associated to L = Z(P). Write h(t) =
1+ hyt + hot® + - - for the h-polynomial of R[L]. Then h; = |M;(L)|.

Proof. Use [BGS82, Theorems 4.1 and 1.1] with standard grading (i.e. setting ¢; = ¢
for all i) to see that the h-polynomial of the Stanley Reisner ring of A(L) is

Y IM(L)]E

1€N

The proposition now follows from Lemma 6.2 and Proposition 2.5. ]

5.1 Charney-Davis conjecture for Hibi rings

In this section, we state the Charney-Davis conjecture and we prove it for Gorenstein

Hibi rings of regularity 4.

The Charney-Davis conjecture [CD95, Conjecture D] asserts that if h(t) is the h-
polynomial of a flag simplicial homology (d — 1)-sphere, then (—1)!2JA(—1) > 0. Stan-
ley [Sta00, Problem 4] extended this conjecture to Gorenstein* flag simplicial complexes.
Generalizing it further, Reiner and Welker [RW05, Question 4.4] posed the following:

Question 5.2. Let K be a field and R a standard graded Gorenstein Koszul K -algebra.
Write the Hilbert series of R as hg(t)/(1 — t)4™=F)  [s

deg hR(t)J
2

()l

ha(—1) > 07

We say that a standard graded Gorenstein Koszul K-algebra R is Charney-Davis

(CD) if it gives an affirmative answer to the above question.

Suppose that, in the notation of Question 5.2, deg hg(t) is odd. Then hr(—1) = 0;
see, e.g., [BHI3, Corollary 4.4.6]. Therefore Question 5.2 is open only when deg hg(t)
is even. See the bibliography of [RW05] and of [Sta00] for various classes of rings that
are CD. Recently, D’Ali and Venturello [DV22] gave an example showing that answer

to Question 5.2 is negative, in general.
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Let L = Z(P) be a distributive lattice and let R[L] be the Hibi ring associated
to L. When P is a antichain it follows from [Pet15, Theorem 4.1] that R[L] is CD.
Bréandén [Bré06, Corollary 4.3] proved that all Gorenstein Hibi rings are CD. Here, we
prove a special case that all Gorenstein Hibi rings of regularity 4 are CD. This work

here is done independently of and without the knowledge of Brandén’s work.

Recall that the Hibi ring R[L] is Gorenstein if and only if P is pure. It was proved
in [EHM15] that the regularity of Hibi rings have very nice combinatorial description,
i.e., reg(R[L]) = #P — rank(P) — 1. Since Hibi rings are Cohen-Macaulay, we have
reg(R[L]) = deg h(t).

From now onwards, we only consider pure poset P with reg(R[Z(P)]) = 4. By

Corollary 2.21, it suffice to prove the conjecture for simple posets.

Lemma 5.3. Let P be a simple poset. Then rank(P) < 3.

Proof. By the formula of regularity, we have #P — rank(P) = 5. If P is simple and
rank(P) > 3, then #P —rank(P) > 5 because P is pure. Which is a contradiction. [

Lemma 5.4. Let L = Z(P) be a distributive lattice and R[L] = K[L]/I be the Hibi
ring associated to L. Then the h-polynomial of R[L] has the form 1+ ct+ hot® + ct3 +t4,

where ¢ is codimension of Iy, and hy = C;—l — p(Iy).

Proof. After applying the additivity property of the Hilbert series to the minimal res-
olution of R[L], we get

doimo(=1)>2; Bijtj'

HR[L] (t) - (1 . t)#L

So,
ho + hat + hot® + hat? + hot' > oi_o(=1)' 22, Bit?
(1L —t)#r+t Bl (1 —t)#r

This implies,

c

(1= £)°(ho + hat + hot® + hat® + hot*) = "(=1)" > Bi;t7.
J

=0

After comparing the coefficients of constant terms, ¢t and t? on both sides and using
the fact that on RHS, the coefficients of constant term, ¢ and ¢* are 1,0 and u(Iz)

respectively, we get the desired result. O]

73



X AN

(a) h(t) = 1+ (b) h(t) = 1+ (c) h(t) = 1+
4t +t2 2t 4 12 3t + 2
(d) h(t) =1+ 3t +¢2 (e) h(t) =1+ 4t +t?
FIGURE 5.1

Lemma 5.5. Let P be the ordinal sum of two pure posets P, and P. Assume that P
is simple. If R[Z(Py)] and R[Z(P,)] are CD, then so is R[Z(P)].

Proof. Let h(t) be the h-polynomial of R[Z(P)] and h;(t) be the h-polynomial of
R[Z(P)] for i = 1,2. By Lemma 2.19, we have h(t) = hq(t)h2(t). We consider the

following cases:

Case 1 Either deg(hq(t)) = 3 or deg(hi(t)) = 1. Then hy(—1) = 0 since deg(hq(t)) is
odd. Therefore h(—1) = 0.

Case 2 deg(h;(t)) = 2 for all i« = 1,2. All simple pure poset P’ with reg(R[Z(P’)]) = 2
are listed in the Figure 5.1. For all such P’, R[Z(P’)] is CD. Therefore, h(—1) =
hi(—1)ho(—1) > 0.

]

Let P be a pure poset of rank k. Let (); be the set of all height ¢ elements of P for
0 <17 < k. Clearly, Q; is an antichain of P for all 7. Let a; denotes the width of the
antichain @); for all 0 < i < k. If P is simple, then a; > 2 for all 7. Label the elements
of Qp as 1,2,..., a9 and the elements )1 as ag + 1,...,a¢ + a;. Inductively, label the
elements of Q; as (Z;;lo aj)+1,... 722’:0 aj for 2 <i <k.

Lemma 5.6. Let P be a simple poset. Let P’ be a pure poset obtained from P by
omitting an edge between Qo and Q1. If R[Z(P)] is CD then so is R[Z(P’)].

Proof. Let ¢ and ¢ denote the codimensions of R[Z(P)] and R[Z(P')]) respectively.
Let hy and h), be the coefficients of ¢* in the h-polynomials of R[Z(P)] and R[Z(P’)]

respectively. Note that the number of order ideals of P’ will be greater than or equal to
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that of P, i.e., #Z(P') > #Z(P). Therefore, ¢ > c¢. Let Ac = ¢ —c and Ahy = hl, — hs.
Label the vertices of the omitted edge as ag and ag+ 1, where ag € Qo and ag+1 € Q1.

To prove that R[Z(P')] is CD, by Lemma 5.4 it suffice to show that Ahy > 2Ac.
Equivalently, by Proposition 5.1, it is enough to show that if there are Ac new distinct
1-descents of P’, then there will be at least 2Ac¢ new distinct 2-descents of P’. Observe
that rank(P) < 3 by Lemma 5.3 and rank(P’) € {1,...,rank(P)}. We prove the lemma
individually for each possible rank of P’.

Case 1

Case 2

Case 3

If rank P’ = 1, then possibly by replacing P with P?, it is enough to consider the
two subcases (ag,a1) = (4,2) and (ag,a1) = (3, 3).

When (ag,a1) = (4,2), the possible new 1-descents will be 123546, m w5346
where 71, my and 73 are permutations of {1,2,3} with m; < mo and p15pp346
where p1, po and ps are permutations of {1,2,3} with ps < p3. Then 132546,
312546, 231546, mom 5346, mmehdms6, p15p3p246 and p1p3Hp246 are some distinct
new 2-descents of P’, which is more than twice the number of new 1-descents of
P

When (ag,a1) = (3,3), the possible new 1-descents will be 124356, 124536,
m147m9356 where 7m; and my are permutations of {1,2} and p;45p236 where p; and
p2 are permutations of {1,2}. Then 214356, 124365, 214536,125436, w4356,
m14m9365, p154p236 and p1453p.6 are some distinct new 2-descents of P’, which

is more than twice the number of new 1-descents of P’.

If rank P’ = 2, then possibly by replacing P with P?, it is enough to consider the

two subcases (ag, a1, a2) = (3,2,2) and (ag, a1, a2) = (2,3, 2).

When (ag, a1,a2) = (3,2,2), the possible new 1-descents will be 1243567 and
m147m93567 where m; and 7y are permutations of {1,2}. Then 2143567, 1243576
m147m93576 and 1437567 are some distinct new 2-descents of P’, which is more

than twice the number of new 1-descents of P’.

When (ag,a1,a2) = (2,3,2), the possible new 1-descents will be 1324567,
137m2m967 where m; and my are permutations of {4,5}. Then 1325467, 1324576,
13127, 76 and 173271567 are some distinct new 2-descents of P’, which is more

than twice the number of new 1-descents of P’.

If rank P’ = 3, then (ag, a1, as,a3) = (2,2,2,2) is the only subcase. The possible
new 1-descent will be 13245678. Then 13245687 and 13246578 are some distinct

new 2-descents of P’.
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Theorem 5.7. Let L = Z(P) be a simple distributive lattice and R[L] be the Hibi ring
associated to L. Then R[L] is CD.

Proof. 1f rank(P) = 0, then the result follows from [Pet15, Theorem 4.1]. If rank(P) >
1, then the proof follows from Lemma 5.5 and Lemma 5.6. O]

5.2 Charney-Davis conjecture for simple thin poly-

ominoes

From Section 2.5, recall the definition of polyomino algebra and how its algebraic fea-
tures are largely dictated by the combinatorics and topology of the polyomino. For
example, if P is simple then K[P] is a Koszul and the S-property of simple thin poly-
ominoes characterises such polyominoes P for which K[P] is Gorenstein algebra. More-
over, if P is a simple thin polyomino, then hgp)(t) = rp(t), where rp(t) is the rook

polynomial of the polyomino P.

We begin with an observation about how Hilbert series and rook polynomials behave

in disjoint unions of polyominoes.

Note that if Py, ..., Py, are the connected components of P, then K[P] ~ K[P;]®k
-+ @ K[Pp). Therefore K[P] Gorenstein (respectively, Koszul) if and only if K[P;] is

Gorenstein (respectively, Koszul) for each i.

Proposition 5.8. Let P be a finite collection of cells. Write Py, ..., P, for the con-

nected components. Then:

m

hip () = H hipy(t) andrp(t) = [ [ re,(t).

i=1
In particular, if P; is a simple thin polyomino for each i, then hgp)(t) = rp(t).
Proof. Vertices of the P; are disjoint, so K[P] ~ K[P] ®k -+ ®x K[P,]. Hence
HK[p] (t) = HZZI HK[pI}(t), from which it follows that hK[p] (t) = H:Zl hK[PI} (t) Let

k € N. Then k-rook configurations in P corresponds to independent choices of k;-rook

configurations in P; for each 1 < i < m and for each tuple (kq,...,k,) € N™ with
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FIGURE 5.2: Collapse datum (c¢f. Definition 5.9)

> i ki = k. Hence rp(t) = [~ rp,(t). The final assertion now follows from noting that

for each 7, hgp,(t) = rp,(t) since P; is a simple thin polyomino [see Theorem 2.12]. [

Let P be a simple thin polyomino. In [RR21, Definition 3.4], Rinaldo and Romeo
introduced a notion of collapsing P in a maximal inner interval, and showed that if P has
at least two maximal inner intervals, then there exists a maximal inner interval in which
P is collapsible [RR21, Proposition 3.7]. We need a refinement of this result for simple
thin polyominoes with the S-property, for which we rephrase [RR21, Definition 3.4] in
a slightly different way.

Definition 5.9. Let P be a simple thin polyomino. A collapse datum on P is a tuple
(I,J,P), where I and J are maximal inner intervals and P! is a sub-polyomino of P

satisfying the following conditions:

1. J is the only maximal inner interval of P such that I N J is a cell;
2. PLCJandInJ ¢ Pl

3. P\ (I UP!) is a non-empty sub-polyomino of P.

Figure 5.2 gives an example of a collapse datum. Note that since P! is a sub-
polyomino of P and P! C J, it is an inner interval if it is non-empty. When P has at
least two maximal inner intervals, the maximal inner intervals I and J defined in the

Definition 5.9 exist by [RR21, Lemma 3.6].

Discussion 5.10. Let P be a simple thin polyomino with S-property. Assume that P
is not a cell. Then it has a collapse datum (I,.J,PT). Since, additionally, P has the
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S-property, I has exactly two cells and P! is either empty or a cell. Write I = {C, D}
with C denoting the single cell of I and {D} = I N J. Denote the single cell of J by
E. Let C1,...,C) be the cells of J different from D and E. For 1 < i < k, let B; be
the cell in P such that B; ¢ J and C; is a neighbour cell of B;; such a B; must exist,

since C}; is not a single cell. We now consider the various cases.

o Pl £ @. Equivalently, P! = {E}. Then we may assume that C} is an end-cell
of J and for all i € {1,...,k — 1}, C; and C;;; are neighbours. So B; and B;;
can not be neighbours, since P is thin. Hence for all ¢ € {1,..., k} whether B; is
above C; or is below C; determined by whether ¢ is even or odd. Therefore in the

neighbourhood of J, P is as shown in Figure 5.3.

e Pl =@, () is an end-cell of J and E is a neighbour cell of C},. We may assume
that for all s € {1,...,k—2}, C; and C;,; are neighbours, so B; and B;,; cannot
be neighbours. Therefore, using the same considerations as in the above case, we

see that P is as shown in Figure 5.4 in the neighbourhood of J.

e P! = @ and F is an end-cell of J. Then, in the neighbourhood of J, P is as

shown in Figure 5.5.

o Pl = @, O is an end-cell of J and F is not a neighbour cell of C}. Then, in the
neighbourhood of J, P is one of the figures in Figure 5.6.

Discussion 5.11. By the first end-cell of J, we mean

E, if P = {FE};
InJ, ifPl=g.

(Note that in both of the above cases, the cell in question is an end-cell of J.) We
call the other end-cell of J the second end-cell of J. If E is the second end-cell of J,
then E has exactly one neighbour cell. If Cj is the second end-cell of J and E is not
a neighbour cell of C%, then C} has exactly two neighbour cells. If C} is the second
end-cell of J and E is a neighbour cell of C}, then C} has two or three neighbour cells;
see Figures 5.3, 5.4, 5.5 and 5.6. O

The next lemma shows that simple thin polyominoes with the S-property have a

special collapse datum. See Figure 5.7 for an example of a simple thin polyomino P
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Cy |Ck—a| - | Co | CL | D | E J

Bk Bl

I
By, By, By C
Cv | E |Ciea|--- | Co | CL | D J

Bip B,

FIGURE 5.4: P! is empty, E is a neighbour of C), but not an end-cell of .J

I
By, By C
E|Ci|--|Co|Ci | D | J

By

FIGURE 5.5: P! is empty, E is an end-cell of J

that does not have any collapse datum (7, J,P?) in which the second end-cell of J has

two or fewer neighbours.

Lemma 5.12. Let P be a simple thin polyomino with S-property. Assume that P is not

a cell. Then there exists a collapse datum (I, J,PT) of P such that one of the following
holds:

1. The second end-cell of J has at most two neighbour cells.

2. If the second end-cell of J has three neighbour cells, then one of its neighbour cells

1s both a single cell and an end-cell of the maximal inner interval containing it.

Proof. By way of contradiction, suppose that there exists a simple thin polyomino P

with the S-property for which there does not exist a collapse datum satisfying (1) or (2).
79



Bi B; By C
Ck Civi| E | C; Co|Ci | D | J
o ——— -
(a)
1
By, B; By C
- T1a o1,
......... o .

FIGURE 5.6: P! is empty, E is not a neighbour of Cj,

We may assume that P has the least number of cells, among the polyominoes for which

the assertion does not hold.

Let (I, J,P!) be a collapse datum of P. If the neighbourhood of J in P looks like the
ones given in Figures 5.3, 5.5 or 5.6, then (1) holds. Therefore we are in the situation
of Figure 5.4. Let E be the single cell of J, and Cj the second end-cell of J. We may

assume that By and By, as marked in Figure 5.4 exist, for otherwise (1) would hold.

We may assume that either By is not a single cell or it is not an end-cell of the
maximal inner interval that contains {By, Cy, Byy1}; for, otherwise, (2) would hold.

Similarly for Byiq. Let

P = (P\ {A € P : the (unique) path between A and F does not contain Cy}) U {FE}.

(E.g., in Figure 5.4, P’ is the sub-polyomino comprising £ and the cells reachable
from FE through Cj.) Observe that P’ is a simple thin polyomino. We first show that
P’ has the S-property. Let L be a maximal inner interval of P’. Then L is a maximal
inner interval of P or L = {C}, E'}. In both cases, L has a unique single cell. Thus,
P’ has the S-property. Also note that P’ is not a cell. The number of cells in P’ are
strictly less than the number of cells in 7. Hence P’ has a collapse datum (I’,.J, P'")

satisfying the assertions of the lemma.
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FIiGURE 5.7

Note that I' # {Cy, E} and J # {Cy, E'}; therefore I’ and J' are maximal inner

intervals of P.

Let J; be a maximal inner interval of P such that J; NI’ is a cell. Since P is
simple, J; C P’, so J; is a maximal inner interval of P’. Hence J; = J'. Note that
P C J and that I'NJ ¢ PT. Moreover, since J' # {Cy, E}, it follows that
{Cr, E} TP\ (I'UPT); hence P\ (I' UP™") which equals

(P'\ (I'UP"T))U{A € P : the path between A and E does not contain Cj}

is a non-empty sub-polyomino of P. Hence (I’,J/,P'"") is a collapse datum of P that
satisfies the assertion of the lemma for P. This contradicts the assumption on P, and

completes the proof of the lemma. n

Discussion 5.13. Let P be a simple thin polyomino and C' be a single cell in P. Let
rp.c(t) be the polynomial Y,  rxt", where 7y is the number of k-rook configurations
in P that have a rook at C'. Let 7, 5(t) be the polynomial >,  rxt*, where ry is the

number of k-rook configurations in P that have no rook at C'. Then,

Tp(t) = rP,é(t) + 7“737c(t).

Let I be the maximal inner interval of P such that C' € I. Let 7 #(t) be the
polynomial », rxt*, where 7, is the number of k-rook configurations in P that has

no rook at any cell of 1. Note that rpc(t) = rp 7(¢)t. Hence,

rp(t) =rp a(t) +rp p(t)t. (5.1)
]

Example 5.14. We illustrate the above definitions now. Let P be the polyomino as
shown in the Figure 5.8. Note that C' is a single cell in P. The polynomials TP,@(t) and

rpc(t) are calculated in Table 5.1. The unique maximal inner interval I containing C'
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k k-rook configurations | number | k-rook configurations | number

that have a rook at C that do not have a
rook at C
0 There are no 0-rook 0 o 1

configurations  that
have a rook at C'

1 {C} 1 {A}, {B} 2

2 {C, A} 1 none 0

k > 3 | none 0 none 0
rpo(t) t+1* | rpalt) 1+ 2t

TABLE 5.1: Calculation of rpc(t) and 7, 5(t)

B | C
A
FIGURE 5.8

is {B,C}. Hence 7, #(t) = 1 +t, since this is the rook polynomial of the polyomino
consisting of just the cell A. On the other hand, the number of k-rook configurations

in P for k = 0,1,2 are, respectively, 1,3, 1; hence 7p(t) = 1+ 3t +t2. We thus see that

rp(t) = TP,@(t) +rpo(t) = TPﬁ(lf) + ij(t)t. ]

We now wish to express 7, 5(t) and 7 7(f) as the rook polynomials of polyominoes

when P has the S-property.

Discussion 5.15. Let P be a simple thin polyomino that has the S-property. Let
(I,J,P) be a collapse datum of P satisfying the conclusion of Lemma 5.12. Let C
and D be the cells of I, with C being the single cell. Let E be the single cell of J. Let

rp &(t) and 1, 7(t) be as defined in Discussion 5.13.

Write @ = P\ {C}. Then rp5(t) = ro(t). If Pl is empty, define R to be the
polyomino P \ I. Otherwise, i.e. if P! is a cell E, define R to be the polyomino
P\{C, E}. Then rp, 7(t) = rz(t). Thus (5.1) becomes

rp(t) = ro(t) + rr(t)t. (5.2)

]
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Note that Q does not have the S-property, so we cannot use an inductive argument
to prove Theorem 5.17 directly. Hence we need to rewrite rg(t) in terms of smaller
polyominoes. To this end, we observe that D is a single cell of the maximal inner
interval J inside Q. Therefore, by (5.1),

ro(t) = 1o p(t) +rg 7(t)t. (5.3)

We note that
rQ’f)(t) =rg(t). (5.4)

We now find an expression for rgj(t). Let E,C1,...,Cy be the other cells of J in
P. E denotes the single cell of J in P. For 1 < <k — 1, let B; be the cell in P such
that B; ¢ J and C; is a neighbour cell of B;. (See Discussion 5.10 and Figures 5.3, 5.4,
5.5, and 5.6 for notational conventions.) When FE is the second end-cell or Cj is an
end-cell with two neighbour cells, let By be the cell in P such that By ¢ J and C} is
a neighbour cell of By. When C} is an end-cell with three neighbour cells, let B, and
By be the cells in P such that By, Bry1 ¢ J and Cy is a neighbour cell of By and
Bj11. In the case when C has three neighbour cells, by Lemma 5.12, we may assume
that By is both a single cell and an end-cell of the maximal inner interval containing
it.

Now for all 1 <¢ <k — 1, define
Q; :={A € Q : the path between A and B; does not contain C;}.
Also, define
é; :={A € Q: the path between A and By, does not contain C}}.

When F is the second end-cell or CY} is an end-cell with two neighbour cells, define
O, = Q). When C}, is an end-cell with three neighbour cells, let {a,b,a’,b'} be the
vertices of Cy where a,b € V(By) and @/, b’ € V(By11). We define Qy, as the polyomino
obtained from /ka U {By+1} by the identification of the vertices a and b of V(By) with
the vertices a’ and b’ of V(Byy1), respectively, by translating the cell Byyq.

Lemma 5.16. With notation as above, we have the following:

1. Qy,...,Qy are precisely the connected components of Q\ J.
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2. For each 1 <i <k, Q; is a stimple thin polyomino with the S-property.
3. 1o 5(t) = Iz ra (1) and 0, 1(Qi) = r(P) — 2.

Proof. (1): Each Q; is connected, @, N Q; = & for all ¢ # j (since P is simple) and
Q\J=Q,U---UQy.

(2): Since Q is simple thin, so is Q;. Let L be a maximal inner interval of Q;. Then,
either L is a maximal inner interval of P or L = L'\ {C;}, where L’ is a maximal inner

interval of P. In both cases, L has a unique single cell. Hence Q; has S-property.

(3): By (1) 7o 7(¢) is the rook polynomial of @\ J. Thus, by Proposition 5.8,
ro7(t) = 15, 7o, (). For any k-rook configuration a of Q\ J, we note that aU{C, E}
is a (k + 2)-rook configuration of P. Hence YF | 7(Q;) < r(P) —2. On the other hand,
let B be a r(P)-rook configuration of P. Since P has S-property, 3 is the only r(P)-rook
configuration of P and f is the collection of all single cells of P. Then, g\ {C, E} is a
rook configuration of Q \ .J. Therefore Y25 | #(Q;) > r(P) — 2. O

We are now ready to state and prove our main theorem.

Theorem 5.17. Let P be a collection of cells such that its connected components are

simple thin polyominoes with the S-property. Then K[P] is CD.

Proof. By Proposition 5.8, we may assume that P is a simple thin polyomino with the
S-property. Let hypy/(1 — ¢)3mEPD be the Hilbert series of K[P]. By Theorem 2.12,
hip(t) = rp(t). We proceed by induction on the rook number 7(P). If 7(P) is odd
(in particular if r(P) = 1), then rp(—1) = 0. Hence we may assume that r(P) is even.
Let (I, J,PT) be a collapse datum of P satisfying the conclusion of Lemma 5.12. Apply
Discussion 5.15, adopting its notation. Let @ and R be as in Discussion 5.15. Then,
by (5.2)
rp(t) = rolt) + rr(t)t.

Now apply Discussion 5.13 to the single cell D of the maximal inner interval J of Q.
By (5.3), (5.4) and Lemma 5.16, we see that

rp(t) = (1 4+ t)re(t) + tHrQi(t).
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By Lemma 5.16 and induction hypothesis, K[Q;] is CD for all 1 < i < k. If r(Q;)

is odd for some i, then rp(—1) = 0. Therefore we may assume that r(Q;) is even for

all 7.
(~D)EFrp(=1) = (~1) " [ ra(-1)
i=1
(P)—2 il
= (_1) 2 HTQ'L(_]‘)
i=1
i Q)
= H(—l) 2 ro,(—1) by Lemma 5.16
i=1
>0 by induction.
This completes the proof of the theorem. O

5.3 Rinaldo and Romeo’s conjecture

As stated in Theorem 2.12, Rinaldo and Romeo showed that if P is a simple thin
polyomino, then hyp)(t) = rp(t), where hgp)(t) is the h-polynomial of K[P] and rp(t)
is the rook polynomial of the polyomino P. They conjectured the following

Conjecture 5.18. [RR21, Conjecture 4.5] Let P be a polyomino. Then P is thin if
and only if hgp(t) = rp(t).

Recently, the conjecture is confirmed for a class of closed path polyominoes [CNU22,
Theorem 5.5]. A closed path polyomino is a non-simple thin polyomino. In this section,

we partially confirm this conjectured characterization and prove the following

Theorem 5.19. Let P be a convexr polyomino such that its vertex set V(P) is a sub-
lattice of N2. If P is not thin, then hy < rs. In particular hyp)(t) # rp(t).

The proof proceeds as follows: we first observe that K[P] is the Hibi ring of the
distributive lattice V(P). We then use Proposition 5.1 to relate the h-polynomial to
descents in maximal chains of V(P), and find an injective map from the set of maximal
chains of V(P) to the rook configurations in P, to conclude that hy < 74 in general.
We then show that if P is not thin, this map is not surjective to show that hy < 7s.

We now set up some notations.
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Setup 5.5. Let P be a convex polyomino such that V(P) is a sublattice of N2. Let
JI(P) be the poset of join-irreducible elements of V(P). After a suitable translation, if
necessary, we assume that (0,0) and (m,n) are the elements 0 and 1 of V(P). Hence
| JI(P)| = m + n.

When P is as in Setup 5.5, the polyomino ring K[P] is the Hibi ring K[V (P)].

Hence we are interested in the h-polynomial of the Hibi ring of a distributive lattice.

Discussion 5.20. We continue the Discussion 5.1 for V(P) and JI(P). Let w : JI(P) —
{1,...,m + n} be a (fixed) order-preserving map. Let M(P) be the set of maximal
chains of V(P). Let u € M(P). We think of p as a lattice path from (0,0) to
(m,n) consisting of horizontal and vertical edges. Label the vertices of p as (0,0) =
Hos [l - -+ foman = (myn), with p; — p;—1 a unit vector (when we think of these as
elements of R?) pointing to the right or upwards. Then, if i € Des(u), then the
direction of u changes at pu;, i.e, the vectors u; — p;—1 and p; 11 — p; are perpendicular
to each other. Hence ;1 and p; 41 are the bottom-left and top-right vertices of a cell

(the cell C'(u;41) in our notation, see Section 2.5) of P. Thus we get a function

b M(P) = Pow(C(P)),  pr—={C(pit1) € C(P) [ € Des(p)}.  (5.6)
[l

Discussion 5.21. Let P be as in Setup 5.5. Left-boundary vertices and bottom-
boundary vertices are join-irreducible. Let p € V(P); assume that p is not a left-
boundary vertex or a bottom-boundary vertex. If p ¢ 0X then it is the top-right
vertex of a cell in P, and hence is not join-irreducible. If p € 0X then p is the bottom-
left vertex of the unique cell containing it (i.e., the bottom element 0 of V(P)) or
the top-right vertex of the unique cell containing it (i.e., the top element 1 of V(P));
hence p ¢ JI(P). Thus we have established that JI(P) is the union of the set of the
left-boundary vertices and of the set of the bottom-boundary vertices. The sets of
the left-boundary vertices and of the bottom-boundary vertices are totally ordered in
V(P). Therefore if (p,p’) is a pair of incomparable elements of JI(P), then one of them

is a left-boundary vertex and the other is a bottom-boundary vertex. O
Proposition 5.22. Let p € M(P) and i € Des(u). Write v as a chain of order ideals
1. p; and p;+1 are incomparable;

2. i+ 1 ¢ Des(u).
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Proof. (1): Assume, by way of contradiction, that they are comparable. Then p; < p;y1.
Hence w(p;) < w(pi+1), contradicting the hypothesis that i € Des(pu).

(2): By way of contradiction, assume that ¢ + 1 € Des(p). Then, by (1), pit
and p;.o are incomparable. We see from Discussion 5.21 and the definition of the p;

that p; < piyo. Therefore w(p;) < w(pis2) contradicting the hypothesis that w(p;) >
w(pit1) > w(piya). u

Proposition 5.23. The function 1 of (5.6) is injective.

Proof. Let u,v € M(P) be such that () = 1(v). As earlier, write u and v as chains
of order ideals of JI(P):

pi0=ILCh G Clpn=1;
vi0=LGChL G Gl =1

For 1 <i<m+mn, write I; \ I,_1 = {p;} and I} \ Il_; = {p;} with p;,p, € JI(P). We
will prove by induction on i that I; = I} for all 0 < ¢ < m + n. Since Iy = I}, we may

assume that i > 0 and that I; = I} for all j <.

Assume, by way of contradiction, that I; # I]. Then I;_; (which equals I!_;) is the
bottom-left vertex of a cell C. Without loss of generality, we may assume that [; is
the top-left vertex of C' and that I} is the bottom-right vertex of C'. (In other words, u
goes up and v goes to the right from I; 1, or equivalently, p; is a left-boundary vertex

and p) is a bottom-boundary vertex.)

Let

lemln{j>2pgelj}—1,

ip = min{j >i:p; € [;} — 1.

Then the edge (I;, 1, 1;,) is vertical while (I;,, I;,+1) is horizontal; this is the first time
w1 turns horizontal after I;_;. Let C be the cell with I;, 1, I;; and [;, 1 as the bottom-
left, the top-left and the top-right vertices respectively. Similarly the edge (Ij,_, I},) is

vertical while (I] , I/ ,,) is horizontal; this is the first time v turns vertical after I]_;.

129 Ti9+1
Let Cy be the cell with I} Ii, and I ., as the bottom-left, the bottom-right and

i9—19 12
the top-right vertices respectively. (The possibility that C; = C or Cy = C' has not
been ruled out.) See Figure 5.9 for a schematic showing the cells C, C and C5 and the

chains p and v.
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FIGURE 5.9: C, Cy, Cy, p (blue) and v (red) from the proof of Proposition 5.23.

We now prove a sequence of statements from which the proposition follows.

L. If Cy & ¥(p), then Cy € 9(v). Proof: Note that p;, 11 = p; and pj,,, = p;. Since
Cy & (), we see that

w(p;) = wpi+1) > wpy) > w(ps),

where the last inequality follows from noting that p; < --- < p;, since they are

left-boundary vertices. Therefore, in the chain v, we have

w(py,) = w(p)) > wpi) = w(P,1),
i.e., iy € Des(v). Hence Cy € ¥(v).
2. It Cy € Y(v), then C) € ¢(p). Immediate from (1).

3. If C7 # C then C & () and Cy ¢ ¥(v). Proof: Note that u does not pass
through the top-right vertex of C' and that v does not pass through the bottom-
left vertex of C}.

4. If Cy # C then C ¢ Y(v) and Cy & (u). Proof: Note that v does not pass
through the top-right vertex of C' and that p does not pass through the bottom-
left vertex of (.

5. If Cy # C, then ¥ () # ¢ (v). Proof: If Cy € ¥(u), use (3) to see that

Cr e () \ ¢ (v).
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Now assume that Cy € ¥(u). Then Cy € ¥(v) by (1). If Cy = C, then Cy & ()
by (3); otherwise, Cy & () by (4).

6. If Cy # C, then ¢¥(un) # ¥(v). Proof: If Cy € ¢(v), use (4) to see that

Cy € P(¥) \ Y(p).

Now assume that Cy € ¥(v). Then Cy € ¥(u) by (2). If C; = C, then C; & (v)
by (4); otherwise, Cy € ¥ (v) by (3).

7. C belongs to at most one of ¥(u) and ¥ (v). Proof: Suppose that C' € ¥(u).
Then iy =i+ 1, p;, = p} and w(p;) > w(p;). For C to belong to ¥ (v), we need
that I, = I;41 (i.e., p and v are the same up to i + 1, except at 4); for this to
hold, it is necessary that p},, = p;, but then i ¢ Des(v). The other case is proved

similarly.

8. If Cy = Cy = C then ¥(u) # ¥(v). Proof: By (7), it suffices to show that
C € ¢(u) or C € ¢(v). This follows from (1) and (2).

The proposition is proved by (5), (6), and (8). O

Proposition 5.24. Let k € N and p € My(P). Then ¥(u) is a k-rook configuration
mn P.

Proof. Since |[t)(n)| = k, it suffices to note that the cells of 1(u) are in distinct rows
and columns. This follows from Proposition 5.22(2). O

Proof of Theorem 5.19. For each i € N, h; = | M;(P)| by Proposition 5.1. By Proposi-
tions 5.23 and 5.24 we see that h; < r; for all 7. Since P is not thin, P contains a 2-rook
configuration as in Figure 5.10. Such a rook configuration cannot be in the image of
1. Hence hy < 1s. O

R

FIGURE 5.10: 2-rook (denoted by R) configuration in a non-thin polyomino.
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An another proof of the Theorem 5.19 is given by Qureshi-Rinaldo-Romeo [QRR22].
Using results of [EHQR21], we can extend our result to L-convex polyominoes. First,

we define L-convex polyominoes.

Let C : C4,...,C,, be a path of cells in a polyomino and (i, jx) be the bottom
left corner of Cj for 1 < k < m. Then C has change of direction at C} for some
2<k<m-—1ifip_ 1 #ix1 and jr_1 # Jrr1- A convex polyomino P is called L-convex
if any two cells of P can be connected by a path of cells in P with at most one change

of direction.
Let P be an L-convex polyomino. Then there exists a polyomino P* (the Ferrer

diagram projected by P, in the sense of [EHQR21]) such that

1. P* is a convex polyomino such that V(P*) is a sublattice of N? (since P* is a

Ferrer diagram);

2. If P is not thin, then P* is not thin;

3. P and P* have the same rook polynomial [EHQR21, Lemma 2.4];

4. K[P] and K[P*| are isomorphic to each other [EHQR21, Theorem 3.1], so they
have the same h-polynomial.

Thus we get:

Corollary 5.25. Let P be an L-convex polyomino that is not thin. Let h(t) = 1 +
hit + hot* + - - - be the h-polynomial of K[P] and r(t) = 1+ rit +rot?> + - be the rook
polynomial of P. Then hy < 4.
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Chapter 6

Further results on Hibi rings

In this chapter, we study the Koszul relation pairs of the Hibi ideals and initial Hibi
ideals. The term “Koszul relation pair” was defined by Ene, Herzog and Hibi [EHH15],
where they studied the Koszul relation pairs of convex polyomino ideals. We start by an
observation that the initial Hibi ideal is a Stanley-Reisner ideal of the order complex
of the distributive lattice. Then we use Hochster’s formula to give a necessary and
sufficient condition for the Koszul relation pairs of the initial Hibi ideals. We use this
along with Grobner deformation to give a necessary condition for the Koszul relation

pairs of the Hibi ideals. We also characterize complete intersection Hibi rings.

Let L = Z(P) be a distributive lattice. Let R[L] = KJ[L]/I; be the Hibi ring
associated to L. Let < be a total order on the variables of K[L] with the property that
o < xpif @ < B in L. Consider the reverse lexicographic order < on K[L] induced by

this order of the variables. Recall from Section 2.6, we have
inc(I) = (zozs : o, f € L and «, § incomparable).

Let us define Dy := {(«, ) : «, 8 € L and «, f incomparable}.

6.1 Syzygies of initial Hibi ideals

Let K be a field and A a simplicial complex on a vertex set V' = {vy,...,v,}. Let K[A]
be the Stanley-Reisner ring of the simplicial complex A. We know that K[A] = S/Ix,
where S = Klzy,...,x,] and In = {z;, - 2. : {viy,...,v;,} ¢ A}, Since K[A] is a
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Z™-graded S-module, it has a minimal Z"-graded free resolution.
]FO—>F—>FP1—> . — =5 Fy — 0,

where F; = EB?Z':IS(—aij) for ¢ = 0,...,p with certain a;; € N", and where the maps

¢; are homogeneous of degree 0 with ¢;(F;) C (x1,...,z,)F;—1 for all i. The numbers
= #{j :a;; = a,a € Z"}, are called fine Betti numbers of K[A].

Let W C V; weset Ay ={F € A: F C W}, It is clear that Ay, is again a simplicial

complex.

Theorem 6.1. (Hochster)[BH93, Theorem 5.5.1] Let Hy,(t) =Y, cpn Biat® be the fine
Hilbert series of the module T; = Tor®(K, K[A]). Then

HTi(t) = Z (dzmkH|W| —i—1 AW7 H t

wcv v;EW

Let L = Z(P) be a distributive lattice. Let A(L) be the order complex of L. We
have K[A(L)] = K[L]/Ia(1), where K[L] = K[{xo : a € L}| and In) = (Ta, - - - Ta, :
{ar, ..., } ¢ A(L)).

Lemma 6.2. In() = inc(I1).

Proof. If a, 3 € L such that « and § are incomparable, then {«, 5} ¢ A(L). Hence,
Talp € IA(L)-

On the other hand, if x4, - - - T4, € Ia(r), then {oy, ..., a,} is not a chain. So there
exist a, f € {aq,...,a,} such that @ and  are incomparable. Hence, z,, - - Z4, €
(xqxg) C Ia(r). This concludes the proof. O

Theorem 6.3. Under the above notations, Let (ay, (1), (a2, B82) € Dy.  Then
Toy Ty s TayTp, 1S a Koszul relation pair of K[A(L)] if and only if either asV By < ay APy
orog VB < as A\ fs.

Proof. We are interested in Hr,(t). By Theorem 6.1,

HTQ(t) = Z (dzmkH|W| 3 Aw, H t

WcL vjEW
s.t. #W=4
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| X

(a) Hi(AsK) = (b) Hi(A;K) = () Hi(AK) =
0 0 K
(d) (e) () (g)
Hi(AK) = Hi(AK) = Hi(AK) = Hi(AK) =
0 0 0 0
(h) (i) §)) (k)
Hi(AK) = Hy(AK) = Hi(AK) = Hi(AK) =
0 0 0 0
FIGURE 6.1

Suppose that x,,2s, Ta,2p, 18 a Koszul relation pair of K[A(L)]. Let W =
{a1, 1, a9, f2}. Then, by Theorem 6.1, I;TI(AW;K) % 0. All possible subsets of L
with cardinality 4 are listed in Figure 6.1. For W’ C L with #W' = 4, one can check
that ﬁ[l(AW/; K) # 0 only if W' is as in Figure 6.1c. Hence, the forward part follows.

For the converse part, suppose that (aq,31), (a9, B2) € Ds. Without loss of gen-
erality, assume that oy V 51 < ag A By, Let W = {ay, 1, a9, fo}. Tt is easy to see

that

~ K for j=1,
H](Aw,K) =
0 for j#1.

So by Theorem 6.1, x4, Zs,, Ta,Zs, is a Koszul relation pair of K[A(L)]. Hence the
proof. O

Note that in Theorem 3.33, we characterized all posets for which the initial Hibi
ideal has a linear resolution. Here we prove a result about the (non-)vanishing of fa4
for the ring K[Z(P)]/in<(Izp))-

Theorem 6.4. Let P be a poset. Let P' = {p;,,...,pi.} be the subset of all elements of
P which are comparable to every element of P. Let P" be the induced subposet of P on
the set P\ P'. Then Bou(K[Z(P)]/in<(Izpy)) = 0 if and only if P is a chain or P"

93



is an antichain of three elements or P" is a disjoint union of a chain and an isolated

element.

Proof. First we prove the forward part. If width(P) > 4, then there exists an antichain
{p1,...,ps} of P. For i = 1,2, define a; = {p € P : p < p;} and for i = 3,4, define
a ={pe P :p<p,p<p,p < p}. Clearly, a; is an order ideal of P for all
1 < i < 4. Observe that (aq,as), (a3, a4) € Dy and oy V as < ag A ay. Thus, by
Theorem 6.3, Bos(K[Z(P)]/inc(Iz(p))) # 0. So we may assume that width(P) < 3.
First, observe that P” is simple. Consider the case width(P) = 3 and #P"” > 4. Let
{p1,p2, p3} be an antichain of P. Possibly by replacing P by P?, we may assume that
there exists a py € P” with p; < py. Define oy, = {p € P : p < p;} fori = 1,2,
az={peP:p<pforl <j<3tanday={peP:p<psandp < p}.
Observe that (aq,as), (as,as) € Dy and a3 V ag < ag A ay. Thus, by Theorem 6.3,
Boa(K[Z(P)]/ inc(Iz(p))) # 0.

So we may assume that width(P) < 2. If width(P) = 1, then P is a chain. We
now consider width(P) = 2. Suppose that P” is a poset on the set UZ {p;1,. .., Pin; }
such that {p;1,...,pin,} is a chain in P” with p;; <--- <p;,, for all i = 1,2. We have
to show that either ny = 1 or ny = 1. Suppose, on the contrary,that n; > 2 for all
i=1,2. Let aj = {pix} for i = 1,2, a3 = {p1.1,p21, P12} and ay = {p1,1, P21, P22}
Observe that (ay, az), (a3, aq) € Dy and a1 V as < az A ay. Thus, by Theorem 6.3,
Bos(K[Z(P)]/inc(Iz(p))) # 0. Hence the proof.

For the converse, if P is a chain, then R[Z(P)] is a polynomial ring; thus in. (Iz(p)) =
0 we are done. Consider the case when P” is an antichain of three elements or P” is a
disjoint union of a chain and an isolated element. Let (aq, as) € Dy. By Theorem 6.3,
it suffice to show that L' = {a € Z(P") : @ > «a; V ay} is a chain. When P” is an
antichain of three elements, it is easy to see that either L' = {P"} or L’ is a chain of

two elements.

Now, suppose that P” is a disjoint union of a chain and an isolated element. Write
P" = {p1,...,pn} U{q} such that p; < ps < --- < p, is a chain in P”. Since a; is
incomparable to as, ¢ is in exactly one of them. Thus, ¢ € a; V ay. Therefore, L is a

chain. Hence the proof. O
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6.2 Syzygies of Hibi ideals

Definition 6.5. Let L = Z(P) be a distributive lattice with #L = n. Given a weight
vector w = (wy, ..., wy,) with real coordinates, we define a weight function w on the

monomials of K[L] by
w(zgt...oyr) = w.(a,...,an) = Zwiai.
i=1
Define the weight order <,, on the monomials in K[L] by
Ty ™ eea, "™ <u xalbl...xanbn if and only if Zwiai < Zwibi.
i=1 i=1

This is a partial order.

Theorem 6.6. [Peell, Theorem 22.3] Let < be the monomial order on K[L] as defined
above. Then, there exist a weight vector w with strictly positive integer coordinates such

that in<w ([L) = in< (IL)

—_~—

Consider the polynomial ring K[L] = K][L][t] and the weight vector
w = (wy,...,w,,1). Let f = > .¢l;, € K[L], where ¢; € K \ {0} and [; is a
monomial in K[L]. Let [ be a monomial in f such that w(l) = max;{w(l;)}. Define
f = eO=wl e Tf we grade .;(\[Z] by deg(t) = 1 and deg(z;) = w; for all i, then
f is homogeneous. Note that the image of f in l/(\[[//]/(t — 1) is f, and its image in
KI[L]/(t) is ine, ().
Lemma 6.7. Let I, = (f |f € I;). Then I, = (zq15 —/E_;ﬁwaug Ca,f €

L and «, B incomparable).

Lemma 6.8. [Peell, Theorem 22.8] [/([\lj]/lz is flat as a K[t]-module. In particular,

t — c 1s a reqular element on _;(\[[T]/INL for every c € K.

Lemma 6.9. Let a = (ay,...,a,) and b = (by,...,b,) be vectors with non-negative
integer coordinates. Suppose that b has positive coordinates. We consider the following

two gradings of S = K|xy, ..., z,):

(1) the a-grading with deg(x;) = a; for alli.

(2) the b-grading with deg(x;) = b; for all i.
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Let I be an ideal in S which is homogeneous with respect to both gradings. Then there
exists a minimal free resolution of S/I over the ring S which is both a-graded and
b-graded.

Theorem 6.10. [Peell, Theorem 22.9] The graded Betti numbers of K[L]/I; over
K|[L] are smaller or equal to those of K[L]/in.(Iy).

Proof. Choose a weight vector w with positive integer coordinates such that in. (I;) =

in.(I.). By Lemma 6.9, there exist a minimal free resolution F of K[L]/I} over the

ring [/(E] which is graded with respect to the following gradings:

(1) deg(x;) =1 for all i, and deg(t) = 0.

(2) deg(x;) = w; for all ¢, and deg(t) = 1.

From now onwards, we grade I/(m by deg(z;) = 1 and deg(t) = 0. Let ¢ € K. First
consider the case ¢ = 0. Since t is a homogeneous non-zero divisor on K [ 1/I;, and on
I?Tf], F® K[L]/( ) is a graded free resolution of K[L]/in.(I.) over the ring K[L]. The
resolution is minimal, since the differential matrices in F have entries in (X1, ey Tpy )
and after we set ¢t = 0 we get that the entries in (x1, ..., 2,). Therefore, the i'th Betti

number of K[L]/in.(I}) is equal to the rank of Fj.

Now, consider the case ¢ = 1. Since ¢t — 1 is a homogeneous non-zero divisor on
I/(E]/[z and on K[L], F ® [f(m/(t — 1) is a graded free resolution of K[L]/I; over
the ring K[L]. This resolution might be non-minimal because we have set t = 1 in
the matrices of differential. Therefore, the i'th Betti number of K[L]/in.(I) is less or
equal to the rank of f’z O

Remark 6.11. In the proof of Theorem 6.10, we have also proved that if

—_—— P

Toy B — TaynBrLarUbys Taslhs — TasnpsTasug, 1S & Koszul relation pair of K[ |/, then

Tay T3, Tay s, 18 & Koszul relation pair of K[L]/in.(I;). The reason is the following:

Let ds : /FVQ — /I*:I in F. Fix a basis {e1, ..., euq,)} for /Z*:’I and a basis {fi,..., fm} for
E. Then, the map ds is given by a matrix A and the map dy ® 1~ RIT/0) be given by

a matrix B. Since 4,28, — Taynp TayUpsr TasThy — LasnpsTasup, 1S @ Koszul relation

pair in K [ 1/ I.. So, there is a column in A, in which the only non-zero entries are

Loy B, — Tainp Tayupy AN Tay T, — TasngyTasup,- Lherefore, there is a column in B, in

which the only non-zero entries are z,, x5, and z,,%s,.
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Corollary 6.12. Let (aq,01), (a2,B2) € Da.  If 20,8 — TaingiTayupss Tanlhy —
TasnBaTasup, 15 a Koszul relation pair of R[L|, then xa,%s,,%a,2s, s a Koszul rela-
tion pair of K[L]/in.(Iy).

Proof. Suppose that z,,%s,, Ta,%p, is not a Koszul relation pair of K[L]/in.(Iy).

Therefore, by Remark 6.11, 24, T8, — Tayn8Ta1U81 5 Tas Ty — TasnBaTasus, 1S DOt a Koszul
relation pair of K[L]/I. Hence, T, 3, — Ta,ns Larusys Tay® s, — TaynisTasus, 15 N0t &

Koszul relation pair of R[L]. O

Theorem 6.13. Let (a1, (1), (o, 82) € Do If ToTp — TaynpiToarvhrs Taslp, —
TasnBsTasvp, 15 a Koszul relation pair of R[L], then either as V By < a3 A By or
ar VB < g A Pa.

Proof. The proof follows from Corollary 6.12 and Theorem 6.3. O]

6.3 Complete intersection Hibi rings

In this section, we will combinatorially characterize complete intersection Hibi rings.

Example 6.14. Let P, and P, be the posets as shown in Figure 6.2b and Figure 6.2c
respectively. Then the respective graded Betti table of R[Z(Py)] and R[Z(P2)] are the
following:

01 2 3 4
01 2
total: ' 1 9 16 9 1
total: 1 3 2
0: 1 )
0: 1
1: .9 16 9
1: .3 2
2: . |

Now, we prove the main theorem of this section.

Theorem 6.15. Let P be a poset and P’ = {p;,,...,pi.} be the subset of all elements
of P which are comparable to every element of P. Let P” be the induced subposet of P
on the set P\ P'. Then the following are equivalent:

(a) R[Z(P)] is a complete intersection.
(b) Either P is a chain or P" is as shown in Figure 6.2a.
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Pon—1 Pon

P2n—3 [ ] Pan—2

o p3
b3 [ ] P4
P D2 . e . D1 p°2
(a) (b) B2z =16 (c) Baz =2

FIGURE 6.2

Proof. (a) = (b). Suppose that R[Z(P)] is a complete intersection. Then, we
have [o3(R[Z(P)]) = 0. Now, we break the proof by width of the poset. If
width(P) > 3, then there exists an antichain P, = {py, ps, p3} of P. By Discussion 3.7,
Bas(R[Z(Py)]) < Pas(R[Z(P)]). Since by Example 6.14, Bos3(R[Z(Py)]) # 0, we obtain
that fag(R[Z(P)]) # 0. So we may assume that width(P) < 2. If width(P) = 1, then
P is a chain. Hence, the only case we need to consider is width(P) = 2. Now if P” is
not as shown in Figure 6.2a, then P” will contain the poset as shown in Figure 6.2¢ as a
cover-preserving subposet, call it P,. Let B and B’ be the sets of minimal and maximal
elements of P, respectively. From Discussion 3.7 and Example 6.14, fa3(R[Z(P)]) # 0.
This concludes the proof.

(b) = (a). If P is a chain, then R[Z(P)] is a polynomial ring. So we may assume
that P is not a chain. Since R[Z(P)] = R[Z(P")] ®k K][y1,...,y-] by Corollary 2.21,
it is enough to show that R[Z(P")] is a complete intersection. For 1 < ¢ < n, let
P, ={p2i_1,p2} and Q; = {a € P" : a < py;_1} U {p2} be the subposets of P. Observe
that @, = P”. For 1 <i <n —1, by Lemma 2.19,

I

RIZ(Qis1)] = (RZ(Q:)] @k RIZ(Pis1)])/(xq, — o).

We prove the theorem by induction on ¢. It is easy to see that the result holds for
i = 1. Now assume that the result holds for i. Since R[Z(P,41)] = R[Z(Q1)], we have
RIZ(Q;)] ®x R[Z(P;+1)] is a complete intersection. Hence, R[Z(Q;+1)] is a complete

intersection. O

98



Bibliography

[ACI15]

[BGS82]

[BHO3]

[BHO7]

[Bir67]

[Bri06]

[CDY5]

[CNU22]

Luchezar L. Avramov, Aldo Conca, and Srikanth B. Iyengar. Subadditivity
of syzygies of Koszul algebras. Math. Ann., 361(1-2):511-534, 2015.

A. Bjorner, A. M. Garsia, and R. P. Stanley. An introduction to Cohen-
Macaulay partially ordered sets. In Ordered sets (Banff, Alta., 1981), vol-
ume 83 of NATO Adv. Study Inst. Ser. C: Math. Phys. Sci., pages 583—615.
Reidel, Dordrecht-Boston, Mass., 1982.

Winfried Bruns and Jirgen Herzog. Cohen-Macaulay rings, volume 39 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, 1993.

Winfried Bruns and Jiirgen Herzog. Semigroup rings and simplicial com-
plexes. J. Pure Appl. Algebra, 122(3):185-208, 1997.

Garrett Birkhoff. Lattice theory. American Mathematical Society Col-
loquium Publications, Vol. XXV. American Mathematical Society, Prov-
idence, R.I., third edition, 1967.

Petter Brandén. Sign-graded posets, unimodality of W-polynomials and the
Charney-Davis conjecture. Electron. J. Combin., 11(2):Research Paper 9,
15, 2004 /06.

Ruth Charney and Michael Davis. The Euler characteristic of a nonposi-
tively curved, piecewise Euclidean manifold. Pacific J. Math., 171(1):117—
137, 1995.

Carmelo Cisto, Francesco Navarra, and Rosanna Utano. Hilbert-Poincaré
series and Gorenstein property for closed path polyominoes. arXiv preprint
arXiv:2205.08375, 2022.

99



[CV20]

[DCEPS82

[DV22]

[EH12]

[EHH15]

[EHM15]

[EHQR21]

[Enel5|

[EQR13]

[Fr590]

[GLS6]

[Has90|

Aldo Conca and Matteo Varbaro. Square-free Grobner degenerations. In-
vent. Math., 221(3):713-730, 2020.

Corrado De Concini, David Eisenbud, and Claudio Procesi. Hodge algebras,
volume 91 of Astérisque. Société Mathématique de France, Paris, 1982.

With a French summary.

Alessio D’Ali and Lorenzo Venturello. Koszul Gorenstein Algebras From Co-

hen-Macaulay Simplicial Complexes. International Mathematics Research
Notices, 02 2022. rnac003.

Viviana Ene and Jiirgen Herzog. Grobner bases in commutative algebra,
volume 130 of Graduate Studies in Mathematics. American Mathematical
Society, Providence, RI, 2012.

Viviana Ene, Jirgen Herzog, and Takayuki Hibi. Linearly related polyomi-
noes. J. Algebraic Combin., 41(4):949-968, 2015.

Viviana Ene, Jiirgen Herzog, and Sara Saeedi Madani. A note on the reg-
ularity of Hibi rings. Manuscripta Math., 148(3-4):501-506, 2015.

Viviana Ene, Jiirgen Herzog, Ayesha Asloob Qureshi, and Francesco Romeo.

Regularity and the Gorenstein property of L-convex polyominoes. Electron.
J. Combin., 28(1):Paper No. 1.50, 23, 2021.

Viviana Ene. Syzygies of Hibi rings. Acta Math. Vietnam., 40(3):403-446,
2015.

Viviana Ene, Ayesha Asloob Qureshi, and Asia Rauf. Regularity of join-
meet ideals of distributive lattices. Electron. J. Combin., 20(3):Paper 20, 8,
2013.

Ralf Froberg. On Stanley-Reisner rings. In Topics in algebra, Part 2 (War-
saw, 1988), volume 26 of Banach Center Publ., pages 57-70. PWN, Warsaw,
1990.

Mark Green and Robert Lazarsfeld. On the projective normality of complete

linear series on an algebraic curve. Invent. Math., 83(1):73-90, 1986.

Mitsuyasu Hashimoto. Determinantal ideals without minimal free resolu-
tions. Nagoya Math. J., 118:203-216, 1990.

100



[HHO5]

[HHM22]

[HHO18]

[HHROO]

[Hib87]

[HM14]

[HO17]

[HocT2]

[Kem90)]

[KV23a]

[KV23b)

[Las78]

[M2]

Jirgen Herzog and Takayuki Hibi. Distributive lattices, bipartite graphs
and Alexander duality. J. Algebraic Combin., 22(3):289-302, 2005.

Jirgen Herzog, Takayuki Hibi, and Somayeh Moradi. The height of bino-
mial ideals and toric k-algebras with isolated singularity. arXiv preprint
arXiw:2205.06715, 2022.

Jirgen Herzog, Takayuki Hibi, and Hidefumi Ohsugi. Binomial ideals, vol-
ume 279 of Graduate Texts in Mathematics. Springer, Cham, 2018.

Jirgen Herzog, Takayuki Hibi, and Gaetana Restuccia. Strongly Koszul
algebras. Math. Scand., 86(2):161-178, 2000.

Takayuki Hibi. Distributive lattices, affine semigroup rings and algebras
with straightening laws. In Commutative algebra and combinatorics (Kyoto,
1985), volume 11 of Adv. Stud. Pure Math., pages 93-109. North-Holland,
Amsterdam, 1987.

Jirgen Herzog and Sara Saeedi Madani. The coordinate ring of a simple
polyomino. [llinois J. Math., 58(4):981-995, 2014.

Takayuki Hibi and Hidefumi Ohsugi. A Grobner basis characterization for
chordal comparability graphs. Eur. J. Comb., 59:122-128, 2017.

M. Hochster. Rings of invariants of tori, Cohen-Macaulay rings generated
by monomials, and polytopes. Ann. of Math. (2), 96:318-337, 1972.

George R. Kempf. Some wonderful rings in algebraic geometry. J. Algebra,
134(1):222-224, 1990.

Manoj Kummini and Dharm Veer. The Charney-Davis conjecture for simple
thin polyominoes. Commun. Algebra, 51(4):1654-1662, 2023.

Manoj Kummini and Dharm Veer. The h-polynomial and the rook polyno-
mial of some polyominoes. Electron. J. Combin., 30(2):P2.6, 2023.

Alain Lascoux. Syzygies des variétés déterminantales. Adv. in Math.,
30(3):202-237, 1978.

Daniel R. Grayson and Michael E. Stillman. Macaulay2, a software system
for research in algebraic geometry. Available at http://www.math.uiuc.

edu/Macaulay?2/.

101


http://www.math.uiuc.edu/Macaulay2/
http://www.math.uiuc.edu/Macaulay2/

[Peell]

[Pet15]

[PWS85]

[QRR22]

[QSS17]

[Qurl2]

[RR21]

[Rub02]

[Rub07]

[RWO05]

[sage]

[Sha64]

[Sta00]

Irena Peeva. Graded syzygies, volume 14 of Algebra and Applications.
Springer-Verlag London, Ltd., London, 2011.

T. Kyle Petersen.  FEulerian numbers.  Birkhduser Advanced Texts:
Basler Lehrbiicher. [Birkh&user Advanced Texts: Basel Textbooks].
Birkhauser /Springer, New York, 2015. With a foreword by Richard Stanley.

Piotr Pragacz and Jerzy Weyman. Complexes associated with trace and
evaluation. Another approach to Lascoux’s resolution. Adv. in Math.,
57(2):163-207, 1985.

Ayesha Asloob Qureshi, Giancarlo Rinaldo, and Francesco Romeo. Hilbert

series of parallelogram polyominoes. Research in the Mathematical Sciences,
9(2):1-24, 2022.

Ayesha Asloob Qureshi, Takafumi Shibuta, and Akihiro Shikama. Simple
polyominoes are prime. J. Commut. Algebra, 9(3):413-422, 2017.

Ayesha Asloob Qureshi. Ideals generated by 2-minors, collections of cells
and stack polyominoes. J. Algebra, 357:279-303, 2012.

Giancarlo Rinaldo and Francesco Romeo. Hilbert series of simple thin poly-

ominoes. Journal of Algebraic Combinatorics, pages 1-18, 2021.

Elena Rubei. On syzygies of Segre embeddings. Proc. Amer. Math. Soc.,
130(12):3483-3493, 2002.

Elena Rubei. Resolutions of Segre embeddings of projective spaces of any
dimension. J. Pure Appl. Algebra, 208(1):29-37, 2007.

Victor Reiner and Volkmar Welker. On the Charney-Davis and Neggers-
Stanley conjectures. J. Combin. Theory Ser. A, 109(2):247-280, 2005.

The Sage Developers. SageMath, the Sage Mathematics Software System
(Version 9.2), 2020. https://wuw.sagemath.org.

D. W. Sharpe. On certain polynomial ideals defined by matrices. Quart. J.
Math. Ozford Ser. (2), 15:155-175, 1964.

Richard P. Stanley. Positivity problems and conjectures in algebraic combi-
natorics. In Mathematics: frontiers and perspectives, pages 295-319. Amer.
Math. Soc., Providence, RI, 2000.

102



[Stal2]

[Stu96]

[Vee21al

[Vee21b)]

[Wei94]

Richard P. Stanley. Enumerative combinatorics. Volume 1, volume 49 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, second edition, 2012.

Bernd Sturmfels. Grobner bases and convex polytopes, volume 8. American
Mathematical Soc., 1996.

Dharm Veer. Green-Lazarsfeld property N, for Hibi rings. arXiv preprint
arXiw:2108.03915, 2021.

Dharm Veer. Green-Lazarsfeld property NN, for Segre product of Hibi rings.
arXiv preprint arXiw:2108.03915, 2021.

Charles A. Weibel. An introduction to homological algebra, volume 38 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, 1994.

103






	Acknowledgements
	Abstract
	Contents
	1 Introduction
	1.1 Aim of the thesis
	1.2 Green-Lazarsfeld property N_p of Hibi rings
	1.3 h-polynomial of Polyomino algebras
	1.4 Organization of the thesis

	2 Preliminaries
	2.1 Basics from commutative algebra
	2.1.1 Graded free resolution
	2.1.2 Initial Ideals
	2.1.3 Hilbert Series

	2.2 Basics from poset theory
	2.3 Simplicial complexes
	2.4 Graph theory
	2.5 Polyominoes and polyomino ideals
	2.6 Hibi rings
	2.7 Algebras with straightening laws (ASL)
	2.8 Semigroup rings

	3 Property N_p of Hibi rings
	3.1 Homologically pure subsemigroups
	3.2 Property N_p of Hibi rings
	3.3 Property N_p continued
	3.4 Property N_p of Hibi rings for p>= 3

	4 Property N_p for Segre product of Hibi rings
	4.1 Segre product with a polynomial ring in two variables
	4.2 Segre product with a polynomial ring

	5 h-polynomial of Hibi rings and polyominoes
	5.1 Charney-Davis conjecture for Hibi rings
	5.2 Charney-Davis conjecture for simple thin polyominoes 
	5.3 Rinaldo and Romeo's conjecture

	6 Further results on Hibi rings
	6.1 Syzygies of initial Hibi ideals
	6.2 Syzygies of Hibi ideals
	6.3 Complete intersection Hibi rings

	Bibliography

