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Chapter 1

Introduction

The Bekenstein-Hawking entropy formula [I, 2] states that the entropy of a black
hole is proportional to area of the horizon rather than its volume. This motivated the
holographic principle, proposed by 't Hooft [3] and Susskind [1], which suggests that
the degrees of freedom in a theory of quantum gravity in a given spacetime region
live on the boundary of that region. The first concrete realization of the holographic
principle was given by Maldacena [5] in string theory: the AdS/CFT correspon-
dence [5, 6, 7]. AdS/CFT is a duality between string theory in Anti de Sitter (AdS)
spacetime and a conformal field theory (C'F'T'), which lives on the boundary of AdS
spacetime. Though AdS/CFT was conjectured by Maldacena, its correctness is
supported by lot of evidence. Some reviews discussing the correspondence and its
evidence are [0, 10, 11, 12, 13, 14]. It was subsequently generalized to various theo-
ries, including non-conformal theories [3]. Later, the AdS/CFT correspondence was
generalized to non-relativistic holography in the context of Schrodinger, Lifshitz and
hyperscaling violating theories (see e.g. [15] for a review). Broadly, the AdS/CFT
correspondence and its generalizations constitute a class of dualities referred to as

gauge/gravity dualities.

The AdS/CFT correspondence and more generally, gauge/gravity dualities have
constituted an inseparable part of research in theoretical physics. The strong-weak
coupling nature of gauge/gravity dualities allows us to probe previously inaccessible
aspects of strongly coupled gauge theories, by doing computations in the weakly
coupled classical gravity duals. This approach has met with remarkable success in
understanding various properties of finite temperature quantum field theories e.g.
hydrodynamic properties including the viscosity bound [16], holographic supercon-
ductors and other interesting aspects of condensed matter theories. Some reviews

discussing these developments are [17, 18, 19, 20, 21, 22]. Research in the opposite

1



2 Chapter 1 Introduction

direction to gain deeper understanding of spacetime geometry and gravity using the
dual CFT is also under active pursuit (see [23, 24, 25, 26] for some reviews on these

developments.

Holography in 2-dimensions in the context of AdS, dilaton-gravity theories has been
actively explored, recently, in [27, 28, 29, 30, 31, 32]. 2-dimensional theories of
gravity, in general, offer a simpler setup to study problems in quantum gravity, in
particular, black hole physics. AdS, arises generically in the near-horizon geome-
try of extremal black holes and branes in string theory and some properties of the
effective AdS, theories dovetail with the properties of these higher dimensional sys-
tems. While 2-dimensional theories offer simpler technical setup for studying some
aspects, AdSy holography turns out to be harder. This is mainly because of the
strong backreaction leading to non-existence of finite energy excitations in theories
of pure gravity in AdSs [33, 31]. Recently, research in AdS; dilaton-gravity theories
was renewed, beginning with [35, 36, 37, 38, 39] mainly to analyze the backreaction
problem systematically in a tractable setup and also partly motivated by studies in
the Sachdev-Ye-Kitaev (SYK) model [10, 11]. The particular setup being actively
investigated is dilaton-gravity (coupled to matter) with a varying dilaton, which con-
stitutes the dynamics of nearly-AdSs theories. This has led to the ongoing research
towards developing the nearly-AdSs/nearly-C FTy (nAdSy/nCFT)) correspondence.

The lightning introduction above touches various aspects of gauge/gravity dualities
and we give detailed discussions on some of these aspects in the following sections. In
sec. 1.1, we begin with a review of the AdS/CFT correspondence followed by holo-
graphic entanglement entropy and holographic renormalization group flows. Then
we briefly discuss non-relativistic holography in the context of hyperscaling violating
Lifshitz theories in sec. 1.2. In sec. 1.3, we review some recent developments in the
nAdS, holography.

In this thesis, we are broadly interested in studying some of the aspects of hologra-
phy mentioned above. The main theme is the investigations on nAdS,; holography
in certain theories of dilaton-gravity, obtained from dimensional reductions of higher
dimensional systems. We also study aspects of non-relativistic holography for hy-

perscaling violating Lifshtiz theories.

We begin with a study of certain hydrodynamic properties of the hyperscaling vi-
olating Lifshitz (hvLif) theories, in chapter 2. In particular, we study the shear
diffusion and compute the ratio of shear viscosity to entropy density for the bulk
uncharged hvLif spacetimes. The uncharged hvLif black branes are solutions to

Einstein-Maxwell-scalar theories and a charge can be added through an additional
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U(1) gauge field. In the extremal limit, the near-horizon regions of these charged
hvLif black branes acquire an AdS; x X geometry. Compactification of the trans-
verse space X, then leads to an effective description in terms of 2-dimensional
dilaton-gravity coupled to matter. In chapter 3, we study the dynamics of nAdS,
in these theories of dilaton-gravity obtained by dimensional reduction of the ex-
tremal charged (non-relativistic) black branes in hvLif theories. We also study the
reduction of extremal charged (relativistic) black branes in Einstein-Maxwell the-
ories, which is a simple subcase. In chapter 4, we consider a generalized class of
2-dimensional dilaton-gravity-scalar theories arising from the reductions of higher
dimensional gravity-scalar theories. We study holographic renormalization group
flows, in these 2-dimensional theories, which end at an AdS, fixed point in the IR.
We prove the holographic c-theorem for a holographic c-function defined as the dila-
ton. We also adapt the radial Hamiltonian formulation of holographic RG [12] and

analyze the RG flow equations and /3 functions.

In chapter 5, we present an independent study, not related to the above investigations
in the nAdS; holography and non-relativistic holography. This is broadly motivated
by gauge/gravity duality for de Sitter space i.e. the dS/CFT correspondence [13,
44, 45] and we give some details on this in the chapter. We construct various
generalizations of the 2-level ghost-spins in [16, 17, 18] to N-levels. We build on

these earlier studies and analyze entanglement properties of the N-level ghost-spins.

1.1 AdS/CFT correspondence

The AdSs/CFT, correspondence proposed by Maldacena [5] states that a type I1B
string theory on AdSs x S° is dual to a N' = 4 supersymmetric Yang-Mills theory
with SU(N) gauge group.

To understand the origins of this duality, consider a stack of N parallel D3 branes.
At energies lower than the string scale 1/l;, where [ is the string length, only the
massless string states can be excited. The low energy effective action describing

these massless states can be written as
Seff = Sbullc + Sbrane + Sint ) (11)

where Sy, is a supergravity action (plus higher derivative terms) and describes
perturbations of the 10-dimensional background through closed string excitations.
Sprane 18 an action for N = 4 super Yang-Mills on the 4-dimensional brane worldvol-

ume (plus higher derivative terms) and describes excitations of D3 branes through
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open strings. S;,; describes the interactions of the bulk and the brane modes as
open-closed string interactions. In the low energy limit i.e. taking [y — 0 (o/ — 0)
while keeping the energies and the dimensionless parameters like string coupling g,
and N fixed, the interaction action S;,; and the higher derivative terms in Sy,
Sprane can be omitted in the total effective action S.tr. Then in this low energy
limit, we get two decoupled theories: a free supergravity in the bulk and a pure
N = 4 super-Yang-Mills with U(N) gauge group on the 4-dimensional worldvolume

of the branes.

To see the appearance of AdSs, let us look at the stack of N parallel D3 branes from
another point of view. The gravitational backreaction of these D3 branes depends
on the 't Hooft coupling constant A = ¢%,,N ~ g,N, where gy, is the Yang-Mills
coupling constant. In the limit A > 1, the strong gravitational backreaction leads
to the collapse of the stack of D3 branes to form a black brane. The near-horizon
geometry of this black brane is AdSs x S®. For an observer at infinity, the low energy
sector consists of two types of decoupled excitations. The massless excitations in
the bulk whose wavelength, in the low energy limit for large A, becomes bigger than
the typical size of the brane. These excitations decouple from those closer to the
stack of branes, which form the near horizon AdSs geometry. Thus in the low energy
limit, we get two decoupled theories: a free bulk supergravity and the near horizon
AdS5 x 8% geometry. In the opposite limit A < 1, the gravitational backreaction of
the D3 branes is negligible and the description is in terms of N' = 4 super Yang-Mills
theory in 4-dimensions with U(N) gauge group.

Comparing the effective action and the supergravity descriptions of the stack of D3
branes, we see that both have a common decoupled free bulk supergravity in the
low energy sector. This leads us to identify the other decoupled theories in the low
energy sector. Thus, we see that a type I1B string theory on AdSs x S® is dual to
N = 4 super-Yang-Mills in 4-dimensions with U(N) gauge group.

Strong-weak duality :
The perturbative analysis in Yang-Mills theory is valid when

R4
A=giyN~gN~-—"<1 (1.2)

5
and the classical supergravity description is reliable when the radius of curvature is
large compared to the string length i.e.

4

R
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We see that the domain of validity of the classical supergravity i.e. A > 1 corre-
sponds to a strong coupling regime of the Yang-Mills theory. Thus, AdS/CFT is a
strong-weak duality. This strong-weak nature of the duality is very useful practically
where we can do computations in the classical gravity and then map the results to

corresponding quantities in the strongly coupled field theory.

Symmetries : One of the arguments in support of AdS/CFT is the matching of sym-
metries. The isometry group of AdSs is SO(2,4) which is also the conformal group
in 4-dimensions'. Also the SO(6) symmetry of the transverse sphere S° matches the
SU(4) R-symmetry of the NV = 4 super Yang Mills theory.

1.1.1 AdS/CFT dictionary

The duality between a string theory on the AdSs bulk and a boundary C'F'T; means
that there is a one-to-one correspondence between fields in the bulk and operators
in the boundary C'FTy,. The dictionary between these bulk fields and boundary
operators was first formulated by Gubser, Klebanov, Polyakov [6] and Witten [7],
which (generalized to AdSy;1/CFT,) states that

Zeprho(2)] = Zsiringlh(x, 7 — 0) = ho(x)] , (1.4)

where © = (t,7) are coordinates in the boundary, r is the bulk radial coordinate
and we choose coordinates such that r — 0 is the boundary of AdS. h(x,r) denotes
a generic bulk field e.g. scalar field, vector field or bulk metric and ho(x) is the
boundary value of the bulk field A(x, ), which acts as the source for the dual operator
in boundary CFT. Zcpr|ho(z)] is the generating functional for correlation functions

of operators O(z) in the boundary CFT given by
ZCFT[hO(l'ﬂ _ <€ifddg3ho(33)(9(z)> ' (1.5)

Zsiringlh(z,7 — 0) = ho(z)] is the string partition function evaluated at the bound-
ary of the AdS bulk. In the large N, large A limit, where the classical supergravity
description is valid, the string partition function is dominated by the classical su-

pergravity action,

Zstringlh(w,1 = 0)] v ¢ SaliEr=0=to@)] (1.6)

!More generally, the isometry group of AdSy,1 and the conformal group in d-dimensions are

SO(2,d).
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Then using the relation (1.4), we can compute the correlation functions of boundary

operators from the bulk partition function as

_ o" —Satl(,r—0)=ho (2)]
<O($1) O('rn» - 5h0<l’1) . 5h0($n)6 ho=0 . (17>

Scalar field in AdS

To see the dictionary more explicitly, let us consider a massive scalar field in the

AdSy,1 background

1 2.2
S, = /ddﬂa:\/—g( - §8MX(9MX - m2x > : (1.8)
where the AdS;1 metric in Poincaré coordinates is
2 2 ag b _ s 2
ds® = gpodr® + gupda®da® = - dr® + —( dt* + de ). a9

with indices a, 0 = 0,1, ...,
x(x,7) = x(x)o(r), with o(r) ~ r® asr — 0, in the equation of motion (VZ—m?)y =
0 and obtain

(d— 1) denoting the boundary coordinates. We substitute

2
AA—d)—m*’R*=0 = A.= gi dz +m2R? A +A_=d. (1.10)

Thus the asymptotic behaviour of the scalar field is
x(x,r) = r2=xo(z) + 72 x1(z) + subleading terms . (1.11)

The reality of AL implies a bound for the mass of the scalar field x, called the
Breitenlohner-Freedman bound :
d2
m*R? > T (1.12)
Now with A, > A_, we see that as r — 0, 72~ dominates over r2+. Thus, x1(z)
is the normalizable mode and yo(z) is the non-normalizable mode, which acts as a

source for the dual operator in the boundary CFT, xo(z) = lim, o7~ x(z, 7).

Under the scaling {x,r} — Az, r}, invariance of x(z,r) implies that the mode o (z)
transforms as yo(z) — A2~ xo(Az). In the boundary CFT, the invariance of the
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coupling term [ d%z xo O gives the transformation of the operator as
O(z) = M="10(\x) = A2+ O(\x) (1.13)
showing that the conformal dimension of O is A, .

2-point function:

Let us compute the 2-point function (O(x;)O(z2)) for the dual operator O in the
boundary CFT, using the holographic prescription of [19] (reviewed in [20]).2

Owing to the translational symmetry of the boundary, we can Fourier expand the

scalar field y as

x(x,r) = / (;Zwlideikxfk(r)fm(k) ; x(x,re) = / (;iﬂl;deikmio(k) ; (1.16)

where kx = ng,k%? and r.(— 0) is the boundary. We have imposed the boundary
condition that fi(r.) = 1 and the reality of x implies f; = f_x. Substituting x(z, )

in the wave equation (V2 —m?)y = 0, we get

1

_gaf(\/__ggrrarfk) — (9%kaky +m?) fr = 0. (1.17)

§

Substituting the Fourier expansion of x and using (1.17), the on-shell boundary
action is
d?k

_ 1 d a, _ _— -
S = 5 [ vy = [ GRRFE B, 018)

2 Alternatively, we can compute the 2-point function in the case of Euclidean AdS using the
(normalized) bulk-to-boundary propagator [7, 50]:

I'(Ay)

At
K(z,2',r) = W%F(A+ - %) (7‘2 e 33’2)) . (1.14)

K(z,2',r) solves (V2 —m?)K (x,2',r) = 0 with the boundary condition lim, ,or~2- K (x,2',r) =
§(z — 2’). Substituting x(z,r) = [d%' K(z,2’,r)xo(z') in the onshell Euclidean action I, =
J ddx\ﬁxnaaax, obtained by integrating (1.8) by parts and using bulk equations of motion, gives

ALT(AL) /ddxddx/w

7 1.15
= T o= o 2

X:

from which we get the 2-point function for O(z) as (O(z)O(z')) ~
conformal dimension of O(x) is indeed A,

—— =z showing that the

lz—='|
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where we have used n, = —.,/g,, as the outward pointing normal and the flux factor

is defined as

.F(k‘,?“) = %\/__ggrrfkarfk . (119)

The mode equation (1.17) with metric (1.9) becomes
r2fl 4 (—d+ Drf], — (K + m?R*) f, =0 . (1.20)

Let us solve this equation for different cases for k2. For k* > 0, the solution to (1.20)
is
a d d?
fi(r) =cr2 L, (kr) 4+ cor2 K, (kr) ; =g+ m?R? | k=vVk. (121)
As 1 — oo, I,(kr) ~ e and K,(kr) ~ e *". So regularity at the horizon (r — o)

requires ¢; = 0. Then the normalized solution such that fi(r. = €) = 1, with € the

near-boundary cutoff (i.e. the UV cutoff in the boundary field theory), is

T%Kl,(lﬂ”)

Th (1.22)

fi(r) =
For simplicity, let us restrict to integer v (though this analysis also applies to non-
integer v). Near the boundary r. = € i.e. for small r, the Bessel function K, (kr),

for integer v, can be expanded as
K, (kr) = (kr)™"(ag 4+ ay(kr)? +---) + (kr)” log(kr)(by + b1 (kr)> +---) . (1.23)

According to the prescription for Minkowski space correlators [19], the retarded

Green’s function is

GR(k) = —2F(k,7)

ro—c - (1.24)
Then using (1.22), ff(r) = f_x(r) and the expansion (1.23), we get after dropping
the contact terms,

GER(k) = —Rd—l(zy)@k% log(ke)e? ™ . (1.25)
ao

Now for k? < 0, defining ¢ = v/—k?2, the two independent solutions are T%Hl(,l)(qr)
and r2 H? (qr). Asr — oo, HV (gr) ~ € and HS?(qr) ~ e~". Recall that the

exponential factor in (1.16) has e”™*. So imposing ingoing boundary condition at
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the horizon (r — oo) and fi(r. =€) = 1, we get

[y
~—

2 r(
r2H, (qr
fe(r) = ] (1)(q) for w>0
e2 H, ' (qge)
d o (2)
H,
- (2)(‘17“) for w<0. (1.26)
€2 Hy™ (qge)

The retarded Green’s function is then evaluated to be

b :
GR(q) = —Rd_1(21/)—0q2”62”_d<log(qe) — Z—ngn w) : (1.27)
Qo 2

Combining the two expressions for k2 > 0 and k? < 0, we get

bo

Qo

GR(k) = —R*" v k2”62”_d<10g |ke|? — z'7r0(—k:2)sgnw> : (1.28)
At zero temperature, the Feynman propagator is related to the retarded Green’s

function as

GF (k) = Re(G™(k)) + isgnwIm(G"(k))
bo

— —Rd_llj—
Qo

k2”62”_d<10g Ike|? — me(—k;?)) . (1.29)
The divergent factor €2~ in G¥ (k) above is due to differentiating the partition
function with respect to xo(k), which is the inverse Fourier transform of y(z,r.);
see (1.16). However, the correct identification of the source which couples to the
boundary operator is xo(z) = lim,_,.— 72 x(z,7) = EV_%X(.%, re). The expression
for the renormalized Feynman propagator G (k) obtained by differentiating the
partition function with respect to x{(k) (the Fourier transform of yo(z)) is, then,
same as that for GF'(k) above with the factor €2~¢ excluded. Then performing the
inverse Fourier transform, the 2-point function in position space (with A, = 2v+d)
is

1

R

(T O(x)0(0)) =i / d?xe™* GE (k) ~ (1.30)

The above analysis for scalar fields can also be done for vector fields and tensor
fields (e.g. the metric) in the bulk. Some comprehensive reviews for the AdS/CFT

correspondence and its various aspects are [9, 20, 22].
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1.1.2 Holographic entanglement entropy

Consider a quantum theory with a Hilbert space separable as H = H 4 ® Hp, where
AU B is the total quantum system. Let the system be in a state [¢)) with the
density matrix p = [10)(¢)|. The entanglement entropy of the subsystem A is defined
as the von Neumann entropy S, = —tr(palogpa), where p, is the reduced density
matrix of A obtained by partial tracing of p over the compliment subsystem B.
For example, consider a system of two spin-1/2 states with basis |sasg) = {| TaTs
Vo1 Tadn), [4aTs), | 4ads)}. The basis for subsystem A consisting of a single spin is
|sa) = {|Ta),|4a)} with the usual positive definite norms (T4 | Ta) = (Ja | da) =1
and (T4 | da) = (da | Ta) =0, and likewise for the subsystem B. For a generic state
) = 6150 |sasp), pa = trep = (T [0)(] 16) + (bp [6)(0] Lp). In particular,
for a normalized state |¢) = ¢ Tals) + 2| dadB); |ei|* + |e2|* = 1, we get pa =
ler|?[ta) (Tal + |cal?| 4 a)($a ], whose eigenvalues are p4(i) = |¢;|> < 1,4 =1,2. Then
the entanglement entropy of A is Sy = —tr(palogpa) = — >, pa(i)logpa(i) =

—|e1?log|e1]? — |e2)? log |ea)® > 0.

While the computation above for entanglement entropy of spin systems is quite
simple, it is not so in general interacting quantum field theories and conformal
field theories. In some cases like 2-dimensional C'F'T's, the replica trick [51, 52]
does provide a remarkable technique to compute entanglement entropy. However,
computation of entanglement entropy using field theory techniques is difficult for
CFTs in higher dimensions and general quantum field theories. In such cases, the
holographic entanglement entropy proposal of Ryu and Takayanagi [53, 51] offers a
useful machinery for computations of entanglement entropy. Using the AdS/CFT
correspondence and motivated by the Bekenstein-Hawking entropy of black holes
[1, 2], Ryu and Takayanagi [53, 51] proposed that the entanglement entropy of a
subsystem A with boundary dA in the boundary C'FTy is proportional to the area
of a (d—1)-dimensional minimal surface protruding in the AdS;,; bulk and anchored
to the boundary (of AdS) along 0A, i.e.

A(va)

Sy =
AT 4G

(1.31)

where A is the area of the minimal surface 4. To illustrate this, consider a strip
subsystem on a constant time slice in the boundary C'F'Ty, for d > 2, with the width

along the z;-direction and infinitely extended in the remaining spatial directions,

Il
xle[—gg}? T € (—00,00) , i=2,...,d—1. (1.32)
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Let us regulate the infinite length in each of the directions x»,...,x4_1 as Ly, such
that [ < Lg. Then the area of the entangling surface v4 in the AdS,,; bulk with
Poincaré metric (1.9), described by x; = x1(r), and anchored to the boundary (of
AdS) along 0A is given by

g d
A—zﬁimg{/ ﬁ%w1+ﬁ; ¢p:§$, (1.33)

where € is the near-boundary (i.e. the UV) cutoff. Considering A = A(xy,&1;7) like

a Lagrangian, the absence of z; in A gives a conserved quantity

)A 1 9 B2p2d-2
01 rd-1. /1 —|—x’% 17 1 _ B2y2d-2 ( )
The surface 74 has a turning point r, in the bulk at which ddirl . 00 (i.e. ddT’”l .=
0). At the turning point, 1 — B*?¥ 2 =0 = B = le,l and we can write A as
1
du 1 r
_ opd—17d—2,2-d : _
A=2R"Li " /” T u—r*. (1.35)
The width of the subsystem along the x;-direction is
1 d—1 [(5-4)
U 2(d—1)
[ =2r, T ——— T (1.36)
0 V19— y?d=2 F(g(d1_1)>

Then using the Ryu-Takayanagi prescription (1.31), the holographic entanglement
entropy of A is

Sa

(1.37)

1 [2Rd_1 <&>d2 B 2415+ Rd-1 <F(2(dd_1))>d1<[/0)d2:| '

T 4Gy ld—2\e d—2

The coefficient of the divergent term is proportional to Lg_2 i.e. the area of the
boundary 0A of A. This is the known area law of entanglement entropy [55, 56].
The second term is finite, independent of the UV cutoff and encodes a size-dependent

measure of the entanglement.

For d = 2, there is only one spatial direction in the C'F'T;. We take the subsystem

A to be an interval of length [ along the z-direction i.e. z € [—%, %] Then the area

of the minimal surface in the AdS3 bulk gives the holographic entanglement entropy

R l c l
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where we have used that the central charge c of the C'F'T} is related to bulk quantities

as ¢ = % [57]. The logarithmic divergence is consistent with the known result in
CFT, [58, 51].

The original Ryu-Takayanagi prescription for the holographic entanglement entropy
was proposed for subsystems on constant time slices in the boundary CFT. It
was later generalized to covariant holographic entanglement entropy [59], which also

applies to time-dependent subsystems.

1.1.3 Holographic renormalization group flow

In the AdSy.1/CFT,; duality, the CFT lives in one lower dimension. The extra
radial direction in the bulk corresponds to the energy scale in the boundary theory
[60, 61]. Far away region in the bulk corresponds to the UV and near horizon region
corresponds to the IR energy scale of the boundary theory. This radial direction
essentially captures the renormalization group (RG) flow of the boundary theory.
Following the AdS/CFT correspondence, versions of holographic renormalization
and holographic renormalization group flow were formulated, beginning with e.g.
[62, 63, 64, 65, 66, 67, 42, 68, 69, 70, 71].

In a (2-dimensional) quantum field theory, renormalization group flow is also charac-
terized by the Zamolodchikov c-theorem [72]. The c-theorem states that there exist
a positive definite function of the couplings, called a c-function, which monotonically
decreases with the energy (i.e. along the RG flow) and is constant at the fixed points
taking values equal to the central charges of the fixed point C'F'T's. The holographic

formulations of c-theorems were studied in [73, 74, 75, 70].

Holographic c-theorem

We briefly review the holographic formulation of c-theorem by Freedman, Gubser,
Pilch, Warner [73]. The holographic c-theorem states that a holographic c-function
defined as a function of the radial coordinate, C(r) decreases monotonically from the

asymptotic region to the interior region of the bulk.

In [73], it was shown that the monotonicity of C(r) follows from the null energy con-

dition. To see this explicitly, consider an ansatz for the metric in (d 4 1)-dimensions

ds? = >0 (nyda®da®) + di? (a,b=0,...,d—1), (1.39)
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such that 7 increases from the asymptotic region (UV) to the interior (IR)?. The

non-zero components of the Ricci tensor are
Rab — 62A(F)(A// + d(A/)Q)nab ’ Rff _ —d(A” + (A/)Q) 7 (1'40)

The null energy condition Thn&MEN > 0 for a null vector €M = (e=4,0,1), £2 = 0,

using Einstein equations Gy = 871G a1 TN gives
RuneMeN = —(d-1A" >0 — A"<0. (1.41)

A"(F) < 0 implies that A’(F) decreases as 7 increases i.e. as we move towards the
interior (IR). Then a holographic c-function defined as
N Co
C(r)= Ayt ; Co = constant , (1.42)
is monotonically decreasing as we move towards the interior i.e. along an RG flow
from UV to IR. The constant Cy is determined by equating C(r) to the central
charges of the C'F'T's at the fixed points. Thus we see that the null energy condition

leads to a holographic c-theorem.

A more general local, covariant expression for the holographic c-function was pro-
posed by Sahakian in [75] using Bousso’s light-sheet construction [74]. In 4-dimensions,
the light-sheet of a 2-dimensional spatial surface B is the congruence of null geodesics
emanating from B such that the expansion of the congruence is non-positive. In the
holographic context, taking the spatial surface B’ to be a (d — 1)-dimensional surface
in the boundary, on a constant radial slice and at a constant time, with the light-
sheet being the congruence of null geodesics emanating from B’; Sahakian proposed
a holographic c-function. Using the criterion for convergence of the null geodesics
and the null energy condition Ry nyEMEN > 0 for a null vector €M with components
along (t,r)-directions, the proposed c-function was shown to be monotonic, hence
proving the c-theorem. For the metric ansatz (1.39), this covariant c-function re-
duces to (1.42). It also applies to Dp-brane geometries and correctly interpolates

between known asymptotics [75].

A holographic RG formulation

We briefly review a formulation of holographic RG flow by de Boer, Verlinde and Ver-
linde [12], which was further adapted in [77] to study RG flow in D-brane geometries.

3The ansatz (1.39) describes AdS metric in Poincaré coordinates (1.9) asymptotically with the
coordinate transformation r = Re# , which shows that 7 — —o0o as 7 — 0 (boundary) .
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This formulation is not Wilsonian but provides useful insights into the renormaliza-
tion group flow and structure of S-functions. Wilsonian holographic renormalization

group flow was formulated in [70, 71].

Consider Einstein gravity in 5-dimensions with a negative cosmological constant and
coupled to scalar fields U/ with a potential V (¥7) described by the action

S = oz(;</d5x\/—_g(7€ —2A) + 2/d4x\/—_’yK>
—im / d5x\/—_g<%h1J8A\IllaA\IfJ . V(\I/I)> . (1.43)

where we have defined ag = ﬁ for notational convenience. The radial decompo-

sition of the metric
ds® = N2dr® 4+ v (Ndr + dz®)(N°dr + dz®) | (a,b=0,1,2,3) (1.44)

gives a radial Lagrangian L on a constant r slice. The Legendre transformation
then gives the radial Hamiltonian H = [ d*z\/=7(HN + N°“H,). N and N being
non-dynamical give the constraints H = 0 and H, = 0, where we refer to H = 0 as

the radial Hamiltonian constraint. Defining the conjugate momenta 7, 7; as

1 oL 1 oL
T ——2r ) Ty = ———F——"=
agy/— 67yt ! Qm/—7 WL

we can write the Hamiltonian constraint H = 0 as

(1.45)

Tab

b 7T2 7TI7T[ h]J I J ~
(6 7¢! (ﬂ'abTFa — E) + oy, <T — T&I\P 0w > —+ CKCT'(,R, — 2A) + amV =0 s (146)
where 79 = ~oAbdr 7l = pl77; and R is the boundary Ricci scalar for the

induced boundary metric ~v,,. The boundary action on a radial slice as a function of
the boundary fields allows us to write the conjugate momenta 7% and 7; as derivates

of the boundary action with respect to v, and W' respectively.

- 1 (Sdey - 1 5dey
T aay Ty o T T /=y 0wl

Using these momenta, we can write the Hamiltonian constraint as

(1.47)

Tab

1 [5dey (Sdey 1 ( ab 5dey>2} i 1 hIJ 5dey 5dey
QU (

a7 L 57® Gy 3\ Gy VAR 2 sul 5w
1J

anh

+ag(R —2A) — 0,100 + o,V = 0.(1.48)
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At some low energy scale u << pu., where u. is a UV cutoff, we segregate the

boundary action into a local part and a non-local part

dey [’YCLIH \IJI] = Sloc[’Yab; \IJI] + F[’Vaba \III] 5 (149)

where S),. contains no more than second derivatives of the fields,

I
wc‘%@w\lﬂ) . (1.50)

S = [ o= (W) + SR+
The boundary quantities f(¥!), M;;(¥) and the boundary potential W (¥') are
local functions of the couplings W!(x,7.) i.e. the values of ¥/ on the boundary slice

r = re. T'[Yap, ¥] contains all higher derivative and non-local terms.

We substitute the boundary action (1.49) in the Hamiltonian constraint (1.48) and
expand in the derivatives. Keeping terms upto second order in derivatives, we get
relations between the local boundary quantities f, M;;, W and bulk quantities V,
hry. In particular, the zeroth order terms i.e. the terms with no derivatives give a
relation between the bulk and the boundary potential
W2 a hIJ
— 202 + agoy,V = — — —S =9, Wo,W | (1.51)
3 Oy, 2
where 9; = 2. The 2-derivative terms give one relation among A/’ and M'’ and a
second relation between h’/, W and f. We will discuss the 4-derivative and higher

derivative terms later.

Let us first consider the local part and choose a Fefferman-Graham gauge: N = 1,
N® = 0. The radial coordinate r corresponds to the RG parameter in the boundary
field theory. So we pull the r dependence in the metric as va = a*94, where a(r) is
a function of r only and 4,4(x) is r independent. The function a(r) parametrizes the
radial evolution (i.e. RG flow) of the bulk quantities. Then from the flow equations
(1.45) and using the conjugate momenta in terms of the boundary potential (1.47),

we define B-functions for the couplings ¥/ as

d 6 ow
I _ @ o 1J
g(V) = ada\lf Wh 507 -

(1.52)
Callan-Symmanzik equation :
Let us consider the higher derivative terms now. After substituting Suq, in the

Hamiltonian constraint, the 4-derivative terms give
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1 ab(s_r o 5J

5
V=L oy

We vary this equation with respect to U/, then put the fields to their constant values

or

57 = 4 — derivative terms . (1.53)

given by the couplings of the gauge theory. Integrating the resulting expression

over all space, replacing functional derivatives by partial derivatives i.e. [ b M‘Sab =
a and [ 52 = ;% and using ﬁm = (Op,(71)...01,(x,)), we get the

standard form of the Callan-Symanzik equation. This equation is derived at a finite
UV cutoff. We renormalize the metric, scalar fields and I' and get the Callan-

Symmanzik equation for the renormalized n-point functions.

1.2 Non-relativistic holography

Generalization of AdS/CFT to nonrelativistic holography or gauge/gravity duality
has been under active exploration over the last few years. In particular, spacetimes
conformal to Lifshitz [78, 79], referred to as hyperscaling violating spacetimes arise
in effective Einstein-Maxwell-scalar theories* e.g. [30, 81, 82, 83, 84, 85, 86, 87, 88,
89, 90, 91]. The metric of the bulk hyperscaling violating spacetime in (d; + 2)

dimensions is
de | S dx%)

ds? — T20/di< _
2z 2 r2

(1.54)

where d; is the boundary spatial dimension and z is the Lifshitz dynamical exponent
with 6 the hyperscaling violation exponent. The metric in the parenthesis is the Lif-

shitz metric in (d; +2)-dimensions and it is invariant under the scale transformations
t— Nt T = Aw; r—= Ar. (1.55)

The hyperscaling violating metric (1.54) is not scale invariant but transforms as

ds® — \/4ids? under the scale transformations (1.55).

Various aspects of Lifshitz and hyperscaling violating holography are developed in
e.g. [89, 92,93, 94, 95, 96, 97, 15]. Certain families of hyperscaling violating theories
exhibit novel scaling for entanglement entropy e.g. [37, 88, 89]. In particular, the
0 = d; — 1 family exhibits logarithmic scaling for entanglement entropy. To see
this explicitly, let us use the holographic entanglement entropy proposal of Ryu and

Takayanagi [53, 54] (reviewed in sec. 1.1.2).

4In the AdS/CMT literature, these are referred to as Einstein-Maxwell-Dilaton theories. We
use “dilaton” to refer to the dilaton in 2-dimensional dilaton-gravity-matter theories discussed in
Sec. 1.3, Chap. 3 and Chap. 4. This dilaton is distinct from the scalar in the hyperscaling violating
Lifshitz theories.
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Consider a strip subsystem on a constant time slice in the (d; + 1)-dimensional
boundary of the hyperscaling violating bulk, with the width along the z;-direction

and infinitely extended in the remaining spatial directions,

1 Ly Ly .
xle[ 2’2]’ wle[ 2’2] i=2.0di; U<y, (156)
where Lg is the regulated length of the strip in each of the directions xs,..., x4 1.

The area of the entangling surface in the hyperscaling violating bulk with the metric

(1.54), which is anchored to the boundary along the edges of the strip, is given by

. " dxi\? . ! f=d;
A:QLgll/ drr?=4i 1—1—( xl) :2nglri+9_di/ du——— :

dr V= 20
(1.57)
where u = =, r, is the turning point at which L1 0o (ie. ddT”l =0) and r = € is
the UV cutoff. The width of the strip along the x;-direction is
1 di—0
[ =2, “ (1.58)

dl—— .
0 A /1 _ u2(d¢79)

Now for a family of hyperscaling violating theories with ¢ = d; — 1, the above
formulae give [ = 2r, and A = 2Lgi_1 log <é> + ---. Then using the Ryu-Takayanagi
prescription (1.31), we get

A Lyt l
Sep = G5, = Qngm log <E) + o (1.59)
showing that the leading term in the entanglement entropy has a logarithmic be-
haviour. This logarithmic scaling of entanglement entropy was obtained in AdS
plane waves for a strip subsystem on a x— = constant null slice, with the width
along xq-direction [98]. These AdS plane waves upon null z*-reductions give lower
dimensional hyperscaling violating theories with £~ as the time coordinate and lying
in the = d; — 1 family [99, 100]. Null z"-reductions of AdS plane waves [99, 100],
which are large boost, low temperature limits [L01] of boosted black branes [102]
provide certain gauge/string realizations of hyperscaling violating theories. Some
of these exhibit novel scaling for entanglement entropy with the string realizations
above reflecting this [98, 103, 104, 105], suggesting corresponding regimes in the

gauge theory duals exhibiting this scaling.

In the null reductions of AdS plane waves discussed above, the compactification in
the bulk is done along the z+ direction: but this is actually a spacelike direction

in the bulk since g,y > 0. Technically this implies that completing squares to
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perform the Kaluza-Klein reduction is legitimate thereby implying that the bulk
compactification has no subtlety. Holographically g, > implies a nonzero energy
momentum tensor component T . > 0: these are thus excited states in the dual CFT
with macroscopic lightcone momentum density turned on. The effective boundary
metric on a cutoff surface r = € has a nonzero g, component, reflecting this. The
usual concerns of DLCQ and zero modes are associated with the ground state in
lightfront quantization. The bulk reduction thus suggests that the boundary theory
also has interesting and nonsingular behaviour, which would be nice to understand
more explicitly with regard to the reduction. Some discussion on these aspects and
in particular ultralocality properties appears in [105]. For instance it was argued
that while correlation functions in free scalar field theory in lightcone quantization
(on null surfaces) vanish consistent with ultralocality, excited states yield nonzero

correlators.

1.3 AdS; holography

We now turn to a discussion on holography in (bulk) 2-dimensions. AdSy/CFT;
correspondence has been investigated extensively earlier with a vast literature: e.g.
(27, 28, 29, 30, 31, 32, 106, 107, 108, 109, 34, 110, 111]. Our focus in this thesis
is on the recent investigations, beginning with [35, 36, 37, 38, 39], in nearly AdS,

(nAdSs) holography in theories of dilaton-gravity coupled to matter.

Gravity in two dimensions, trivial as such, is rendered dynamical in the presence of
a dilaton scalar and additional matter. Such dilaton-gravity theories arise generi-
cally under dimensional reduction from higher dimensional theories of gravity cou-
pled to matter. There is interesting interplay with AdSs holography, which arises
in the context of extremal black holes and branes: the near horizon regions typi-
cally acquire an AdS; x X geometry, and a 2-dimensional description arises after
compactifying the transverse space X. Almheiri and Polchinski [35] considered toy
models of 2-dimensional dilaton-gravity of this sort, with backgrounds involving
AdSy with a varying dilaton. Analyzing the backreaction of a minimally coupled
scalar perturbation on the AdS; background reveals nontrivial scaling of bound-
ary 4-point correlation functions thereby indicating the breaking of AdS; isome-
tries in the deep IR. This breaking amounts to breaking of local reparametrizations
of the boundary time coordinate (modulo global SL(2) symmetries), which would
have been preserved in the presence of exact conformal symmetry. In [36], as well

as [37, 38, 39], it was argued that the leading effects describing such nearly-AdS,
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(nAdSs) theories are captured universally by a Schwarzian derivative action govern-
ing boundary time reparametrizations modulo SL(2), which arises from keeping the
leading non-constant dilaton behaviour. The bulk action which reduces to the effec-
tive Schwarzian action is the Jackiw-Teitelboim theory of dilaton-gravity [112, 113].
This picture dovetails with the absence of finite energy excitations in AdSs discussed

previously in [33, 31]. We review some of these developments in this section.

AdS; arises quite generally in the near-horizon throat region of extremal black holes
and branes in higher dimensions. The Jackiw-Teitelboim (JT) model universally
describes these near-horizon AdS; regions in a large class of dilaton-gravity the-
ories obtained upon dimensional reductions of higher dimensional theories: e.g.
[30, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123, 124]. In this thesis, we consider
the dimensional reductions of extremal charged black branes in Einstein-Maxwell
and Einstein-Maxwell-scalar theories. In the resulting 2-dimensional theories, we
study the dynamics of nAdSs and obtain the universal Schwarzian effective action.
Then in a generalized class of 2-dimensional dilaton-gravity-scalar theories, we study
holographic renormalization group flows ending at an AdSs fixed point in the IR.

We discuss our findings, which are reported in [125, 120], in chap. 3 and chap. 4.

1.3.1 Backreaction in AdS, dilaton-gravity

Pure AdS; doesn’t support finite energy excitations owing to the strong backreaction
[33, 34]. To investigate this backreaction, Almheiri and Polchinski [35] considered
toy models of dilaton-gravity theory in 2-dimensions in which the backreaction is
solvable. In the infrared (IR), these models flow to AdS; x X, while the non-
trivial dilaton profile adjusts these models to flow to a scale invariant theory in
the ultraviolet (UV), thereby regulating the backreaction. Turning on a minimally
coupled scalar perturbation on the AdS; background reveals nontrivial scaling of
boundary 4-point correlation functions, which indicates that the backreaction makes

the conformal symmetry (i.e. the isometry of AdSy) in the deep IR anomalous.

Let us see this backreaction analysis in some detail. The dilaton-gravity model of
Almbheiri-Polchinski is

1

1
S, rav —
g 167TG2

87TG2

/d%\/—_g[qﬂn —2(1— @]+ /dt\/—_wady K, (1.60)

where ®7, is the boundary value of the dilaton. The dilaton potential is U(®) =
2(1 — ®?), where we have set the AdS, radius to unity. The dilaton and Einstein’s
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equations (derived in Appendix B.3) are, respectively,

R+2 = 0, (1.61)
9w V20?2 — V,V, 3% + %(1 —3?) = 0. (1.62)

The dilaton equation gives that the background is AdSs. In the conformal gauge,
ds? = 2@ 27) (—dotdr™) = 2P (—dt? + dp?); z* = t + p, the Ricci scalar is
R = 2e7*(0} — 92)w = 8¢ >0, 0_w. Then the Poincaré AdS, metric and the

solution for dilaton are

1 4 a a
2w 2
s PP=14—=1+ 1.63
‘ p? (zt—a7)?’ 2p xt—a= ( )

where p — 0 is the boundary. This solution interpolates from constant dilaton AdSy

in the IR to a conformal Lifshitz geometry in the UV [35] i.e.
IR: ®~1 as p—00; UV : (IDQNQi as p—0. (1.64)
p
Let us turn on a massless scalar perturbation f(t, p) coupled minimally to (1.60),

1 A
S=Spaw+Sr; Sp=———r [ Pa>==0,f0"f . 1.65

grav 3 f 167TG2/$2“ff (1.65)
Due to the minimal coupling of f, we see that the dilaton equation (1.61) remains
unchanged giving the background to be the AdS;. However, the Einstein’s equation
(1.62) gets modified to

v 1 v
gu V0! = V0,00 + 21— 0?) = Z(9,£0,f — L (0f)?) | (1.66)
whose puv = ++ and puv = —— components, in the conformal gauge, are
1
— ezwﬁi(e_%(?i@z) = §8if8if . (167)

Integrating (1.67), we get the solution for dilaton as

M

PP = —
(ot =2

M=DMy+1"—-1, (1.68)
where Mj is any vacuum (f = 0) solution, in particular, My = a+ 2z — 2z~ in (1.63)
and

/d:zc’jt(a:'jE —aF)(@"F — 2oL foLf . (1.69)

N | —
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Also the equation of motion for f i.e. V2f = 0 shows that f is a free scalar field
propagating in the AdS; background.

Let us study some peculiarities of this solution i.e. the AdSs background and the
dilaton (1.68), with the freely propagating scalar perturbation f on the AdSs back-
ground. Naively, it appears that the scalar perturbation does not backreact on the
AdSs geometry, allowing for finite energy excitations on the AdSs background, con-
trary to our understanding of AdS, [33, 34]. However, now in S,,,, in (1.60), the
geometry i.e. the gravity sector is not just the metric but characterized by both the
metric and dilaton together. The modification (1.68) to the dilaton, indeed, reflects
the backreaction of the perturbation f on the geometry. More favourably, in this
setup, the metric remains to be the AdS; and the effects of backreaction due to f

are contained entirely in ®2, thus, making the backreaction tractable.

This setup also allows us to study the effects of backreaction on boundary correlation
functions systematically. To see this, let us consider an operator Oy, dual to the
scalar field f, in the boundary theory at p — 0. To compute correlators of f  jwe
continue to the Euclidean time 7 =it; 2= — it +2=t+ 2=z  andZ2 =it + 2 =
—(t — z) = —z~ and regulate the boundary with a UV cutoff p = €. Then using the
bulk equations (1.61) and V*f = 0 in S = SI. + S7, where the superscript E

stands for Euclidean, we get the onshell boundary action

1 2 202 1
E=— dr(= — —= /d mf L.
S 167TG2 Z T(G € ) * 327TG2 € Tﬁnufa f ( 70)

. 2 .
Adding the local counter-term S, = ﬁ . dr(t—-2%) to cancel the divergent terms

(as € = 0) in S* and using the outward normal n, = —%, we get the renormalized

onshell boundary action

1
Sren = ~ 33 /de(?pf . (1.71)

Using the bulk-to-boundary propagator K (p;7,7') = 5= (=15 + =), we get f in

27 \z+it T/

terms of it’s non-normalizable mode j(7) = lim, ¢ f(7, p) as f(7,p) = [ dr’ K(p;7,7')

J(7'). Substituting this f(7, p) in S,e, above gives

, 1 , 1 N
Srenlj] = “3nCs /deT (7__—Tl)2j(T)j(T) : (1.72)

1
This gives the 2-point function (Of(7)O0¢ (7)) ~ [E—rE for the boundary operator
T—T

Oy of conformal dimension 1, which couples to j(7). This result is correct in the
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IR AdS, region since a massless scalar field f in the 2-dimensional bulk couples to
an operator of dimension 1 in the boundary theory.® However, this behavior of the
2-point function continues in the UV regime since f does not couple to the dilaton
®2. This cannot be true since the backreaction of f breaks the conformal invariance
of the theory. This apparent inconsistency is because 7 is not the correct time
coordinate in the boundary theory. We define the new boundary time coordinate
such that the asymptotic behavior of ®? is normalized to the sourceless asymptotic
(1.64). In order to do so, let us first note that in Euclidean coordinates, the corrected
solution for ®? due to the backreaction of f, is
LD ey =g [ o - 00es0ud
(1.73)

where My = a4+ x+ 7 is a vacuum solution. Now, we define the new time coordinate

P2 = —
T+ T+

7 in the boundary theory such that in the new coordinates (& = p — i7)

M a
- N o= as p—0. (1.74)
T+ r+x

We take two infinitesimally separated Euclidean times in the boundary 7, 7/ and 7,
7, which give, as p — 0, 1+ = —i(7—7') = —iA7 and 7+7' = —i(7—7') = —iAT.
Then the normalization for ®2 in (1.74), taken at infinitesimally separated Euclidean
times, implies the differential equation

or a

5 = T (1.75)

To solve this differential equation, let us first write the expression for the asymptotic
form of M (7). From (1.73), using My =a+2x+Z=a+2p = a as p — 0, we get

M(7) = lim(z + 7)®? = a — lim({ + I*)

p—0 p—0

=a — lim % [/dw'(m’ +Z)(2" — )0 fOu [ +

p—0

+ / 47 (7' + 2)(F — T)Ow f O f], (1.76)

SUsing (1.10), the conformal dimension of the boundary operator which couples to a bulk
massless scalar field is A = % + \/‘1—2 +m2=1form=0and d=1.



Chapter 1 Introduction 23

which, upon substituting f = [ dr’' K(p;7,7)j(7") with K (p; 7,7') = 5= (=25 + —=)

27 \x+it! T—iT
gives
M(r) = a+4/ drdrH (7,11, 72)017(11)025(12) ;
200 — ) — (1 — 7)20(r —
Hirm,m) = LW 2o nl BT =) g

T — T2

where 01j(m) = dj;;”, etc. Substituting M(7) in (1.75) and integrating [d7 =

deﬁ, we get

4 00 ) ] —1
%z/d?(l%-a/ d71d7-2H(7-77-177-2)81]<7-1)82](7_2)>

e}

= /d7-<1 — é /_00 drdrH (7,11, 72)01j(11)027 (T2) + O(j4)> . (1.78)

a 0

To find the transformation from 7 to 7, we invert the above solution 7(7) and get

T=7+9(F)+0(")

1(7) = g | e T R R
+0(5") . (1.79)

where we have used that j(7) = j(7) under 7 — 7. Substituting (1.79) in (1.72), we

get the renormalized action in the new boundary time coordinate 7 as

~ 1 > ~/ 1 ~ ~/
Senlll =~ | ez (14990 + 00n() (1.80)

M0 5356 + 0()

F—7

Using the holographic dictionary® (O (71)O;(72) O (73) O (74)) ~ S5 (%2‘;33(%3) 5
log<e—sren[3]>

_, we get (from the terms 0;v(7), 07v(7') and % in (1.80)) the

6The generating functional for the connected correlation functions is W[j] = —log Z[j] =
—log(eSarev =57 ) = — log(e~Srenlily |



24 Chapter 1 Introduction

connected 4-point function

1 1
G2a 712 34

—8<%23)(%2:33 — 37~'2237~'13 — 3%23%137'34

9(7'13)(7:?3 - 3%1237:23 3T13T23T34

(O5(1)Of(72) O (75) Of (1)) ~ )
)

—0(F14) (72, — 372, TFaa + 3T14ToaT34.)

+9(7'24>(T24 37’247'14 + 37’247'147'34) ,(181)

where 7;; = 7, — 7;. The connected 4-point function scales as }3 rather than ~14 ,

which would be the case if the theory has full conformal symmetry Thus, we sZée
the explicit breaking of the conformal invariance due to backreaction of the scalar
perturbation f. The connected and disconnected (which scales as @) pieces are
comparable when 7 ~ a/Gy < aV/Gp, determining the scale where the conformal
behavior breaks down to be Epcqking ~ Gp/aV. Here V is volume of the (D — 2)-

dimensional compact space X and Gp is the Newton’s constant in D dimensions.

From the above analysis, we see that the AdS; time coordinate t(u) becomes a
dynamical filed on the boundary. Its dynamics is captured by a Schwarzian derivative
action [36, 37, 38], which governs the boundary time reparametrizations modulo

global SL(2). We see how the Schwarzian action arises in the following subsection.

1.3.2 Symmetries and Schwarzian

A theory with pure AdS; admits the full reparametrization symmetry of the time
coordinate. This reparametrization symmetry is an asymptotic symmetry and is
spontaneously broken by the AdSy geometry, while keeping a global SL(2) unbroken.
The leading order correction away from the conformal limit (pure AdSs) breaks this
reparametrization symmetry explicitly. This correction describing the nearly-AdSs
(nAdSs) is governed by the Schwarzian derivative action which is invariant under
the unbroken SL(2). Let us see this pattern of symmetry breaking in some detail

below.

Consider pure (Euclidean) AdS, with the Poincaré metric
oL, 2
ds® = F(dT +dp?) (1.82)

which is a hyperbolic disk, and L is the AdS; radius. In the asymptotic region i.e.

large p, we cut off the space along a trajectory given by (7(u), p(u)) and parametrized

In this subsection, we always consider Euclidean AdSs with the Euclidean time 7 = it.
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by the coordinate u. We impose the boundary condition on the metric as

(7_/2 _|_p/2) L2
where prime denotes derivative w.r.t. u i.e. 77 = g—; and € is the UV cutoff. This

boundary condition gives p = e7’ + O(€?) implying that the boundary of the cutoff
region is described by 7(u) alone. Under a reparametrization u — @(u), the trans-
formation 7(u) — 7(@) takes a given cutout geometry to another one, where the two
are locally same in the bulk but have distinct boundaries given by 7(u) and 7(@).

However, not all reparametrizations give distinct cutout geometries and the SL(2, R)

at(u)+b
cr(u)+d’

etry. Thus, these cutouts of the Euclidean AdS, described by 7(u) spontaneously

subgroup of transformations 7(u) — ad —bc = 1 give the same cutout geom-

break the full reparametrization symmetry to SL(2,R) symmetry.

The transformations of 7(u) above under reparametrizations v — @(u) form a sym-

metry of the action

_ %o 2
I = 16WG2</dx\/§R+2/bdy\/§K) , (1.84)

where g is a constant. This action is topological and typically arises as a back-
ground term in dimensional reductions from higher dimensional systems. Extremal
black holes and branes in these higher dimensional theories have AdSs throat with
a constant dilaton ¢ as their near horizon geometry and the action I gives the ex-
tremal entropy Spg = Z‘% (see e.g. sec. 3.1.1.2, in particular, the discussion around
(3.40), where we show this in some detail).

Next we include the leading effects which explicitly break the conformal symmetry
slightly. This slight breaking leads to the nAdS; geometry, which is described by
the Jackiw-Teitelboim theory [112, 113]

1 2 1
Iy —— 2 (R —) _ K, 1.85
JT 167G / /g R+ 72 871G Jyay VY Pray ( )

where ¢ is the dilaton with ¢,,, its boundary value and ¢ < ¢y. The equation of
motion for the dilaton, R + % = 0 fixes the metric to be AdSs. In 2-dimensions,

the Einstein tensor vanishes identically and Einstein’s equations become

1 2
T,Sf) = WGQ(VNVVSO — 9wV o+ gup) =0, (1.86)

a+yT+6(T24p?)

whose general solution is ¢ = P
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Now let us analyze the JT action. We solve only the dilaton equation, which gives
that the background is AdS;. We do not solve the Einstein equation (1.86), but
motivated by the general solution for ¢ above and also from (1.64), we impose the

boundary condition on ¢ as

(U
Qpbdy - SDT” 9 (187)

where ¢, (u) is finite at the boundary (as € — 0). Using the AdS; solution, the bulk
part of the JT action vanishes and I;r reduces to the Gibbons-Hawking bound-
ary action. We take the boundary to be given by (7(u),p(u)) and impose the
boundary conditions (1.83) on the metric and (1.87) on the dilaton, which gives

I = 87rG i duL “DT( K. Evaluating K, expanding in € and dropping the diver-
gent terms (as € — 0, Wthh can be done by adding a suitable counter-term), we get
from the O(e?) term

1

Iip — Igen, = e
2

/duapr(u)Sch(T(u),u) ; Sch(r(u),u) = -
(1.88)
We have worked out the details of this calculation in Appendix B.2. Thus the
leading correction which breaks the exact conformal symmetry slightly, achieved by
the taking the non-constant dilaton, is governed by the Schwarzian derivative action

for the reparametrizations.

The equation of motion obtained by varying the Schwarzian action Is., with respect

()]

For constant ¢, = ¢,, the Schwarzian equation of motion reduces to 2 (Sch(r(u), u))

to T(u) is

= 0. So for non-trivial functions 7(u) i.e. 7/ # 0, the Schwarzian equatlon of motion

becomes (Sch(r(u),u)) =0 giving Sch(7(u),u) = constant.

7(u)
5

T(u) = %”u gives a constant Schwarzian and thus is a solution to the Schwarzian

We take ¢, = @, to be constant and perform a transformation 7(u) = tan

equation of motion. It describes thermal AdSy with temperature T = l Evaluating

the Schwarzian action on this solution gives Is., = —272CT, with C = 8—‘% and

leads to the near-extremal correction to the entropy AS = 472CT.
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Coupling to matter and chaos

We couple the JT theory (i.e. the Schwarzian action) to matter and compute corre-
lation functions for the dual operators in the boundary theory. We see that the cor-

rection to the out of time order 4-point function shows chaotic behaviour [36, 37, 38].

Let us consider a massive scalar field coupled minimally to the JT theory (1.85),
I, = d%g [0,X0"x +m*x*] . (1.90)

Due to the minimal coupling, the dilaton equation is unchanged and gives the back-
ground to be AdS,. However, it modifies the Einstein’s equation (1.86) and thus
couples to gravity non-trivially :

IO +T0 =05 T = i — 24(0x)* — mi? (1.91)

Solving the equation of motion (V2 — m?)x = 0, which follows from (1.90), in the
AdS, background, the asymptotic behaviour of the solution is

1+ V1+4m2L?

2 9

X = pl_AXT(T) +oe A= (192)
where the non-normalizable mode x,.(7) acts as a source for the boundary operator

O, of dimension A. The onshell boundary action is

Xr(11)Xr (72) AL(A)
Iy = —co | dmdm2 222l =__— = 1.93
CO/ 7—1 7—2 ‘7—1_7—2’2A CO \/EF(A—%) ( )

This is a standard result for a 2-point function of an operator of conformal weight
A in a CFT, suggesting that the boundary theory has the full conformal symmetry.
However, 7 is the bulk time coordinate and we should be using the correct boundary
time w. Taking the boundary given by (7(u), p(u)) with p = er’, the asymptotic

behaviour of y is

X=e0x(w) +- 5 xe(w) =7(w)! A7) (1.94)
Then the onshell boundary action on the boundary given by (7(u), p(u)) is

()7 (ug) 14

I, = —co/duldm [(7_(“1) )’ X (u1) X (ug) | (1.95)

showing corrections to the 2-point function owing to the background being nearly-

AdS, with broken conformal symmetry. The boundary partition function to leading
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order in Gy is Z[x,| ~ e fo~Iscn=1Im

From the above analysis, we have I, ~ G5 ' and I,,, ~ A%? for large A. So as long
as A grows slower than G, 2/ 3, the backreaction of x is suppressed and the saddle
of Z[x,] i.e. the solution 7(u) is evaluated with the Schwarzian action alone. In the
strict Gy — 0 limit, the only non-zero connected correlator of the operator V' dual

to y is
()7 (u2) 14

(7(ur) = 7(uz))?

Now let us consider the gravitational loop corrections coming from 7(u). To com-

(V(ur)V (uz)) ~

(1.96)

pute these corrections, we recourse to perturbation theory by expanding around the
thermal saddle (with § = 2m)

7(u) = tan (%S(UU : (1.97)
which upon substitution in the Schwarzian action gives I$), = —< [ du(e”? —¢”) and

leads to

1 — uy| — 7)? ,
(e(uy)e(ug)) = e [_(|u1 u;] ) +(|ug —ug|—m) sin |u; —us|+a+b cos ’Ul—UQ|:|,
(1.98)

where a and b are constants®. With the perturbed 7(u) above, we get

T’(u1)7’<u2) A B 1
(7(u1) — T(Ug))2:| N W(

1+ Blur, us) + Clu, us) + 0(g3>) . (1.99)

where w1y = uy — ug, C(uy, us) ~ O(g?) and

Buy,uz) = A (e/<ul> + &/ (uz) - (5(“;;; if“”) - (1.100)

Expanding the exponential in the partition function Z|y,] and taking the expectation

value in the linearized Schwarzian theory ([ é‘?h), we get the generator of connected

2

8a=1+7 and b= 3 [36, 143].

)
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correlators, from the terms quadratic in ¢, as’

log(e™'m) = CO/dUldUQM[l + (C(u1,u2))]

(2sin %)m

2
@ Xr(ul)Xr(uQ)Xr(US)Xr(u4)
3 /duldu?dw"w4 (2sin 12)2A (2 sin 21)24 1+ (€, )

+<C(U3, U4)> + <B(U1,U2)B(U3,U4)>]
+0(G3) - (1.101)

With an anticipation of the chaotic behaviour, which is seen through an out-of-time-

order correlator of two operators at different times [127, 128], we consider coupling

two scalar fields x(! and x(® having the same mass to the JT theory. Then proceed-

ing with the same calculation as above, we get the generator of connected correlators
IR (1) @)y (Ui +12)2) ;

as log(e™™ ~'m') = (I)) + (Im’) + +—5=> +---. With V and W as operators

dual to y and y®, we compute the following 4-point function
(V () V (u2) W (ug) W (uq)) — (V(u1)V () (W (us) W (us))

V() V (uz) ) (W (us) W (us))
= (B(u1, u2) B(uz, ua)) - (1.102)

FV1V2W3W4 =

Using (1.100), we get

Frivawaws = A2 (€165} + (€14) + (eheh) + (ehel)

(= (st = feaehy) + (eash) + (2251

u12
tan 3

1
bt (= et + (e — (e + b)) (L109)
2
1

Ul us4
tan 5 tan 5

({e185) = (e124) = (eass) + {eaen)) ]

where €] = ¢’(uy), etc. Now let us first consider the ordering u; > uy > ug > uy for

the Euclidean times. Using (1.98) followed by a straightforward simplification gives

A? U12 U3y
Frvam: =—< —2)< —2). 1.104

VivaWsWa = 500 \tan 4 tan %3¢ ( )
Now let us consider a different ordering u; > ug > us > uy. For this ordering, the
only terms that are different in (1.103) than those for the ordering u; > ug > ug > uy

are the terms involving contractions of €(uy) and e(u3), and their derivatives. Then

9Z(xr] = e~ To—I5 ~Tm = (e7fm) oy = (1= I +-+-)(). The generating functional for connected

(135,)

correlators is Wx,] = —log Z[x,] = —1og(1 — In) () = (Im)(e) + 2% + - -.
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adding and subtracting these contractions between e(us) and e(us), we get

<€2€§>(32) - <€2€§>(23)

U1
tan >

/ _ ! —
_<5253>(32) (e5€3) (23) B (e263) (32) — (2€3)(29) , (1.105)

U34 [P U34
tan 5 tan 3 tan 5

Fowavaws = Fovawew, + A% | (ghe) 32) — (€5¢5) (23)

where the subscripts (23) and (32) denote the orderings us > wz and uz > ug

respectively. Then a straightforward simplification using (1.98) gives

A? psin(M2tuse)  gip (Watus) Ugs
Foiwsvaw, = Fuivewaw, +—[ 2 2 . (1.106
2

Now restoring the temperature by rescaling u; — =Fu;, continuing to the Lorentzian

B
time u = iu and choosing U, = a, 4y = 0, u3 = b+ u, Uy = @ such that % LUK

% log %, we get the out-of-time-order 4-point function

AQ 2m 5
Fv.w,vw, ~ 50 es, (1.107)

where a,b ~ 3. Thus, we see that the out-of-time-order correlator Fv.w,v,w, grows
exponentially at a rate %’T This is a chaotic behaviour with the Lyapunov exponent

AL = %” saturating the chaos bound [127, 128].

The description of nAdSs by the Schwarzian action and the saturation of the chaos
bound discussed above are also obtained in [37], with the effective action as the
Schwarzian coupled to a conformal quantum mechanics. Further, it is shown that

this effective action is that of a hydrodynamics, using the classification of [129].

1.3.3 The SYK model

The various aspects of nAdS, discussed above are related to parallel studies in the
Sachdev-Ye-Kitaev (SYK) model [10, 11], discussed more recently in e.g. [130, 131,
132] and related SYK /tensor models e.g. [133, 134, 135, 136, 137, 138, 139, 140, 141,
1412]. Here we state a few properties of the SYK model showing connections with
the nAdS; dynamics above. A detailed discussion on various aspects of the SYK

and tensor models is given in [143, 144].

The SYK model is a quantum mechanical model of interacting Majorana fermions

with the Hamiltonian H = Zﬁ\’;’k’lzl Jijklwiijkwl. Jijrr 1 an all-to-all random

coupling drawn from a Gaussian distribution with mean ¢ = 0 and variance o = %
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The generalization to g-body interaction has variance o o« —Zr. In the large N limit,
at low energies, the SYK model exhibits an emergent rep]\z;;gmetrization symmetry
t — f(t). This reparametrization symmetry is spontaneously broken by the vacuum
to SL(2,R). The deformation away from the strict IR breaks the reparmetrization
symmetry explicitly and is governed by the Schwarzian derivative action for #(u).
This symmetry breaking pattern with the appearance of the Schwarzian is similar to
that in the JT theory describing the nAdSy dynamics. The SYK model also shows
chaotic behaviour in parallel to the JT theory.






Chapter 2

Shear diffusion in hyperscaling

violating Lifshitz theories

Understanding hydrodynamic behaviour in the nonrelativistic gauge/gravity dual-
ities, which we briefly reviewed in Sec. 1.2, is of great interest: see e.g. [145, 146,
1AT7, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160] for previous and
recent investigations. In [161], we had studied the shear diffusion constant in certain
hyperscaling violating Lifshitz theories by obtaining it as the coefficient of the diffu-
sion equation satisfied by certain near horizon metric perturbations. This approach
in [161] to studying hydrodynamics and viscosity has been somewhat different, and
based on Kovtun, Son, Starinets [162]. They observed that metric perturbations
governing diffusive shear and charge modes in the near horizon region of the dual
black branes of relevance simplify allowing a systematic expansion. This results in a
diffusion equation for these shear modes on a stretched horizon, with universal be-
haviour for the diffusion constant, thereby leading to the viscosity bound [16]. This
is akin to the membrane paradigm [163] for black branes, the horizon exhibiting dif-
fusive properties. This approach is based simply on the fact that near horizon metric
perturbations lead to a diffusion equation: thus it does not rely on any holographic
duality per se. It is of course consistent with holographic results e.g. [164, 19] (see

e.g. [17] for a review of these aspects of hydrodynamics).

In [161], we adapted the membrane-paradigm-like analysis of [162] and studied the
shear diffusion constant in bulk (d + 1)-dimensional hyperscaling violating theories
(2.7) with z, 0 exponents. Specifically the diffusion of shear gravitational modes on
a stretched horizon is mapped to charge diffusion in an auxiliary theory obtained

by compactifying one of the d; = d — 1 boundary spatial dimensions exhibiting

33
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translation invariance. This gives a near horizon expansion for perturbations with
modifications involving z, 0. For generic exponents with d — z — 8 > —1, we found
the shear diffusion constant to be

D= ! ( in )Z“QTH (2.1)
Cd—z—0+4+1\d+z2z—-0-1 ' ’

i.e. power-law scaling with the temperature 7' ~ r§. Studying various special cases

motivated the guess

n_(d-z-0+1) ( 4 >2zz = 1 (2.2)
5 AT d+z—0—-1

suggesting that 7 has universal behaviour. The condition z < 2+ d; — 0 representing
this universal sector appears related to requiring standard quantization from the
point of view of holography. When the exponents satisfy d — z — 6 = —1, the
diffusion constant exhibits logarithmic behaviour, suggesting a breakdown of some
sort in this analysis. The exponents arising in null reductions of AdS plane waves
or highly boosted black branes [99, 101, 100] satisfy this condition, which can be
written as 2 = 2 + dsy.

The analysis above arose solely from perturbations in the metric sector. In the-
ories with a gauge field, the near-horizon diffusion equation analysis above must
be extended to also include the gauge field sector which mixes with some of the
metric perturbations. The resulting story is somewhat more intricate, both calcu-
lationally and conceptually, and is the subject of this chapter. To give a flavour of
this, it is worth describing the analysis above in a little more detail. Shear grav-
itational perturbations hg,, hy,, satisfy the diffusion equation in the near-horizon
region within certain approximations, as stated earlier: they are mapped to U(1)
gauge field modes A, A; upon compactifying the y-direction which enjoys transla-
tion invariance. Near horizon membrane currents can be appropriately defined in
terms of the field strengths for this gauge field A, = (A, A,), which then can be
shown to satisfy Fick’s law 7% = —D3, 7', which in turn using current conservation
leads to the diffusion equation 9,j' = DJ?jt, valid within a self-consistent set of
approximations imposed near horizon. In terms of the original linearized Einstein
equations for metric perturbations (without this y-compactification), the diffusion
equation stems from one of the Einstein equations, which is essentially a conserva-
tion equation schematically of the form 0, (0, (#hay)) ~ #0:(0,(F#hy)) where the #
are r-dependent factors. The other linearized Einstein equations are coupled second

order equations for hyy, hs,. In the case where the hyperscaling violating Lifshitz
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theory has a background gauge field A, it turns out that the h;, metric pertur-
bation mixes with the gauge field component a,. The resulting Einstein equations
along with the gauge field equation are coupled equations for hyy, hyy, a, (with the
other modes decoupling for modes respecting the y-compactification ansatz), and at

first sight they do not reveal any such diffusion-equation-type structure.

Towards understanding this better, it is important to note that the hyperscaling
violating Lifshitz black branes here are not charged black branes: the gauge field
and scalar here simply serve as sources that support the nonrelativistic metric as a
solution to the gravity theory. Using intuition from the fluid-gravity correspondence
[165], the fact that these are uncharged black branes means that the near-horizon
perturbations are effectively characterized simply by local temperature and velocity
fluctuations. Thus since charge cannot enter as an extra variable characterizing the
near-horizon region, the structure of the diffusion equation and the diffusion constant
should not be dramatically altered by the presence of the gauge field. In light of this
intuition, a closer look reveals that the relevant component of the Einstein equation
is of the form 0, (0, (#hay)) ~ #0:(0r(F#hty)) — Or(#a,). This naively suggests that
perhaps the correct field variable in terms of which the Einstein equation can be
recast as a diffusion equation is in fact ﬁty = hy — [ #a,dr. Analyzing this in
greater detail shows that this essential logic is consistent, and thereby leads to a
generalization of the analysis in [161] mapping shear diffusion to charge diffusion
after y-compactification. This results in the same expression for the shear diffusion

constant but obtained using the leading near-horizon expressions for izxy = hyy and

hiy = hyy — [ #a,dr.

In this chapter, which is based on [166], we analyze the shear diffusion constant
in hyperscaling violating Lifshitz spacetime with the metric perturbations coupled
to gauge field perturbations. In sec. 2.1, we briefly review the hyperscaling vio-
lating Lifshitz background as a solution to the Einstein-Maxwell-scalar action. In
sec. 2.2, we discuss the perturbations in the general hyperscaling violating Lifshitz
background incorporating the gauge field perturbations as well. We then describe
the various modifications in terms of the new field variables leading to the diffusion
equation and thereby the shear diffusion constant. Sec. 2.3 has a Discussion. The

Appendices A.1 and A.2 provide various technical details.
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2.1 Hyperscaling violating Lifshitz spacetime

Consider an Einstein-Maxwell-scalar action in (d + 1)-dimensions

1 1 Z()
- = | g — _ = My _ Z\*) MN
S 6r / \/—g [R 2(9M\118 U 0 FyunFMN 4 V(\p)] ,
Z(0) =M | V() = Voe Y, (2.3)

whose variations with respect to the fields gy;n, ¥ and Ay, give the field equations

V(¥)  Z(D)
d—1 2

1
Run — §8M\I’8N\If + 9uN <FMPFNP _ _gun F2> =0, (24)

2(d —1)
Vu(Z(@)F"Ny =0, (2.5)
oV (V)  10Z(D)
ov 4 OV

1
—,_—gaM(v —g9™N N V) +
where F2 = FMNFMN = gMPgNQFMNFNQ and FMPFNP = gPQFMpFNQ. These

equations admit a hyperscaling violating Lifshitz (hvLif) solution at a finite temper-

F?=0, (26)

ature given by

d82 _ T29/di ( . mdtQ + dr + Zzzl l'z)’ f(r) -1 _ (ToT)d+z_0_1 7

r2% r2f(r) 72
eV — VAL —0/di-1) (2.7)
af(r) —a(d; +z—0)
A= rditz—0 Iy = rditz—0+1 J
where
20/d;
= , Vo= dz—i—z—@ dz+z—9—1 5
1TV -0 - 0/di - 1) o= ! )
2(z —1 2 +2d; — 2
o L | )= 0/d; + 2d; 0 (2.8)
di +z2—0 \/Q(di—H)(z—G/di—l)

and our coordinates are such that » — 0 is the boundary and r = %, the horizon.
The temperature of the dual field theory (i.e. the Hawking temperature of the hvLif

black brane) is

(d+z—-60-1)
47

Here d; = d —1 is the boundary spatial dimension while d.;f = d; — 0 is the effective

T =

G - (2.9)

spatial dimension governing various properties of these theories, for instance the
entropy density s ~ T9%/5/%. The null energy conditions following from (2.7), for two

null vectors with one having components along (¢, r) directions and the other having
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components along (¢, x;) directions, constrain the exponents, giving
(d—=1-0)((d—=1)(z—1)—0) >0, (z—1D(d—-1+2z—-60)>0. (2.10)

The second null energy condition above naively suggests that d +2z — 0 —1 =0 is
allowed. However, the exponents satisfying d + z — ¢ — 1 = 0 are not physically
allowed as they do not correspond to stable hvLif black brane solutions. This can
be seen, for example, through the violation of positivity of the specific heat, which
requires % >0. Ford+z—-6—-1= 0, we get % = —% = —1 violating

the positivity of the specific heat. Thus the second null energy condition in (2.10)
implies z > 1 and d 4+ z — 0 — 1 > 0, giving a finite Hawking temperature (2.9).

2.2 Perturbations to hyperscaling violating space-
time

We turn on generalized gravitational, gauge field and scalar field perturbations
han(x®,r), ap(x® ) and (z® r) where 2% = (t,z;) for a = 0,1,...,d; denotes
all the boundary coordinates collectively. Later, we will make a certain gauge choice
(radial gauge) for the perturbations in order to simplify our calculations. At the

linearized level, the Einstein’s equations (2.4) are given by

1 1 Vv
R§\14)N = §aM\I’8N¢ + EaMwaN\I’ - E(hMN — guN YY)

A
+§ [QPQFMPfNQ + "9 fupFng — WP FypFag + /\wFMPFNP} (2.11)
1 1 1
—Z ZgMN(FPQfPQ — g hP FpgFap) + ghMNF2 + g)‘ngNFQ 7

where

1

R, = §[vvah§g + VpVauhh = VeVPhyn — VyVarh] ; 21
Jun = Onan — Onay ; h=g""hyy .

Similarly, the Maxwell’s equations (2.5) upto linearized order give

Vu(Z fMNY =V (Z WP YY) — Z(VMhNQ)FMQ

1
+§(th)Z FMN L XZ FM"Noup =0 . (2.13)
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Finally, the linearized scalar field equation is

1 MN 1 MN 1 MN 2
——0u(vV—g — ——0u(v/—g ) + = v
N
— T(zFMN fUN o gMPRNQ Ry v Fpg + M F?) =0 .

(2.14)

In the linearized field equations (2.11), (2.12), (2.13), (2.14), all indices are raised
with respect to the background metric (2.7). For the sake of simplicity our subse-
quent analysis will be for d = 3 (i.e. d; = 2) but we expect this procedure can be

generalized for higher dimensions.

2.2.1 Perturbations to hyperscaling violating spacetime in

4 dimensions (d = 3)

In the presence of a background gauge field, the perturbations in the metric sector
sy and hyy, couple to the perturbation to the background gauge field a,. In the radial
gauge (i.e. hy;, = 0) assuming perturbations of the form hyy = e 4Ry (1),

the coupled set of equations governing hy,, hyy and a, become

2
O, (r" fO,a,) + MTT?’*Z@ay — " %y — kO, (r*"hy) = 0, (2.15)
0, (r* 720, (r* ")) —

TZ+973
q(WTZ—thy + qu_ehty) _ k@ray = 0 , (216)

z+6-—3
0, (r = £0,(r* 0 hy)) + ———w(wr? Ry, + g hy) = 0, (2.17)
q@,,(r%ehxy) 4 §T2228r(7“29hty) _ k‘?TZGJrlCLy — 0, (218
where
2(z—1)
k=(2+z2—0 SR e 2.1
(2+2=0)a, a —"- (2.19)

Note that the last equation (2.18) is a constraint equation in  which we will even-

tually use to map to Fick’s Law. Now we will further assume that the solutions

q2

757z which we

to the perturbations h,,, hy, and a, can be expanded as a series in
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schematically write as

huy(t, z, 1) hgg) (t,x,r) hg) (t,x,r)
hay(t,z,r) | = hg(c(??(t,:c, r) |+ hg;ly)(t,x, T
ay(t,,7) ay) (t,,7) ay(t,z,7)

2
q
BAERY =0(m)' (2.20)

Subsequently we will show that this formalism is indeed consistent with the proposed
series ansatz. Compactifying the y-direction, the fields in the effective 3-dimensional

theory and the 4-dimensional hyperscaling violating theory are related as
At - 70270hty y -Ax = Tziehxy 5 X = Gy , guu = T972gw/ ) (221>

and

Fuw =0,A, —0,A,, Z =t e = Gyy = rf=2 (2.22)

where the indices p, v take values in (¢, z;, ) excluding y and g, is the 3-dimensional
metric. In terms of the fields defined above, (2.16), (2.17) and (2.18) take the form

/_§€4U§ttg1’xaxj—_'m + ar( /_§64U§rr§tt‘/—_%r) _ /_QGQJZFNGTX 7 (223)
V=96 G 0T+ 0,(V =3 Fra) = 0, (2.24)
gttat«/t‘tr + gmxaxeT = 672U§TTZFM81‘/X . (225)

The perturbation to the background gauge field a, becomes an effective scalar field

x in the lower dimensional theory whose equation of motion is given by
3+z—0
f

The equations (2.23), (2.24), (2.25) and (2.26) can be derived by compactifying (2.3)
along y and varying the effective lower dimensional action with respect A,, and x as
detailed in A.1. The field strengths also satisfy the Bianchi identity

R+ 4 0, (PO f D) — kFu =0 . (2.26)

8tfrx + athT - a7‘~F.tgc =0 ) (227)

which is a trivial relation in the higher dimensional theory.
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Like the case of gravity-scalar theory with no gauge field analyzed in [161], we could
define the horizon currents as 7 = n,F"’. However, unlike the case of gravity-
scalar theory where the Einstein’s equation corresponding to (2.18) with a, = 0
was mapped to Fick’s Law in the y-compactified theory, we do not observe such a
structure for (2.18). In the presence of a background gauge field, the behaviour of the
perturbations hy, and a, is expected to be different than that in the gravity-scalar
theory in [161] since even in the ¢ = I' = 0 sector, they are coupled. The equations

governing them follow from (2.15) and (2.16),
O, (r" = f0,a,) — k0, (r* °hyy) = 0, O, (r*0730,(r*°hyy)) — kdra, = 0 . (2.28)

From the expression for the diffusion constant (2.67) i.e. D ~ rg_l]é%fthwh (we will
derive this shortly), one might expect that the detailed solutions to (2.28) is required
to compute D. This is a system of two second-order coupled differential equations:
eliminating a, gives a 3rd order differential equation for h,, and likewise eliminating
hyy leads to a 3rd order equation for a,. Thus we have 3 independent solutions for
each of the functions h;, and a,. These solutions can be found explicitly but we
relegate discussing them in detail to Appendix A.2, since it turns out interestingly

that the diffusion analysis that follows does not depend in detail on them.

In this regard, it is important to note that the hyperscaling violating Lifshitz black
branes here are not charged: the gauge field and scalar here simply serve as sources
that support the nonrelativistic metric as a solution to the gravity theory. Using
intuition from the fluid-gravity correspondence [165], the fact that these are un-
charged black branes means that the near-horizon perturbations must effectively be
characterized simply by local temperature and velocity fluctuations. Charge cannot
enter as an extra variable characterizing the near-horizon region. Thus the struc-
ture of the diffusion equation and the diffusion constant should not be dramatically
altered by the presence of the gauge field, although the gauge field perturbation a,
is not “subleading” to the hy, perturbation in any sense, from (2.28), and also the

linearized Einstein equations (2.15)-(2.18).

Armed with this intuition, looking closer, we see that we can rearrange (2.18) to

write

G0, (r* P hyy,) + ?7“22_2&» (r2_9hty - k:/ ds 33_Z_ea,y> =0. (2.29)
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In terms of a new field variable
2 hy, = 0hy, — k/ ds s %a, | (2.30)
the above Einstein equation can be written as

g0, (r*"hyy) + ?r%—?ar(ﬁ—%y) ~0, (2.31)

which can now be mapped to a Fick’s law in the y-compactified theory with ap-
propriately defined horizon currents j*, as we will see in the following analysis. At
the boundary r = r. ~ 0, we impose the boundary conditions that these pertur-
bations vanish. This in turn motivates a redefinition to new field variables in the

y-compactified theory as

(2.32)

For the new gauge field variables A, and Az, we define the field strengths F.. and
Fir as (in radial gauge A=A, = 0)

Foo=Fu—kr* 7%, Fu=0A.—0, A, Fu=F.=0A . (233)

In terms of the newly defined field strengths, the Maxwell’s Equations (2.23)-(2.25),
Bianchi identity (2.27) and the equation of motion for x (2.26) become

~ TZ+9_3 _ r
O, (r* 3 F) — Tax <.7:tx - k/ ds 53_2_9836)() = 0, (239
—1—2z40 _ retos T ' 3—z—0 _
8T<T ffrz> f O | Fro — k ds s amX = 0, (235)

OFu—r>2f0,Fe = 0, (2.36)

O Fpg + 0uFyy — 0, Fw = 0, (2.37)
34+2—0

GT(TB_Z_efarX) o kQTB_Z_QX _ f

R+ 0Py —kFy = 0. (2.38)

Differentiating (2.36) w.r.t. ¢ we can eliminate F,, using the Bianchi Identity (2.37)

to get the following equation
O Fu + 172 fO,(—0u T + 0, F) = 0. (2.39)

In the the near horizon region approximating the thermal factor as f(r) = (24 z —
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9)% and parametrizing the frequency as w = —il" for some positive I' so that

the perturbations decay in time, (2.39) can be written as

q2 L r ~ Zq L _ r ~
1+(2+2— 9)7“32_2ﬁ T | i~ —(2+2—9)7“3Z_2ﬁ- 0, Fie - (2:40)
0 To
Assuming
1 2
n o L (2.41)
T S '

we differentiate both sides w.r.t. x and approximate (2.40) further

2,2:-2 L _

OpFrr = (24 2 — 0)q 7;92 . TOL OFw = €2+ 2—0)0,Fu (2.42)
)
where )
2 ==
c— %rgﬂ <1 (2.43)

T0

which is essentially implied by (2.41). In other words, we have
0 Fir < OrFra (2.44)
which in turn simplifies the Bianchi Identity to
OnFre = 0uFp + 0,F 0 ~ 0, T . (2.45)

Differentiating (2.35) w.r.t t we get

z4+6—3 r

e

7,2'-1-9—3 B
O (r’ = O, Fra) — T@f}}x +k

r

57770 920,x(s) ds =0 . (2.46)

Using the approximate Bianchi identity (2.45), to substitute for F,, and then multi-
plying throughout with —# we get a sourced wave equation for the field strength

ftx

0 Fro —V° (i - 7") Or ((l - T) &J}m) ~ k:/ 57570 020, x(s)ds ,  (2.47)

To To

where v is given by
v=02+4+z-0)rj . (2.48)

Likewise for the scalar equation of motion (2.38), using the approximation (2.41)

we can drop the term involving 9%y compared to the other terms: thus in the near
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horizon regime we obtain that in

b= (=)o (5 =)o) 525 (et (-7
(2.49)

the first term is sub-dominant than the third term by a factor of <« 1. Thus

 —

T

the leading order behaviour for the scalar field y can simply be estimated as

© o 2tz-0

—6 (0
0 R (2.50)

X
where the superscript (0) is the leading order behaviour of the field x at ¢ =T =0
since we have explicitly dropped the subleading derivative terms. Now, in the near
horizon regime, we can use (2.42) to find 9,x(?) ~ 0x.7:"t(79) ~ e@rft(f). Using this, we
can estimate the right hand side of (2.47) as

k/ Sg_z_e'afaxX(S)dS R k/ Tg+9_38t28mX ~ atQ/ € astta:dS ~ E'az?"%tw - (2.51)

What this means is that while the gauge field perturbation a, (or x) is not subleading
to hy, (or Ag), once we incorporate its effects in terms of the variable ﬁty (or ./th) the
remaining contributions are in fact subleading, as we see here in (2.51).

The above estimate implies that upto leading order, (2.47) is in fact a source free

wave equation whose ingoing solution is
- 1 1
‘/T-;fa::fl t+—10g — =T > (252)
14 Ty

. 1 .
(9t]:tx +v (— - T) a,,“/—';gx =0. (253)

To

which further implies

Using (2.45), we can write the above expression as a total derivative w.r.t. ¢, i.e.

. 1 .

o, (]—"t + y(— - r)]—"m) ~0. (2.54)
To

Imposing the boundary condition that the solutions decay as t — oo we end up with

the following relation

~ 1
ST P o5

To
We can derive this result alternatively arguing as follows. We look for an ingoing

condition

O H(t,r,x) = (0, + fr'20,)H(t,r,2) =0 (2.56)
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for a function H(t,r,x) defined as
H(t,r,z) =11 f0,(r* Phy,) , (2.57)

withu =t+r,andv =t—r,, forr, = [ dr%, being the outgoing and ingoing null
coordinates respectively. We have identified A, as the relevant perturbative mode

and we can write the newly defined field strengths in terms of hyy, hs, and a, as

5 B z+1-0
OFie = =17 w(Whyy + qhyy) Fro = 0.(r""hy,) = TTH . (2.58)
From (2.35), we have
Tz+073 5 r
0.H = 7 Oi(Frw — k / ds s**7%0,a,) . (2.59)

From (2.51) cancelling the 9? = I'? factor throughout, it follows that
k/ ds 53*2*9&,0% ~ eFpn . (2.60)

Substituting this equation in (2.59), we get

TZ+9_3 N
0H ~ P (2.61)

Since the shear mode is ingoing, we expect on physical grounds that the function H

defined in terms of h,, in (2.57) satisfies the ingoing condition (2.56) : this gives
O.H = —r’29,F,, . (2.62)

(In the above equations, we have used the y-compactified variables and higher di-
mensional ones in the same equations, with the understanding that they are inter-
changeable from the context.) Equating the two expressions for 9, H above and using
the near horizon approximation for f(r) ~ (24 z — 9)1/11;%, we recover (2.55). This

vindicates our intuition on using the flt, flx field variables to obtain the diffusion

equation here with the gauge field.

We define the currents in the new tilde variables as

Jrrt
gtt V grr 7

f?"$
g$$ Vv g?"?” 7

=, FT = Gt =n, Ft = (2.63)

since as we have seen, these /L variables play the role here of the variables A, in
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gravity-scalar theory in [161] (it would be interesting to find appropriate modifica-
tions of the prescriptions in [167] here). At this point we make another assumption

for the A,;, A, variables, namely

This implies
Fro = —0p Ay . (2.65)
We can now formulate Fick’s Law i.e. j* = —Dd,;j* on the stretched horizon and

calculate the diffusion constant as

v _@ Frz N—Tz_l ft:p
aa:jt gzm a’rfrt 0 axfrt 7

(2.66)

where we have used (2.55) to write the third equality. Using (2.65), the diffusion

constant at leading order is given by

LA

rt
reT]

D =1t , (2.67)

where 7, is the location of the stretched horizon, and the prefactor arises from the

metric components.

2.2.1.1 Shear diffusion constant: z <4 —0

Making an ansatz of the form (2.20) naturally implies such a series expansion ansatz

for the fields A,;, A, and y in the y-compactified theory.

At,z,7) A0 (t,z,7) AN,z 7)
Aut,zr) | = | A Gz ) | + | AP Gz [+
x(t,z,7) X O, z,r) xO(t, z,r)
ANt x,7)
2
~(1 - q
xO(t, x,7)

The ¢ = T" = 0 sector of (2.34) which is

O (r* 30, A4,) =0, (2.69)
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gives us an expression for the leading solution of A,

At z,r)=C e””q“/ dr. r3770 (2.70)

where C' is an arbitrary constant. When 4 — 2z — 6 > 0 the leading solution AEO) has

a power-law behaviour

A0t z,r) = e_rt+iqx—(4 _(j_ 9)7’4_2_9 (2.71)
It is expected that close to the boundary i.e. near r ~ r, the hyperscaling violating
phase breaks down and we require ror. < 1. The analogous statement for the
boundary field theory will be to assume that the temperature is sufficiently below
the UV cut-off. Thus, the condition z < 4 — 6 arises from the boundary condition

that ,Z(SJ) —0asr—0.

Substituting AS’) in (2.26), the particular solution to the inhomogeneous equation
(at ¢ =0, w =0) for x is
YO =_= (2.72)

Substituting x(® = al(/o) = —C/k in (2.30), and considering only the leading order
terms we get

- C »

Thus, we see that although hy, = r?~* does not satisfy the linearized equations
(2.15)-(2.18) at ¢ = 0, w = 0, the 72~ fall-off appears in the expression for Bty which
is indeed the relevant perturbative mode that should be considered. We see that
hy = —S—r>* and a, = —£ indeed satisfy the linearized equations (2.34)-(2.38)

4—z—0
at ¢ = 0, w = 0. Note that this implies that the solutions of interest here in the
original variables are hgg) =0 and aéo) = —%, as can be seen from the form of ﬁty.

Thus the solutions of relevance arise entirely from the leading solution to the gauge
field perturbation. It is important to note that the solution ag’) = const does not
change the asymptotic boundary conditions on the background being hyperscaling

violating Lifshitz.

The leading solution for A, i.e. A can be determined by plugging in the series
ansatz for A, and A, in (2.35). The leading order equation is given by

i ,,62z72

- 8, A (2.74)

9, A =
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Integrating the above and using (2.71) we obtain an expression for ALY as

©) i Ce—Ft+iq:c

= log(1 — 2+z=0y 2.75
A = s gy el = () (2.75)

From (2.70) and the solution derived above, we see that the assumption (2.64) is

essentially
Ir? 29 (1/70)
—p22 g (—) <1. 2.76
q2 0 g (1/7"0) — ( )
Using % ~ — and noting that the temperature 7" ~ r§, we can recast this condition
To
" : (1/r0)
q To
4 (—) <1. 2.77
T2 % \(1/ro) — ra (2.77)

Physically the above assumption means that we cannot push the stretched horizon

located at 7, exponentially close to the horizon %

Using (2.71) we can now evaluate the shear diffusion constant on the stretched

horizon for the hyperscaling violating theory with 4 — 2 — 6 > 0 as

1 z—2
(A—z—0)r, 4—z—0

>

I
St
l

+0(¢%) . (2.78)

The solution for A,EO) is evaluated at the stretched horizon r,: however ry, ~ %—1—0((]2)
so to leading order D is evaluated at the horizon % It is interesting that the effect
of the hyperscaling violating exponent # cancels in the final expression for D which
is essentially the ratio of A, to a field strength F,; both of which has non-trivial

f-dependence.

Using the expression (2.9) we can express the diffusion constant in terms of the

temperature as
z=2

1 47T z z—2
D: TZ 2
4—z—6<2+z—9> (2.79)

which is identical to the one obtained in [161] i.e. (2.1) for the case without the gauge

field, for d; = 2 boundary spatial dimensions. As discussed there, for pure AdS when

z =1, 8 =0, we recover the standard relation D = # which further implies 7 = ﬁ.

Likewise for all theories with z = 1, it can be seen that 6 cancels from the prefactors
in D which becomes D = 47+T . This is in accord with the known behaviour [162] of
e.g. nonconformal Dp-branes whose dimensional reduction on the transverse sphere
S8P gives rise to hyperscaling violating theories with z = 1, § # 0 [39]: it would
seem reasonable to expect that the sphere should not affect long-wavelength diffusive

properties.
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2.2.1.2 Shear diffusion constant: z =4 —0

Now, we focus on the family of hyperscaling violating solutions where z = 4 — 6.
In this case, from (2.70) it follows that the leading solution of 4, has logarithmic

behaviour

AEO) — (e Tttige log r 7 z2=4—0 . (2.80)
r

&
Working further, we can evaluate the diffusion constant upto leading order from

(2.67) as

1
D =r;?log o (2.81)

This implies that in the low temperature limit as ry — 0, the diffusion constant
vanishes if z > 2. The new condition on the exponents z and €, namely z < 4 — 0

appears to be a new constraint which is separate from the null energy conditions
2-0)2(z—1)—6)>0, (z—1)(24+2—-60)>0. (2.82)

The regime of validity for this analysis (equivalently, the “thickness” of the stretched

horizon) gets modified in this special case to

T2 1 e A S N |
exp (— L) <KX T2/ log o (2.83)
However, since we are manifestly in the hydrodynamic regime, it means r., < %
implying logro% > 1. This does not over-constrain the window of the stretched
horizon: however the subleading terms contain the logarithmic piece affecting the

validity of the series expansion.

The logarithmic scaling necessitates the presence of the UV scale r. appearing in the
diffusion constant in the hydrodynamic description which is manifestly a description
at long wavelengths. However from our discussion, it is clear that this is due to
the two fall-offs for A, coinciding when z = 4 — @: this leads to the second solution
being logarithmic and thence to the scaling above in D. Recall that the parameters
z and 6 are related precisely in this way when the hyperscaling violating theory is
constructed from the 2" -reduction of AdS plane waves (or highly boosted AdSs black
branes), as well as nonconformal Dp-brane plane waves, as discussed in [161]. (The
zero temperature AdS plane waves are structurally similar to the null deformations
appearing in the string realizations [92, 93] of z = 2 Lifshitz theories, except that the
null deformation is normalizable.) As outlined in [161], to gain more insight into the
diffusion behaviour, it might be interesting to understand the null reduction of the

boosted black brane and its hydrodynamics in greater detail. This might be similar
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in spirit to nonconformal brane hydrodynamics arising under dimensional reduction
of the hydrodynamics of black branes in M-theory [168, 169], although the details
are likely to be interestingly different of course. It is also worth noting that in the
higher dimensional description, these D-brane plane waves are dual to excited states
in the field theory which correspond to anisotropic phases in the boosted frame:
the corresponding anisotropic hydrodynamics might be interesting as well (see e.g.
(170, 171, 172, 173, 174, 175, 176, 177] for previous studies of anisotropic systems

and shear viscosity, and e.g. [178] for a review of the viscosity bound and violations).

2.2.2 Subleading terms for z <4 — 0

In this section we will estimate the subleading terms as proposed in (2.68) and
explicitly show that flgl), A and XM (infact all the other terms following it) are
subleading compared to the leading order values Aﬁo), AY and X respectively.

Estimate for A,E”

Substituting the series for A" from (2.68) in (2.34), we get

B B z+0-3 ~ r
00 A 0, A 4 ) 0 (fff)—k / dss3‘z—96mx<°)+~--> =0.
(2.84)

The leading term in the above equation is 87»(7“”9’38“21%0)) = 0, which is consistent

Te

with (2.71). O(g?) terms in the above equation give

z4+60—3

S

r

ar(rz-&-H—SarAEl)) _

a, (atAgD - &CZLEO)) ~0. (2.85)

Here we have neglected k f: ds s37*700,x since k f: ds s3 00,0 <« FV using
the arguments in e.g. (2.50), (2.51). Then

. 1 1/rg 2 /10 \2\ +00
O, AN ~ = [ 21 log? [ —10 ) 2.86
A o 4708 1/rg—r + r2E=1) ©8 1/rog—r A (2.86)

0

Using the estimate % ~ #, we can write

¢’ T q" 2 o 1(0)
] S s’ | 1 = . A (2.87)
0

B, AN ~ g
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Integrating the above equation,

2

A~ —(1 —ror) [qu (1 +log ( ) (2.88)
+qu/z< 1+ log <,}OL— 7") + log? (%))}Ago) ’

which implies /{EI) < /150).

Estimate for A!"
Substituting the series ansatz for A, i.e (2.68) in (2.35) gives

il 22

q f

0, A + 0, AD + 0, A" + 0, AN 4 (2.89)
The leading terms have been derived in (2.75), so we will focus on O(g?) terms which

gives us the equation
il r?2 (1)

AL = ETaTAt : (2.90)
which give
A~ (o () ot () T o
Using A ~ @ log (1/1r/(:3r> A
A ~ [Tq;/z log (1 /zri r> * Tq44/z log” (UZ—Tir)]AéO) ’ (2:92)

which implies P« AD.

Estimate for y"

Finally, substituting the series ansatz for y i.e (2.68) in (2.38), we get

p3+a—
O, (r =0 F(OX'D + 09X W) = K250 (D 4 x W) - 7 ((92 O+ 97 W) +

= kO, (A" + AV )
(2.93)
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Writing down (2.38) collecting all O(g?) terms give
34+2z—0
T 120 4y AN

8r(r5_z_9farx(l)) - kQTg_Z_GX(l) (294)

To see that (! is subleading compared to x(©) quickly, let us focus on the first term

on both sides of the above equation near the horizon;

1 7t 1

o (ro(L o)~ L1 o 295
\ro 3 ro(% —7) ( )

where we have used % ~ r;iz. Integrating twice, we get
0

(2.96)

Using (2.77), the above expression shows that () < x(?). This succinct order of
magnitude analysis for the subleading nature of x(!) can be substantiated through a
more detailed analysis as follows. In the near horizon region, (2.94) simplifies to

&((% — 7’) @X(l)) —2(z — 1)7’0)((1)

7"4_2_9 -1 7,0—2—3
=0 ko AN + 0 r2y© | . (2.97)
2+z-90 (2+z—6)7‘0<%—r)

The Green’s function for the above equation is effectively the function G(r,s) that

satisfies the equation

0, ((l - r) 8,G(r, s)) — 2z —1)ro - G(r,8) = 8(r — s) .

To

(2.98)

The inhomogeneous solution to the Green’s function is given by

Gin(r,s) =20(r — s) [10(2\/2(2 — 1T —7rgs) - KO(Z\/MM)
—Ko(2v/2(z — VT —708) - Io(2v/2(z — DVT—7r0r) ] . (2.99)

Correspondingly the inhomogeneous solution to x* is given by

1/70 4—z—0 5 0—2—3
xW = / ds - Gip(r, s) - o ko, AN 4 fo O
0 24210 (2—1—2—9)7‘0(%—7‘)
(2.100)
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where Iy and K, are modified Bessel functions of the first and second kind respec-
tively. Since we are interested only in the near-horizon behaviour for x(!). Instead
of explicitly performing the integral exactly and then taking the limit r — %, we
will instead approximate the integrand close to % Upto leading order the modified

Bessel functions Iy and K near x ~ ( are given by
In(x) =~ 1, K~ —logz +1log2 — 1, (2.101)

where ~ is the Euler constant. Close to the horizon, we can hence approximate the

inhomogeneous part of the Green’s function as

Gin(r,8) = O(r — 5) log (1 - TOS) . (2.102)

1—rgr

Hence x(!) can be simplified using the above approximation along with (2.87)

% 7,,47z70 B TH*Z*?)
O = [ dsGin(rys) =0 | k8,4 + 0 2 ©
0 2+z—0 (2—1—2—9)7“0(%—3)
o 1—1ps q> L
T . — 10 0
/0 dsO(r — s)log <1 — r0r> [T[)(T?/Z log <% - 8) (2.103)
4 1 = 4
q 9 o ~(0)} 0 B (1 — 7’03) q 1 0)
+_T4/Z log <% —s))At +/O ds©(r — s)log T ror T4/Z%—5X .

The above integral can be divided into two parts. One ranging from 0 to r and
another from r to % The Heaviside Theta function is non-zero for » > s only. So,
the upper bound in the above integral can simply be replaced with r instead of 1/ry.
Simplifying and performing the integral over s we get,

2

Y ~ [7%/2{(1 —ror) — (1 —ror) log(1 — ror) + (1 — ror) log2(1 — 7"07")}

q4

T4/z
+(1 = ror)log*(1 — 7"07“)}].[1%0) +

+ { — (1 —7rr) + (1 —ror)log(1 — ror) — (1 — ror) log?(1 — ror)

q4

w7z 10g?(1 —ror @ < X (2.104)

If we now use the two assumptions mentioned earlier i.e (2.41), (2.77) we explicitly
see that Y <« x(© thus demonstrating that all subsequent terms in the series are

smaller than the leading piece.
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Estimate for hg)

Note that in (2.20) we proposed the series expansion for the modes hy,, hy, and a,.

From the definition of &, and the series ansatze (2.20), (2.68), we can write

h§2)+h§§,)+~- = (ﬁ£2)+k7’02/ ds s3zeaéo))+(f~zg)+kr92/ ds 53’Z’€a(yl)>+
(2.105)
From (2.88) and (2.104), we have
h%) = ﬁg) + kr92/ ds s Z’eaz(f) ~ O(TqQ/Z)iNl(O) (2.106)
Using
B~ L S (2.107
ty T2/z ty > y T2/z Ay :
we see that
hg) B iLg) + krf—2 f: ds 33_2_(’&352) ¢
[CO AN 6—2 [T 0,0 " (T2/2> <l (2.108)
hy,  hy, + kro- frc ds s3=*%ay

Thus we see that the mode Ay, also admits a series expansion in the parameter -

in the near-horizon region. This is of course expected from the self-consistent series

expansions of Ay, hay, a,.

2.2.2.1 Subleading terms for z =4 — ¢

In this case, from the solutions of A, (2.80) and A, (2.75) we get,

AP 1 rlog(get)
o~ 560 (2.109)
A 2670 g log(0-)
Imposing (2.64) then implies
/To
112 log(p%
(=) <1. (2.110)

T(Z)(z—l) q> log(mr)

We can obtain an estimate for D in this case from the diffusion equation which is

g ~ TQ/Z - log(mr ). Thus, the assumptions in this special case gets modified to

(2.83). The subleading term for A, now is given by

¢ m q' m 1 7(0)
T Gl R Ve log* | - ~ | log (WC) A (2111
To To
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Note that ror. < 1 implies that log(m%r) is large which means that the O(g*) term
need not be small even if we are working withing the hydrodynamic regime i.e.

Tq2—2/z < 1, suggesting a breakdown of the series expansion. The expression for the

the subleading part of y i.e. ") also changes to

Y ~ ([Tqu/z{(l —ror) — (1 = ror) log(1 — ror) + (1 — ror) log*(1 — 7“07’)}

+qux/,z{ — (1 —=ror) + (1 = ror) log(1 = ror) — (1 — ror) log*(1 — ror)
1 ~
+(1 — ror) log*(1 — ror)} log ( )]AS))
ToTc
+_q4 10g2(1 — TOT) 1Og2 ( 1 >X(O)> < X(O) . (2112)
T4/Z ToTe

From the preceding argument, we see again that the O(g*) term can be arbitrarily

large hinting at a breakdown of the series expansion.

Estimate for hg)

In the case when z = 4 — 6 (2.105) takes the form

Yy

- "d ~ "d
hiy +hyy) 4o = <h§2)+kr2‘z/ —Sa(°)>+(h§;)+kr2—2/ —Sa(1)>+--- . (2.113)
re S re S
The above further implies that

Y

~ "d
hiy = hiy) + kr?~? / Zam

s
4
q 1 1/ro o ( 1/r0 = (0)
ST Lo () g (1))
T4/Z( ror) log ('r’orc) ( +log Lrg—r tlog Lrg—r ty
4
q 2<1) 2( 1/ro ><0)
— (1 — 1 1 —_— . 2.114
+T4/Z( ror) log Tore ©8 1rg—r X ( )

T2/7-1
assumptions (2.83) implies that hgj) may not be subleading compared to hﬁg) thus

The above estimate is written using the estimate & ~ —%—1log(-%-). Further, the
q ToTc

suggesting a breakdown of some sort in this analysis.

2.3 Discussion

In this chapter, we have explored in greater detail our investigations of shear dif-
fusion in nonrelativistic hyperscaling violating Lifshitz theories [161], adapting the

membrane-paradigm-like analysis [162] of near horizon perturbations. In theories
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where a gauge field is present as a source for the nonrelativistic metric (along with
a scalar), some of the metric perturbations hy,, h,, mix with some of the gauge
field perturbations a,. Since these are uncharged black branes, the near-horizon re-
gion should still be characterized by simply temperature and velocity variables, and
charge cannot enter. Thus we expect that the gauge field cannot dramatically alter
the structure of the near horizon diffusion equation found in [161] without the gauge
field. Our analysis in this chapter vindicates this: we find a similar near-horizon
analysis can be obtained resulting in a diffusion equation for new field variables
Py = hay and hy, = hy, — 17772 frz s37*%a,ds (for 4 bulk dimensions). Then, as in
[161], for 2 < 4 — #, we obtain universal behaviour for the shear diffusion constant,
suggesting that the viscosity bound ? = ﬁ holds. The regime z > 4 — € includes
e.g. hyperscaling violating theories arising from the dimensional reduction of e.g.
D6-branes (giving d; = 6,z = 1,0 = 9) which do not admit a good gauge/gravity
duality (ill-defined asymptotics with gravity not decoupling): however it might be
interesting to find and understand reasonable holographic theories whose exponents
lie in this window. For z = 4 — 6, we find logarithmic behaviour as found previously.
The hyperscaling violating Lifshitz theories arising from AdS plane waves (highly
boosted black branes) as well as nonconformal brane plane waves [99, 101, 103], fall
in this category: this suggests that a null reduction of the hydrodynamics of the
boosted black brane might need a closer study to realize this in detail, as we have

described. It would be interesting to explore this further.

We have seen the condition z < 2+ d; — 6 (or z < 4 — 6 here, for bulk 4-dims)
arising naturally from the perturbations falling off asymptotically (2.70) in our case.
We implicitly regard hyperscaling violating theories as infrared phases arising from
e.g. string realizations in the ultraviolet: however the window z < 2 + d; — 0 en-
sures that the ultraviolet structure is essentially unimportant, the diffusion constant
arising solely from the near horizon long-wavelength modes. This still needs to
be reconciled with a clear holographic calculation: however some preliminary re-
marks are as follows. We have seen that the fzty mode has asymptotic fall-offs
r9=2(h_ + ...) 4 r**(hy + ...) in bulk 4-dimensions. For z < 4 — @, the domi-
nant mode near the boundary r» — r, ~ 0 is 7=2 which is slower, leading to fixed
h_ boundary conditions relevant for standard quantization (h_ taken as source).
This is the sector that is continuously connected to AdS-like relativistic theories
(z = 1,0 = 0), as our perturbation analysis suggests. With the conformal dimen-
sions satisfying A + A, =24 2z — 6 [39] (see also [96, 15]), the momentum density
operator P’ has dimension 3 — 6: so taking A, = 3 — 0 gives A_ = z — 1 and

A_ < A, implies z < 4 — 0. In a reasonable theory where this is violated, it
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would seem that the analog of alternative quantization [179] is at work, with fixed
h. boundary conditions. In this light, z = 4 — @ is the case where the two fall-offs
coincide with A_ = A, and a logarithmic second solution will arise suggesting
logarithmic behaviour in the correlation function as well. This is the case for AdS

plane waves (or highly boosted black branes): this may be interesting to explore.

It is worth putting the analysis here leading to (2.1), (2.79), in perspective with the
calculation of viscosity via the Kubo formula n = —lim,,_,q %Imewy(w), with GF

the retarded Green’s function [19], assuming T;; ~ n(d;v; + ...) in the dual field

theory. The hy perturbation is modeled holographically as a massless scalar leading

to the (7;,T,,) holographic correlation function (see e.g. [145, 150, 151, 154] for var-

ious subfamilies in (2.7)). For instance from [154], the appropriate zero momentum

k = 0 solutions to the scalar wave equation eventually lead to G = —i = B4 di=6
Tho

and thereby 7: here the metric (2.7) is written as ds? = R?(-2)2/% (— f(r) 4 4..),

Thov
retaining explicitly the dimensionful factors R and the scale 75, inherent in these

theories [39]. Likewise the horizon area gives the entropy density s = ﬁf}:v g"_g
which leads to 1 = ﬁ in agreement with our analysis. (We have seen that 6 dis-

appears from the temperature dependence of D in (2.1): this is consistent with e.g.
cases where the hyperscaling violating phase arises from string constructions such

as nonconformal branes which are known to have universal Z behaviour.)

In light of the above, note that the Kubo analysis stemming from a zero frequency
w — 0 limit for the hy mode alone, does not appear to give any insight into where a
condition like z < 2 4+ d; — # could arise from. On the other hand, our analysis here
and in [161] in terms of the near-horizon perturbations involves the h, perturbation
as well (as in [162]), which is coupled at nonzero w to hj, and leads to the diffusion
equation. The hy, mode (or hy, here) exhibits this nontrivial behaviour where the
normalizable mode can turn around depending on the exponents z, #, the critical con-
dition being the family z = 2+ d; — 6 where the two modes coincide. This condition
is trivially satisfied for all relativistic theories of interest, with z =1, 8 = 0, so the
Kubo limit is in perfect agreement with the near horizon diffusion analysis. However
in the present nonrelativistic cases, the near horizon perturbations analysis appears
to exhibit more structure. It would seem that the structure of these perturbations
is straightforward and simply involves analysing gravitational perturbations, not
requiring detailed understanding of the holographic dictionary in this case. There-
fore assuming that this is reliable, our analysis suggests that the Kubo limit might
need to be understood better in theories where z < 2 + d; — 6 is violated. In the
case with a gauge field, the field variable iLty which exhibits this behaviour naively

suggests that perhaps a new energy-momentum tensor variable TW involving some
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linear combination of 7, and the current density j, is the relevant hydrodynamic
observable that systematically encodes the thermodynamic/hydrodynamic relations
between the expansion of the energy-momentum tensor, the shear viscosity n and

the diffusion constant D. It would be interesting to explore these issues further.

It is worth mentioning that the analysis of correlation functions and the Kubo for-
mula for computing the shear viscosity was done in a subsequent paper [180]. The
authors study the spectrum of quasi-normal modes of shear gravitational perturba-
tions in hvLif black branes. The lowest quasi-normal modes give a dispersion relation
from which the shear diffusion constant is obtained. This shear diffusion constant

is consistent with our results in this chapter (and [161]). Further, they compute the
1
ar

for z < 24 d; — 0. This includes the special case z = 2 4+ d; — 0, where though D

(IpyT,y) correlation function and then using the Kubo formula for 7 obtain 1 =

scales logarithmically, ? saturates the viscosity bound.






Chapter 3

AdSo dilaton-gravity from
reductions of some nonrelativistic

theories

AdSs throats arise quite generally in the near horizon regions of extremal black
holes and black branes, where other fields acquire near constant “attractor” values.
This attractor mechanism, first discussed in [181] for BPS black holes in N' = 2
theories, arises from extremality rather than supersymmetry, as studied in [182],
[183]. In the last several years, this has been ubiquitous in the context of nonrela-
tivistic generalizations of holography: a nice review is [22]. A large family of such
theories is obtained by considering Einstein-Maxwell-scalar theories with a nega-
tive cosmological constant and potential: the U(1) gauge field and scalar serve to
support the nonrelativistic background, typically of the form of a Lifshitz, or hy-
perscaling violating (conformally Lifshitz) theory. The duals to the bulk uncharged
black branes in these hvLif theories capture many features of finite density con-
densed matter-like systems. Towards studying extremal black branes, we note that
charge can be added to these theories by adding an additional U(1) gauge field,
as discussed in e.g. [184], [185], [186]. Now at extremality, the infrared region ap-
proaches an AdSy x X throat, with X typically of the form of an extended trans-
verse plane R?. The discussion of AdS, holography in sec. 1.3 now applies upon
compactifying X taken as e.g. a torus 7. This was in fact the broad context for
[35]: other recent discussions of reduction from higher dimensional theories appear
in e.g. [114, 115, 116, 117, 118, 119, 120, 121, 123, 124]; see also [122].

29
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Towards studying such AdS; theories arising in this nonrelativistic context, we study
effective gravity theories of the above form, with two U(1) gauge fields and a scalar
field ¥ with a negative cosmological constant and potential. We focus for concrete-
ness on the charged hyperscaling violating Lifshitz black branes in 4-dimensions
described in [185]. In the extremal limit, the near horizon geometry of these charged
hyperscaling violating Lifshitz black branes becomes AdS; x R2.  These charged
hyperscaling violating Lifshitz attractors arise for certain regimes of the Lifshitz z
and hyperscaling violating 6 exponents allowed by the energy conditions, with the
additional requirement that the theory exhibits hvLif boundary conditions in the
ultraviolet: these are perhaps best regarded as intermediate infrared phases them-
selves in some bigger phase diagram. Then compactifying the two spatial directions
as a torus T2, we dimensionally reduce this charged hvLif extremal black brane to
obtain a 2-dimensional dilaton-gravity-matter theory. This theory is equivalent to
gravity with a dilaton ® and an additional scalar ¥ that descends from the hvLif
scalar in the higher dimensional theory, along with an interaction potential U(®, ¥).
The interaction potential raises the question of whether the extra scalar destabilizes
the AdS, regime, possibly in some region of parameter space. Towards understand-
ing this, we study small fluctuations about the extremal AdS; background in these
theories and argue that these are in fact stable, the stability stemming from the
restrictions imposed on z,6 stated above from energy conditions and asymptotic
boundary conditions. Studying the action for small fluctuations up to quadratic
order, it can be seen that the leading corrections to AdS; arise at linear order in 6®
leading again to a Schwarzian derivative action from the Gibbons-Hawking term, al-
though there are subleading coupled quadratic corrections (sec. 3.2). The coefficient
of the Schwarzian is proportional to the entropy of the compactified extremal black
branes, which being the number of microstates of the background is akin to a central
charge of the effective theory. In sec.3.1.1, we first describe in detail the simpler case
of the relativistic black brane, which has z = 1,6 = 0, arising in Einstein-Maxwell
theory, the extra scalar being absent: at leading order this shows how the Jackiw-
Teitelboim theory [112; 113] arises, with subleading terms at quadratic order. We
finally study in sec. 3.3 a null reduction of the charged relativistic black brane: this
results in charged hvLif black brane backgrounds with specific exponents, but with
an extra scalar background profile (for the uncharged case, these coincide with [99]).
Sec. 3.4 contains a brief Discussion and Appendices B.1, B.2 and B.3 contain some

technical details.
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3.1 Einstein-Maxwell theory in 4-dimensions

Einstein-Maxwell theory with a negative cosmological constant is a useful playground
for various interesting physics: see e.g. [22] for a review. We focus on 4-dimensions
for simplicity: as a consistent truncation of M-theory on appropriate 7-manifolds,
the bulk gauge field can be taken as the dual to the U(1)g current. The action is

1 1
S = / diz/—g® { <R<4> - 2A> — ZFMNFMN] : (3.1)

167TG4

where A = —3 is the cosmological constant in 4-dimensions. The field equations are

7zS\A/II)N — Agun — 87TG4<FMPFNP — gMTNF2) =0, 8M(\/—gFMN) =0. (3_2)

These equations have both electrically and magnetically charged black branes as

solutions.

Magnetic branes: These are slightly simpler and we discuss them first, mostly re-

viewing discussions already in the literature. The metric and field strength [187]

are

dr?

ds* = —r*f(r)dt* + 20

42 (da? + dy?), Fr)=1- <@>3+Q_%1<1_L>’

r rd To

ny = Qm 5 (33)

where @), is related to the magnetic charge of the black brane, r is the location
of the horizon and r — oo is the boundary. In the extremal limit, the Hawking
temperature vanishes, fixing the horizon location in relation to the charge,

3o ( Qz,

T=22 _—): 2 —3rd. A
47T 37’3 0 — Qm 3TO (3)

The near horizon geometry of the magnetic black brane becomes AdS, x R2,

dr? 6
ds* = —rj f(r)dt* + — +ra(de? + dy?) F()rore = —(r —10)* . (3.5)
5 f(r) o

We compactify the two spatial dimensions z* as T2 and dimensionally reducing with

an ansatz for the metric

ds* = gfﬁ)daz“dw” + O (da* + dy?) (3.6)
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with g,(fy) and ® being independent of the compact coordinates z,y € T?. The action

(3.1) for the magnetic black brane solution then reduces to

1 Q2
= A2/ —g@ |®*RP) — 2AP? — X 4 25 PO D 3.7
167rG2/ VI [ R sp2 T 20uP0 (3.7)

where Gy = G4/V; is the dimensionless Newton constant in 2-dimensions. A Weyl
transformation g,, = <I>g£2,,) absorbs the kinetic term for the dilaton ® in the Ricci

scalar giving

/de\/_(@R 2Aq>—@) =2 /de\/—_g(CDQR—U((I))).

167TG2 203 167TG2
(3.8)
The equations of motion from this action (see e.g. Appendix B.3) are
Q3 ou
=2AP —— =
U(P) = + 505 R 552 0,
g V22—V, V, 02+ 2 @) =0.  (3.9)

2

This 2-dimensional dilaton-gravity theory admits AdSs as a solution with a constant
dilaton. This constant dilaton, AdSs solution is just the near horizon AdS; geometry
of the extremal magnetic black brane in 4-dimensions (which asymptotically, as
r — 00, is AdSy).

The purpose of this section was to simply illustrate that the original theory with
the gauge field is equivalent to a dilaton-gravity theory with an appropriate dilaton
potential: this will be a recurrent theme. A simple toy model capturing many
features of 2-dim dilaton gravity is the Jackiw-Teitelboim theory [112, 113]. In the
discussion above, we have not been careful with length-scales: in the next section

for the relativistic electric brane, we will reinstate various scales.

3.1.1 Relativistic electric black brane, reduction to 2-dimensions

The electric black brane solution to (3.1), (3.2), is

2 2 2
2__Tf(7”) 2 R 2 T2 2
ds” = 2 dt +r2f(7")dr +R2(dx +dy°)
L@
f()_1_<7“> r4(1_r_0)’
Qe To Qe 1
A= ——xc (11 Fo=— 3.10
! 2\/7T_G4Rr0< r>’ ’ 2V/mG4 R 12 (3.10)
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The gauge field A; vanishes at the horizon. The charge parameter (). is related to
the chemical potential u and the charge density o of the black brane as

Qe To Qe
Qe _ . _yo Qe 311
o/rG, Rrg cTH (3.11)

Reinstating the dimensionless gauge coupling €? in y and o as u — 2 and o0 — oe
and using (3.11), we recover the expressions for the gauge field, field strength and
the thermal factor in terms of ry, u, o as given in sec. 4.2.1 in [22]. Note that in
(3.10) the charge parameter (), has dimensions of charge times length-squared, and
the gauge field A; has mass dimension one. In the extremal limit, the temperature

vanishes giving

37"0 Q2
T:—(1——@>: — 2= 3pd 3.12
ArR2\" 3rg e =31 (3.12)

The near horizon geometry of the electric black brane becomes AdS; x R?,

2 2
To

~ 55

ds® =

r2 6
dr2+—0(d$2+dy2) , F () rsrg = —2(7“—7“0)2 , (3.13)

(A ey @ o 2

as in the magnetic case. The Bekenstein-Hawking entropy is the horizon area in

Planck units
B Vi Qc/V3 Vi

=9 = . 3.14
R? 4G, R? 4G, (3:-14)

SpH
With V, = [ dady the area, this is finite entropy density for noncompact branes.

It is worth noting that asymptotically, these branes (3.10) give rise to an AdS,
geometry, with scale R. In the near horizon region, we obtain an AdSs throat with
scale \%: this is a well-defined AdS, throat in the regime ~7¢ > 1 and Sl S
The AdS, region is well-separated from the boundary of the AdS; geometry at

re~ro>rif %«1.

Compactifying the two spatial dimensions ¢ as 72 and dimensionally reducing with
the metric ansatz (3.6) reduces the action (3.1) for the electric black brane solution

to
2
5= [ dav/=g® | e

(P*RP — 2Ad? 4 20,00"P) — .

F,F*™| , (3.15
167G g (3.15)
and we have suppressed a total derivative term which cancels with a corresponding
term arising from the dimensional reduction of the Gibbons-Hawking boundary term

more on this later). Performing a Weyl transformation ¢, = ® (QV) to absorb the
( g y 9 o
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kinetic term for the dilaton ®? in the Ricci scalar, we get

1 V@3
= [ dxy= [ DR — 2AD) — F,,F’“’] . 1
5= [ #ov=g (g @R - 20) ) (3.16)
The Maxwell equations for the gauge field are
(/=g P F") =0 (3.17)

The two components b = t,7 of (3.17), i.e. Oy(\/—gP*F") = 0 = 9,(\/—gP>F'"),

imply
V—g ®*F'" = const . (3.18)

Using the gauge field solution in (3.10) to fix this constant as N%Qiﬁ’ we get

Qe 1
P = o e, 3.19
2 7TG4 R3 Vamt'| @3 ( )
where £ is defined as £ = 1 = —&™ and Euw = g,upguagpa. Substituting F,uyF“” =
_02 _02 .
27rG’4%€6<I>6 and F,F,7 = m%gw in eqns.(B.1), we get
252 2 guy 2@3 B
gu V0 = V,9,0% + L (200 + Z5) = 0,

A 3Q?
R—-—= < = 0. 3.20
d - R6 5 (3.20)

These field equations can be obtained by varying the following equivalent action (see

e.g. Appendix B.3)

1
N 167TG2

2002 1
Pay/=g (PR-200-— ) = /d2 V=g (#*R-U(®))
/ e RS®3) ~ 16nG, ) TV Y (@)
(3.21)
This equivalent action is obtained by substituting the solution for F** (in terms of
the dilaton ®?) in the action (3.16) and changing the sign of the F? term which

contains a minus sign for electric branes alone, arising from g;; (a similar treatment

appears also in e.g. [39]). Note that this is also consistent with and expected from
electric-magnetic duality Q. — Q,,, @, — —@Q., which would suggest that the

effective dilaton potential for magnetic branes (3.8) is unchanged in going to elec-

U _
8@2 I 0.

The constant dilaton, AdSs, solution to the equations (3.20), consistent with the 7%

tric branes. Now for instance the second equation in (3.20) becomes R —
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compactification of the near horizon geometry in (3.13), is

2 dr? T
d2:L2<_ L) . 2dt2 —) (I):—O
° L*R? (r=o) + (r—mrg)2/ "’ R’
L? = % L Q=3 (3.22)
R2
with L the AdS; scale. Changing the radial coordinate to p = ﬁ , we write
T —To
the metric in conformal gauge
2 2 2 2 2 2 L’
ds* = e*(—dt* + dp®) = e*(—dztdz™) , e = R (3.23)

where the lightcone coordinates are #% = t & p. To see that (3.21) admits the above

ou

3¢z tor the above solution, which gives

AdS, solution, we compute

ou 122 . p_OU _ 2
B S 092 L2

90 = Ry L2 (3:24)

using (3.20) for the Ricci scalar. This constant dilaton, AdSs solution (3.22) is
just the compactification of the near horizon AdSy geometry of the 4-dim extremal

electric black brane.

3.1.1.1 Perturbations about the constant dilaton, AdS, background

The 4-dimensional theory has a large spectrum of tensor, vector and scalar pertur-
bations, which upon reduction to 2-dimensions give a corresponding spectrum: we
will discuss this briefly later, in sec. 3.2.2.3. In this section, we focus on perturba-
tions to only those fields that have nontrivial background profiles in the effective
2-dimensional dilaton-gravity theory: thus we turn on perturbations to the metric
and the dilaton

b=, +p(xt,z7), w=uw,+ Qat,27), (3.25)

where ®, and w, denote the background (3.22). We expand the action (3.21) (in

conformal gauge) about this background upto quadratic order to get

_ 1 2 2 62w .
5= Tont /d . (4(1’ 040-w — TU(@) = So+ 5145, (3.26)
where
0= or / a (4‘1’23 00— U (@ >> (3.27)
*7 16nG, p0+0-wp — —=U(®s .
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is the background action and S is linear in perturbations and vanishes by equations

of motion. Sy is quadratic in perturbations given by

2
81§

[ /d2 4—7"3¢aas2+ ! ( Q¢—16¢2> (3.28)
27 16nG, ) ¢ T\ 3L O T o — )2 \312 LW

Varying this action, we get the linearized equations of motion for the perturbations,

2

6+8_¢ + m

¢ = O )

1 2412
0,00+ ——— (20~ ) = 0. 3.29
+ (I’+ _ CC_)2 T(Q) ¢ ( )
These equations are consistent at linear order with the “constraint” equations for
the ++ and —— components of the Einstein equation in (3.20). From these lin-
earized equations, we see that the dilaton fluctuation ¢ is decoupled from the metric
fluctuation 2. Solving the equation for ¢ in (3.29), we get
a+ bt + c(t* — p?)

¢ = P : (3.30)

where a, b, ¢ are independent constants. Substituting the solution (3.30) for ¢ in the
equation for 2 in (3.29), we can solve for the metric perturbation €2, which implies
that the AdSs metric gets corrected at the same order as the dilaton. The on-shell
(boundary) action obtained then by using the linearized field equations in (3.28)

gives terms at quadratic order in the perturbations,

1

B 2r2
167Gy

312

/dtmnu( (28,6 — qSOMQ)) , (3.31)

S

where n# is the outward unit normal to the boundary.

3.1.1.2 The Schwarzian effective action

In this section, we switch to Euclidean time 7 = it. The Gibbons-Hawking boundary
term in the 2-dimensional theory arises from the reduction of the corresponding term
in the higher dimensional theory. The Gibbons-Hawking term on the 3-dimensional
boundary of the 4-dimensional theories described by the Euclidean form of the action
(3.1) is

1
[ — /d3 VB K& 3.32
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where the extrinsic curvature is defined as Kil 5= (V anpg + Vpna), n“ being the
outward unit normal to the 3-dimensional boundary. Using the ansatz (3.6) for the
T?-compactification, dimensionally reducing and performing the Weyl transforma-

tion of the 2-dimensional metric g,, = @gfﬁ), the Gibbons-Hawking term reduces

to!

1 3
4d - - 2 et U F 2
St = ~Tonc /dTﬁ (2@ K +5m, 0 ) . (3.33)

The Ricci scalar term in the bulk 4-dim Euclidean action upon dimensional reduction

and after the Weyl transformation becomes
2 3 5242
— /g@R® ((I) R—§V¢). (3.34)

Note also that \/¢g@ = /¢g@®? and ®? = ¢,,. We write the the total derivative

term (the second term) in (3.34) as a boundary term

167TG / de‘[( SV 2) B 167TG2 / vy ( ”uauq’z) (3.35)

We see that this boundary term which comes from the dimensional reduction of

the bulk action in 4-dimensions cancels the second term in (3.33), thereby giving
the Gibbons-Hawking term on the boundary of the 2-dimensional theory as (see

Appendix C.4.1 for a detailed derivation)

San = L dr\/y ®*K . (3.36)
81y

Expanding the Gibbons-Hawking term in the perturbations (3.25) and adding it to
the Euclidean form of S, (which is S¥ = —iS,, with t = —i7 in S,), the leading
term in the total boundary action [, = SE + Sgu arises at linear order in the
dilaton perturbation (with subleading terms at quadratic order). To illustrate this
in greater detail, it is important that we define the dilaton perturbation in (3.25) in
a physically appropriate manner. Since the background value ®, is constant, it is

sensible to define the dilaton perturbation as

P=0y(1+¢), P=— = gszé

<1, (3.37)

Thus with this redefinition, the perturbation is reasonable since it automatically

satisfies <;~5 < 1. In terms of the dilaton background value @, the entropy (3.14) is

1We have K4 = 4®) ABK;% =~0 L g S 2(3) z2 g(gi), with K& = -Ir n, = %nrarqﬂ =
in,01®? becomes KW = K®) + &=2n,0#®2. Then (3.32) gives (3.33) after the Weyl transfor-
mation.
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simply
PV, f
Spn = TR (3.38)
This gives
s = 2% [ ma % / du by () {7 (u), u} (3.39)
GH 387Gy 4Gy " T '

In evaluating the last term, we take the boundary of AdS; as a slightly deformed
curve (7(u), p(u)) parametrized by the boundary coordinate u, and define ¢ = ¢’“T(") :
as discussed in [36] (reviewed in [143]). Now using the outward unit normal n* to
the boundary, we expand the extrinsic curvature. Expanding Sgl){ then leads to a

111

Schwarzian derivative action Sch(r(u),u) = {7(u),u} = 7 — 3(Z

7)?; see Appendix
B.2 for a derivation. The integral above pertains only to AdSs does not contain any
further scales besides the AdSs scale L which also appears in the extrinsic curvature
giving the Schwarzian (also /7y = %) The various length scales in the original
extremal brane have been absorbed into the AdS, scale L. Now we note that the
coefficient of the Schwarzian is in fact proportional to the entropy (3.38) of the
compactified extremal black brane with V; finite (the dependence on ®, is expected
since it controls the transverse area). Since the entropy captures the number of
microstates of the unperturbed background, this is akin to a central charge of the
effective theory. Similar comments appear in [132] (see also [114], the Schwarzian

arising in some cases from the conformal anomaly).

It is worth noting that the coefficient in the Schwarzian term above is propor-
tional to the extremal entropy after the reasonable definition of the perturbation
as (3.37) by scaling out ®,: apart from this, the Schwarzian term here is as in
[36].  As discussed there, we note that the perturbation makes this nearly AdS,

and contributes to the near-extremal entropy via the Schwarzian. This can be ob-

tained as in the analysis there by a transformation 7(u) = tan# which gives
2 - —
sU) = —4;?&2 ¢ [ du ({7(u), u} + 37'?), treating ¢, as constant. Solutions with
2 —
7 = 2y have 7 ~ 7 + 2, giving the action S} = —27?22-9, T = —log Z, giving

2 _
the near-extremal correction to the entropy AS = 47?%@ T (which, being linear in
temperature, can also be seen to be the specific heat): this again is proportional to

the background entropy with the perturbation defined as (3.37).

The remaining terms in the expansion of Sgy and S¥ are all quadratic in perturba-
tions and thus subleading compared to S(Gll){ See also e.g. [114, 117, 119, 120], for

AdSsy backgrounds obtained from reductions of higher dimensional theories (see also
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[122]). In particular there are parallels with some of the analysis on the reduction

of near extremal black holes in [120].

Overall, expanding in the perturbations ¢,, we have I = SF + Sgy = Iy + I, +

IQ + ..., with
(1)2
Ly=——2—| [ lzy/gR+2 K 3.40
0 167TG2 (/ x\/g - bndry ﬁ ) ( )
is the background Euclidean action (see (3.27)): it can be checked that U(®p) = 0.
The action I is a topological term and gives the extremal entropy Sy = L

Gy
regulating this as a near-extremal background?. The linear terms are contained in

after

2P?2 ) - oU 20?2 8
Il__16wG2/d$\/§¢(R_@) - 8rG, VIOK, (3-41)

bndry

with 2% g, = —, which is the Jackiw-Teitelboim theory [112, 113], which serves
as a simple model for AdSy physics (with parallels with the SYK model). The
bulk term vanishes by the ¢ equation giving the fixed background AdS, geometry,
while the boundary term gives the Schwarzian as explained above. The analysis
here of the higher dimensional realization serves to recover the background entropy
as expected and reveal the various subleading terms beyond the Jackiw-Teitelboim
theory emerging from reduction: I is second order in perturbations, from S (see

(3.31)) and the second order terms in the expansion of Sgy,

1
167TG2

IL=- / dr | 3% 2 Byt (20,06 0,0) + 2033 K ~26e79,9)] . (3.42)

312

expanding in conformal gauge.

2Here the Euclidean time periodicity, large for a small near-extremal temperature, precisely
cancels the small regularized change in the extremal horizon. In more detail, expanding f(r) in

(3.10) about extremality, we have f(r ) G(Trigm)( —ro+ 23— Q—z)) = %(T —ry =) (r—rh+3)

where § = 2 (3 — —) and r{, = ro — 2. Then the nearly AdS, throat acquires a small horizon with
metric ds? ~ ﬁ 2d7’ +dp? near the origin: the Euclidean time periodicity then is AT = 3 = 27;?2
consistent with (3.12). The horizon contribution to the action gives Iy = 16<er2 AT e (11%—22) = -fgF

and thereby the background extremal entropy Spy = —Ij.
The boundary terms in the action above cancel: to elaborate, we have the AdS; metric ds? =

%(dTQ + dp?). The boundary at p = € has outward unit normal n, = —%. The extrinsic
curvature defined as K, = %(V,mu + V.n,) gives Kr = —I'? n, = po2 and K =~7""K,, = %

Then the terms at the boundary cancel as — 16?;2 ([dr L d” |frzm(— LZ) +2 [dri(-1)).
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3.2 Charged hyperscaling violating Lifshitz black

branes

Over the last several years, nonrelativistic generalizations of holography have been
investigated extensively: see e.g. [22] for a review of various aspects. A particular
family of interesting theories comprises the so-called hyperscaling violating Lifshitz
(hvLif) theories, which are conformal to Lifshitz theories. These arise as solutions to
Einstein-Maxwell-scalar theories, the U(1) gauge field and dilaton scalar necessary to
support the nonrelativistic background. For the most part, we regard these as effec-
tive gravity theories: in certain cases these can be shown to arise from gauge/string

realizations (see e.g. [99]).

These nonrelativistic black branes are uncharged. A minimal way to construct
charged black branes is to add an additional U(1) gauge field, which serves to sup-
ply charge to the black brane: see e.g. [184], [185], [186]. For these latter charged
black branes, there exist extremal limits where the near horizon geometry takes
the form AdS; x X, and contains an AdS,; throat. Compactifying the transverse
space now allows us to study the extremal limits of these theories in the context
of a 2-dimensional dilaton gravity theory with additional matter, notably the scalar

descending from higher dimensions as well as gauge fields?.

3.2.1 4-dimensional charged hvLif black brane

Consider Einstein-Maxwell-scalar theory with a further U(1) gauge field, with action

[185]
1 1 7
= 4o/ —a@) 4 _ = M 4 MN
° /d v {167@4 (R = 303 w0M W+ V(W) = Fun YY)
Z
—szMNFcyN} ) (3.43)

where the scalar field dependent couplings and the scalar potential are

7y =eM" Zy = eV V(W) = VoV . (3.44)

3Note that in the AdS/CMT literature, these theories are referred to Einstein-Maxwell-dilaton
theories: we here use Einstein-Maxwell-scalar since the 2-dim dilaton ® here is distinct from the
hvLif scalar W.
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The field equations following from the above action are

1 vV Z
Rg\?N - 53M\If(9N‘If touNng — 71<F1 wpF N — —g]ZN(Fl)2>
—87TG4Z2 (FQMPFQNP — gJ‘fTN(FQ)2> = 0 y
MZ
Vu VMU 44V — 22285 v FMN — AnGudoZoFy yn FMY =0

(v —gWZ M) =0, Oy(V—gDZFMN) =0 (3.45)

The charged hvLif black brane solution to these equations is

2 _ (T -0 _TQZf(T> 2 s 2 7”_2 2 2
ds® = (Thv> [ 2 dt +r2f(7’)dr +R2(dx +dy )] ,

0 == () S - (5)),

1%9 o

Fiw = V20— D2tz 0)e = rf, R4+

ERCAL)
_ Q\/2(2 —0)(z—0)e 2—0-2  —240+1  —(1+2—0)
Fo R o r ,
4\/ ’/TG4

ThoT (2—-0)(22—2-0)
B\II = G\IIO <F> s (346)
being explicit with length scales, and
2+z-0)(1+2z—0)e 0 0
Yo= 2200 LYy Py
4+6 v 2:—2—0 (347)
)\1 == o )\2 == —Z — _

VE2—-0)(22—-2-0)" 20

Here rp, is the hyperscaling violating scale arising in the conformal factor in the
metric, and the charge parameter @ has dimensions of 77279 this is equivalent to
absorbing factors of ry,, R into (). For z = 1,0 = 0, this scaling coincides with that

for the relativistic black brane in sec. 3.1.1.

In these charged hyperscaling violating Lifshitz black brane solutions to the action
(3.43), the gauge field A; and the scalar field ¥ source the hyperscaling violating
Lifshitz background while the gauge field A, giving charge to the black brane, as
mentioned above. This action (3.43) has also been defined by absorbing the Newton
constant into the definition of the hyperscaling violating gauge field A; and scalar

U (which thus makes A; and ¥ dimensionless) while retaining the gauge field A, in
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F, as having mass dimension one. Thus the field strength F5,; in (3.46) has mass

dimension 2, as for the relativistic brane.

The null energy conditions for the metric follow from the asymptotic hvLif geometry

[22] and are given by
(z—1)(2+2—-6)>0, 2-60)2(z—1)—0)>0. (3.48)

In addition, we require the gauge field Ay, to vanish at the boundary (r — oco) so
that the theory does not ruin the hvLif boundary conditions we have assumed: this is
equivalent to assuming that these charged black branes represent finite temperature
charged states in the boundary hvLif theory. The background profile Ay; ~ 1 —
(22)*=% then implies that

z2—602>0. (3.49)

These conditions together constrain the range of z, 6 for these extremal nonrelativis-
tic black brane backgrounds, which will be important in the discussion of perturba-
tions later. Specifically:

(i) First, the last condition (3.49) is specific to the charged case: using this, the first
of the null energy conditions (3.48) implies that z > 1.

(ii) From the second of the conditions (3.48), we have either 2—0 > 0, 22—2—60 > 0,
or2—0 <0, 22—2—6 < 0. Considering the second possibility, we obtain z > 6 > 2,
but this implies 2z —2—60 = z — 2+ z — 0 > 0, which is a contradiction. This forces
2—-60>0,2:—2-60>0.

Overall, this gives the conditions
z2>1, 22—-2—-60>0, 2—-60>0, (3.50)

for the regime of validity of the z,6 exponents of the charged hvLif background
above. For the special case of z = 1, the NEC becomes (2 — 0)(—6) > 0, which
forces # < 0 by (3.50).

The relativistic limit of this charged hvLif black brane gives the relativistic electric
black brane discussed previously in sec. 3.1.1. From the constraint (3.50), we see
that the correct relativistic limit is to take first # = 0 and then z = 1. In this limit,

we get

v=0, A —-00, =0, Vo=6/R* W=V, (3.51)
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With this the Einstein-Maxwell-scalar action (3.43) reduces to the Einstein-Maxwell
action (3.1), where Fy and V; in (3.43) are identified with /' and —2A in (3.1).

3.2.1.1 Extremality and attractors

In the extremal limit,

T —

2+z—0)rg . (- 0)Q%ry 0N o (24 2-0) s01-p)
4t R#H1 ( (24 2z—0) >_0 — @= (2 —0) "o ’
(3.52)

and the near horizon geometry becomes AdSy x R?,

¢ 22 2 2
ds?® = (T—O) [— To f(r)dt2 + R dr® + T—O(dxz +dy?)|

The R?> r3f(r) R?
(3.53)
-0 -0
f(r)lf—ﬂ“o = <2 £ Zél = >(T - T0)2 )

the AdS, scale being R (

area in Planck units

)=%/2. The Bekenstein-Hawking entropy is the horizon

o
Thv

7“8) R Ceee )<> rh Vo Q000

S = <ﬁ 4G, 2f 26 4G, R? ’

3.54
-~ (3.54)
where Vo = [dady is the transverse area of the brane. For z = 1,6 = 0, this

coincides with the relativistic brane.

It is worth noting that the full metric in (3.46) is asymptotically of hvLif form, for
r > rg. The boundary of the theory could be taken as r ~ r,, i.e. the theory flows
to hvLif below this scale, in some bigger phase diagram. The AdSy throat, well-
defined if % < lTand "5 > 1, is well-separated from the asymptotic hvLif region
if % < 1 and the AdS, scale satisfies R(r%)_e/2 <L 1 te. R K T}w(%)am.

Note that this is not vacuous since ry < r, so that :TO < 1 is a small factor.

Along the lines of the attractor mechanism discussion in [182], we would like to
convert this theory to a dilatonic gravity theory in 4-dimensions with a potential
(and no gauge fields). Towards this end, we integrate Maxwell’s equations in (3.45)

and use the solutions for field strengths in (3.46) to get

V20 -1)2+2-0) ez o
V=g eM? ’
QV202—0)(z —0) e 2" 17!
4 /7TG4 R2z+1-0 /_—g eh¥

tr __
Fl —_—

Fir = (3.55)
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Substituting (3.55) in (3.45), we obtain equations of motion for the metric and the

scalar field ¥, which can be derived from the following equivalent action

_ 1 4 1 9
167G,y /d ! _9<R_ 5(0%)" — eff(‘l’)> ,
24z2z—-0)(1+2—4 B
Vers (W) = - R2—)2(9r29 ) r(v-w0) (3.56)
hv
1 ((z=D)Q2+z— 0 'RZ% (2 0)(z— 0)Q%rps R4
E< eM(¥=¥o) + A2 (=) ) )

The explicit scales show that the potential term-by-term has mass dimension 2.
This equivalent action is obtained by substituting the solutions for F{" and Fi" in
the action (3.43) and changing the signs of F?, F7 terms, as earlier. At the critical

point (extremality),

Gzx = (ﬁ)_9<@>2, e¥ — %o (M) (2—9)(22_2_9)’
Tho R R2

(2+2— 9)r2(1+z—9)

2=~ 3.57
Q (Z . 9) 0 ) ( )
the first and second derivatives of V.; ((B.2), (B.3)) are
OWVers —0 O*Vess _ 4z-1D)Q2+2-0)(1+2z-0) rl 0
OV lext 7 @\112 ext 22 —2—10 TzURQ ’
(3.58)

which imply that the extremal point is stable for all values of z, 6 allowed by the
conditions (3.50). It is worth mentioning that for z = 1 and # nonzero, these and all
higher derivatives of V¢ in fact vanish (see (B.5)): thus we obtain no insight into
the stability of these attractors in this case and we will not discuss this subcase in

what follows.

3.2.2 Dimensional reduction to 2-dimensions

Compactifying the two spatial dimensions, z¢ as T2, we dimensionally reduce with
the metric ansatz (3.6), taking the lower dimensional fields gff,,), O, U, Ay, Ay, to be
T%independent: then the action (3.43) reduces to (B.6). Performing a Weyl trans-
formation, g,, = @gﬂz,,) to absorb the kinetic term for the dilaton ® in the Ricci

scalar, the 2-dimensional action (B.6) becomes
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o o2 o3
/— 73__ H Vd—- —Z7
/dw [16 2<<I> 0, Vo'V + Vo 1 1F1WF )

A
4

Z2F2uVF“V (359)

We only retain fields with nontrivial background profiles: more general comments

appear later. The Maxwell equations for the gauge fields are

0,(V—g®Z F{") =0,  0,(V—gPZF}") =0 . (3.60)

Integrating and using F,, Fy from (3.46) to fix the integration constants gives

V20 -1)(2+2-0) ez o2 R0 »
V=g 21 =
o QV22—0E—0) 5 g,

FY = , 3.61
? IrGy R¥H1-0 /g 7o ®% (3.61)

wo_
Fl —

where e satisfies e = 1 = —¢"" and €, = ¢,,0,,6”°. We substitute the solutions
(3.61) in the remaining field equations obtained by varying the action (3.59) (i.e.
eq. (B.7)) to obtain

, 2 P>
G V20? = V,V, 0% + B (0W) 4 U) - —-0,00,¥ = 0,
2 2 >
RV
R 500~ g = 0.
1 oU
L. (ygd0ry) — T = 62
\/_—gau< gP o ) IV, 0, (3.6 )

where U(®, V) is an effective interaction potential. These equations can then be

obtained from the following equivalent action (Appendix B.3)

/ d%\/_( R——(@\I/) U(<I>,\If)>, (3.63)

167TG2
24+z-0)(14+2—-0) g_y
U®,V) =— 220,20 eY(I=v0) @
1 (z=1D)2+2z—-0)r2"R¥2  (2—0)(z — 0)Qr;; *R™4=~2+2
@( e (T—Wg) T eA2(U—Wg) >>

where Vi, v, A1, Ag are given in (3.47). This equivalent action is obtained by sub-
stituting the solutions for F{", F4" in terms of the dilaton ®? and the scalar ¥ in
the action (3.59) and changing the signs of F?, F terms, as discussed in the case
for relativistic electric black brane, sec. 3.1.1. Also note that the relativistic electric

black brane is a special case of the dilaton-gravity-matter theory, considered here,
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for 6 =0 and z = 1.

We note that the scalar W that descends from the hyperscaling violating scalar
in higher dimensions is not minimally coupled in the 2-dimensional theory. The
potential U(®P, V) contains nontrivial interactions between the dilaton ® and the
hvLif scalar ¥. Thus the small fluctuation spectrum of the dilaton and ¥ are coupled,
and one might worry about the stability of the 2-dimensional attractor. This is
reminiscent of multi-field inflation models, where one scalar field provides a slow-roll
phase while another scalar provides a waterfall phase, ending inflation. In the current
context, stability would require that no tachyonic modes arise from the interaction
induced by U(®, ¥) between ® and W. We will address this soon.

The field equations (3.62) admit a constant dilaton, AdSs solution as

22—30 2
dr
d22L2|:— "o ) 2de? }
8 R T
—0 /roN 2 Tho 70\ V 2—0)(22—2-0)
SONOIRCY
/) \R) 0 © T R ’
Rri %t 242 6)
r r + 2z — 20
L?= 0__hv 2o 22 D200 (364
24+z-0)(1+z2-10)" @ (2 —0) "o (3:64)
Let us choose conformal gauge by doing a coordinate transformation,
= iy ! (3.65)
P =01 +2—-0)(r—ry) ‘
In conformal gauge, the AdSs metric in (3.64) can be written as
L2
ds* = e*(—dt* + dp?®) = e*(—dx"dz™), e ==, (3.66)
p

where the lightcone coordinates are ¥ =t £ p and L is the radius of AdS,. To see

that (3.63) admits the above AdS; solution, we compute % for the above solution,
which gives

U _ 2+z=0(1+z-0) 2

— = TR, =—=. (3.67)
o Rré " Tho o
From (3.62) for ¥ = constant (from (3.64)), we get the Ricci scalar as
ou 2
R - . (3.68)

T o0 12
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3.2.2.1 Perturbations about AdS,

As before, we turn on perturbations to fields with background profiles, i.e. to the
metric, the dilaton ® and the scalar field W,

D=0, +¢(zt,27), w=w+QztzT), V=U,+v2:-2—-0¢@t ),

(3.69)
where ®,, w;, and ¥, denote the (3.64) background solution. Expanding the action
(3.63) (in conformal gauge) about this background gives

2w
— 2 2 2 _e_ _
S = el /d x (4@ 0:0-w+ 00, V0¥ —— U(<I>,\If)) = So+S1+S2, (3.70)
where
1 2 9 9 ewa
SO B 167TG2 d <4®b8+a_wb + (Dba-’_\pba_‘;[lb - 92 U(q)l” qu)) (371)

is the background action and S} vanishes by the equations of motion. S is quadratic

in perturbations and is given by

A /d2 oy 860,00+ 260
PT16nGy ) T PR -0 —0) 0T ey
2—260,.20
"o~ Thy o A= -1
* L22+z—-0)(1+2z—0) <(22 2= 0)0:y0- (zt — x—)zw > (3.72)

1 16L%(24+ 2 —0)(1+ 2 —0) 80

Varying this action, we get the linearized equations of motion for the perturbations,

2
0,0_¢ + m »=0,
1 L22+z-0)(14+2—-0) 40 B
(22—2—0)8+8w+m<4(2—1)?/1— 220, e 0>¢) 0,
(3.73)
1 4L22+ 2z —0)(1+ 2 —0) 0 _
b ey (- ) -

These equations are consistent at linear order with the “constraint” equations for the
++ components of the Einstein equation in (3.62): see Appendix, eq.(B.8)-(B.10).
We see that the equation for v is coupled to ¢ as well: defining a new field (,
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2 L*Q2+z-0)(1+z-0)
=1 — 3.74
C=1 5= /220,20 o (3.74)

decouples the equations for ¢ and ¢, which now become

2
0,0_¢ + m =0,
2
230 —4) L*2+2—-60)(1+2—-0)¢ ¢ B
0,00+ m(zsn = T, bV 9)) ~0.
(3.75)

In this form, the perturbations ¢ and ( are equivalent to scalars with positive mass
propagating in a perturbed AdS; background, with equation of motion ﬁ@u(\/— g
g"0,0) — m?¢ = 0: in conformal gauge this is 9, 0_¢ + %(b = 0. Let us look

at a few special cases here:

e For 2 = 1, § = 0, we have seen that this system reduces to the relativistic
brane case studied earlier (3.29), and the W scalar (the nonrelativistic scalar in
higher dimensions) can be then seen to decouple from the system: in particular,
the terms containing v-perturbations vanish in the action (3.72) for quadratic
perturbations. This is expected from the fact that the original action for
the higher dimensional nonrelativistic theory reduces to the relativistic brane
theory as z — 1, # — 0, as discussed after (3.43). In effect, we have defined
the ¢-perturbation in (3.69) so that the relativistic brane limit arises smoothly,
and the W-scalar freezes out. This is also reflected in the linearized equations

for perturbations.

e For # = 0 and z > 1, both ¢ and ( have positive mass term coefficients, and
further ¢ decouples entirely from the 2 equation. This means that in fact any
linear combination of the fields A¢ + B( also in fact has a positive mass term
coefficient in its linearized fluctuation equation, as can be seen by taking that
linear combination of the two equations 0, 0_(A¢+ B()+ W(AQH—BC ) =
0. The linear fluctuation analysis thus suggests that the attractor point is in

fact perfectly stable for small fluctuations.

e For 0 £ 0 and z = 1, we see that the ( field is a massless mode and further it
does not decouple from the Q2 equation. This suggests that the linear stability
analysis is insufficient to determine stability of the attractor point. However in

this case, there is a more basic concern: looking back at the higher dimensional
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PVerr _
o2

vanish, (B.5)), so that the higher dimensional theory is also not manifestly a

system (3.58), we see that in fact 0 in this case (in fact all derivatives
stable attractor. Thus the relevance of the 2-dimensional theory is less clear

in this case.

e For generic z, § values satisfying the energy conditions (3.48), (3.49), (3.50), we
see that the mass term coefficients for both ¢ and { perturbations are positive.

Now a generic linear combination of the fields A¢ + B( satisfies

2
Gt B (3.76)

(8+8_+ 2 2)(A¢+(22—2—0)B§):_

(z+ —a7)
This is akin to a scalar field Ap+(22z—2—0) B{ with positive mass, driven by the
source field (. Since ( is also a positive mass scalar, small fluctuations do not
contain any unstable modes growing in time. Thus the general perturbation
also is stable. To elaborate a bit further, imagine long-wavelength modes of
¢, which are spatially uniform, i.e. ¢ = ¢(t), ¢ = ((¢). Now the linearized
equations are of the form ¢ + miqﬁ =0, (+ mg( = 0, so that these fields are
effectively decoupled harmonic oscillators. Then the general field is a driven
oscillator, with the driving force itself executing small oscillations: so there
are no unstable modes growing in time. It is important to note that the
positivity of the mass term coefficients and the stability they imply stems
from the energy conditions and asymptotic boundary conditions, which force
z>1and 2z — 2 — 6 > 0 for generic z, 0 values.

It is worth noting that for fixed (, the relative sizes of the dilaton ¢ and hvLif

. 2 2 .
scalar 1) perturbations are % ~ f—g (%)29 < % for 6 > 0 since > < 1.

It is worth comparing this analysis with that for the higher dimensional theory
discussed earlier in (C.31), (3.58): the scalar ¥ has a canonical kinetic term and

the equation governing small fluctuations of ¥ about the attractor point acquires a
2
et
For a theory with two scalars ¢, ¢o with canonical kinetic terms, the stability of

mass term from whose positivity dictates the stability of the attractor point.
the linearized fluctuations can again be studied by studying the second derivative
matrix of the potential U(¢q, ¢o) or the Hessian [%]. Positivity of the Hessian
then translates to stability of the attractor extremum. In the present case however,
the effective action is (3.63), and the kinetic terms for ®, U are not canonical: thus
the naive Hessian analysis to study the stability of U(®, ¥) about the attractor point
is not valid. Instead we must analyze perturbations about the attractor point, which
are governed by the above equations. From these equations, we see that the mass

terms for the decoupled fields ( and ¢ are positive.
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In terms of ¢ and (, the quadratic action becomes

52 :16716‘2 / & 22+ fg__jﬂ%f; 2= 0) [&b 9,00 + ﬁw
+ L2(2 + zrg—_:;ﬁi z—0) <(22 —2-0)0:0-¢ - %8)
e ng_—fg 7%+ 2= 0) <4(2?2—_20)— Do oo (215(2;; - 2339_))2 #)
w2y B0 04 0000 - NI ]

(3.77)

It can be checked that varying this action leads to the linearized equations written

in terms of ¢, ( above.

3.2.2.2 The Schwarzian

In this section, we switch to Euclidean time 7 = it. From the linearized equations
(3.73), we see that the dilaton fluctuation ¢ is decoupled from the metric and scalar
fluctuations €2 and v, as in the case of the relativistic brane. So solving the equation
for ¢ (i.e. the Euclidean form of (3.73)) gives, as before,

a+ bt +c(7? + p?)

- 3.78
¢ p : (3.78)

where a, b, ¢ are independent constants. Substituting ¢ in the equation for ¢ in
(3.73), we can solve for the scalar perturbation . Using these solutions for ¢ and
in the equation for 2 in (3.73), we can solve for the metric perturbation 2. We see
that the AdS,; metric gets corrected at the same order as the dilaton and the scalar
field. The Euclidean on-shell (boundary) action obtained by using linearized field

equations in (3.77) and changing to Euclidean time 7 = it is

p___ 1 o 2 Thy
5= _m/dTﬁ””p(z e —0)(1+:-06) [4(90,0 = 60,)
(2:—2—0) L2242 —0)(1+2—0)2(22 —2—0)
20 (90.¢ + COud) — 722,20 2=0) $0,0
o 2z —2—0)C0 3.79
I e L <] (3:79)

The discussion of the Gibbons-Hawking term is very similar to that in sec. 3.1.1.2

so we will not be detailed. The Gibbons-Hawking boundary term for the Euclidean
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form of the bulk action (3.63) is

1
S =—=— [ dT VP K , 3.80
GH =~ 810 vl (3.80)
arising as discussed in the case of the relativistic electric brane earlier. As in
sec. 3.1.1.2, we now redefine the dilaton perturbation after rescaling the background
value ®, out, so that the perturbation satisfies (b;fb = ¢ < 1. A similar redefi-
nition is appropriate for the hvLif scalar ¥ as well (we have however retained the

perturbations in (3.69) without this rescaling simply with a view to not cluttering
the resulting expressions). Then the perturbation, the background value (3.64) and
the entropy (3.54) are

- =0 179\ 2 PV, B}
O =, (1+ ), o= (=) (%) Son = g = 1o - (381

This gives

) 22 .
S8, _chgz dry7 6K — —

®p
471Gy / du dp(u) {7(u), u} . (3.82)

In evaluating the last term, we take the boundary of AdS; as a slightly deformed
curve (7(u), p(u)) parametrized by the boundary coordinate u, as discussed in [30]
(reviewed in [113]), and expand the extrinsic curvature using the outward unit normal
n* to the boundary. Expanding ng)q leads to the action above, which contains the
Schwarzian derivative Sch(r(u),u) = {7(u),u} = % — %(:—7)2 The integral above
pertains simply to the AdS; scale L, into which the various length scales in the

nonrelativistic theory have been absorbed. We have also as before defined ¢ = @T(“)

and\/_:%.

As for the relativistic brane sec. 3.1.1.2 and (3.39), we note that the coefficient of
the Schwarzian effective action is proportional to the entropy (3.54), (3.81) of the
compactified black brane, with V5 finite. As in sec. 3.1.1.2, this coefficient as the
entropy arises after making the reasonable definition of the dilaton perturbation as
in (3.81), scaling out the background ®,. The entropy now contains only ®;, which
controls the transverse area. Since the entropy captures the number of microstates

of the unperturbed background, this is akin to a central charge.

This is the leading term in the total boundary action I, = S¥+Sgg. The remaining
terms in the expansion of Sgy and S¥ are all quadratic in perturbations and hence

are subleading compared to S(Gll){ which contains the dilaton perturbation alone at



82 Chapter 3 AdS, dilaton-gravity from reductions of some nonrelativistic theories

linear order, as for the relativistic brane discussed earlier. This universal behaviour

is in accord with the general arguments in e.g. [30].

Thus overall, expanding in the perturbations ¢, 2, 1), we have I = SE + Sqy =
Iy+ 11 + 1, + ..., where

(1)2
Ip=——2 d? 2
O 160G, ( / TR+

is the background action (see (3.71)): here W, is constant and it can be checked

ﬁK) , (3.83)

bndry

that U(®y, ¥;,) = 0. This is a topological term and gives the extremal entropy, very
similar to the detailed discussion for the relativistic brane sec. 3.1.1.2. The linear

terms are contained in

207 - ou 1 207 -
I — — b 2 L (T 2\ b K
! 167TG2 /d o \/§¢ (R aq)Z 2 (8 b) > 87TG2 bndry ﬁas
1 ) ? y ou
T 167Gy /d x\/§<— 5 Ould wﬂ”aw) ' (384)

On the AdS; background with a constant dilaton ®, and a constant hvLif scalar
field ¥, we get %k@b,\pb) = —% and the second line in the expression for I; above

vanishes by the ¥ equation in (3.62). Thus, I; reduces to

202 . 2\ 27 _
L =——t [ & =) - = / K :
LT T 16nG, / TV99 (R + L2> 871G Jomary VIO K, (3:85)

which is the Jackiw-Teitelboim theory. The fluctuations of the scalar ¥ now propa-

gate on the fixed AdSs background at this order. However we see as in sec. 3.1.1.2
that there are various subleading terms at quadratic order ((3.79) and from the
Gibbons-Hawking term, see (3.42), as well as possible counterterms), containing the
perturbations to the dilaton ®, metric and scalar ¥, which all mix (at the same or-
der as the metric): the fluctuation spectrum is stable for physically sensible theories
satisfying the energy conditions as we have seen. These encode information about
the regularization of the AdS; theory by the particular higher dimensional hvLif
theory.

3.2.2.3 More general perturbations

In the above analysis we have restricted ourselves to the dimensional reduction of
perturbations to only those components of fields (metric, gauge fields, scalar) which
have non-trivial background values in the higher dimensional theory. More generally,

considering the dimensional reduction of perturbations to all the components of all
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the fields (some of which have trivial background values) gives
hay = Py i hi A - A0 A0 o— ¢, (3.86)

i.e. tensor, vector and scalar perturbations in the 2-dimensional theory (note that
the 2-dim dilaton is g¢,,). For instance this includes the shear perturbation h,, in
the higher dimensional theory as well the spatial components of the gauge fields
Ay, Ag; for i = z,y which reduce respectively to a non-minimally coupled scalar
(h = gW=*h,,) and minimally coupled scalars A;; = XEI), Ay = XEZ) in the 2-
dimensional theory. The terms in the full 2-dimensional action which govern these
perturbations are

6)\1\11 AW

SO = - nPy] . 387)

~ 167G /d%‘/__g[' T %2<8h)2 -

The terms involving h,, arise from the higher dimensional Ricci scalar and so con-
tain the overall dilaton factor ®? under reduction to 2-dimensions. The linearized
equations for h,, in the higher dimensional theory in e.g. [161, 166, 180] can be
dimensionally reduced to 2-dimensions: at zero momentum, this is consistent with
the Kaluza-Klein ansatz for reduction and the action above. Expanding these terms
around the background AdSs, the leading contributions from these terms appear at

quadratic order in perturbations

MY ppvy

o3 2 (1)y2
S:= 1o [ av=a] e = PORP = o) -

(O )]. (3.88)

These are subleading compared to Sg I){ and thus do not contribute to the Schwarzian.

3.3 On a null reduction of the charged AdS; black

brane

In [99] (see also [L01]), it was argued that the null reduction of AdS plane waves,
highly boosted limits of uncharged black branes, gives rise to hvLif theories with
certain specific z, 0 exponents. The lower dimensional hvLif gauge field and scalar
arise as the KK gauge field and scalar under z"-reduction. One might imagine that
considering such a null reduction of the charged relativistic black brane might be
interesting along these lines. In this section, we describe an attempt to obtain the
charged hvLif black branes here by a null z"-reduction of the charged relativistic

black brane in one higher dimension. Unfortunately this turns out to be close,
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but not quite on the nose: while the charge electric gauge field upstairs does give
rise to an electric field in the lower dimensional theory, it also leads to an additional
background scalar profile. It would be interesting to understand if this can be refined
further.

The action for a charged AdSs black brane [22] is*

2k2 F?
- /d%\/ R 20 — eij} . (3.89)
The charged AdSs5 black brane metric is
ds* = L—2< — f(r)dt* + d—TQ + dz} + das + dxz) (3.90)
7,2 f(?“) 1 2 3/ .

2 4 272

4 2u? T r o 3e’L
=i (B S e

where the horizon is at r = ry and the boundary at r — 0. The gauge field Ay,

charge density p and temperature are

7\ 2 2L 1 r2p?
A, = 1—(—) : 2, T= 4ol 399
! ,u( o ) P e%’%u 477y ( 2 (3.92)
Transforming to lightcone coordinates, 2%+ = tiﬁ and performing a boost 2+ —

AFz® | the metric becomes

L? Mzt + A ldx—\2 Mzt — A ldx=\2  dr?
2 e —
ds 7’2( f(r)( 7 ) ( 7 > +f<)+dx1—|—dac2> :
(3.93)
Completing squares in dz™, we get
2L2 2 L2 d 2
ds® = — ro/f(r) (dz™)* + = 4 da? 4 da?
2,2 9 2 1 2
2276 <1 4 ok <1 _ _2>> rz \ f(r)
v "o (3.94)
L2\2y2 r2p2 r2 . .
o <1+ o (1—r—g>>(d:v + A dz™)”
1 (1 e (-
A_ — 2 0 ( v ( O>> . (395)

The first line in (3.94) after incorporating the conformal factor from 2" -reduction
leads approximately to the 4-dim hvLif metric with z = 3, § = 1, in the vicinity of
r — 0 and r — ry. The KK-gauge field becomes the F; gauge field in the lower

4In this section, » — 0 is the boundary.
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dimensional theory: its form becomes that of Fi,; only in the vicinity of the horizon

r — 1o, giving A = Ay ~ —(/\Q—/LIW + % , where we hold %i fixed which preserves
0 0

the first term (while the 2nd term dies). This reduction to hvLif is exact if 4 = 0,

as in [99] for zero temperature (and [101, 161, 166, 180] for finite temperature).

Likewise the A; = Ay gauge field giving charge becomes in the lower dimensional

theory

1
A
Scaling the chemical potential as y — § = fixed, we obtain precisely the gauge field

A2+ = )\AQt , Ag_ = A2t — Agf . (396)

profile for Ay;: however Ay, survives as a scalar background in the lower dimensional

theory.

It can also be seen that the relativistic brane action (3.1) gives rise upon z-reduction
to the hvLif action (3.43), upto the extra scalar arising from A,.. It would be
interesting look for refinements of the discussion here, towards decoupling this extra

scalar.

3.4 Discussion

We have studied dilaton-gravity theories in 2-dimensions obtained by dimensional
reduction of certain families of extremal charged hyperscaling violating Lifshitz black
branes in Einstein-Maxwell-scalar theories with an extra gauge field in 4-dimensions.
We have argued that the near horizon AdS; backgrounds here can be obtained in
equivalent theories of 2-dim dilaton-gravity with an extra scalar, descending from
the higher dimensional scalar, and an interaction potential with the dilaton. A
simple subcase is the relativistic black brane with z = 1,0 = 0 (which has no extra
scalar), which we have analysed in detail. Studying linearized fluctuations of the
metric, dilaton and the extra scalar about these AdSs; backgrounds suggests stability
of the attractor background generically. This is correlated with the requirements
imposed by the energy conditions on these backgrounds. From the study of small
fluctuations, we have seen that the leading corrections to AdS, arise at linear order
in the dilaton perturbation resulting in a Schwarzian derivative effective action from
the Gibbons-Hawking term, and Jackiw-Teitelboim theory at leading order. We
have also seen that the coefficient of the Schwarzian derivative term, (3.39), (3.82),
is proportional to the entropy of the (compactified) extremal black branes after
defining the perturbations by scaling out the background values (3.37), (3.81): this
being the number of microstates of the unperturbed background is thus akin to a

central charge. The background entropy arises automatically as a topological term
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from the compactification. There are of course various subleading terms in the
action at quadratic order which mix at the same order as the metric: these encode

information on the higher dimensional realization of these AdS; backgrounds.

We have explored certain classes of such extremal backgrounds: it would be inter-
esting to understand the space of such AdS, theories in a more systematic manner.
One might imagine that the parameters in these theories, for instance the dynamical
exponents, are reflected in the spectrum of correlation functions, thus distinguishing
the specific ultraviolet regularization of the AdS; regimes. This requires better un-
derstanding of the subleading terms beyond the Schwarzian, which in turn requires
a systematic treatment of counterterms and holographic renormalization. We hope

to explore these further.

From the point of view of the dual theories, it would seem that the present 2-dim
backgrounds are dual to 1-dimensional theories arising from 72 compactifications
of the dual field theories. It would be interesting to understand these better, in
part towards possibly exploring parallels with the SYK models [10, 11], discussed
more recently in e.g. [130, 36, 131, 132] and related SYK/tensor models (see e.g.
(133, 134, 135, 136, 137, 138, 139, 140, 141, 142)).



Chapter 4

AdS> holography from redux,
renormalization group flows and

c-functions

2-dimensional dilaton gravity is an interesting and relatively simple playground for
various physical questions, arising generically from dimensional reduction of higher
dimensional gravitational theories, as is well known. In particular the near horizon
geometry of extremal black holes and branes in these theories is of the form AdSyx X:
compactifying the transverse space X gives rise to effective 2-dim dilaton-gravity
theories with AdS, arising as an attractor point with constant dilaton (which controls
the size of X).

Away from the AdS, throat region, the 2-dim theory exhibits nontrivial evolution
and it is interesting to ask if this can be interpreted as a holographic renormalization
group flow. There is a long and rich history of formulating versions of the renormal-
ization group in the holographic context, beginning with e.g. [62, 63, 64, 65, 66, 67].
The central feature here is the correspondence between the radial coordinate in the
bulk spacetime and the energy scale in the boundary field theory [60, G1]: evolu-
tion towards the interior in the bulk corresponds to flowing to lower energies in the
boundary theory. In [12, 68, (9], the holographic renormalization group flow was
formulated in terms of a radial Hamiltonian evolution, which while not Wilsonian,
provides useful insights into the structure of the RG flow and [-functions. The
striking Zamolodchikov c-theorem [72] argues that for 2-dim quantum field theories,

there exists a positive definite function of couplings that is monotonically decreasing

87
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along RG flows, stationary at fixed points and equals the central charge of the corre-
sponding CFT. Holographic versions of c-theorems were discussed in [73, 74, 75, 76]:
the monotonicity of the associated c-functions stems ultimately from the null energy
conditions which in turn encode the focussing property of null geodesic congru-
ences. Wilsonian versions of the holographic renormalization group were formulated
in [70, 71]. Various versions of c-theorems have also been motivated by studies of

entanglement entropy: a recent review is [188].

In this chapter we formulate a version of holographic renormalization group flows
restricting attention to cases where the far infrared bulk geometry acquires an AdS,
throat, as occurs for extremal black holes and branes. Further restricting to cases
where the transverse space is sufficiently symmetric, as e.g. for extremal branes
that enjoy space/time translational symmetry and spatial rotational symmetry, the
transverse part of the bulk spacetime evolves only in terms of its overall size (or
warping). Then the essential flow becomes 2-dimensional in the bulk and can be
isolated by dimensional reduction to appropriate 2-dim dilaton-gravity-matter the-
ories. (The effect of the gauge fields that gave rise to charge is mimicked by an
appropriate potential for the dilaton and other scalars). This investigation was mo-
tivated by [125] where the dimensional reduction of extremal black branes in 4-dim
(relativistic) Einstein-Maxwell and (nonrelativistic) hyperscaling violating Lifshitz,
hvLif, theories was studied to AdS, dilaton-gravity(-scalar) theories, as well as the
leading departures from AdS, (similar embedddings have been studied recently in
[116, 114, 117, 118, 119, 120, 122,123, 124]). Since the bulk flow to the infrared AdS,
is essentially 2-dimensional, our formulation does not really distinguish whether the
higher dimensional completion is relativistic or nonrelativistic. In the far infrared,
the AdS, fixed point is the very near horizon region of the corresponding compacti-
fied extremal black brane and so it is reasonable to take the central charge of the dual

CF'T} to be the extremal entropy of the black brane, which is the number of underly-
Vp_o®2 @2
4Gp 4G,

where the 2-dim dilaton ®* = gz(i[) “2/2 controls the size of the transverse space. This

i(gf away from the AdS,

region where the bulk has a nontrivial low. We argue that this c-function monoton-

ing microstates. The extremal entropy is given by the transverse area

suggests formulating a holographic c-function C(u) =

ically decreases under flow towards the interior (infrared) and satisfies a c-theorem
that follows from the null energy conditions and requiring appropriate boundary
conditions (that the AdS, throat arises in the nonrelativistic hvLif family above;
this is a fairly broad family that includes AdSp, nonconformal branes and so on,
but is otherwise not “too generic”). In addition C(u) — Spgy at the infrared AdS,

fixed point, which then fixes the precise form of C. This dilatonic c-function has also
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previously been discussed in [70] in the context of nonsupersymmetric 4-dim black
hole attractors [182], which we were in part motivated by: the present context and

discussion is however different in detail as will be clear in what follows.

In sec. 4.2, we study the null energy conditions and discuss this c-function, with
some explicit analysis in the phase diagram of nonconformal D2-branes (sec.4.2.3)
and nonconformal D4-branes (sec.4.2.4). In sec.4.2.5, we compare this dilatonic
c-function with the entropic c-function that has been discussed in the context of
entanglement. While the entropic c-function cg scales as the number of local degrees
of freedom (this is also the scaling of the c-function in [73]), the dilatonic c-function
above is extensive: it scales as the transverse area. Loosely speaking, C ~ cgVyw®

where the AdS, throat arises after compactification from AdS, x X%.

In sec. 4.3, we adapt the holographic RG formulation of de Boer, Verlinde, Verlinde
[42] to 2-dim dilaton-gravity-scalar theories. In particular, we obtain RG flow equa-
tions and 3 functions for the (scalar) couplings in the 1-dim boundary theory in a
derivative expansion. Using this, we compute [S-functions for 2-dim bulk theories
arising from reductions of conformal and nonconformal branes. This suggests that it
is not consistent to place the AdS, throat in a bulk region which exhibits nontrivial
RG flow (i.e. the AdSs throat needs to lie within the bulk region corresponding to
the RG fixed point), and resolves a concern about apparently massless perturba-
tions found in [125]. This is not Wilsonian: it would be interesting to adapt the
holographic Wilsonian RG of [70, 71] to these 2-dim theories and we leave this for
future work. Sec. 4.4 contains a Discussion and the Appendices C.1, C.2, C.3 and

C.4 contain various technical details.

4.1 The 2-dim theory and the attractor conditions

We consider a general gravity-scalar action in D dimensions

/ 2/~ (R — h”a vty V), ()

167TGD

where h7;(U!) is a positive definite, symmetric metric controlling the kinetic terms of
the scalars U1 and V = V(W' g) is a potential for the scalars W' which also contains
metric data (i.e. V' is not simply a scalar potential). Such an effective action arises
from theories with gravity, scalars and gauge fields after the gauge fields have been
replaced with their background profiles (and changing the signs of the F? terms

for electric profiles): we have seen examples of this sort arising in Einstein-Maxwell
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and Einstein-Maxwell-dilaton theories in the previous section. For instance, in the
Einstein-Maxwell case with no scalars, the term [ /=gF? gives 0,(v/—gF") = 0
for electric branes: using this F'"-profile gives the term Q“%Foz thus leading to the
effective potential V = —V,(¥!) + (U1, with V' = —V,(¥7) arising from the

cosmological constant term in the original theory. The sign of the Vo(¥7)-term is

fixed by requiring that the gravity-scalar equations are identical with those of the
original theory (See Appendix C.1 for details). Note that this sign is also consistent
with electric-magnetic duality (for magnetic branes, the F? term does not contain
a minus sign which only arises from g;; for electric branes). It is worth noting that
the gauge fields have not really been “integrated out” and so these gravity-scalar
theories are best regarded as equivalent only for certain (classical or semiclassical)

purposes as will be clear in what follows.

We now look for 2-dim theories obtained by dimensional reduction of the above

theories on a torus TP°~2 with the ansatz
ds* = g(z)dx“dac + o2 Zd% , gD = o2 (4.2)

This gives the 2-dim action

D—3 (V(Q)(I)Q)Q 2v2 (1)2
2 /__ 2 (2)
/ @ '@ ( ot <1>2

D -2
hu

S =

167TG2
g gl gyt — v) . (43)

where V (g, is a covariant derivative w.r.t. gff,,) Now performing a Weyl transfor-

2(D-3)
mation g,, = ¢ P2 g( 2) absorbs the kinetic term! for ® in R. The 2-dim action

then becomes

1 2 2 P I J I
= V—glP"R — — U oMY —U(P, U
S T GQ/da: g( R 2h1J(9“ 0 (P, )) ,
U(®, v = VoD (4.4)

We have suppressed a total derivative term [ d*zv/—g[— g g V2®?] which can-

cels with a corresponding term arising from the reduction of the Gibbons-Hawking

I Using the covariant derivative Vi, wrt. g, and
2(D—3) 2(D-3)
V@2 = 00 V2%, (V(5)@%)2 = & 0> (VE2)?,

2\2 252
2@ _ X2 [R_D—3<(V<I>) _Vfb)].

D -2 o4 o2
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boundary term. See Appendix C.4 for a detailed derivation of this Kaluza-Klein

reduction.

Our choice in (4.2) of the 2-dim dilaton ®? = gg(cf_z)/z implies that the area of the
transverse space is given by ®?: also this choice leads to [(®*R + ...) uniformly in

the Einstein term of the 2-dim action for any higher dimensional theory.

The 2-dim equations of motion then become

, D2 P2
G V0% = V,V, 0% + P (Zpy, 0,0 9n0 4 U ) — 5 I8, 0,W =0,

2 \ 2
_@ Iopgd _ o _
R— =0, 0'0"w 5(%%) =0,
%8“(\/_—g®2h1J8“\IJJ)— o =0. (4.5)

NEY owl

These equations admit an AdSs critical point with constant scalars and dilaton: we
have ®, U/ = const, and R = —% (with L the AdSs scale) which implies

ou —2 ou |

o(d2) I L2 ovlly

0, (4.6)

from the first, second and third equations respectively; the subscript h denotes
that the quantity is evaluated at the AdSs background (which is the near horizon
throat region of the higher dimensional extremal brane). While we focus in this
chapter on pure AdS; backgrounds with constant dilaton and constant scalars, the
field equations (4.5) admit other solutions including a 2-dim black hole (which is
locally AdSs) where the conditions in (4.6) are modified (see e.g. [124]). Turning on

perturbations,
=, +¢, Ul =] ol w=w,+Q, (4.7)

where ds? = e*(—dxTdx™) (conformal gauge), the linearized field equations for
these perturbations are
2¢
0,0_ S ——
+ ¢ + (.CU+ - x_)z )

2 9 )
(o —I;T)Q(I)%L [¢<a§>a[{111 ’h) + 7’“%%‘1)} =0, (4.8)

2, 92 2 2
000+ o g (00 (o) ~ 0, (awrl, )] =0

(h1s]n)03 01" +




Chapter 4 AdSsy holography from redux, renormalization group flows and
92 c-functions

We define new scalar fields ¢! = ! — 3¢, where 5! are constants to be determined.
Substituting in the linearized equations for ¢! above, we get decoupled equations
for ¢!

L? 0*U
J K _
(hrsn)0:0-C7 + (zt — 27)22 (8\I/K8\III )h)C =0 (4.9)
provided 7! satisfy
L? 02U L? /1 0%U
2 — === T= = —‘ . 4.1
(hslr) o2 (a\Iﬂa\yJ L)]ﬁ o2 (8@8\1/1 h) (4.10)
Defining the matrix Hy; = 2(hrs|p) — qf;—z (aﬁ% h), we can solve for 37 as
h
L* 1 0°U
I— gt = —‘ 4.11
o =1 (Gaawl,) (411

where H!/ is inverse of H;; (see Appendix C.3 for an example). With h!”/ the inverse
of hy;, the condition for a stable AdS, critical point with no tachyonic or massless
modes is that the eigenvalues m? of the mass matrix (}L:I)#(N‘?,QBU\PK |n) satisfy the
AdS, Breitenlohner-Freedman (BF) bound, i.e. m?L? zh—}l. Of course m3 > 0

automatically satisfies this, as was the generic case in [125]. For the case with simply

one scalar field U, the criteria for a stable AdS, critical point are

oU oU | -2 02U P2
U, =0 —1| =0 = — — — b 4.12
R0 3wl T @) T L2 0Wtlh T 4L? (4.12)

4.2 Null energy conditions and a c-function

We are studying 2-dim dilaton-gravity-matter theories (with a potential) that we re-
gard implicitly as arising from dimensional reduction of higher dimensional gravity-
matter theories. Requiring time translations and that the space transverse to the
two (t,r)-dimensions is sufficiently symmetric means that the bulk space effectively
evolves nontrivially only in the bulk radial direction. For instance, extremal branes
enjoy translational and rotational invariance in the spatial directions: these geome-
tries thus flow only in the radial direction. From the dual point of view, with the
radial direction taken as encoding energy scales [60, 61], this simply means that the
theory has a nontrivial RG flow encoded by the bulk theory in terms of a holographic
renormalization group. This has been the subject of much exploration with a large
literature over the years e.g. [62, 63, 64, 65, 66, 67, 12, 68, 69, 73, 74, 75, 76, 70, 71]

(and the recent review [188]).
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Focussing on reductions of extremal objects is equivalent to requiring that the 2-
dim theories approach an AdS; throat in the deep infrared with the dilaton and
scalars acquiring fixed point values. The bulk radial flow to the infrared then must
terminate at an AdS; fixed point: the transverse space symmetries assumed above
imply that the bulk flow is effectively just 2-dimensional and the dual theory is ef-
fectively encoded by a flow to a one dimensional C'F'T} obtained by the dimensional
reduction of the transverse space. The bulk description of this holographic renormal-
ization is consistent with the reduction ansatz we have been discussing with the size
of the transverse space controlled by the 2-dimensional dilaton ®. It is important to
note that this effective 2-dimensional flow appears insensitive to whether the higher
dimensional theory is relativistic or nonrelativistic. In particular this raises the ques-
tion of proposing a c-theorem encoding the renormalization group flow in the dual
1-dimensional theory. This is intriguing especially considering that c-theorems and
renormalization group flows are not so easily constrained for nonrelativistic theories:
if such a c-theorem and associated c-function can be identified for the present context,
one may hope that the analysis here may aid progress in understanding c-theorems
for higher dimensional nonrelativistic theories away from extremality. Previous in-
vestigations on holographic c-theorems in Lifshitz and Schrodinger theories can be
found in [189, 190].

From the bulk point of view, the gravitational theory is required to satisfy appro-
priate energy conditions for being physically well-defined. In particular the null
energy conditions require that the energy momentum tensor contracted with any
null vector n* be non-negative, i.e. T, n*n” > 0. From the Einstein equations
governing the bulk theory (which is classical in the large N approximation), this
imposes R,,n#n” > 0, which can be regarded as defining monotonicity relations for
bulk metric data. For relativistic theories, there is a single null vector that is in-
dependent: for nonrelativistic theories enjoying spatial translation symmetry, there
are two independent null vectors. The reduction ansatz we have been discussing
suggests a priori two independent null vectors, one with components along the (¢, r)

directions, the other with components along (¢, z%) directions.

Consider, for simplicity and concreteness, the ansatz for the D-dim metric

ds’ = —Bdt* + —; + ®72 Y da;

I P (4.13)
i=1

where B and ® depend only on the radial coordinate u for the sufficiently symmetric

space we have in mind. We have chosen these coordinates since the null energy
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conditions then simplify. The components of the Ricci tensor are

B%)" 2BB'd ®5—= (4BB'D  B2(d?)"
o - |
R > T | I D-\ & T )
(B2 2 2(D — 4) (9')?
Ry =~ — (@B +2'B) + D2 & (4.14)

where prime (/) denotes derivative w.r.t. the radial coordinate u. For the two null

vectors,

M (/=g" g™ .0,0,...,0), & =(y/=¢"0,F",0,...,0), (415)

the null energy conditions give

MoN o [P (D —4) ()
Run¢7¢" = —28 [5_ (D—2) @2 }
B (BQ)// 2 (@2)// 2(D _ 4) (BZ)/(I)/

21 B (D-2) ® (D—2) B2®

v

0,

Ryn&MeN

} >0. (4.16)

Note that the first condition is independent of B in the coordinate choice (4.13).
Ezxample: The charged finite temperature D-dim hvLif metric is

20 2z

d52:<L)_d7[—%f( Pt 4 dr —|——de], dj=D—2. (4.17)

Tho

The uncharged zero temperature case (f(r) = 1) written in the form (4.13) has

2:-3 (241)—22\ —20 2:-%
(Z . 26) R 2 -
BQ(u) = d; = u =g, 7
d;
rhv
1
(Z _ 2_?>di—9R39—20—di Z‘?Tf ji;l;
/w
20/d;
u = "ho zfi—f

(= — 20/d;) R+

Substituting these expressions for B? and ®? in (4.16) recovers the familiar null

energy conditions for uncharged zero temperature hvLif theories

(di—0)(di(z—1)—0) >0, (2—1)(d;+2—6)>0. (4.19)
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4.2.1 A holographic c-function

The existence of a renormalization group flow in the radial direction in the effective
2-dim bulk theory suggests the existence of a c-function that encodes the number of
degrees of freedom along the flow. Requiring that the flow terminates at an AdS,
fixed point implies that the IR fixed point is a nontrivial C' F'T}. The fact that the
AdSs is the very near horizon geometry of the extremal black brane that describes
the system suggests that the number of degrees of freedom describing the IR C'F'T}
is equal to the entropy of the extremal black brane. The extremal entropy is given

by the horizon area

S _ gg_Q)/QMVD_Q _ (1),% Q. — GD
BH Te 1G, 2 Vo’

(4.20)

with @, the value of the dilaton (4.2) in the AdSs region and G5 the 2-dim Newton

constant. Note that the dilaton ® controls the transverse area of the black brane.
This suggests proposing a holographic c-function after reduction of (4.13),

@2(’&) (IDQ(u) DD,Q 9
C<u) 4G2 4GD Y ga;$ ’ < )

describing the number of active degrees of freedom at scale u along the renormal-
ization group flow to the IR AdS, fixed point. This was proposed and discussed in
[76] in the context of 4-dim nonsupersymmetric black hole attractors: in the present

case, our context is different in part but there is overlap in the physics nonetheless.

holographic renormalization group flow

to lower energies (interior)

Figure 4.1: A cartoon of the bulk
spacetime with the holographic RG

R rowerds flow in the radial direction to the in-

intermediate .
AdS2 region uv frared AdSs throat region from the far
throat region

(UV) region through possible inter-
mediate regions (and associated RG

transition scales).

RG transition
scales /

To prove the c-theorem for C, we need to prove that C(u) decreases monotonically as
we flow to lower energies u (i.e. interior), or equivalently that C(u) is a monotonically
increasing function as u increases (outwards to the boundary). We will do this in

two steps.
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Step 1: first define ® = ®*/(P=2) Then the first of the energy conditions (4.16)

becomes

T o3 T 2 " D —4(9) 2 P
b—drz, ——- (2 _2° 77 = —(D-2)B’— >0
’ D—Q(cb D2 @2 (D-2)B =20,
(4.22)

so that ® monotonically decreases as u increases towards the boundary. In other
words, @ in the interior is larger than @ near the boundary. If we can now argue
that ' is positive near the boundary, this would imply that ® > 0 everywhere in
the bulk as well. This then would imply that ®(u) is a monotonically increasing
function as u increases and flows towards the boundary. A heuristic picture of the

setup appears in Figure 4.1 (see also the discussion on nonconformal D2-branes,

sec. 4.2.3, which exemplifies this).

Step 2: Now we proceed to argue that @' is positive near the boundary for suitable
boundary conditions, namely that the ultraviolet of the theory belongs in the hvLif
family (4.17) that we have been focussing on (which also includes AdS for exponents
z = 1,0 = 0). The extremal branes we are considering here are excited states at
finite charge density in these theories: the near boundary region corresponds to the
high energy regime of the dual, well above the characteristic scales of the excited
states. So it suffices to use the asymptotic (uncharged zero temperature) form of

these backgrounds.

Using (4.18), we have d; = D —2 and & = &4, Then retaining only relevant factors,
we have
. 20\ =55 _di=0_ - 20N =v=25 (d; — 0 1
&~ <Z— _) d; 29uzdr29 ’ &' <Z— _) 4;—20 ( ) LN
di d (2d; — 20) G 1)
& (Z B §) si=55 (d; — 0)(di(z — 1) — 0) 1 (4.23)
d (i =207 A '

Then % < 0 gives the null energy condition (d; —0)(d;(z—1) —6) > 0. A reasonable
dual field theory requires positivity of specific heat if the theory is excited to finite
temperature. Since the entropy for these theories scales as S ~ VT @, the posi-
tivity of the corresponding specific heat imposes @ > 0. This implies d; — 8 > 0
since z > 1. Alongwith the null energy condition, this leads to (d;(z — 1) — 6) > 0.

These two conditions together imply
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Then we see that ®' is positive in this near boundary region. Roughly, ® ~ u" and
® > 0 and ®” < 0 require n > 0 and nn—1) <0, ie. 0 <n < 1. We have
argued that this is true if the null energy conditions and positivity of specific heat

are satisfied.

Thus finally, we have shown that for the ultraviolet data we are considering, ®(u) =
®2/(P=2) is monotonically decreasing as u flows to the interior (lower energies). Since
the exponent ﬁ is positive, this implies that ®(u) satisfies the same monotonicity
property. This proves that the holographic c-function (4.21) we propose in fact

satisfies the c-theorem.

At the IR AdS; horizon, C in (4.21) approaches the extremal black hole entropy
(4.20), which is the IR number of degrees of freedom controlling the number of
black hole microstates, akin to a central charge for this subsector. In fact it is
this requirement that C — Sgy at the IR AdS, fixed point which fixes the precise
scaling of C in terms of ® (else any positive power of ® is monotonic, from the above
arguments). The stationarity of C at the IR AdS; fixed point is implied by the
stability of AdSy attractor with respect to the fluctuations in (4.7) through stability
conditions in (4.12).

It is interesting to note that we have mainly used the first null energy condition
in (4.16) in the above arguments. The second null energy condition appears to be
more a condition on the matter configurations: for instance, the second condition
for hvLif backgrounds (4.17) gives z > 1, d; +z—6 > 0 in (4.19), which follow from
reality of the fluxes supporting the background, and also follows from specific heat
positivity. to illustrate the condition in more generality, let us restrict to D = 4 for

simplicity: then the second condition in (4.16) gives

((I)Q)// < (BQ)//
o2 — B2 7

(4.25)

which says that the dilaton “acceleration” is not greater than that of the 2-dim

metric. As we approach the AdS, region, we have B? ~ (u — ug)? so this becomes
(@2)// < 2
2~ (u—up)?

large. Thus the near AdS; region does not provide any additional constraint from

which is trivially satisfied as u — ug since the right hand side grows

this energy condition. However the near boundary region gives nontrivial constraints
on the exponents defining the theory from this energy condition as we have seen.
We will discuss this further later.

One might be concerned that the null energy conditions (and the Einstein equations)

are second order equations while renormalization group flow is first order. It is
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important to note in this regard that the boundary conditions we have imposed is on
the first derivative ®’, which then automatically implies monotonicity. This physical
boundary condition has effectively ruled out the other (growing) mode which would

likely be singular in the interior.

In explicit examples (e.g. nonconformal branes redux, later), we can check this dila-
tonic c-function in fact has the right behaviour. Consider for instance an extremal
brane in an hvLif theory where B?  ®2 near the boundary have the form (4.18) while
in the near AdS, region, B? ~ (u — ug)? and ® ~ u” globally, with A = zji:ge.
Then using the arguments around (4.24), we see that A > 0 so that ®*(u) can be

seen explicitly to monotonically decrease through the bulk as u decreases flowing
towards AdS,. We also see that A < 1 so that ®” < 0 in accord with the first energy
condition in (4.16). The second energy condition in the near boundary region simply
imposes the constraints on the exponents that we have seen, which are required of
the theory. In the near AdS, region, B® ~ (u — ug)? and so as described above, the
second energy condition is satisfied. This family includes AdS where z = 1,0 = 0

and &% = 2.

From the point of dual 1-dim theories which flow to the C'F'T} dual to the AdSs
bulk theory, the arguments above suggest that C in (4.21) is a candidate c-function.
While spatial coarse-graining does not make sense in 0 + 1-dim (no space!), the
renormalization group defined in terms of integrating out high energy modes does
make sense, i.e. as a flow to lower energies (IR). In the present context, we have
defined the holographic c-function C as essentially inherited from the higher dimen-
sional theory that has been compactified: it would be interesting to understand the

c-function from the dual 1-dim point of view.

4.2.2 Null energy conditions from the 2-dim perspective

We have described the null energy conditions 7),,n*n” > 0 in the higher dimensional
theory and recast them in terms of 2-dim bulk variables gf[i), ®. The two independent
null vectors give two independent null energy conditions (4.16) as we have seen. How-
ever it is interesting to note that only one of the null vectors — (M = (y/—g', \/g"®)
— has a natural interpretation intrinsically in the 2-dimensional spacetime. This
leads to the first of the energy conditions. The second one appears to have no in-
trinsic interpretation directly in 2-dimensions: however we can reverse engineer this
from the higher dimensional theory and recast it in terms of the potential governing

the dilaton and other scalars in the context of the dilaton-gravity-scalar theory (4.4).
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The tr— and 7i-components, for « = 1,...,D — 2, of Einstein equations for the

gravity-scalar action in D-dimensions (4.1) are

g(D) hU g(D) g(D)
R — LRP) — (a R aMxpfaMpr) -y, (@)
(D) (D) (D)
(D) Yii (D) _ hlJ( I9qJ _ Jii 1M J> i oV

where we have taken the metric to be diagonal in the spatial components i.e. glgf) =

0V i# 7 and the potential V in (4.1) to be dependent only on g(D) components.

These equations G\ M N =8r1G DTM ]\), give the stress tensor components as

hIJ I J gl(l»lV)) I oM 7, J 955)
87GpT P (a w0, 0 — 90, oM w ) -2y, (4.28)
(D) (D) oV
G TP = i(mﬂaﬂﬂ—gﬁa \IﬂaMpr) _ gy - (4.29
TGpd ., 9 9 M 2 +6g(D)m ( )

After dimensional reduction, we obtain the 2-dim action (4.4) and the above equa-
tions become the 2-dim Einstein equations and the dilaton equation in (4.5). In par-
ticular the higher dimensional pv-components give 2-dim Einstein equations which

we write in the form

1
57190V = V,V,8%] = 82 GpT}L)

h ) v
STGTL = %(QL\PI&V\I]J a %aM\I[IaM\I/J> - gzuqﬂ . (4:30)

The xx-component of the higher dimensional stress tensor can likewise be expressed
in terms of the 2-dim potential and its derivative as
e 0
D—-2
prit2 OU
0P?

87 GpTD) = _ D=2
xrx 2

hr O oMUY — (4.31)
This has no obvious 2-dim origin intrinsically: the null energy condition intrinsic to
two dimensions involves only 7}, but not T,,. Further the null vector £ in (4.15)
has no intrinsically 2-dimensional meaning. The second null energy condition in
(4.16) from the higher dimensional theory can however be recast in 2-dimensional
language in terms of the stress tensor components above and it is then interesting
to ask what 2-dimensional constraints it leads to. This second NEC T fM N >0

for the null vector

= (/gD 0,y/g@zz 0, . 0) = (v/—g'®D2,0,d52,0,...,0) (4.32)
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becomes

871G p (T (€12 + TP (€7)?)
—2 4.33)
2(D—3) gtth[J I J $D-2 ) oU (
=_p o2 L = — (U - — —)>0.
o Lo g + = (U (D —2)® aqﬂ) >0

For static backgrounds as we have here, 9, %! = 0: then this second NEC becomes a

nontrivial condition on the potential and its derivative

ou
U—(D—2)<I>2W > 0. (4.34)
In 2-dim dilaton-gravity-matter theories that arise from some higher dimensional
reduction, this condition (4.34) is simply recognized as the second NEC in (4.16).
However if we regard (4.4) as an intrinsically 2-dim theory, then it appears reasonable
to impose such a constraint on the dilaton-matter potential. Note that this constraint
is not the same as the stability condition (4.12): rather (4.34) constraints the space
of allowed solutions to the equations of motion (4.5) in an intrinsic 2-dim theory.
For example, constant @, constant W/ with AdS, metric is a solution to (4.5) when
(4.6) is satisfied, which is consistent with (4.34).

To illustrate the above constraint, consider first a potential of a form we have seen

arising from reduction of 4-dim Einstein-Maxwell theory,

au 4V,

U=-V®+ = = U-20"——=—>0 = V>0. (435
T 3 ad? — Pt = 2= (4.35)

Of course this can be recognized as the condition @Q? > 0 in the higher dimensional

theory: from the 2-dim point of view, the condition gives positivity constraints on

the coefficients that appear in the potential.

The first NEC in D-dimensions, Tjsf]\),CMCN > 0, or RE\Z)VCMCN > 0 for the null
vector (M = ({/—g@Dtt /gD 0.0,...,0) = (W(I)%, \/WCD%, 0,0,...,0)
becomes the 2-dim NEC R,,,{#C” > 0 for the 2-dim null vector {# = (v/—g%, \/g™).
Using (4.30), this NEC gives

— V,V, %" = g"V,V,®* — ¢V, V, 9% > 0 . (4.36)

For static backgrounds, this recovers the condition on the “acceleration” of the

dilaton that we have studied earlier in the context of the c-theorem.
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4.2.3 The c-function in the M2-D2 system

Nonconformal Dp-branes upon dimensional reduction on the transverse sphere give
rise to hvLif theories with z = 1 and nonzero 6 [39]. In particular the D2-brane
supergravity phase upon S°-reduction give rise to bulk 4-dim hvLif theories with
z2=1,0= —% . These flow [8] in the infrared to M2-branes, which give rise to AdS,
upon S7-reduction (with z = 1,6 = 0). These are all uncharged phases. Adding a
U(1) gauge field to this system — which can be taken as the dual to the U(1) g current
— and tuning to extremality gives string realizations for the extremal versions of the
above 4-dim theories. We have in mind that the AdS; phase eventually terminates
in the deep IR at an AdS, throat: see Figure 4.1. Since the transition from the
D2-phase to the M2-AdS; phase occurs at energies well above the IR scale where
the AdS; emerges, the D2-phase can be essentially regarded as uncharged for the
purposes of the discussion below. In the far UV, the D2-branes are described by free
3-dim SYM.

The string frame metric and the dilaton describing N D2-branes are

5/2 5/2 5/2 R\ 1/4
2 _ T 2 2 2 2 2 b _ 2
dsst = _R5/2 dI'H —+ _7“5/2 d?” —+ _7"1/2 dQﬁ s € = (s (T_5) s (437)
2

with e®~ = g, the asymptotic value of the dilaton, and

g
gi2/M = \/27 ) RS = O/ggi%MN ) (438>
where we are ignoring numerical factors (since we will be primarily interested here
in the scaling behaviour along the RG flow). The 10-dim Einstein frame metric
ds? = e~2(9=9=) 52, after dimensional reduction on S® gives the Einstein metric of

the effective 4-dim hvLif theory with d; =2, 2 =1, 6 = —%,

r7/2 R3/2 0\ 1/3 pz R2
ds? = —dt? + da? + da? 2d2:(—) [—_dﬂ d?) + 224.2]
s R7/2( + dxy + :1r,'2)—|—703/2 r 7 R%( + :cl)+p2 0

2

(4.39)
The second expression is written in coordinates where the hvLif form (4.17) is man-
ifest. We have
3/2 3/2 2 (.40
P= "13> w=—70, U= -, 4.40
Ry? Ry? Ry

(6-p)/2 . . . .
where w = ;(%;)/2 is the nonconformal Dp-brane supergravity radius/energy vari-

able introduced in [61]. This coordinate has also proved useful in studies of entan-

glement entropy and its interpretation in the nonconformal brane system [191, 103].
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The coordinate u is chosen to cast the metric above in the form (4.13) that we
found useful in analysing the c-function in our earlier discussion: in terms of those

expressions, we have
7/2 7/4 7/2
p=r__4 i p——LY A (4.41)

o R;/Z R;/4 ’ R;/2

Then the c-function (4.21) written in terms of the energy variable w in the D2-phase

18

V29? . 1
—Vow B NZ—
Gy 2 (g%/MN)l/g

after spatial compactification of the D2-branes. Here we have used

C(w) ~ = Vow® Nosp(w) (4.42)

Gm 920/4 9 1
Gy~ ~ s Nopplw) = N> 1.43
4 VOZ(SG) Rg ) ff(w) (g)Q/MN/w)l/g ( )

and N.sr(w) is the scale-dependent number of degrees of freedom for the D2-phase

(which also has played useful roles in entanglement studies [191, 103]), while the
2
dimensionless gauge coupling at scale w is g.ry = g;gif,v .

The M2-phase is given by the AdS,; x ST background (again ignoring numerical

factors)
2 2 9
2 T o I 2 102 6 6 Gu Ly
dS —ﬁdl’H"_r_sz’ +R dQ7, R NNlp, G4NWNE s (444)

which after reducing on the S7 gives AdS, (and I, is the 11-dim Planck length; note
that RS ~ Ni% ~ g,R3v/a’). This is already in the form (4.13) with u = r and the

energy variable w = £ and P2 = ;—22. Then the c-function in this M2-phase after
spatial compactification is
‘/'2 7”2 R2
C(w) = = = = — Vaw® = NV, w? 4.45
(w) G moa Y Yw? (4.45)

using g—j = GR—i = N32_ 1t is useful to recall [8] that the D2-phase is valid in the
regime gf , N'/* < & < g3 ),N so that N¥? < N.pp(w) < N2 At the scale
oo~ g%, the system transits from a smeared (arrayed) M2-phase to the M2-AdS,
phase. At this scale which corresponds to w ~ g2 ,,N~2 we have N_s;(w) ~ N2
and the D2-phase c-function can be seen to match that in the M2-phase. The present
analysis cannot be applied to the intermediate interpolating phase corresponding to

smeared (arrayed) M2-branes.
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We have so far discussed uncharged D2-M2 phases. With the AdS; emerging in the
deep IR (within the AdSy region), the transition between the D2- and M2-phase is
well approximated by the uncharged system. To see this explicitly, note that the

charged hvLif metric arising from D2-redux is
PN P R
ds* = (E> [R—g(—f(p)dt2 + dz} + dx3) + p—dpQ] :

o) = 1= ()" (- (£)"). (4.46)

with Q% ~ pg/ % at extremality. Since the transition is occurring at a scale pyqns >
po, we essentially have f(p) ~ 1 in that region. In the deep IR, the extremal M2-
AdS, phase

7,2

T R?

vt g0 =1-() L (1-1), wan)

r r4 To

R2
ds? — dt* +da?

= L)+
(after S reduction) with @* ~ 7§ develops an AdS, throat, with the horizon at

r =ro. Then the IR scale at the horizon is u = 4% and the c-function approaches

V2 Q
N3/ % . (4.48)

AdS>

C

This phase is dual to a doped C'F'T5, with dopant density og = % which is essentially
the number of dopant charge carriers per unit area of the M2-branes: then C;p is
essentially a “central charge” whose N®2 scaling reflects the underlying number of
degrees of freedom of the M2-C'F'T', which has been doped with an additional Va0
number of charge carriers distributed over the volume V5 of the M2-branes (there
are some parallels with the heuristic partonic picture of entanglement for excited
AdS plane wave states in [104]). This “central charge” corresponds to the number
of microstates of the doped C'F'T} obtained by spatial compactification of the M2-

branes: it is essentially dual to the AdS; theory describing the extremal black brane

Qw)
R4

dopant density with w?, = % the infrared value. String/M-theory realizations of

with C;p the extremal entropy. In some sense, w? = is a scale-dependent
this involve turning on an appropriate G4-flux in the M2-brane system which after

the ST reduction gives the additional U(1) gauge field that provides charge [192].

It is clear that the c-function (4.42) in the D2-phase gives a larger number of degrees
of freedom than that in the M2-phase (4.45) (noting the regimes for w, which flows
to lower energies), in accord with our general discussions of the c-function earlier.
This dovetails with the fact that 6 is negative in the D2-phase (with z = 1). It is
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also worth noting that the precise N-scalings etc arise from the precise dimensionful

factors contained in the dilaton.

4.2.4 c-function in the M5-D4 system

The M5-D4 brane system flows from an AdS; x S* phase (dual to the 6-dim (2,0)
theory) through the D4-supergravity phase to finally 5-dim SYM in the IR. While
this does not admit an AdS; region in the deep IR of the phase diagram, it is
interesting to study the c-function (4.21) in this case as well. This discussion has
parallels with the D2-M2 case so we will be succinct. For the M5-AdS; phase, we

have

g2 = g e | o2 R® ~ NI? G G by 4.49
ST T e e T Vois " R 4

which after reducing on the S* gives AdS; (I, is the 11-dim Planck length). This
dovetails with (4.13) with u = r and the energy variable w = £ and ®* = ;3—22 . The

c-function in this M5-phase after spatial T°-compactification then is

‘/:5 7,.2 RS

C =2 — = Viw’ = N*Vzu® 4.50

(w)M5 G7 R2 G7 5W 5W ( )

using g—i ~ G_11 ~ N3 here. Now for the N D4-branes phase, the string metric and
dilaton are

r3/2 R3/2 3/4
ds2 = = gqa2 1 dr? R3/2 1/2dQ2 _ s( )
Sst RV T+ mpdr + =9 R, ,
Q%M ~ gs\/aa Ri ~ o gYMN ) (4.51)

ignoring numerical factors. The 10-dim Einstein frame metric ds% = e~2(¢=%=)ds2,
after S*-redux gives a 6-dim hvLif theory (4.17) with d; =4, 2 =1, § = —1,

2 4 o (P \Y? 2
ds? = R5/4( dt —|—de) 7/4d (R—4) [ —dt +Zdw
(4 52)
The D4-brane supergravity radius/energy variable w [61] and the u coordinate in

(4.13) are
1/2 3/2
. 1/2 1/2 . T . r
p—R4T s w—w, U—ﬁ (453)
Ry Ry
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With Gg ~ Gio/Vol(S*) ~ g2>a’*/R}, the scale-dependent number of degrees of
(D-2)/2 _ r5/2

freedom N,;f(w) for the D4-phase [191, 103], and the dilaton ®* = gz = 57
4
the c-function (4.21) is
V02 (w
C(w)pa = ZTi) ~Viw! Negp(w) , Nep(w) = N*(gyy Nw) , (4.54)

after spatial T*-compactification, and the regime of validity is 1 < g2 ,,Nw < N?/3 .
Noting Ry; = gsx/_’ ~ g% v and Vs = VyRyq, we see that the c-function continuously
transits from the Mb5- to the D4-phase for length scales longer than the 11th circle
size Ry;. This leads to the guess that the c-function in the free 5-dim SYM phase

after spatial T#-compactification is possibly N2V w?.

4.2.5 On dilatonic and entropic c-functions

It is interesting to compare the dilatonic c-function we have defined with the entropic
c-function [193, 194] that has been studied based on studies of entanglement entropy
195, 196, 197, 198].

Consider the bulk geometry (4.13) with asymptotics being AdS or hvLif, focussing
on D = 4 dimensions (with no compactification). For a strip subsystem with width
along say z, the induced metric on a time slice is ®%dy? + dB—“j + ®2dz? and the area
functional for holographic entanglement [53, 51] is A = L [ du %\/ 1+ B2®2 (4)2

which after extremization gives

oL [du PP d P2
g /_“ L l:/_“—* , (4.55)
4Gy ) B /Pt — o4 B &,/d4 — ¢4

where ®, = ®(u,) is the value of the dilaton at the turning point w, of the minimal
surface, and L is the size of the (essentially infinitely long) strip in the longitudinal

y direction. For instance, for a strip in AdS,, the area and width integrals are

S = % v Bdu W R—4(£ —Lyand | ~ 2 The entropic c-function is then
4 Je u Syttt Gy \e l U
defined as 2 45
CETdl (4.56)

which gives cp ~ g—z. This is thus a measure of the local number of degrees of
freedom, or central charge, in the dual field theory responsible for entanglement. In
theories with an RG flow, the entropic c-function is scale dependent and satisfies

dj—lE < 0, i.e. it monotonically decreases with the width [, and thus plays the role of
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a c-function based on entanglement entropy. For instance for nonconformal branes,

cg(l) ~ Negs(1).

We will now try to draw comparisons between this entropic c-function and the
dilatonic c-function (4.21). Away from the AdSs horizon, u > wuy and we have

B ~ *Z% ~ % . Since the dilaton monotonically decreases flowing towards the

R
interior, i.e. as u decreases in (4.13), we can recast the integrals above as
2L Yd 3 2R ['d 1 ®
s Mgl M 1t
4Gy e U/t —1 i Joo u o/t =1 ®

(4.57)
Since the dilaton decreases monotonically, we can redefine the radial variable by ¢
as du = i—“,’ , and we note that all the information about the turning point has been
scaled out after this recasting to the factors outside the integrals. The entropic c-
function receives a nonvanishing contribution simply from the finite part for which

the integrals are simply finite numerical factors. Then we see that S ~ G%@*L ~ g—z %

which recovers cg ~ g—j )

From the discussion of the c-function for M2-branes (4.45), we see that C(w) =
N372Vow?. Recalling that g—z ~ N372_ we see that the dilatonic c-function scales as
the entropic number of degrees of freedom (i.e. cg), but is in addition extensive:
it scales with V5 and shrinks as w? along the flow to the IR. In the 2-dim bulk
theory after compactification, cg cannot be formulated since the spatial directions
are compactified but the dilatonic c-function nevertheless encodes the number of
degrees of freedom that cg encodes. Similar comparisons can be drawn for other

cases.

It is also interesting to recall the holographic c-function in [73]. For a bulk theory
ds® = eQA(@)dxﬁ + dg* enjoying Lorentz invariance (i.e. z = 1), this c-function is
Crapw (w) ~ m where d; is the number of boundary spatial dimensions.
For AdSp, we have A ~ log % and cpgpw ~ g—(z which gives cpapw ~ N3/2 for
M2-AdS;. For nonconformal Dp-branes (g2, ~ gso/*~3/?) [g]

2 r(7=2)/2 2 1(?7_p)/2 2 2 102
dsz, = —Rg_p)ﬂ dxj + T (dr®+1r2dQ%_,) ,
P R;_p % 7— 2 15—p
e = gs(ﬂ—f’) ,  RyP~gyyNa , (4.58)
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upon S P-redux give the hvLif metric (4.17) with 2 = 1, p = d; [39]: in this case,

using
0-p (-3 ., _eR) L, eyt
0 =p— =— , d :<—) drj+de”, _:<_> o
P e s T g, e R/, TR,
(4.59)
we see that the dilatonic c-function (4.21) we have discussed (after redux to 2-dim)
gives
2 p=3 (5-p)/2
v g N 5—p r p
C(w) ~ Negs(w)Vaw™ | Nepp(w) = N? ( wM) W= o (460)

as we have seen earlier in the detailed discussions on the D2-M2 and M5-D4 phases
(with w the nonconformal Dp-brane supergravity radius/energy variable [61]). On
the other hand, the c-function in [73] mentioned above can be seen to be crpgpw ~
Nesp(w), with the same scaling as the entropic c-function cp: this is a measure of
the local degrees of freedom of the higher dimensional theory, while the dilatonic

c-function C has additional extensivity arising from the compactification.

4.3 2-dim radial Hamiltonian formalism and S-

functions

A version of the holographic renormalization group was formulated in [12]: using
a radial ADM-type split of the bulk spacetime, the radial Hamiltonian constraint
gives rise to flow equations for couplings and corresponding S-functions. This is not
a Wilsonian formulation since the effective action at the scale corresponding to some
radial slice depends on data not just at higher energy scales that have been integrated
out: Wilsonian formulations of the holographic renormalization group have been
investigated in [70, 71]. Nevertheless this dVV formulation gives useful qualitative
insights into the holographic renormalization group. In this section, we will adapt
this to obtain renormalization group flow equations and S-functions starting with the
2-dim dilaton-gravity-scalar theory. As in [12], writing the boundary 1-dim action
on some radial slice in a radial Hamilton-Jacobi formulation, we separate this at
low scales into local and nonlocal parts and then write the local part in a derivative
expansion. Taking the leading term to arise from just a “boundary potential” term
for the couplings (scalars ®, ¥'), i.e. no derivatives, we obtain relations between
the original potential and the boundary potential using the Hamiltonian constraint,

thereby obtaining S-functions from the flow equations. We will describe this below.
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Consider the 2-dim gravity-scalar action (4.4) including the Gibbons-Hawking term

1
o 1677'02

@2
/ R <<I>2R — 5 hd, V0 — U(@, \Iﬂ)>

/dt\/_ P2K | (4.61)

+

167TG2
where U(®, ¥1) = VorT, Substituting the radial decomposition of the metric

ds* = (N? + 7 (N')?)dr? 4 2, N'dtdr + yudt® | (4.62)

certain boundary terms cancel with the Gibbons-Hawking term: then massaging
leads to a radial Lagrangian (in Appendix C.2, we derive this from dimensional
reduction of the Hamiltonian formulation of a higher dimensional theory of the sort

we have been considering)

s | 2K 2 to &2 P I oug,J
dt\/_—ny[ 20,0% + = (0,07 = N'9,0%) = —-hy 0,0 " U]

(4.63)

1
©16wGy

where the extrinsic curvature and the covariant derivative w.r.t. 4 are

Ky = 8r%t 2DtNt) , K= thKtm DNy = O;N; — FitNm Oy = VttDtDt,
(4.64)

and N, = v, N'. The conjugate momenta for the fields v, ®

1
2N<
where " = (yy)7!
and ! are

it 167Gy 0L A"
T V=7 N
Te = 167TG25—I./ =4K® = 2077
V=7 60
167TG2 oL . Cbzhjj
T V= 6wl N

(8,8 — N'9,8?)

(%t - 2DtNt> )

(T — N9, 07 | (4.65)

where dot represents the radial derivative,i.e. d = 9,® and so on. Inverting, we

obtain
1 N tt
_ ﬁ( 77; +N’fat<1>2) ,
, Nmg
Ve = 2041 + 2Dy Ny,
. NhIJ’iTJ
U= 2 1 N (4.66)

@2
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The Hamiltonian is obtained by a Legendre transform of the Lagrangian (4.63) as

1 . . 1
— /dt\/—W(thﬁ'/tt + 7e® +m W) — L = /dt\/—v(N”H + N'"H,) .
167TG2 167TG2

(4.67)

The fields N and N being non-dynamical gives the constraints g—g =0 and % =0
1.€.

e 9 i ®° T
Hi = —2vu Dy + 7160,® + 10,91 =0 . (4.69)

Now as in [12], we imagine that the boundary action on some radial slice can be
evaluated as a function of boundary field values at that scale: then thinking of this
action in terms of a radial Hamilton-Jacobi formulation allows us to relate the con-
jugate momenta as derivatives of this action, which we then use in the Hamiltonian
constraints in a derivative expansion to relate the bulk and boundary expressions.
Towards this, we segregate this boundary action into a local part and a nonlocal part

at a low energy scale u < i, (with p, the UV cut-off) in a derivative expansion,
dey = Sloc +I. (470)

Here I' contains higher derivative, nonlocal terms which encode the information
about correlation functions of the operators in the boundary theory and gives flow
equations for these correlation functions, which are the Callan-Symanzik equations
(we will not explore that here). A general form of the local action is Sy =
[dty/=y (W(®,07) + M9, 0! 9*W/ + ...), with W, My, are local functions of the
couplings. Approximating the local part of the boundary action in terms of just the

leading potential term (ignoring derivatives) as

Sty = / HTW (D W) 4 (4.71)

we can define the conjugate momenta in terms of the boundary potential W (®, ¥7)

as
ﬂ_tt = 167TG2 5dey _ 87TG2’)/tt W ’
V=7 0u
167TG2 (Sdey ow
= Sy RAAS
T — 5D 67TG2 oD s
T = L6mGs 05y _ 167TG28—W . (4.72)

V= 0wl ov!
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Substituting these momenta in the Hamiltonian constraint (4.68) and collecting the
potential terms, we get a relation between the bulk potential U and the boundary

potential W as
u 2R1T OW OW W OW

(87Gy)2 @2 QW 9 B 9D
Using the momenta (4.72) in terms of W, the flow equations (4.66) can be written

(4.73)

as

ro_ 1 t 2
b — ﬁ<(87rGg)NW + N'9,® ) ,

. 8tGo) N OW
Vet = %8_@ + 2D Ny,
. 167Gy)Nh! oW
g = 167 53 B N'O, 0! . (4.74)
[f-functions: Choosing Fefferman-Graham gauge
N=1, N =0; ds? = dr? + vyudt? | (4.75)
the flow equations become
. (AmGy) W , Vet OW . (16w Go)h!7 oW
b=—" = (8nGy)——— U= — . (4.76
@ ) ’Ytt ( ™ 2) @ a® Y @2 a\IIJ ( )

From the above equation, we see that we can split the radial and time dependence of
Vi as Vi = a*Hy, where a = a(r) and 4y is independent of r (i.e. 73 simply rescales

under RG flow). Then the flow equation for 74 gives

(47TG2) 8_W

3 55" (4.77)

Using this relation, we can write the radial derivatives in terms of a. In contrast
with the higher dimensional cases in [12], note that this brings a factor of % in the
[-functions, which we define for the RG flow as

d al 4nt7 oW
=gl =~ = — " 4.
pr=ag a O oW Y (4.78)
d ad W

oP
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We can write the relation (4.73) between U and W in terms of S-functions as

U WRhyp'g?  w?
(87TG2)2 - 85% @5@ '

(4.80)

4.3.1 [ functions for conformal/non-conformal theories
In this subsection, we have set all the scales to unity i.e. R =1, rp, = 1, 871Gy = 1.

[-functions, conformal branes: The effective potential for 2-dim dilaton-gravity the-

ories obtained from e.g. reductions of conformal branes is of the form U(®): then

from (4.73), the boundary potential is given by

dW2 (0]
=-U SN W2 = —/ Udd? (4.81)
dP? o,

where we have imposed W?(®;,) = 0. This boundary condition in a sense reflects the
fact that the 1-dim background corresponds to zero energy. Expanding U around

the critical point,

h) (@2 —®2)+---,  where Ul =0, (4.82)

the S-function becomes

4
o maerr (5 90) 0 (F) e @
Q)% U (P2 — P2) 20, (P2 — P3?) 29,

(4.83)
At the critical point, ® = ®;, we see that S4 vanishes, consistent with the expec-
tation that the AdSs critical point background arises at the fixed point of the RG

flow.

[-functions, nonconformal branes: The effective potential for 2-dim dilaton-gravity-

scalar theories obtained from reductions of non-conformal branes (the dVV formu-

lation was discussed for nonconformal branes in [77]) is of the form
U@, W) =T (D) , (4.84)
with e.g. U = —Vp® + % for 4-dim theories with z = 1,0 # 0, as we have seen.

Assuming an ansatz for W, W = egx(cb) and substituting in (4.73), we get

2 2.2

dx*  v°X° A
37 = 932 U . (4.85)




Chapter 4 AdSsy holography from redux, renormalization group flows and
112 c-functions

Integrating this equation, the general solution is
+2 +? ~ —42
X2 = xo(®) 7 — (@°)7 /d<I>2U(<I>2)2 : (4.86)

Then B4 can be written as

W2 X2 X2
Po = = = — . (4.87)
% a0 - 0)

For arbitrary xo such that x|, # 0 at the critical point, 8¢ becomes f¢| = 23% # 0.
h

Let us consider the case when yq is chosen such that x|, = 0: this makes the

boundary potential vanish at the critical point, i.e. W, = 0, corresponding to zero

energy as in the conformal case above. To study this case, we expand U around the
critical point,

0= (%

dd?

h) (2 — D7) 4 -+, where Ul =0, (4.88)
and substitute the solution for x in the above expression for S-function to get

20, o — (@)% (3] )5 - op)]
P )0 3) w0 D))

)%%, which makes x[, = 0 (and so W|, = 0), the
h

Bo = (4.89)

2 ~
Choosing xo = — (7)== (%

above expression simplifies to

29y,

e (4.90)

B

For W = egx(@), (4.78) and (4.79) give By = —2XBs. We see that both S-functions
Be and By do not vanish at the AdSs critical point for any choice of xo. This
vindicates the intuition that the AdSs critical point can consistently be placed at

the fixed point of an RG flow, but not at some intermediate point along the flow.

4.3.2 Examples

[-function, M2-phase: The effective 2-dim potential for 4-dim Einstein-Maxwell

redux is

%
U:—VOCIH—(}%), Vo=—2A =6, Vh=20Q". (4.91)
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Then for W = W(®), (4.73) gives

ow Va _ o (W2 Va
Wog ~ Vo g =0 e el ) =N~ 5 (4.92)
Integrating this equation and imposing W |, = 0, we obtain
2V,®3 2V, 3
W= —[ st ot 2X0] o, (4.93)

where the integration constant xq is fixed by our boundary condition (4.81) to be
Xo = —8r3 using (4.91). The S-function using (4.79) is

|:2V%<I>3 + % + 2X0]
Po = : (4.94)
EN

As we approach the AdS, critical point placed in the M2 phase ®;, = 1o, Q* = 3rj,
we see that G vanishes, elucidating the general discussion above for conformal branes

(note that S diverges for arbitrary xo so the boundary condition on W is important).

S-function, D2-phase: D2-branes after S%-redux lead to a 4-dim hvLif theory with

exponents z = 1, 6 = —% . The effective potential in the 2-dim corresponding theory,

again setting dimensionful parameters to unity for convenience, is

v, 1 70 28
U:ew<—V0<I>+a§), 1=- Vs Vo= Q8. (499)

Assuming an ansatz W = e> X(®) for W and substituting in (4.73) gives

= — — Vo +—==0 4.96
T I T (4.96)
whose solution gives
2 w49 /Q* 173
W =ez X((I)):—€2 [3(54‘@ > —|—X0(I)7:| , (497)

where the integration constant g is again fixed by the boundary condition W|;, = 0
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(it will turn out that the precise value of xo drops out in what follows). The (-
functions from (4.79), (4.78) become

20[2(Q*+ Y+ xo®?|
B@ = : — 147“06 ,
9(-Q2 +304) + 0%
1 8@+ 01+ o]

By = — heoAVT 4.98
14 \/7[%<_Q2+3CD4)+X—7OCD%] - ( )

where we have evaluated the [-functions at the AdS; critical point placed in this

D2-phase, which has

7 1 5 14 7 14 1 1
Oy =1, ewTh:roﬁ , Q2:§r03 = <I>4+Q2=§7‘03 , 3<I>4—Q2:§r03 )
(4.99)

These nonvanishing [S-functions imply that the theory is still flowing at the AdS,
critical point which thus is an inconsistency and shows up as the massless scalar
mode found previously: the AdS; horizon is only consistently placed within the true
fixed point region of the RG flow which is the above M2-phase in this D2-M2 phase

diagram.

[-function, M5-D4 phases: We can likewise analyse the flow for the M5-D4 system:
here the M5-AdS; phase (after reducing on the S*) flows to the D4-supergravity
phase obtained by dimensional reduction on the M-theory 11th circle. The AdS;
phase has z = 1,0 = 0 while the D4-phase is a 6-dim hvLif theory with z = 1,0 = —1

and again the scalar leads to a massless mode if the AdSs horizon is placed within

this region. Here again, the g-functions can be shown to vanish in the conformal
M 5-phase but not in the D4-phase. To obtain extremal branes, we add an additional
U(1) gauge field which provides charge: this gives an Einstein-Maxwell or Einstein-

Maxwell-scalar theory in the M5- and D4-phases respectively.

The effective 2-dim potential for 7-dim Einstein-Maxwell redux is

% 1 %
U:—VO@%JF(I); = (W@t ), Vo=-24p =30, Va=20Q°
5 5
(4.100)
Then (4.73) as for M2-branes gives
5Vp0% 5V 125 g13
W:_[ Ul 2 22087 (4.101)

6 4P3 2
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where an integration constant has again been fixed by the boundary condition W|, =
0. Then the p-function using (4.79) is

[5V0c1>5 i 5\% _ %TS}
Be = — , (4.102)
o' 3]

which vanishes at the AdS; horizon ®; = 7“0 , Q% = —7“0 , if placed in the M5 phase.

Now, for the 6-dim hvLif theory with 2 = 1, § = —1 from D4-redux, the 2-dim

effective potential is

V Voy 1
=i ) <ot (e ) g
~1
Vo =30, Vo =20Q° . (4.103)

7:_\/_1_0’

As for the D2-case, taking an ansatz W = egx(fb) and using (4.73) gives

2 1
W= B (@) = —e3 [P 1 9508 1 a7 (4.104)

2

where the precise value of the integration constant y, will again not play any role.
The S-functions using (4.79), (4.78) are

1 1

[ =+ 25®3 + XO(I)%] ’ 4 [2522 +25P5 + XO(I)%] ’

fp = 202 , Pe= 2 :
[ QP 4 12593 4 XO(D%] V10 |:—75Q2 L 12545 &(p%}
262 203 2 10
(4.105)
If the AdSs critical point is placed in the D4 phase, we require
5 3 25Q? 5 125 2 —75Q* 125 5 25 =

(I)h:TO s Q2:§’f’éo = @2 25(132:77’0 s QQT_'_T(I)z:ZTO ,
(4.106)

5
giving 8|, — 207§ and Byl — 4v/10. As in the D2-case (4.98), these nonvanishing
p-functions imply that it is inconsistent to place the AdS, critical point in the D4-

phase where the theory has a nontrivial RG flow.

It appears nontrivial to carry out this analysis of the flow equations and S-functions
for general potential U(®, ¥!) as e.g. for more general hvLif theories. Since the
perturbation analysis in [125] revealed a disconcerting massless mode only for z = 1

(which dovetails with our analysis here), it would appear that there would be no
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problem for the AdS, throat to emerge in general hvLif, g theories. It would be

interesting to explore this further.

4.4 Discussion

We have formulated a version of the holographic renormalization group flow for
2-dim dilaton-gravity-scalar theories arising from reductions of higher dimensional
extremal black branes, as in [125], thereby restricting to 2-dim flows that end at an
AdS, throat. We have assumed that the transverse space is sufficiently symmetric
which then allows this formulation to be insensitive to the higher dimensional branes
being relativistic or nonrelativistic. Based on the null energy conditions, we have
proposed a holographic c-function in terms of the 2-dim dilaton and given arguments
for the corresponding c-theorem (subject to appropriate boundary conditions on the
ultraviolet theory): at the IR AdSs, this becomes the extremal black brane entropy.
We have discussed this c-function (essentially inherited from higher dimensions) in
detail for nonconformal branes compactified, and compared with other c-functions.
Finally, we have adapted the radial Hamiltonian flow formulation of [12] to these
2-dim theories: while this is not Wilsonian, it gives qualitative insight into the flow

equations and [S-functions.

It would be interesting to understand how general such a holographic RG flow is.
For instance, since our formulation has crucially used the sufficiently high symmetry
of the transverse space, it is unclear if this directly applies to other situations,
involving e.g. rotation (see e.g. [124]). Tt is also important to note that unlike a black
hole which exhibits a gap, the branes we have considered would contain additional
low-lying modes: from our analysis, it would seem that these do not change the
essential flow pattern, i.e. the c-function does capture the relevant degrees of freedom
describing the effective 2-dim physics. This is additionally corroborated by the fact
that in the infrared it equals the extremal entropy which is the number of available

microstates.

The analysis adapting [12] was motivated by the fact that the scalar perturbation
mode in [125] about the AdSs background was found to be massless for z = 1
hvLif theories: this includes the hvLif family arising from reductions of nonconfor-
mal branes. We have seen however that in this case the S-functions do not vanish,
whereas they do for reductions of the M2-AdS, phase to AdS,. This suggests that it
is consistent for the AdS, throat to emerge in a conformal phase of the higher dimen-
sional theory (with AdSp dual) but not consistent to have the AdS, critical point
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lie within a region encoding nontrivial RG flow. This is exemplified in the D2-M2
phase diagram and is consistent with our discussion of the c-function in sec. 4.2.3.
This dVV formulation is not Wilsonian, as discussed in the literature: it would be
interesting to adapt the Wilsonian formulations of [70, 71] to the 2-dim context:
we hope to report on this in the future. Relatedly it would be interesting to ex-
plore holographic renormalization [199, 200, 201] ([168] for uncharged nonconformal

branes) in this 2-dim context, perhaps building on [114].

For the 2-dim theories in [125] arising from compactification, the leading departures
away from the IR AdSs critical point, described by Jackiw-Teitelboim theory, arise
from the leading linear term in the dilaton perturbation and are thus governed

by the Schwarzian derivative effective action. The dilaton fluctuation in (4.8) has

m2L? = 2 and so corresponds to an irrelevant operator with dimension A = 2
(using A = % + 4/ ;11 + m?2L? for a scalar mode ¢ of mass m with equation of motion
m?L?

0,0_p + ¥ = 0). In light of the present work we note that some of the
more general 2-dim dilaton-gravity-matter theories (4.4) in the IR AdS, region may
contain fluctuation modes with masses —}1 < m%L2 < 2 corresponding to dual
operators with dimension A < 2. In such cases, the leading departures from the IR
AdSs will presumably not be governed by the Schwarzian but some distinct effective

theory. It would be interesting to explore this further.

Our analysis here raises the question of understanding renormalization group flow
in boundary quantum mechanical theories, which could be interpreted as flowing
to lower energies (although not as spatial coarse-graining). The discussions here
on e.g. nonconformal branes all pertain to large N (highly) supersymmetric theo-
ries (although fairly complicated, since in the IR they are dual to the compactified
extremal black branes). Although we have not used this, it would seem that the
constraints from supersymmetry will be powerful in 1-dimension, just as in higher

dimensions as is well-known. It would be interesting to explore this.

Finally it is interesting to ask if the 2-dim dilaton-gravity-scalar theories of the
general form (4.4) we have considered admit 2-dim de Sitter space dS; as solutions.
For simplicity, taking W/ = 0 and constant dilaton ®, the Einstein equations and
dilaton equation (4.5) require U = 0 and % = R > 0 at the dS; critical point.
However this violates the condition (4.34) which we expect must hold if we take the
potential U as arising from some higher dimensional reduction as we have discussed
(implicitly taking U to have a leading term arising from a negative cosmological
constant as in known brane realizations followed by positive flux contributions).

Of course there are rolling (time-dependent) scalar solutions, as e.g. arises from
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reductions of dS, (say with Poincare metric ds* = RT—%S(—dT2 + dw? 4 dx?)). In 4-
dim Einstein gravity with a positive cosmological constant A > 0, the 2-dim potential
simply becomes U = 2A® > 0, and the 2-dim dilaton is ®? ~ T% The nature of

such solutions (even in this simple classical sense) might be different from our AdS,

discussions here and might be worth exploring (see e.g. [202]).



Chapter 5

N-level ghost-spins and

entanglement

5.1 Introduction

Ghost-spin systems [16, 47, 48] and their patterns of entanglement are interesting
from multiple points of view. Some of these possible applications involve ghost
sectors in theories with gauge symmetry, while others pertain to conjectures involving
de Sitter physics and dS/CFT dualities [43, 44, 45, 203, 204, 205, 206, 207, 208, 209,
210] including higher spin versions. Ghost-spins are 2-level spin-like variables but
with indefinite norm [46]: thus in some ways, they are best regarded as simple
quantum mechanical toy models for theories with negative norm states. Ghost-spin
systems have interesting entanglement patterns by virtue of this indefinite norm. If
one considers ghost spin systems with even number of ghost spins then it is possible to
find subspaces in the Hilbert space where one obtains positive entanglement entropy
for positive norm states [10, 17]. The situation is not so fortuitous in the case of
odd number of ghost spins. However, several interesting physical systems which
contain indefinite norm states seem to admit even numbers of such states. Taking
the study of the ghost spins further, it was shown in [18] that appropriate ghost-spin
chains in the continuum limit give rise to the bc-ghost CFT's in two dimensions. This
suggests that they may be regarded as microscopic building blocks for ghost-CFT's

and perhaps more general non-unitary theories.

The explorations of the ghost-spin system so far have used 2-state spin-like variables
with indefinite inner product. It is interesting to study generalizations of ghost-

spins with flavour degrees of freedom assigned to them. These flavour quantum

119
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numbers may be relevant for applications to non-abelian gauge theories. However,
the ghost spin system with flavours by themselves is an interesting set up worthy of
exploration. Once we allow for flavour symmetry, there are multiple ways in which
they can be incorporated in the ghost-spins framework. One way is to assign an
index, say A, which takes N values, to a 2-component ghost-spin with either O(NV)
or Sp(N) symmetry in the flavour index. The inner product in the flavour space is
given by 648 for the O(N) case and Q4P in the Sp(N) case. More general inner

products can also be analyzed.

In this chapter, which is based on [211], we will explore these generalizations of
the 2-state ghost-spin system to N-level systems. In sec. 5.2, we will begin with
a brief recap of the known results followed by a list of the N-level generalizations
of ghost-spins that we discuss in this chapter. We introduce the O(N) and Sp(N)
inner products in the flavour indices as well as more general inner products J42
which are symmetric but non-vanishing for A # B. In sec. 5.3, we look at the
O(N) generalization of the 2-level system where we denote the flavoured ghost spins
in terms of the 2-component spins carrying an additional index corresponding to
the global O(N) symmetry, | 14). We write the indefinite inner product between
spins by splitting it into indefinite product between | 1) and | |) and a symmetric
product 045 in the O(N) index A. This as we will see is analogous to the be-ghost
system studied in the flavourless 2-level system. We then consider the ghost-spin
chain with O(N) flavour symmetry and show that it leads to the flavoured bc-ghost
CFTs (sec. 5.3.1). We then consider correlated ghost-spin states in sec. 5.3.2 and
analyse the entanglement pattern in them. We find that the results that we had
obtained in the even ghost-spin system in the flavourless case carry over to the
case with flavours. We generically find a subspace of correlated ghost-spin states in
the Hilbert space with positive norm states having positive entanglement. Finally
we briefly comment on more general inner products which lead to spin-glass type
couplings in sec. 5.3.3. We then turn our attention in sec. 5.4 to symplectic inner
products between certain generalizations of ghost-spins and study entanglement in
correlated ghost spin states. Finally in sec. 5.5 we consider a generalization of 2-
level ghost-spins to IV irreducible levels: this is slightly different from the flavoured
generalizations above. We study the entanglement pattern in correlated ghost-spin
states here as well. In sec. 5.6, we summarise our results and comment on their
applications to the dS/CFT correspondence, in part reviewing the picture in [212]
of dSy as approximately dual to a thermofield-double type entangled state between
two copies of ghost-CFTs.
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5.2 Ghost-spins and N-level generalizations

Before getting to N-level generalizations, we first briefly review some essential as-
pects of ghost-spins. Ghost-spins were defined in [40] as simple toy quantum mechan-
ical models for theories with negative norm states, abstracting from be-ghost CFTs.
These constructions were motivated by the studies [213, 2141] on certain complex ex-
tremal surfaces in de Sitter space with negative area in dS, which amount to analytic
continuations of the Ryu-Takayanagi formulations of holographic entanglement en-
tropy [53, 54, 215, 24]. In contrast with a single spin which has (1| 1) =1= (] |]),

a single ghost-spin is defined as a 2-state spin variable with indefinite inner product

THh=1=WI1, @IN=0=L. (5.1)

A general state ¥ |+) + ¢~ |—) thus has norm [¢T|* — |[¢p~|*, which is not posi-
tive definite. By changing basis, the states |+) = \/L§(| 1) £+ | })) have manifestly
positive/negative norm, satisfying (+|+) = 4+1. We can then normalize general
positive/negative norm states with norm =+1 respectively. Consider now a state

comprising two ghost-spins: this has norm

W) =vPaB) s (W) = ™™ =1y = () = -1

(5.2)
where 7,4 is the indefinite metric. Thus although states |—) have negative norm,
the state |—)|—) has positive norm. The full density matrix is p = |[)(¢| =
S PN |aB) (kA|. Tracing over one of the ghost-spins leads to a reduced den-

sity matrix (pa)® = AP = a1pFeprlT,

(pa) ™ = [P = 7 (pa)t™ = YTy — gty
(pa) "= v Tt (pa) "= W P =", (53)

for the remaining ghost-spin. Then trpa = Yax(pa)® = (pa)™™ — (pa)~ . Thus
the reduced density matrix is normalized to have trps = trp = £1 depending on
whether the state (5.2) is positive or negative norm. The entanglement entropy
calculated as the von Neumann entropy of pa is Sa = —7Yas(palogpa)®?, perhaps
best defined using a mixed-index reduced density matrix (pa)%; = Vs.(pa)*. This
can be illustrated via a simple family of states [10] with a diagonal reduced density
matrix: setting =T = ¢ 7"" /o™ in the states (5.2) gives
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af _ o N/ _ W++|2
(pa)*|a) (Bl = £a|+)(+] T (1 —2)[=){-], T R o 0 <z <1],

(pa)e =Yas(pa)™ : (pa)T =%z,  (pa)-==(1—-2), (5.4)

where the + pertain to positive/negative norm states respectively (note that trp, =
(pa)t + (pa)— = £1). The location of the negative eigenvalue is different for pos-
itive /negative norm states, leading to different results for the von Neumann en-
= log(£(1 —
r)). The entanglement entropy defined as S4 = —7as5(palogpa)®” becomes Sy =
—(pa)i(logpa)i — (pa)=(log pa)= and so

tropy. Now log pa simplifies to (logpa)T = log(£z) and (logpa)

W) 20: Sa= —(Fx)log(+x) — (£(1 — z))log(£(1 - x)) . (5.5)

For positive norm states, S4 is manifestly positive since x < 1, just as in an ordinary
2-spin system. Negative norm states give a negative real part for EE since x < 1 and
the logarithms are negative: further there is an imaginary part (the simplest branch
has log(—1) = im).

Now consider restricting to the subspace

W) =¢vT I+ H) YT =) — @) =P+ RT >0 (5.6)

These states of “correlated ghost-spins” comprise entanglement between two copies
of identical states: they can be seen to be strictly positive norm, with a positive re-
duced density matrix (5.3) and positive entanglement. In [212], a picture of de Sitter
space as a thermofield double type state (with de Sitter entropy then emerging as
the entanglement entropy) was discussed based on such correlated ghost-spin states
in two copies of ghost-CFTs at the future and past boundaries of dSy; in the static
coordinatization. For ensembles with an even number of ghost-spins, such correlated
ghost-spin states always exist comprising positive norm subsectors, as argued in [17],
where ensembles of ghost-spins were developed further with regard to their entan-
glement properties. Odd ghost-spins were found to behave differently: for instance,
W) ="+ 4. + ¥ = —...) has norm (YY) = [P 4 (=1)" T
and mixed-index RDM components (pa)T = |2, (pa)~ = (—=1)"]¢p~~~|?. This
is not positive definite for n odd (even if (¢|¢)) > 0). Ensembles of ghost-spins and

spins were also found to exhibit interesting entanglement patterns.

In [18], certain 1-dim ghost-spin chains with specific nearest-neighbour interactions

were found to yield be-ghost CFT's in the continuum limit, i.e. these ghost-spin chains
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are in the same universality class as those ghost-CFTs. We will not review this here

since this will effectively be encompassed in a related detailed description later.

N-level ghost-spins: In this chapter, we generalize the 2-level ghost-spin reviewed

above to N-levels by considering various generalizations as outlined below:

e O(N) symmetry flavour generalization of the be-ghost system:

<\LA |TB> =617 = <TA ’¢B> ) <\LA ’\LB> = <TA | TB> =0, AB=12...N.
(5.7)
These are essentially N copies of the 2-level ghost-spin system. It is then possible
to find appropriate ghost-spin chains which lead to a generalization of the bc-ghost
system but with internal O(N) flavour indices. A simple generalization of this case
involves the flavours having a spin-glass type interaction with coupling J4p which is

in general non-vanishing for A # B,

(A 112 = 742 = (14 4% (AP = (44117 =0, AB=12.. N
(5.8)
In flavour space, this thus encodes possibly nonlocal flavour couplings. Taking the
Jap matrix to be real and symmetric allows diagonalization and in that diagonal
basis, this can be reduced to the above O(N) flavoured case.

e N-levels with symplectic-like structure:

PB =i AR =i (1) =0 = (A 1),
AB=1,...,2N . (5.9)

These have a symplectic structure built into the inner product, which was in part
motivated by 3-dim ghost-CFTs of symplectic fermions [216, 217] that have been
discussed in the conjectured duals to higher spin dSy [203].

e N irreducible levels, i.e. we generalize the two states | 1),| |) to |e1),...,|en)
such that

(eilei) =05 (ele;) =1 fori#j, i,j=12,...,N. (5.10)

This case is slightly different from the previous cases in that the elemental ghost-

spins are not 2-level anymore (with flavour indices), but irreducibly N-level.

In all these cases representing N-level generalizations of ghost-spin ensembles, we
will argue that correlated ghost-spin states exist comprising a uniformly positive
norm subspace of states with the interpretation of entanglement between two copies

of the state space. This will be the main point of the chapter.
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It is possible to find operator realizations consistent with some of these inner products
above. The first case essentially comprises N copies of the be-operator algebra,
{oft, 08} = 648 . (5.11)

We can then define ghost-spin-chain Hamiltonians with nearest neighbour hopping

type interactions but with the flavours decoupled,

?
H= Z (a,f}laf(nﬂ) + U{QnH)JCBn) dap —— /bAacA . (5.12)
Based on the fact that the continuum limit for the single flavour case is the familiar
be-ghost CFT [18], the continuum limit can be argued to be flavoured generalizations
of be-ghost CFTs, with the flavour contractions exhibiting O(N) symmetry. We will
discuss this in detail in sec. 3. The symplectic inner products above are consistent

with the operator algebra
{0,007} = iQap , (5.13)

as we will discuss in sec. 5. The continuum limit is less clear in this case, although
there are indications that these may be related to logarithmic CFTs [218, 219, 220,
221, 222, 223, 224].

Llily Ll

5.3 N-level ghost-spins with O(N) flavour symme-
try

In this section, we consider an N-level generalization of ghost-spins with O(N) sym-
metry among the N internal flavour indices, defined by (5.7), i.e. we have the ele-

mental inner products

MIE) =642 = (A 15), (1418 =0= (A [1F), A B=12...N,
) = (M £ 1), @) = 10, () <0,

(5.14)

This is essentially N copies of the 2-level ghost-spin reviewed in sec. 2. In the second
line, we have defined a convenient basis where the inner product is diagonal: this

makes manifest the negative norm basis states.

Consider first a single ghost-spin with N flavours. The general configuration is

defined by specifying the simultaneuous configurations for each of the N flavours so
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the general state comprising various basis states |s;) is

|w> = wL% 8i> ) ‘Sl> = WT‘Z > ) Iz > ) ﬁ > y e ) (515)

i.e. in the first basis state, the first flavour is 11, the second is 12, third being 13 and

so on, and likewise for the other basis states. It is important to note that the |s;)

are really direct product states over the various flavour components: although we
have written them as column vectors for convenience of notation (especially in light
of the discussion later on multiple ghost-spins), the inner products between these
states is not a dot product between two column vectors. Instead we define the inner

products between the configurations |s;) as

1 A A A B
(il55) = 37 D Enanemm (5757 M2l - (s 57) L (5.16)

where 7,7 = 1,2,...,2" label the configurations, A;, By, --- = 1,2,..., N label the
flavours and €4, 4, 4, is the totally symmetric tensor with €15 v =1 and €4,4,..4,
vanishes if any two labels are the same. In other words, €4,4,. .4, is simply a book-
keeping device for ensuring that each elemental state |s!') in [s;) is paired with

another corresponding elemental state in (s;].

To illustrate how this works, let us consider a simple example of a single ghost-spin
with NV = 2 flavours: the distinct configurations of this system are described by the

basis states

sy=1Ly, =k, s =lh). lsd=h)- (5.17)

Then the inner product (5.16) simplifies to

1
(sils;) = 5 Y emmenn (5757 (572 s72) = (sils))(s7]s]) + (si|s]) (s3ls))
(5.18)

where we have used €15 = 1 = €3;. Using the elemental inner products in (5.14) gives

(sils;) = (silsj)(silsj) - (5.19)

Writing this out explicitly, we have

: (s2lss) = (T [ LN [17) =1,

(sifsa) = (1 [ L7 [4%) =1
L, (salsi) = (T [1%) =1, (5.20)

(sas2) = (L [ 17 [ 47)
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The other inner products vanish. Based on these inner products for the basis states,

we can write the norm for the generic state as
) = cilsi) = (@) = (¢(s;]) - (cilsi)) = clea+ e + ches + ey . (5.21)

Appropriate pairs of states can be used to define a new basis of positive and negative

norm states: s;=+ sy, So+s3 and so on have norm +2 respectively. Likewise for N = 4

flavours, the 2% = 16 configurations |s;) are *

Tl Tl Tl
’81> = 13 ’ ‘82> = 13 ) |S3> = 13 )
T4 ~L4 T4
H i
s =1 ), Isie) = (5.22)
T4 \L4
and the inner product (5.16) is
1 A By As| Bs A3 Bs Ay By
<Si|5j> :EZ€A1A2A3A45313233B4<51 ’Sj ><Sz |Sj ><Sz ‘Sj ><Sz "Sj > (523>
Using (5.14), this simplifies to
1
(sils)) = T D a5 (50| s )
" A1,A2,A3,44
= (sils;)(sils7)(si1s5) (silsj) (5.24)

noting that there are 4! non-zero €4, 4,454, components, which can succinctly be

written as
(sils17-i) =1, (5.25)

!These states can be written in terms of a basis which is manifestly O(NNV) invariant. Namely

N : N . .
|t0> = H ‘ Tz> ) |t'uec> = H ‘ TL>| \I/j> ; Vj ’
i=1 J#ii=1
N . .
tags) =[] 1), Vik;-
jAkAii=1

Where, 0 is the trivial representation, vec corresponds to the vector representation and adj is the
adjoint(antisymmetric) representation of O(N). To see the relation between the |t) and the |s)
bases, consider for example, the states in (5.22): these get organised into representations of O(4)
as 1, 4, 6, 4, 1 with the states |s1) and |s16) forming two singlets, |s2) to |s5) (|s12) to |s15))
belonging to the vector representation and |[sg) to |s11) to the adjoint representations of O(4). We
will, however, continue using the basis given in (5.15) for convenience.
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with other inner products vanishing. Similarly, for general N, the inner product
(5.16) is

1 1 1 A A
(silsi) = 77 2o uanlsitls) o (1)
T A, Ay
= (sils;) - (sV1s)) = ] [{sls7) - (5.26)
A
Thus two generic states have inner product
(iltpa) = (705" (sylsi) = (@) st [ [(si'ls?) - (5.27)

A

5.3.1 Ghost-spin chain for the bc-CFT with O(N) symmetry

We want to now study infinite ghost-spin chains along the lines of those in [18], but
with additional flavour structure respecting the O(N) flavour symmetry we have
been discussing so far. In effect, this amounts to N flavour copies of ghost-spins
at each lattice site. Thus we define two species of N-component commuting spin

variables, ofi and o2 at each lattice site n satisfying

A By _ sAB A B71_ (A Bl_[,A B1_
{Ubn7 Ucn} =0 ) [Ubn7 Ubn’] - [Ucn7 Jcn’] - {O-bn7 acn’] =0. (528>
These commuting spin-variables are Hermitian O'Z = of', 0/4 = o/ and their action

on ghost-spin states is
oy [4%) =0, o[ 17) = 0%P[17), o[ 1) = 6P117), ol 17) =0, (5.29)

where there is no summation over the flavour index B. For multiple ghost-spin states
in the chain, the o} operator acts to lower the A'-flavour state within the ghost-
spin configuration at site n, and likewise ¢} is the corresponding raising operator.

To illustrate this explicitly, consider two ghost-spins with N = 2 flavours: then

oAl = [y s ohifay = W0 . atelhfay = L) .
(5.30)

The ghost-spin chain is then defined by a Hamiltonian encoding interactions between
the ghost-spins at various lattice sites. Since the flavours do not mix, the interaction
Hamiltonian here is simply a straightforward generalization involving a decoupled

sum over various flavours of the single flavour one in [18]. So consider a 1-dim
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ghost-spin chain with a “hopping” type interaction Hamiltonian
N
A_A A_A
H = JZ Z(Ubnac(n+l) + Oon9c(n— 1) JZ Z Ubn c(n+1) + Ub(n+1) cn) ) (5 31)
n A=1 n A=l

where n, n + 1, n — 1 label nearest label lattice sites in the chain. The action on a

nearest neighbour pair of ghost-spins at lattice sites (n,n + 1) is given as

o §n+1) ® Ti‘>n® ¢f>n+1®... —J|...® ¢j”“‘>n® Ti“>n+1®... ,
Opni)Tim = | - ® g>n® Tf>n+1®... —J|...® ¢ﬁ>n® ¢4A>n+1®”'

(5.32)

The N flavours are decoupled and the interaction between ghost-spins at two neigh-
bouring lattice sites is through the same flavour at the two sites. Thus we can follow

the analysis in [18] flavour-by-flavour.

Towards constructing the continuum limit of the ghost-spin chain (5.31), we note
that the agi‘c operators commute at neighbouring lattice sites as in the single flavour
case. Thus we define two species of N-component fermionic operators satisfying the

anti-commutation relations
{ab'L? cB = 5ij6AB ’ {a’bz?ab]} = {a’cﬂ Cj =0 ) (533>

which anti-commute at different lattice sites ¢, 7 also. The action of these fermionic

operators on ghost-spin states is
| 4F) =0, a[17) =871 1F) el 1F) = 6P 11P), al[1P) =0,
(W Jat =0, (17 Ja =207, (P Jad =707 |, (17 Jad =0

This is obtained by constructing a flavoured generalization of the Jordan-Wigner

A
c

(5.34)

transformation in [48] for the commuting spin variables (o7}, o) as

A A A _ A
cl —

Op1 = Qp1 a )
01242 =i(1— 2%1%1) 1;4 024 = —i(1 - 2%1%1) ?2 y e
O'Ifn =i(1 - 2a 1%1) (1-2a 2%2) (1= 2af(n—1)@?(n—1))a£1 ) (5.35)

ng = (—=1)(1 - 2%1%1)( i)(1 - 2a02ab2) (=91 = QG’ICL‘(nfl)a;)L‘(nfl))acAn )
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for each flavour index A independently (i.e. the transformations are decoupled for

distinct flavours). The inverse transformations for the fermionic ghost-spin variables

(ag), a?t) are
apy = oy at =of |
A _ - A A
agy = i(1 = 20400)0p, ,  aly = —i(1 = 20400)00 , ...
afil =i(l—20 1‘7171) (1-20 2%2) (1 - 2gc(n—1)0-l1)4(n—1))o-£z ) (5.36)

acAn = (—i)(1—20 1%1)( i)(1—20 201)2) (=91 - 2U§n—1)0(ﬁn—1))0£1 3

for each flavour index A independently. The factor (1—20740}) is —1 or +1 depending
on whether the i-th location is occupied by (14) or not (), which means (1 —
20404)? = 1. Using

[+i(1 — 2030 = £i(1 — 20207)) | (5.37)

A af are hermitian. Now substituting the Jordan-

we can check that the operators a
Wigner transformation (5.35) in the ghost-spin Hamiltonian in the commuting spin

variables (5.31) gives

N
H = T3> (000 + 00in-) |

= J Z Z A1 e = 1 Aap, (=)™ A1 [n] el ) (5.38)

HOTHIARIA = 1 e, (=) PRI e = 21 el y)

where [k]4 = (1 — 2a%.ai),). Commuting the various [k]* factors gives

H = JZ Z abn 2acnabn)a?(n+1) + Z(l - 2a?(n—1)abA(n—1))a?na?(n—1)) )
n A=1

= Z‘]Z Z abn o( n+1 104(71—1)) . (539)

n A=1

We see that this Hamiltonian for the 1-dimensional chain of N-level ghost-spins
with O(N) symmetry breaks up as a decoupled sum of N copies of the Hamiltonian
for 2-level ghost-spins in [18]. Then following the analysis there for each flavour

independently and taking the continuum limit, we can show that we obtain N copies
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of be-ghost CETs with O(N) flavour symmetry. This finally gives

N N
H= Z Z kbt = Z Z k(ber + bt (5.40)

A=1 k A=1 k>0

which is essentially the operator Ly for a be-ghost CFT enjoying O(N)-flavour sym-

metry, with action
N
S = /d% > vroct (5.41)
A=1

and a corresponding anti-holomorphic part. Further details are similar to [18], except

with multiple flavours.

5.3.2 Correlated ghost-spin states and entanglement

We now return to ghost-spin ensembles and their entanglement properties. Along
the lines in (5.15) for enumerating states in the 1,|-basis, we can clearly use the
|+%)-basis to define the basis states |s;) there: the advantage in the |+')-basis is
that positive/negative norm states are easier to identify manifestly. For a single

ghost-spin with N = 2 flavours, we have then

sy =10),  ls =R, s =LY, ls) =) (5.42)

We remind the reader that although we are using column vectors for notational
convenience, these are really direct product states: the inner product (5.16) here

gives

(sils1) = (H+)(+71+7) = 1, (salsa) = (=1=D{-"1-") =1,
(s2ls2) = (+[+)(=*-7) = -1, (sslss) = (=1 |="){(+7*1+7) = -1, (5.43)

and this is an orthonormal basis of positive and negative norm states. A generic

state then has norm
) =cilsi) = (W) =l + el —leaf® — |es® . (5.44)

Thus states made from |ss), |s3) alone have negative norm. It is straightforward to
write down similar basis states for arbitrary N flavours. For N flavours, there are

2N basis states |s;). The inner products are

(silsi) = [ [ (si1s7") - (5.45)

A
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Since this is a diagonal basis now, we have (s;|s;) = £1 respectively when there is
an even or odd number of |—*) elemental ghost-spins in |s;). This is exemplified in
the N = 2 case (5.43) above.

Now let us consider two ghost-spins. The states can be made from the 22V basis
states |s;)|s;) obtained by tensor products of the single ghost-spin states. The inner

products between them are

((sl(sil) - ([sidlsg)) = (selsi) (sulsy) (5.46)

Then the general state and its norm are

[y = v lsals;) , @Wle) = (e [selst) [Ts1s?) o (5.47)

A B
with two products over the flavour components of the two basis states. Tracing over
say the second ghost-spin in this state leads to a subsystem comprising the single

remaining ghost-spin, with reduced density matrix defined as

(pa)™o = () g (si]s;) = (woe) 0o | [(sPls]) - (5.48)

B
The entanglement entropy of this reduced density matrix can then be calculated
using the formulation in [16, 17, 48]: we will see this below. Restricting attention
for simplicity to N = 2 flavours, we can use the four basis states (5.42). Then the 2

ghost-spin states can be described using the 16 basis states |s; ;) = |s;)|s;), or more

explicitly,
1 1 1 _1 _1
) ) Bl ),
AYTHeY N 1Yy M o o R 9 o
_1 1 _1 1 _1 _1 _1 _1
+2>‘I2>’ >’i_2>’ +2>‘+2>’ +2>’ 2>’
|22l !‘2> MY ) o R o (5.49)
The inner products (5.46) can then be seen to give the norms e.g.
(sidlsia) = ((silsi)* =1, (s12[s12) = (s1]s1)(s2]s2) = =1,
( 3) = (s2]s2)(s3ls3) =1, (5.50)

and so on, using (5.43). It is clear again that the norms are again +1 depending on

whether the state |s; ;) contains an even or odd number of |[—*) elemental states.
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The general state has norm

) = W s]s;) (W) = () (sglsi) (sils) = [0 P (sl sig) -
(5.51)
This is a sum over [1)*%|* weighted by 41 depending on the sign of the norm of

|s;j). A particularly interesting subset of states are what we call “correlated states”,

generalizing the discussion in [17]. These are of the form
4
[y = s ]s) (@) = ) >0, (5.52)
i=1

and are necessarily positive norm, even though some of the individual basis states

are negative norm. The basis states |s;)|s;) here are of the form

BTy N P9 Ty M 9 o M | (5.53)
and we see explicitly that this subspace of correlated states is obtained by entangling
some configuration for the first ghost-spin with an identical configuration for the
second ghost-spin. Thus we have only 4 states which span the correlated ghost-spin
subspace. It is clear that these are necessarily positive norm since there is an even
number of minus ghost-spins (any odd number in each column is doubled). Note
that this is a smaller subspace than that comprising all positive norm states which
simply need to have an even number of minus signs: e.g. the basis state |il>[:>
is positive norm but the two ghost-spins have different configurations. This can be
generalized to two ghost-spins with N flavours in a straightforward manner: the
general state is again of the form (5.52) but with the |s;) encoding N flavour ghost-
spin configurations. There are 2V basis states |s;) so this subspace of correlated

22N

states is 2V-dimensional, somewhat smaller than the -dimensional space of all

states.

These correlated ghost-spin states entangle identical ghost-spins between the two
sets of ghost-spins. These states necessarily encode positive entanglement since any
sublinear combination of the norm is still positive definite (one way to see this is to
note that this can be mapped to an auxiliary system of ordinary spins, which has
no minus signs and is entirely positive norm). More explicitly, for a state of the
form |[¢) = 1T |sp)|sp) + %7 |s ) |ss) made of the states |s; ), |ss.s), the reduced
density matrix (5.48) can be taken to construct a mixed-index reduced density matrix
as in [16, 47, 48], which then makes explicit the contraction structure with respect

to the ghost-spin inner product metric (incorporating the signs for negative norm
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states). To be explicit, consider |¢) = "% ]s1)|s1) + 1°>°2|s2)|s2) noting that |s;)

and |s9) are positive and negative norm respectively. Then

(pa)3 = (pa)™™ = [P 2, (pa)2 = —(pa)™™2 = |22 |
trpa = (YY) = 1. (5.54)

SiySk

The mixed-index reduced density matrix is (pa)3; = Vs, .5 (p4)" = (s;s1)(pa)*"** |
where the metric 7,, 5, = (si]s;) is defined by the inner products (5.43). This de-
scription can be generalized to all such states, and indeed to all 2-ghost-spin states
(5.51): in this case, it can be shown along the lines of the single flavour case that
more general positive norm subsectors exist. In general however, the state space has
many branches of negative norm states, and the reduced density matrix in general
has negative eigenvalues with a complex entanglement entropy correspondingly (as

was already the case in the single flavour case).

These states can be generalized to any even number of ghost-spins. For odd numbers
of ghost-spins however, this structure does not prevail: there are states that are
positive norm but the reduced density matrix continues to have negative eigenvalues

so that the entanglement entropy is not positive.

It is now interesting to consider two copies of ghost-spin chains and consider cor-
related ghost-spin states representing entanglement between the two chains. This
is motivated by the discussion and picture in [212] of dS, as dual to a thermofield-
double type entangled state in two copies CFTp x CFTp of the ghost-CFT at It
and I~ (reviewed in the Discussion in sec. 5.6). So let us consider GC; x GCy where
each GC represents a ghost-spin chain whose continuum limit gives a bc-ghost CE'T
with flavour symmetry as in sec. 5.3.1. Configurations of each GC can be represented

schematically by
lo)y = (.. |sn)|Snt1)--2) (5.55)

Then correlated entangled states in GC; x GCs can be represented as

) =97lo)e) . (W) =D [P >0. (5.56)
o)

Now the states |o) include the ground state as well as excited states. If we restrict
to the ground states alone, then since the flavours are all decoupled from each other,
the ground states |o) comprise a 2V-dimensional subspace noting that each |s,) at
lattice site n in |o) has 2V possibilities. Thus tracing over the second ghost-spin

chain copy GCs, we obtain the entanglement entropy of [¢) restricting to ground
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states |o,) as

oN

1 1
Sa=— Z 79792 log |99 2  — 2N o log2—N = Nlog?2 . (5.57)
i=1

We have used } [¢?#7s|* = 1 from normalization and imposed maximal entangle-
ment, which equates all the coefficients giving |¢)7979|? = 2% . Thus the entanglement

entropy scale as the number of flavours N.

5.3.3 Symmetric, spin-glass type, inner products

Here we briefly mention a generalization of the O(N) flavoured case but with the
various flavours talking to each other, with a spin glass type coupling. We define

JAB

the elemental inner products (5.8) using a symmetric form and take the inner

products between the configurations |s;) to be (5.16).

Let us consider first N = 2 flavours: then the states are as in (5.17) and the inner

products are
(silsg) = (silsj)(sls5) + (sils7)(s7]s;) - (5.58)

Using the elemental inner products (5.8), the non-zero inner products are

<81|84> — <T1 | \L1><T2 ‘ ¢2> 4 <T1 | \L2><T2 | \L1> — J11J22 + J12J21 ,

(sals1) = ([T + QA2 ) = JHT2 4 20 (5.59)
(salso) = (1 [P [ =TT, (salss) = (1 [ L) (17 [ %) = JHT2
(salsa) = (U IV 142) = U2 L (salsa) = (V1112002 41) = J12%1

The metric in the space of |s;)’s is real, symmetric and its determinant is (det J)(J'!J?2
+J12.7213  where det J = J'J?2 — J12J21. For an orthogonal matrix J4Z, det.J # 0
and the metric is non-singular only if J11.J?2 + J12J21 £ (.

We will not dwell more on this, although this may be worth investigating further.

5.4 Symplectic inner products

We want to study “symplectically flavoured” ghost-spins. We introduce the sym-

plectic structure by defining the elemental inner products with an anitsymmetric
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matrix:

(MW7) =i Q47 A =i (1 17) = 0= (144 s
A B=1,... 2N, (5.60)

QAB

where is a symplectic form, which is antisymmetric, i.e. Q48 = —QB4. We

will take the only nonzero elements as

02_1—_Q2 Q¥ —1—_® Q2N-12N _ | _ _()2N2N-1

(5.61)

For a single symplectically flavoured ghost-spin there are 22V distinct configurations
comprising the basis states |s1), ..., |sp2v) and a generic state is

) =v%[si) = (@l) = (V) 9% (s ] si) - (5.62)

We define inner products (s; |s;) between the basis states as

1
(sils;) = N D it oy By (51|57 ) (5725 2) - (5712 [572Y) (5.63)
where i,7 = 1,2,...,22" label the configurations, A, By, --- = 1,2,...,2N label

the flavours and €4, 4,. is the totally symmetric tensor with €103 oy = 1 and

~Asn

€4, A,.. A,y Vanishes if any two labels are the same. Thus as in (5.16), €4,4,. A,y
ensures that each elemental state |s{') in |s;) is paired with another corresponding

elemental state in (s;].

Let us consider first a single ghost-spin with 2 flavours (N = 1): then the distinct

configurations comprise the four basis states

sy=1Ly, =), s =lh) .l =h) . (5.64)

i.e. in |s1), the first flavour is 1! and the second flavour is 1%, and likewise for

|s2), [s3), [s4). The non-zero elemental inner products in (5.60) are
W == (1D, (1) = —i= (2|1 (5.65)
and the inners products (5.63) between the configurations simplify to

(sils;) = (silsf)(sils;) - (5.66)
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Then non-zero inner products for the configurations (5.17) are

;o (salst) = (A
;o (sslss) = (N2

(silsa) = (T[22 | 1Y) =
(sals2) = (11 152 [ 1)

1 1,
1 1

(5.67)

These give a real, symmetric and non-singular metric in the space of configurations

|s;). Based on these inner products, we can write the norm for the generic state as

V) = ¢ils;) - (Y|Y) = cles + cher + |eal? + |es]? . (5.68)

Likewise for a single ghost-spin with 4 flavours (N = 2), there are 16 distinct con-
figurations comprising of basis states (5.22). The non-zero elemental inner products
with Q2 =1 and Q%' =1 are

G, D ===,
I, A =—i=dt ). (5.69)

(147 =i
(4 =i

Since these are the only non-zero elemental inner products, the inner products (5.63)
for the basis states (5.22) reduce to

1

Ar A Ay A Az A Aqp A
(silsj) = i Z€A1A2A3A4€A1A2A3fi4<si 1|Sj (s 2|Sj ) (s 3|3j ) (s 4|5j4> ,  (5.70)

where A, = |QA’9A1|A1, e.q. for Ay =1, Ay = 2, for Ay = 4, Ay = 3, etc. As there

are only 4! such non-zero terms in the above inner product, it becomes
(silsj) = erzaearas(si|sy) (s7]s;)(s7]s5) (sils3) = (silsi)(sils;) (sPlsi) (sils]) - (5.71)

The non-zero inner products between |s;)’s computed using this formula can be
written compactly as
(sils;) =1, (5.72)

where |3;) is defined such that if the A-th flavour entry in |s;) is $ (or |4)) then
the A-th flavour entry in |3;) is 14 (or 1Y) for A = [Q44|A. We see that the metric

(si|s;) is real, symmetric and non-singular.

We can generalize this to 2N flavours, where the non-zero elemental inner products

are
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=i, @Y=, A REA
=i, PIh=i, LR Ny g
@ =i, M) ==, : Gl i "
Y =—i, (==, ... C VPN = < (5.73)
Then the inner products (5.63) become
1 . . .
(515 = a7y S e v, (L 5 (5 )
= €1930..2n—12N €2143.28 2n—1 (8] [55) (87 ] s]) - - (TN TN ) (7NN
= (silsi)(silsg) - (P HSTNSEYSTY T (5.74)

where A;, = |QA'€AZ |A;. Using the elemental inner products, we see that the non-zero

inner products are (s;|3;) = 1, with |§;) as defined earlier.

Thus the norm of a generic state [¢)) = 1% |s;) is

) = (%)% s [ 50) = ()" 9 {s3laD(sHlst) - (312 ) (53152
(5.75)

Along the same lines, the general inner product between any two states is

(nlih2) = (97" 05 (55 1) = (01)" 05 (st 1) (52 - (2912 (2521

(5.76)

Correlated ghost-spin states: We want to now construct correlated ghost-spin
states that are positive norm and positive entanglement, along the lines of the dis-
cussion for O(N) flavoured cases in sec. 5.3.2. This is most transparent in a diagonal
basis where positive and negative norm states are manifest. For concreteness, let us
consider the basis states (5.64) for a single ghost-spin with 2 flavours, i.e. N = 1.
The norm (5.68) for a generic state can be recast using a diagonal basis |s4), |s2), |s3)

as

ls.4) = %(Isﬁ Sls)): () = el + s+ esP = e 2. (5.77)
Thus there are 3 basis states with positive norm and one with negative norm. This
can be carried out for more flavours as well. For N = 2 for instance, we have 16 basis
states which can be recast as 10 positive norm and 6 negative norm states, using
(5.72): besides the states with (s;|s;) # 0, there are states with off-diagonal inner
products like |s; 4) above whose linear combinations then add to the set of diagonal

positive norm states. Note that the numbers of positive and negative norm basis
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states are not equal. With general N, i.e. A,B = 1,...,2N, it can be seen that

there are 22V basis states in all: of these there are M

w negative norm states (this is easily verified for N = 1,2 above). For large N,

we see that the number of positive and negative norm states become asymptotically

positive norm states and

equal.

In terms of such a diagonal basis, we can consider 2 ghost-spins and explicitly
construct correlated ghost-spin states similar structurally to (5.52) in the O(N)
flavoured case. Let us label these diagonal basis states for a single ghost-spin as |s;)
(which should not be confused with the earlier nondiagonal |s;) basis). Then the
2-ghost-spin states can be made from the 2*V basis states |s;)|s;) obtained by tensor
products of the single ghost-spin states. The general state and its norm are then
similar in structure to (5.51) for the O(N) case sec. 5.3.2. Correlated ghost-spin
states can then be constructed as in (5.52) giving [¢°"") = ) ¢p®®i

be seen that these are positive norm and positive entanglement as in (5.52), (5.54).

Si)|si) 1 it can

This subspace has dimension 22V, the number of basis states. Since the details here

are very similar to that in sec. 5.3.2, we will not describe them further here.

It is worth noting that the symplectic invariance is at the level of the elemental
-spi - A AyY . ~ - R PV A
ghost-spin basis states {| 1), | 1*)}: generic basis states |v;) = v; | 19) +v; | 17),

have inner product

(oilog) = (") u” (14 [ 1B) + (uf )l (1A | 15)

. Ay B A, +B
= (] )vy QY + (uf )0l 0P (5.78)

which is invariant under symplectic transformations. To see this explicitly, consider
two flavours (N = 1) for simplicity. Then a symplectic transformation by a real
pseudo-orthogonal matrix R € Sp(2) is RIQR = Q, RQRT =Q, R°! = -QRTQ,
where € is the symplectic form with Q2 = 1 = —Q?' and Q7! = —Q. Thus
(UIA)*U%BQAB and (va)*vgBQAB are invariant under | t4) — RAB| 1B) | |4) —
RAB| |B) ie.

(01" 5" = (o] )RR = (o] ) 0Py
(0P8 = (of ) ROAQVRPP = (@ ) P)” (5.79)
where we have used REAQABREP = RTQR = Q.

The elemental inner products (5.65) are consistent with (and motivated by) an op-

erator algebra alongwith states, defined as (these arise in theories of symplectic
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fermions [219])
{o{, 05} =i Q'PK ; (5.80)

[ty =0l L), A =01et, [hY=alt), ' ={lod,

where | 1) and | |) are ghost-spin states with (1| }) =1 = ({ | 1). The hermiticity of

{0, 0B} for hermitian o7}, 0¥ and real Q4B gives KT = —K i.e. K is anti-hermitian.
This anti-Hermitian operator leads
(P IETT = (LIRT ) = = K] 1) (5.81)

which implies that for (1 |K| |) = 1, (| |K| 1) = —1. Using these we get the

elemental inner products as

PP = (L lodol| 1) =i QP K| 1) =i Q"F
G115 = (ool 1) =i QB (1 |K| ) =i Q47 . (5.82)

It is then possible to construct ghost-spin chains with nearest neighbour interactions
between operators at neighbouring lattice sites, somewhat similar to the ghost-spin
chain for the bc-ghost CFTs. However the continuum limit is less clear in this
case, in part due to technical difficulties such as the construction of the Jordan-
Wigner transformation to obtain fermionic versions of the oy, . operators above which
anticommute with each other (the o}, are bosonic spin-like operators commuting at
neighbouring lattice sites while anticommuting at the same site). Note however
that the case with N = 1 has structure similar to that appearing in the theory of
anticommuting scalars: this is a logarithmic CFT in 2-dimensions [218, 219, 220,
221,222,223, 224]. So perhaps the continuum limit here gives symplectic fermions
[ Qap 0¢*0¢P: we hope to explore this further.

5.5 N irreducible levels

In this section, we consider a generalization of ghost-spins that consists of N irre-

ducible levels, defined as
<€i|ei>207 <€i|€j>:1 A Z%j 3 i,j21,2,...,N. (583)

For N = 2, the basis states |ey), |e2) are identical to the | 1), | |) basis states, and this

system reduces to the 2-level ghost-spin reviewed in Sec. 2. Flavoured generalizations
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can be constructed by adding additional flavour indices to these, along the lines we
have described for 2-level ghost-spins in the previous sections: we will not do so here

however.

Using the inner products above, it is clear that there are various negative norm
states here as well: e.g. |e;) — |e;) has norm —2. Using a diagonal basis helps as
in the 2-level case to identify positive and negative norm states clearly. This can
be done using the transformations in Appendix D.1: we can choose an orthonormal

basis where the basis states and their inner products are

) ={[+), 12), ..., M)}
(@B) =Map; Nrr =1, nNoa=mg=---- =nvv=—-1, Np=0 Va#p,
ie. (+]+) =1, (ala) = —1, a=2.,N. (5.84)

Then the generic state and its norm in both bases are

W) =¢le); () = ()P (eile;) = D (W) (5.85)
i#£j

N
W) =v%a); (@) = () ¥ alB) = (W)W nas = [WH = Y [0 (5.86)
a=2
To illustrate this, let us consider N = 3. The generic state and its norm are

W) = P er) + 9 ea) +%es) = T |[+) +%2) +%3)
W) = @1 % + ()9t + (@)Y + ()P + (7)Y + (7))
= [*? = W) = 7 (5.87)
In some sense, this is a ghost-spin generalization of the N-level spins that arise in the

Heisenberg spin chain: perhaps appropriate interaction Hamiltonians for ghost-spin

chains on a 1-dim lattice can be studied along those lines.

Correlated ghost-spins and entanglement: We want to construct correlated
ghost-spin states analogous to the discussion in sec. 5.3.2. So consider a system of

two ghost-spins with NV irreducible levels. The orthonormal basis for this system is
uaus) = [a)B) = [aB) ¥ a,B=-+2...,N, (5.59)

where each |a) is a single ghost-spin basis state in (5.84). A generic state |¢) =
¥*%|aB) has a norm (¥|v) = Naenpr(*?)*"* ) which can be expanded as
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(Wl) = <Z|wa“|2+ > |W|> (Z(WPW“*P)) . (5.89)

o B+ o+
We see a manifest division between the positive and negative norm subspaces. For

N = 3, we can see this explicitly as

(Wl = (W P+ P+ [0 P+ 102 P+ 1952 12) = ([0 2P+ 0P P+ [P P+ [ )
(5.90)

For general N, by tracing over the second ghost-spin, the reduced density matrix is

pa = (pa)™ )kl ;  (pa)™ =™ (W) ngs . (5.91)

The mixed index reduced density matrix is (pa)3 = 7gx(04)"™ = Ngenaat0™ (Y*A)*.

Correlated ghost-spins: From the norm above we see that the states |[++), [22), ...,

|NN) span the subspace of correlated ghost-spin states, where a generic correlated

ghost-spin state is

W) = v aa) (W) = [T [0 4 N (5.92)

Entanglement pattern in a general state: Consider a slightly more general state

N N
W) =D vaa) + Y () + B) +u7F(5+) (5.93)
a=-+ B=2
whose norm is
(Plv) = Z e — Z ()2 + [P (5.94)
B=2
The off-diagonal components of the reduced density matrix are
(pa)t* = ptHyet —ytege® - Va=2. N, a#+,
(pa)®? = ottt Va,=2,...,N, a#+,B#+. (5.95)

From (p4)®® = 0, we see that only one of ¥** is non-zero, i.e., ¥?* # 0, > = 0,

a=3,...,N. Then (pa)t® =0 gives ™ £ 0 and ™ =0, a =3,..., N.

So we consider the state

) = T+ +) +9*2(22) + -+ PNV INN) + T2+ 2) + 2 24) , (5.96)
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whose norm 1is

W) = [P+ -+ NP = P = ) (5.97)

The non-zero components of the reduced density matrix are

(pA)++ —_ |w++’2 _ ‘w+2’2 ’ (pA)QZ — |w2+|2 . ‘w22‘2 7
(pA>+2 — w++w2+* B w+2w22* : (pA)aa _ _‘,l/}aoz|2 , o= 37 o ,N ) (598)
. 2212
Choosing ¢**" = wt;ﬁ’? and defining = [T |2 — |¢™2|? and r = "@Z{JP > 0, the
mixed-index components of p4 are
(PA)i =T, (pA)% =T, (pA)g = |7vZ)OéOZ|2 , a=3,...,N (599)
and
(W) =z +ar+ PP+ 4+ [PVV]P = L1 (5.100)

Now depending on if x is positive or negative we have the following three cases.

e If z > 0, |¢) has necessarily positive norm and (¢/|¢)) = 1 implies 0 < (p4)2 < 1
for all a = +,2,..., N giving S4 > 0.

o If 2 < 0, the norm of |¢) can be positive or negative.

(i) For positive norm, i.e. (1h|1) = —|z| — |z|r + SN, [?)? = 1, we get

Sa = |z|log |z| + |z|rlog |z[r — [¢*] log(J¢*]?)

N
= > [P log (| ?) + énl| (1 + 7)

a=4

= |z|log |x| + |x|rlog|z|r

N N
- (1 + [+ el =) W“P) log (1 + o]+ Jzfr =) W““P)

a=4 a=4

N
= P log(j9°?) + imlr| (1 + 1) . (5.101)

a=4
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We see that Im(Sy4) is not constant and Re(S4) < 0 when

N
2llog o] + [alrlog ol < (1+ [a] +[alr)log (1+ |l + |} = 3 [ue[?)

a=4
N N
=3 P og (1+ ol + felr — 3 woeP?)
a=4 a=4
N
+ 3 [P log([ve]?) - (5.102)
a=4

(ii) For a negative norm state |1}, i.e. (Y|v) = —|z| — |z|r + 3204 [he? = 1, we
get

Sa = |z|log|z| + |z|rlog |z|r — [¢*|* log(|]y¥[?) Z % log (|**|?)
+irm|x|(1+ 1)
N
= |a|log |z| + |z|rlog |zlr — Y [ log(|°**) + im|z|(1 + r)
a=4
N N
- <—1 + ]+ alr =) W“‘I?) log (—1 + |+ Jalr =) W’“I?)
a=4 a=4
(5.103)

I'm(Sa) is constant if |x|+ |x|r = ¢, where ¢ is a constant and ¢ > 1 (from the norm).
Then Re(S4) becomes

N
Re(Sa) = |e[logla| + (c — o) log(c — |ul) = > [4°*[*log(jv*[*)
a=4
N N
—(c—1—2|¢wy2) log (0—1—Z|wa\ ) . (5.104)
a=4 a=4
We see that Re(S4) < 0 for those values of |z|, ¢ > 1, ¥** which satisfy
N N
2l 1og |o] + (¢ = [a)log(c — |al) < (c=1= " [ ) log (¢ = 1= [u?)
a=4 a=4

N
+ ) [P log(jv ) - (5.105)
a=4
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5.6 Discussion

We have constructed N-level generalizations of the 2-level ghost-spins in [16, 17, 18].
These include (i) a flavoured generalization comprising N copies of the ghost-spin
system and corresponding ghost-spin chains which lead to 2-dim be-ghost CFT's with
O(N)) flavour symmetry, (ii) a spin-glass type coupling in flavour space, (iii) a sym-
plectic generalization involving antisymmetric inner products between the elemental
ghost-spins, and (iv) an irreducible ghost-spin system with N internal levels. We
have studied entanglement properties in these cases: among other things, these show
the existence of positive norm states in two copies of ghost-spin ensembles obtained
by entangling identical ghost-spins from each copy: these are akin to the correlated

ghost-spin states in [17, 48], and exhibit positive entanglement.

We now describe briefly some of the motivations from dS/CFT, in particular [212],
for the studies here. Generalizations of gauge/gravity duality for de Sitter space
or dS/CFT involve conjectured dual hypothetical Euclidean non-unitary CFTs liv-
ing on the future boundary Z* [13, 44, 45]. Using the dictionary W45 = Zopr
[45], where W,q is the late-time Hartle-Hawking wavefunction of the universe with
appropriate boundary conditions and Zcpr the dual CFT partition function, the
dual CFT,; energy-momentum tensor correlators reveal central charge coefficients

Cqg ~ ilfdgd—lll in dSgy1 (effectively analytic continuations from AdS/CFT). This

is real and negative in dSy, with C3 ~ —RG—Zf so that dS4/CFTj is reminiscent of
ghost-like non-unitary theories. Bulk expectation values are of the form (prpp) ~
[ Dy @rpr|Pas|?. This involves the probability |¥ys|? = U5sW4s, which suggests
that bulk de Sitter physics involves two copies of the dual CFT — CFTr x CFTp
on the future and past boundaries. This is unlike in AdS/CFT where Zyyx = Zpnary
implies boundary correlators can be obtained as a limit of bulk ones. In the dS

case, while Zopr = W4 of a single dual CFT copy at I can be used to obtain

2
boundary correlators (e.g. (OxOp) ~ gwfg‘gg for operators Oy dual to modes ¢y),
KOPRr
bulk observables require | 45|?, the bulk probability, and so two copies of the dual
Zopr. This dovetails with the structure of extremal surfaces and entanglement as

we see below.

In AdS, surfaces anchored at one end of a subsystem dip into the bulk radial direction
and then begin to return to the boundary at turning points. In dS, the boundary
at It is spacelike and surfaces dip into the time direction which ends up making
their structure quite different, as studied in [213]. For instance, considering the
dS Poincare slicing ds* = RT—%S(—dT2 + dz?), a strip subsystem on some boundary

Euclidean time w = const slice of I with width along z gives a bulk extremal surface
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2(7) described by 32 = (%&)2 = B2

dr 1+B27r2d-2

the x; (so the boundary Euclidean time slice is not sacrosanct). Compared with the

(B? > 0). w, x can be taken as any of

AdS case, the denominator here crucially has a relative minus sign. Thus there is no
real turning point here where the surface starting at I begins to turn back towards
I't: this requires |#| — oo while here |#| < 1. There are also complex extremal
surfaces however, which exhibit turning points: these end up amounting to analytic
continuation from the AdS Ryu-Takayanagi surfaces. While their interpretation is
not entirely conclusive, in dS; they have negative area, consistent with the negative

central charge in dSy/CFT; as mentioned above.

Since surfaces starting at I do not turn back, it is then interesting to ask if they
could instead stretch all the way to the past boundary I=. In [212], connected
codim-2 extremal surfaces in the static patch coordinatization of de Sitter space

were found stretching from ] * to I~ passing through the vicinity of the bifurcation

region with divergent area E' where € = & is the dimensionless ultraviolet cutoff
and the coefficient scales as de Sitter entropy. To elaborate a little, the static patch
coordinatization can be recast as ds? = %( — dTTQ + (1= 72)dw? + dQ3_,), with the

future/past universes F'/P parametrized by 0 < 7 < 1 with horizons at 7 = 1, while
the Northern/Southern diamonds N/S have 1 < 7 < co. The boundaries at 7 = 0
are now of the form R, x S%!, resembling the Poincare slicing locally. Setting up the

extremization for codim-2 surfaces on boundary Euclidean time slices can be carried
BQTQd—Q
121 55,2d2 -

sign here, reflecting the horizons, makes the structure of these surfaces interesting,

out: on S9! equatorial planes for instance we obtain w? = The minus
drawing parallels with the AdS extremization (we refer to [212] for further details).
The limit B — 0 gives surfaces passing through the vicinity of the bifurcation
region as stated above, with the width Aw approaching all of I*. These connected
surfaces stretching between IT are akin to rotated versions of the connected surfaces
of Hartman, Maldacena [225] in the AdS black hole. This led to the speculation
there that dS, is approximately dual to an entangled thermofield-double type state

of the form

) =D o linliy) (5.106)
akin to the thermofield double [220] dual to AdS black holes. Here '™ nin are co-

efficients entangling a generic ghost-spin [if') from CFTr at I with an identical
one [if) from CFTp at I~. The constituent states are schematically continuum
versions of N level ghost-spins, with N related to dS4 entropy % . Since bulk time
evolution maps configurations at I~ to those at I [141], we have the schematic map

iy — S[P )il = |if) where S[if,if] is the operator representing bulk time

TL’TL
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evolution (note that this is a bulk object that is to be distinguished from opera-
tors in the CF'T representing boundary Euclidean time evolution). If states i) at
I~ map faithfully and completely to states |if) at I*, then S is expected to be a
unitary operator (this is also vindicated by the fact that exchanging I* is a bulk
symmetry). This suggests that the entangled states (5.106) are unitarily equivalent
to similar maximally entangled states |1)) = S pinin [iE)[iE) in two CFTy copies of
the ghost-CFT solely at I*. The state (5.106) is akin to a correlated ghost-spin state
with an even number of ghost-spins, as discussed in [17, 48]. It necessarily has posi-
tive NOrm Dk e Vi iF Vit iF Qi in (inin )% > |¢pinin |2, since we are entangling
identical states if and if: thus it has positive entanglement, as in [17, 48]. Since
each constituent state |iZ°7) is N-level, i.e. with N internal degrees of freedom, the
entanglement entropy scales as N ~ é—i . The toy models in sec. 5.3.2 of correlated
ghost-spin states (5.56) and their entanglement entropy (5.57) are of this form, writ-
ten explicitly. The state (5.106) is akin to the thermofield double dual to the eternal
AdS black hole [226]. This suggests the speculation that 4-dim de Sitter space is
perhaps approximately dual to CFTr x CFTp in the entangled state (5.106) and
the generalized entanglement entropy of the latter scales as de Sitter entropy. (See

[227] for another approach to de Sitter entropy based on the dS/dS correspondence

228].)

The investigations in this chapter on N-level generalizations of ghost-spins are geared
towards constructing microscopic ghost-spin states that reflect the N-level internal
structure which might ultimately give rise in appropriate continuum limits to theories
such as the Sp(N) ghost-CFT dual to higher spin dSy (see also the recent work [210]).
As we have seen, the N-level generalizations here do admit positive norm subsectors

of the form of the correlated ghost-spin states indicated in (5.106).

As mentioned in the Introduction, the ghost-spin system has possible applications
in gauge theories. The continuum limit of a d-dim ghost-spin system (as in [48]
for the 2-dim case) with flavour quantum numbers may be relevant for studying
entanglement in gauge theories in a covariant setting. A better understanding of the
ghost-spin system and its coupling to ordinary spin systems as in [47, 48] generalized
to d-dimensions would be an ideal sandbox for understanding covariant formulations

of subregion entanglement in gauge theories.

We have been thinking of ghost-spins as microscopic building blocks for ghost-like
CFTs, and perhaps more general non-unitary CFTs. The discussions in this chapter
on ghost-spin chains have recovered 2-dim bc-ghost CFTs with flavour symmetries.

The obvious generalization to 3 dimensions of the 2-dim case discussed in sec.3 (and
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in [48] for the single flavour case) has nearest neighbour hopping-type interactions
of the elemental form h ~ > ag‘?ﬁafﬁ,. This contains three o, and three o,
operators at each lattice site, with possible flavour indices reflecting internal flavour
symmetries. It would be interesting to study such 3-dim ghost-spin chains towards
obtaining 3-dim ghost-CF'Ts in the continuum limit: so far, we have encountered
conceptual difficulties as well as technical ones. We hope to report on this in the

future.






Chapter 6

Conclusions

In this thesis, we have focused on certain aspects of holography: mainly nAdS,
holography in certain models of dilaton-gravity theories and non-relativistic holog-
raphy in the context of hydrodynamics for hyperscaling violating Lifshitz theories.
In an independent study, we have also investigated entanglement properties of N-
level generalizations of the 2-level ghost-spins. In this chapter, we summarize our
investigations and key results, presented in the earlier chapters and also mention

some possible future directions.

In chapter 2, we have studied the shear diffusion and the ratio of shear viscos-
ity to entropy density for uncharged finite temperature hyperscaling violating Lif-
shitz (hvLif) spacetimes. Building upon our earlier investigations [161] adapting
the membrane-paradigm like analysis [162], we have analyzed the metric and gauge
field perturbations hyy,, hay, a, in the near horizon region of the hvLif black brane.
In the presence of a, coupled to hy, and h,,, we have seen that ﬁxy = hyy, and
iy = hyy — 7072 frz ds s3=*7%a,, are the correct variables, in which, the relevant com-
ponent of the linearized Einstein’s equation becomes the diffusion equation. We
have obtained a formula for the shear diffusion constant D in terms of the metric
components and thus have computed the ratio of shear viscosity to entropy density
1. For z < 4 — 0, D has a power-law scaling with temperature and ? saturates the
viscosity bound i.e. T = ﬁ, while for z = 4 — 6, D scales logarithmically with tem-
perature. The hvLif theories satisfying z = 4 — 6 arise in null reductions of highly
boosted black branes (AdS plane waves) and nonconformal brane plane waves. It
would be interesting to investigate the null reduction of the hydrodynamics of the

boosted black branes.

149
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In chapter 3, we have studied 2-dimensional dilaton-gravity-matter theories arising
from reductions of certain families of extremal charged black branes in Einstein-
Maxwell and hyperscaling violating Lifshitz (hvLif) theories in 4-dimensions. Charged
hvLif black branes are solutions to Einstein-Maxwell-scalar theories with an addi-
tional U(1) gauge field. The near horizon geometry of these extremal branes is
AdS5 x R? and compactifying the transverse space as a torus 72 leads to an ef-
fective 2-dimensional theory of dilaton-gravity coupled to the scalar field and the
gauge fields. We have argued that this 2-dimensional theory is equivalent to a
dilaton-gravity-scalar theory with an interaction potential for the dilaton and scalar
field. The perturbation analysis around the AdS; background with constant dila-
ton and constant scalar field reveals that the leading correction is governed by the
Jackiw-Teitelboim theory. This occurs at the linear order in the dilaton perturba-
tion resulting in the Schwarzian derivative action from the Gibbons-Hawking term.
There are subleading corrections at the quadratic and higher orders, which encode
information on the higher dimensional realization of this AdS> background. We have
also done the above analysis in detail for the reduction of relativistic black branes in
Einstein-Maxwell theory to a 2-dimensional dilaton-gravity theory. This is a simple
subcase with z = 1, # = 0 and the absence of hvLif scalar field, in this case, simplifies

the analysis.

In chapter 4, we have considered a generalized class of 2-dimensional dilaton-gravity-
scalar theories, generalizing the reduction from 4-dimensional theories in chapter 3
to higher dimensions. Extremal black branes in these higher dimensional theories
upon compactification in the near horizon throat region give rise to AdS, dilaton-
gravity-scalar theories. Away from the throat region, these background have non-
trivial profiles. We have interpreted this as holographic renormalization group (RG)
flows that end at an AdSs fixed point in the IR. We have defined a holographic
c-function in terms of the 2-dimensional dilaton, and have shown its monotonicity
using the null energy conditions and appropriate boundary conditions on the ultra-
violet theory, thereby proving a holographic c-theorem. At the IR AdS; fixed point,
this dilatonic c-function becomes the extremal black brane entropy. We have dis-
cussed this c-function in detail in compactified conformal and non-conformal branes
in M2 — D2 and M5 — D4 systems. We have also compared the dilatonic c-function
with other holographic c-functions. In particular, comparing with the entropic c-
function, which is defined in terms of the entanglement entropy, we have seen that
the dilatonic c-function, in addition to scaling as the entropic c-function, is exten-
sive and scales as the transverse area (of the compact space). Reduction of the

null energy conditions (NECs) in higher dimensional theories to 2-dimensions shows
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that one of them reduces to a NEC in 2-dimensions, while the second NEC re-
duces to a non-trivial constraint on the 2-dimensional effective potential and its
derivatives. Finally, we have also adapted the holographic RG formulation of [12]
to our 2-dimensional dilaton-gravity-scalar theories. In this radial Hamiltonian for-
mulation, imposing a radial Hamiltonian constraint gives RG flow equations and (8
functions for the couplings (boundary values of the dilaton and scalar fields) in the
1-dimensional boundary theory in a derivative expansion. Although this formulation

is not Wilsonian, it gives qualitative insight into the flow equations and g-functions.

For the 2-dimensional dilaton-gravity theories studied in chap. 3 and chap. 4, it
would be interesting to analyze the spectrum of correlation functions. This requires
a systematic treatment of subleading terms beyond the Schwarzian, by including
suitable counterterms and employing holographic renormalization. Another inter-
esting project would be to adapt the Wilsonian formulations of holographic RG

[70, 71] to the 2-dimensional theories discussed above.

In chapter 5, we have constructed generalizations of the 2-level ghost-spin in [0,
17, 48] to N-level ghost-spins. The O(N) flavoured generalization comprises of N
copies of the 2-level ghost-spin with O(N) flavour symmetry. We have also consid-
ered a spin-glass type coupling in flavour space. The symplectic generalization has
antisymmetric inner products between the elemental ghost-spins with a Sp(/V) sym-
metry. Finally, we have constructed an irreducible ghost-spin with /N internal levels.
We have studied entanglement entropy in these N-level systems. Although the en-
tanglement patterns appear to be complicated, we have found subfamilies of states
which have correlated ghost-spins, where positive norm states give positive entan-
glement entropy. We have also analyzed a one-dimensional chain of O(N) flavoured
ghost-spins and in the continuum limit have obtained the 2-dimensional bc-ghost
CFT having O(N) flavour symmetry. A similar analysis constructing a chain of the
Sp(N) flavoured ghost-spins and their continuum limit is an interesting project to

pursue.






Appendix A

Appendix to Chapter 2

A.1 Spatial compactification of the hyperscaling
violating Lifshitz theory

The action (2.3) in 4 bulk dimensions (i.e. d = 3) becomes

1

B Z(W)
16mGYy

1
/ d'v/—g (R - §8M\I!8M\IJ - FynFMN + V(\If)> . (A
Compactifying the y-direction (where y is one of the spatial dimensions enjoying
translation invariance), we write the perturbed metric in a form suitable for dimen-

sional reduction as
ds® = gyndz™dz™ = g, da"dr” + e* (dy + A,dxt)? | (A.2)

where A, o< hy,. Indices p, v run over the 3-dimensional coordinates ¢,r, z, while
the indices M, N run over t,r,z,y. We also decompose the perturbed gauge field
AM as

A
Ay = Yl (A.3)

CLyEX

The gravity sector under compactification becomes

/d4x\/_ o G d*x e’ \/_< W.F“”) , (A4

S, rav —
g 167rG4

153



154 Appendix A Appendix to Chapter 2

where R is the Ricci scalar for the metric Ju- The Maxwell action after the y-

compactification can be written as

Syauge = 16%(;4 / d'sy/=g( - %FMNFMN>
o Ll G | W PR 0 M CU MR
+29" (€77 + A, A”)(9,x) (Orx) — 24" A”(0,X) (D)) -
A Weyl transformation g,, = €**g,, enables us to write the gravitational and

Maxwell sector of action after compactification in the Einstein frame as

/ Ao/ =g (R _ @FMNFMN)

1
167TG4 4
_ 1 /d%\/—_g (7%— e
167TG3 4 m
o (A.6)

1 e

Sgrav + SMaa: -

—%ApAp(aMX) (8“)() + %AMAV(OMX) (OI/X))) )

where R is the Ricci scalar of the 3-dimensional bulk metric Juv- The terms ap-
pearing in the last line of the above equation will not contribute to the equations of
motion at linearized order since they appear at quartic order in the action. Varying

the above action w.r.t. the field A, at linearized level, we get

1 = o R
7= (\/—964 Fr ) = 725" 5" Fus(0px) (A7)

which for v =t, v = x and v = r gives (2.23), (2.24) and (2.25) respectively.

A.2 Solutions to linearized equations for A, a,,

h., at zero momentum and zero frequency
At ¢ =0, w = 0, the linearized equations of motion (2.15)-(2.18) reduce to

8r(7“5_z_9faray) —a2+z- e)ar(TQ_ehty) = 0, (A.8)
0,(r* 0730, hyy)) — a2+ 2 — 0)dra, = 0, (A.9)
O, (r 0 f0,(r* %hyy)) = 0. (A.10)
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For the sake of brevity, from now on we will denote the 0, operator with a prime “/”

on the functions. Integrating (A.8) and substituting d,a, in (A.9) gives

F)[r?hy, + (14 2z = O)rhi, — (0 — 2)(z — 2)hy,] (A.11)
~2(z = 1)(24 2z — O)hyy = —a*(2+ 2 — 0)?cir? 72,
where we have chosen the integration constant as —«(2 4+ z — €)c;. This inhomoge-

neous equation has a particular solution fy, = c17%72. The homogeneous part of the

above equation,
Fr)[r*hy, 4+ (142 —0)rhy, — (0 —2)(z = 2)hy] —2(z = 1)(24+ 2 — 0)hyy = 0 (A.12)

can be solved by substituting a series ansatz, hy, = > -, c,r™ . Along with the
two linearly independent homogeneous solutions, the complete solution (including

the particular solution) is

hyy = 1?2 4 egr? 2 f (A.13)
(z — 1) (ror)*+=—* 32—6 4+52—30 ot z—8
[ F <1, : ; = ﬂ :
+C4T[ iy s ey LA GRS sy s prapny AU

Substituting Ay, from the above expression in (A.9) and integrating, we get

C
a, = _E _ ac3r—(2+z—9) (A14)
F22-2 T§+z—0T1+3z—9 , 3z—60 4+5z—30
1 . 2+279)
i AT R e < 2rzo0 ayz_p¢ (")

2 -0
(2+ 2 ) p2re—b

3z—0 4+5z—30
2270 :
(1+22—-0)"°

2+4+2—0
2420’ 2+Z_0,(7“07“) ﬂ’

T3Z_€ 2F1 <1

r_ d ! 3z—0 4452—30. 242—0Y\ ; ;
where o F} = L(,F). oF, (1, 5igr arp s (Tor) ) in the second line above is

in fact divergent at the horizon r = % Integrating (A.10), we get

By = bir? 2 log(1 — (ror)*T#0) + byr?=2 . (A.15)
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Appendix to chapter 3

B.1 Some detalils

Relativistic electric black brane: The Einstein equation and the dilaton equation

from the action (3.16) are

v 167Gy Vo ®3F,, FH 167G Vo ®3
9w V2O =V, 7,07 + (200 + — )- 2 FF =0,
A
R — o = (67G)Va®Fy P = 0. (B.1)

Charged hvLif black brane

Effective scalar potential in 4-dimensional hvLif black brane and its deriva-

tives: The first and second derivatives of the effective scalar potential in 4-dimensional

charged hvLif black brane are

WVerp _ 124+2-0)(1+2— 0)er¥=¥o) 1 ()\1(2 —1)(24 2z — O)rftR>%

ov RQ_QOT}QLZ B g_gl, e (¥—Yo)

Mo(2 = 0)(z — 0)QPriz 2R3+
+ o ). (B2

PV Y2+ z2-0)(1+z— 00 1 A2 (z—=1)(2+2—0)r*R2—2
ovz R2-20,20 + g_%m( M (T—Tg)

+)\%(2 _ Q) (Z _ 9)Q2T}21Z_2R4Z2+29)

v
6)\2(\11—\110)

(B.3)
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Differentiating V.s¢ n times, we get

OVes "2+ 2= 0)(1+2— V%)

oyn Rz—zerleo
()" (M(e = D@+ 2~ O R
el ) (B4
)\3(2 _ 0)(2 _ 0)@2,’0}2;)—2}%742724&0
+ A2 (U —Tg) )’
which at the extremal point becomes
OVery 1824 2-10) [—0”(1 +z—-0)+ (=)0 —-4)"(=—1)
oun r? R2 (2—0)2(22 —2—0)2

(—-)"(22—2-0):(2-0) (B.5)

(2-0):

At 2 =1, 8 #0, we see that a\ye,{f = 0V n at the extremal point.

Dimensional reduction to 2-dimensions: The 2-dim action obtained by reducing

(3.43) on T? is (retaining only fields with background profiles)

@2
5 / P/ =@ (RO +20,80'0 — 70,00V + Vo
167TG2 2
2 N 150 ,
— L FY ) — == LFF| (B

Equations of motion from 2-dimensional action (3.59): The equations of

motion obtained by varying the action (3.59) are

P2 o’
G V2D? — V,V, 02 4 e (—(@@)2 ~ VOt —(Zi(R) + 167TGQVQZQ(F2)2))

2
(I)2 @3
__0 \Ila \IJ 5 (ZlFlupFlyp + 167TG2‘/222F2MPF2V ) = 0 3
1 |4 3
R 5(3‘1’> ST §(I)<Z1(F1) +16mG2VaZo(Fy)?) = 0,
1 @3

\/—__ga#(\/_—gqﬁaﬂxp) +V® — I(Alzl(Fl)2 + A 167G Vo Zy(F)?) = 0. (B.7)
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The equations of motion (3.62) in conformal gauge and in lightcone coordinates are

(I)Z
—e2w8i(e’zwai<b2) — 781\11@[\1/ =0 s

2

8,0.92- " U = 0,

4
e U
48+87(JJ + @Jr\IféL\If — TW =0 s
2w
9 9 e U
0L(820.W) + 0 (90,¥) + 50 = 0. (B.8)

Expanding the constraint equations in the first line of (B.8) to linear order in per-

turbations (3.69) gives

2
(z+ —a7)

0,00 + Decp =0, (B.9)

the other terms vanishing at linear order. To see that these linearized constraint
equations are consistent with the linearized equations (3.73), we differentiate the

++ constraint equation with respect to x~ to get

2 2
@ -y oot

which is satisfied after using the equation for ¢ in (3.73). Similarly differentiating the

0,(0.0_¢) + 046 =0, (B.10)

—— constraint equation with respect to ™, we can show that the resulting equation

is satisfied upon substituting the equation for ¢ in (3.73).

B.2 Extrinsic curvature and the Schwarzian

Consider the boundary of AdS, as a slightly deformed curve (7(u), p(u)) parametrized
by the boundary coordinate time u, where 7 is the Euclidean time. The tangent T*

and the normal n* to this boundary curve are

TH=(7,p), = (4, 7) B.11
(', p) 7 \/m( P (B.11)
where prime denotes derivative with respect to u i.e. 7/ = Z—;, etc. The extrinsic
curvature is given by
TV,
K=—— = v (B.12)
THT,

For the Euclidean AdS; metric in Poincaré coordinates, ds? = i—j(de + dp?), we

have
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rr=Lt ol b (B.13)
p p p
Then using 0, = 7'0; + p'0,, we can compute
L2
T,T"V, n" = ?[T’2V7n7 + 70 (Vo +V,n") + p?V 0’
L2
= [T (70T + p'0,nT) + o/ (7'0,m” + pOn’) + TIT nf
p
+pPTo e + 7' (T0, + 1)
L2 ’
= G0 4ot — (7 )]

L
= m — T/p/2(7_/2 + p/2) _ p,O//T/3 4 p,OlleT”
(7—/2 +pl2)p7_/

(1 4 )+ pr B — pp? p”T'] _
p3 (772 +p’2)%

L
= [—pp" 7'+ prp =7 (7% + p)] (B.14)
p=TE +p)2
and the extrinsic curvature becomes
K _ _T“TVVVTLM _ p2 (_TuTVV . ) _ 7_/(,7_/2 +p/2 +pp//) _ pp/T//
TrT, L2(172 + p?) R L(7 + p/2)% '
(B.15)
The induced metric on the boundary of AdSs is given by
L2 7_/2 +p/2
G = 5 = ) 7 ) : (B.16)
where € is arbitrarily small. Solving this equation in orders of € gives
p=er’ +0() . (B.17)
Substituting this expression for p in (B.15), we get
[,7_/3 + 7_/(627_772) + 7_/(67_/)(67_///) _ E2,7_/,7_//2] 3p/2
K= L7 (1 B 27”2>
1r 7_/// 3 62 7_//2
= ;e ) (-5 ) o]
1r ) 7_/// 37_//2 A
=1+ (T - 5m) H o)
1 -
= = |1+ € Seh(r(u),u)+ 0(64)} , (B.18)

where Sch(r(u),u) = {r(u),u} = = — %TT/,IQQ is the Schwarzian derivative action.
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Substituting the expression for K in the Gibbons-Hawking term, using (3.37) and
defining ¢ = ¢T(“ , we get

_ 1 du 2q)b¢r 2 4
Se = e / - (1 +e* Sch(r(u),u) + O(e ))
20, ¢r 20,

2
87TG2 62 87TG2 /du ¢T SCh<T(U>7 U) + O(E ) y (B19)

where the 5 term cancels with the background term coming from expansion of the
bulk actlon and the second term gives the Schwarzian derivative action at leading

linear order in the dilaton perturbation.

B.3 Einstein’s equation in 2-dimensions

Consider a dilaton-gravity-scalar action in 2-dimensions

1
n 167TG2

(/ R [@273 —U(®,¥) — %2@\1/8“\11] + z/dt\/—_w? K> .
(B.20)

Varying the action with respect to the metric, we get

_ 1 2 gglU/ Nz 2 . _(};2 0
55—167TG2</dx<—2\/__g59 PR-U Qapxpa\p]

@2
VI[P R I 8 5R,, - 0,10, 0] )

+2 / dtd(\/—_»yK)cb?)

- 161G /de\/_<<I>2QW o,y I wlu i ,Worw | )og
RSP
1 2 — 2 _puv / — 2
+167TG2(/d:c\/_g<I> G R + 2 dm(\/_w()qﬁ , (B.21)

where G, = R, — gg”R is the Einstein tensor and in 2-dimensions G,,, = 0 identi-
cally. Using ¢"0R,, = V*IVY(d9u) — 977V 1,(09,0)] = VHv,,, we get

/dza:\/—g <I>2g‘“’57€w, = /de\/—gq)z Vhv,
= /de\/—gV“(CD%M) —/d2x\/—g(V“¢)2)vu
= /dt\/—vn“ %, —/de\/—g(V“(I)Q)UM : (B.22)
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Substituting this expression in (B.21), we see that the boundary term [ dt\/=7 n* ®%v,
cancels the variation of the Gibbons-Hawking term 2 [ dt (/=7 K)®?. Then (B.21)

reduces to

_ Gy 14
167TG2/ \/_ axpaxm [U+ a\ya \1;})5
_ 1 2 — %

670G, /d /=g (VF0*) v, . (B.23)

Let us simplify the term in the second line above. Using the formula for v,, we have

/dzx\/—gg“”(@@z)vy = /dzx\/—gg“”(@M(IDQ)[V”((SgW) — 9V, (0g,5)] . (B.24)
To simplify further we use the following expressions.

09" = 5(gwgupgua) = (59uu)gupgw + 269"
= 09" = —(69u)9""9"" . (B.25)

Using the formula for covariant derivative V,(0g.,) = 05(69,) — ['5509ap — 5,0 9var

we can write

Vp(dgl,pV”CI)Q) = g”"@o.(égypvl’®2) 97Ty, 0,a V" ®?
= V*(89,,)V'®* + V°(V'®*)dg,, , (B.26)
V(977 090, V" P7)
= 9"V, (0gps V' P?)
= 9" 100(09ps V' ®%) = 15,0900 V" ®* = T5,09pa V' ®* + T7,09,0V* ®’]
= gp”5gpgvuqu)2 + g7 [au(59pa) - puaga(f - I‘gy(;gpa]vaq)?
= §"700,0V?®* + g7V, (69,0 ) V" ®* . (B.27)

Substituting (B.26) and (B.27) in (B.24), we get

(0" D), = V” (69, V' ®?) — VFV ' ®% 59, — V(977690 VI P?) + ¢775G,, V> D?
= —V,(00”V,®*) + V,V,0*5g" + V ,(9,009” V' ®?) — ,,09"° V>®? |

where we have used (B.25) in the first term. Substituting this expression in (B.23),

we get
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d*x\/—g <I>2 gw/ 2 282 5 v

/de\/_[ (gpg(SgP"V’@Z) — Vp(égp"vodﬂ)} : (B.28)

167TG2

The terms in the second line above are boundary terms, which vanish by the bound-
éS
=0

ary conditions on the metric 6g,,|pay = 0. Then from the first line above, Sor =

gives the field equations

VU0 g 24 Sg wa,w — Y[y 320\11 ~0 B.29
uVu Guv + 9 I v 9 + ( ) : ( : )






Appendix C

Appendix to chapter 4

C.1 Effective potential in D-dim gravity-scalar
theory

We derive a formula for the effective potential V' in gravity scalar action (4.1) starting

from gravity-scalar action coupled to U(1) gauge fields. Consider the action

n

! /de\/—g(D)<R(D) h”a UMW 4V (V) — Z@FQ) (C.1)

- 167TGD i—1

where V4(¥) is the scalar potential, Z;(¥) are ¥ dependent couplings and F? =

Fyun FMY . The Einstein’s equations are

D Q(D hIJ Q(D) Q(D)
R{7 — ANR(P (aM\Iﬂa R A A MR T
(D) 172
gunti
+§ ( FopFly — B0 ) . (C.2)

Taking electric ansatz for all gauge fields and solving the Maxwell’s equations

Ci 2¢?
(V=9 i) N ) P T gDy
(C.3)
where ¢; is constant and we have restricted to a class of metrics with g( ) = = 0 gg(é)),

consistent with the reduction ansatz (4.2). Substituting F!" in (C.2), the ¢t — r and

xx components become

165
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D) _ his (6 o vl — 9/(5) Guv_ g \ijaP\I,J) gl(th)) (V _ zn: 5—12) (C.4)
v 2 2 P 2 0 2 (D) D—QZ, ’ '
i=1 (gxz ) i
h O a(m) @
qo) _ s (8 wlo,w’ — g 8p\1118PlIJJ> g CLER VA Jzz G , (C.h)
T 2 4 (gi)p2z,

(D) _ (D) _ g p(D) S N ,
where G5 = Ry — 25 RY7 is the Einstein tensor. These Einstein equations can

be derived from an equivalent gravity-scalar action (4.1), with the effective potential
defined as

V(U ) = —Vo(¥ Z (C.6)

where V;(V) = 22?2(\1/)'

C.2 Radial Lagrangian (4.63) from dimensional re-

duction

Consider the gravity scalar action in D-dimensions

1 [/dpx\/W(R(D) h”@ olgMy _ V)

- 16’/TGD

+ / dP'x —V(D*1)2K(D*1)}, (C.7)

where fy(if_l) is the induced metric and K (P~ is the extrinsic curvature on the

(D — 1)-dimensional boundary. Foliating the spacetime into surfaces of constant r,

ds® = gﬁﬂfda:deN = (N? + fyé?_l)N“Nb)dr + 2fyab VN dzdr + 7 b dx“dx
(C.8)

the D-dim Ricci scalar decomposes as

RP) = PR 4 (KP-D)2 _ gDV g(D-Dab _og (A KP-1) 12V 4(7PV zat)
(C.9)
where the indices M, N take values (t,7,z%) and a,b take values (t,2') for i =
1,...,D — 2. P=UR is the Ricci scalar of the (D — 1)-dim boundary and 7 is
the unit normal to the boundary. The total derivative terms above can be written

as
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/ 4P/ —gD)[—2V 4 (A K (P-D) 4 2V (AP i)
= /dD_lx —’y(D—l)[—QK(D DaAia + aanPVen? ]
_ _/lex _7(D71)2K(D71),
where we have used 774 = 1 and iy Vn? = 0. This boundary term coming from

the total derivative terms in (C.9) cancels the Gibbons-Hawking term in (C.7). Then

the radial Lagrangian on the r = constant boundary can be written as

_ 1 gDy —V(D_l)N((D_I)R—l— (K(P-D)? _ {P=D g(D-1ab
]_67TGD
hiy

— L on v oM w v) , (C.10)
where the extrinsic curvature is

KO- 1 (&«7(5 D _ po-n NP1 _ pP-D N(D—l))
a 2N a a a )

NP-D =4tb=bye o pO-D NP — g NPD _pBmhe D=1 ()

Radial decomposition of D-dim metric in the KK reduction form:

Expanding the D-dim metric (C.8), into 2-dim (¢,7) and transverse components

ds® = [(N? + ' P7UNNOYar? + 24PV Ntdtdr + 24PV Nidedr +~ P~V dt?]

+7Z(D l)dm’dm] [27tD I)Ntdxldr+2%(g I)Nldx]dr%—ZVtD 1)dxzalt]
(C.12)

Imposing the Kaluza-Klein ansatz for the dimensional reduction on 7772, i.e.,

4

dS — g(g)dxﬂdag + Q)D 2 qu;z , gg(cg) = oDp-—2 (013)

where gf?), ® depend only on the 2-dim coordinates (¢,r), we get
WP = ep=s,, APV =0, N=0, N V=0, Vij=1,...,D-1
(C.14)

and the components of the 2-dim metric and its inverse are
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< D—1 2 D D—1
97(3) = gv("?) = N2 + P)/t(t )(Nt)2 ) gygr) - gt(’r‘ )= PYt(t )Nt )
2 D D—1
ggt) = gzgt : Vt(t )7
rr 1 T Nt 1 (Nt)2
g — = g — -=, gt — 5 (C.15)
N N Vit N

Reduction of the radial Lagrangian (C.10):

The induced metric on the (D — 1)-dim boundary can be written as

ds% 1) — ’Vab d:l,‘ad{E = 'Vtt 1)dt2 + %J dﬂ?zdiﬁ] = vtt )dtQ + CI)D 2 Z d.tE
=1

(C.16)

The Ricci scalar becomes

o P Vo, (D-3) (8,922 20202

P Tpar (D=2 e P g

(O-1R —

(C.17)

The components of the extrinsic curvature are

_ 1 _ _ 1
KPP = — (04877 = 2D NP ) = — (04 — 2DPNV) = KD
tt N Vit t t N Vet t 4Vt tt

1 _ _ _
K = = (077" = DIPONTD - DIPTINEY) =0, (C.18)

7

4
- 1 - _ _ dp=?
K = — (0070 = DIPTINPT — DIPONITY) < oy i, 0,

where we have used

1 D-1 1 1 D-1 D-1 D-1
%St):%(t )7 Nt()z%gt)Nt:'Vt(t )Nt:Nt( )7 Fz(‘t )t:07
=1V, =N, =0, @=gP"0,, (C.19)
D§D‘1)N§D‘1) _ 8tNt(D_1) . FEtD—l)tNt(D—l) _ 8tNt(1) . Fg)tNtu) _ Dt(l)Nt(l)

where %(tl) is the induced metric and Kt(tl)

is the extrinsic curvature on the 1-dim
boundary and n* is the outward unit normal to the 1-dim boundary. Then we can

compute

K(D-1) ach(L?_l) (D—1) ac, (D—1) bch(sz_l)KédD_l)

= 7 Y
_ (7(17—1) tt)Q(Kt(tD—l))2 + ,Y(D—l) ik,y(D—l)lel(jD—l)KIng—l)
740, ?)?
— Wt D) M C.20
tt + (D - 2)(1)4 ( )

and
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), 2
T

(C.21)
where K1) = A(W# 1) M Substituting these in (C.10), the radial Lagrangian becomes

KD-1) — ,Y(D—l)abKC(LbD—l) _ ,V(D—l)tth(tD—l) + ,Y(D—l)ini(f)—l) = KO 4+

1

L = o / dty/ PO N [ PIR + (KO 4 ﬁug*;&)z — KO
B2
S O S T
—%9(2) o9, u — V] , (C.22)

where we have used KO# K = (KW)H2,

Weyl transformation: Performing a Weyl transformation on the 2-dim bulk metric,
2(D-3)

G = P P2 = g( which induces a Weyl transformation on the 1-dim boundary metric
2(D—3)

Yoo = T ) we get

2(D—=3) ~
ds? = gudatde’ — <¢(§—_§3 N2 4y ( Nt)2>d7“2 + 2y Ntdtdr + vy dt?
(N? + 3 (NY)?)dr? + 2y N'dtdr + yudt* (C.23)

which is same as (4.62) with N = ®5-2 N. Under the Weyl transformation, we have

D —3)0,d 0,
ED _ 2; j? ) Pit - _2t:th ) Ny = %tNt ) (C-24)

1)t
]‘—‘l(ft) = Ffﬁt -

—2(D—3)

DN = oY) — Tl = 0B (Do, -

(D — 3) N,0,®
(D—2) @2 ) '

The Ricci scalar (C.17) can be written covariantly as

2(D-3)

(D-DR = —29 155 21,97 ;
(V=19 9?) _ [atQ(I)Q B D10, P

0:9° = "Dy D ®* =
' e V= Vit 297,

]. (C.25)
The extrinsic curvature becomes

(D=3) 3, <I>2), (C.26)

1 (
K = — (9 = 2D"ND) = @075 (K — o =0
tt N Vet tt 2(D 2) q>2

1 2(D-3) ! (D-3) (D — 3) n"0,®?
KO = 40t — o= 4t g = ¢z (K D=2 7 ) . (Cca2n)
where Ky = 3<(0,u — 2DiN), K = 4Ky, n, = N = ®52N = &52i, and
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nt9,®* = g"'n,0,P* = CD*%W‘E)H(I)Q. Substituting these expressions in (C.22), we

get

0,V oMy’ — Vor

(C.28)
Simplifying further using n#9,9* = +(9,9? — N'9,9?) and defining U = @ﬁv, we
obtain (4.63).

®2h,
- At/ = N[—Q ®2 4+ 2K nhd, d% — — 17
167Gy / v De®™ 4 2B nio, 5

C.3 The z =1,60 # 0 hvLif family

Setting z = 1, # # 0 in the 4-dim Einstein-Maxwell-scalar action (3.43) and the
charged hvLif solution (3.46) gives Fjyn = 0 and we get Einstein-scalar theory
coupled to an U(1) gauge field Ay, with

(3—0)(2—0)e Yo 0 —0

v = Ao =4/ —— . (C.29)

Vi = - -
S A C-0(-0) 2

Note that the energy conditions (3.50) simplify in this case to give
2-0)>0, —0>0 =  y=-\. (C.30)

Substituting the gauge field solution in terms of the scalar field and the metric
component gg(;i), gives an effective gravity-scalar theory (4.1) (in 4-dim with one

scalar field) with an effective potential

B-0C=0) wwy , 1 (2-01-0OQR

‘/eff = - RQ*Q@TFQL?} (gg;))Q e}\2(\1]_\1]0) <C31>
Using the extremality condition Q? = (%) T§(2_9) and 7 = —\, simplifies the ef-

fective potential (3.63) which is of the form (4.95) with U = ®V,.¢y and & = g,
The factors of ® arise, as seen in Chap.-3, from the T?-compactification followed by
a Weyl transformation of the 2-dim metric. Thus the potential U(®, V) has factor-
ized in this case: the piece inside the brackets is structurally similar to that for the

reduction of the M2-AdS, case, with an overall ¥ factor dressing outside.

The linear fluctuations ¢, ¥, € to the dilaton, scalar field and the metric respec-
tively are governed by the quadratic action (Sec.-3.2.2.1 in Chap. 3), which gives the

linearized equation dy0_( = 0 for the fluctuation, ¢ = ¢ — \/2279 LQ(E:QQG) (i; %) ¢. Thus
"o The

the ( scalar is massless at linear order.
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C.4 Dimensional reduction on 792

Consider an ansatz for the D-dimensional metric suitable for Kaluza-Klein (KK)

reduction on a torus 7772,

D-2
ds* = gg\/?J)\,ddexN = gfﬁ)dw“dm“dm” + gD Z dx? (C.32)

=1

where the 2-dimensional metric g,(ﬁ,) and gg(gi)) depend only on the non-compact co-

ordinates (t,r). With this metric ansatz, components of the Christoffel symbol

decompose as

D) _ 1) ou_ 1 GO, o) oyi 1 gDk
L =13 Ly’ = 59 0,957 L, = 59 aﬂ Jk :
rr=o0, 1Ri=0, TP'=0, (C.33)

which give the decomposition of the components of the Riemann tensor as

D)p _ 12(2)
R/Bw _Rﬂpvp’

(D) k D)k (D) k(D) o (D) k(D) j
R = 8F + Lo 17 =15, Lo’

RN = 9,00 ”+F< ) opP)e _piepik

ipj

Riy) —Fi?kfz%) —FS?)’“F§£)”,
k
RO =0, ROF=0. (C.34)

(D) (D)

Using g,;"" = 0ijgzz’, we compute the components of the Ricci tensor as

R =R+ R

v fupv
=R~ (D; 29 0u(a® 0,02) - %(Q(D) )2 0ug57 0ty
Ry =RE)” + R
= b [ - lv @u (9P 0,9\2)) - %9([)) wrg) "”%9&?’@%?] ,
RL?) - RM]Z)JP - Ruka =0, (C-35)

where V (), is a covariant derivative with respect to the 2-dimensional metric gl(fy)

Substituting gg) = ¢ and simplifying further, the components of Ricci tensor

become
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RD) =R
124 [ P2 (D — 2) P4

_4 2 2
o VerVaer® (D -3)0,8°0,9° 0i; @2 <_ Viy® >
. o).
(C.36)

Then the Ricci scalar is

2v(22>q)2 L (D=3) (Ve #?)*
o2 ' (D—2) ot
Vip® 4 (Vo)
&  (D_2) @

RD) — 9(2) WRELIB) + g(D) inZ(,jD) — R _

=R —4

. (C.37)

Weyl transformation, g, = CID"gffl,) :

Under the Weyl transformation g, = (ID"g,(fl,) for arbitrary n, the various quantities

transform as

Vi® ="V (Vig®)? = o"(VD)* ,
n g
FI(lZV)p = FZV - ﬁ(éﬁauq) + 5561/(1) - gp guuaaq)) )
2 2
(2 — n Guv Vo _ N Guv (VCI))
R = R 2 2 B2 ’

V0 (V)
o o2

ﬁ<V2(I)2 B (Vq)2)2

2) _ &/&N
R()—(I)[R—l—n< (5 =

)] :@”[RJr )](0.38)

Substituting this expression for R?) in (C.37), we get

—4) V22 (D — 3)\ (V)?
RD) — [R (n 2( 9 ) ] . .39
T e Uty e (C-39)
(D—3)
Now for n = 2((5:23)) i€ Gy = CDQU?*;) g,(g), we get

2(0-3) R (D-1) VW] (C.40)

RDP) — o2 R
(D—2) o2

To summarize, upon dimensional reduction on 7TP~2 and a further Weyl transfor-

mation in 2-dimensions, we get

Vo 4 (Viyd)?
/_g(D)R(D): /—_9(2)@2[73(2)_4 2= ( (2) )}

® (D-2) @

and
—gDRP) = \/__g[q)QR — %v%ﬂ : (C.42)
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C.4.1 Reduction of the Gibbons-Hawking boundary term

The Gibbons-Hawking action on the (D — 1) dimensional boundary is

1
S(D) - /le _~(D-1) (D=1) C.43
GH = —Sﬂ- . xr ’}/ 3 ( )

where 7](\?];1) is the induced metric on the boundary and KP~1 is the extrinsic

curvature. Upon dimensional reduction with the KK metric (C.32), we get

7iy V'l @2

D-1) _ 7-(1)
KP=D = g 4 S

VAP0 = /0 2 (C.44)

where 7, is the outward pointing normal and the Gibbons Hawking term reduces to

S — / dt /=~ [@2 +ﬁuv§g)<b2} . (C.45)

81Gs
2(D-3) )
The Weyl transformatlon gw, = O D2 g, mduces a Weyl transformation on the
—3)
boundary metric v, = ® ) Y ey —( D02 and ntd,®* = ¢"n,0,9* =

_D-3 _
(IR n“@,ﬂﬂ. The extrinsic curvature becomes

(D =3)

KO W) _ 33 79
,Y tt 2(D o 2)

D22t 0° . (C.46)

The Gibbons Hawking term becomes

S(D)
GH ™ 87TG2

/ dt V= [¢2K+ 2(5) 12)) V“qﬂ}. (C.47)

From (C.41), (C.42) (C.45) and (C.47), we get

</dD \/—R /dD_la: —~(D-1) K(D_1)>

167TGD
1 9 (D — 3) (V(Q)CI)2)2 /
— —a@ | PR3 /A0 @2 g1
167TG2</dI J [CDR T2 @ }+2 V= >
_ (/d2x«/_—g<1>27€(2)—|—2/dt\/_—7<I>2 K) . (C.48)
167TG2

The Gibbons-Hawking action terms for the 1-dimensional boundary before and after

Weyl transformation are

/dt\/ D2 g Ser =

Sh) = dt /=7 ®* K . (C.49)

87TG2 87TG2
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Appendix to chapter 5

D.1 Orthonormal basis for N-level irreducible
ghost-spin

We give the transformations which transform the defining basis for N-level irre-
ducible ghost-spin to an orthonormal basis. For even N-level ghost-spin, the trans-

formations to orthonormal basis are

=2l ) - () e

N 1
7+ 1> = E<|€N_l> — len)) ,
N2y = ey +1ed e~ e

1 = N-1
N —1)= NEETE) (Z lei) — <T - 1) (len—s) + |€N—2>)) ;

Ny ——— ( Sled = (5 1) Gexca) + |eN>>> . D.1)
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For odd N +1-level ghost-spin (where N is even), the transformations to orthonormal

basis are

N(N+1)°

1
+) = = E(\eﬁ — le2))

+
—_

Sl

(lenv-1) —len))

(lex) +lea) = les) — lea))

(i — 2(les) + les)) )

[N}

SIS NI
+ o+
w (N}
~—— ~~—r7 ~~—
Il
N | —

N —1) \/m <NZ - <u - 1) (lev-3) + ’eN—2>)> )
) = W <NZ ) = (5 1) tew-r) + |eN>>> ,

1
]N+1):\/(N+1) ESY (Z\el N\eNH). (D.2)

To illustrate these transformations, we write them explicitly for N = 3 and N = 4.

For a 3-level ghost-spin, the orthonormal basis are

1 1
—s(ler) —le2)), I3) = %(I61>+Ie2> —2les))

1
—=(le1) +ea) +les)) , |2>=\/§
(D.3)

V6

+) =

and for N = 4, the orthonormal basis are

1 1
[+) = —=(le) +lea) +les) +]en)) . [2) = E(\ﬁ) —le2))
1

3) = —s(les) —lea)) ,  [4) = E(\eﬁ +lex) —les) —lea)) . (D4)
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