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Abstract

This thesis is divided into two parts, in the first half we study poset embeddings of

two hypersurface rings and in second half we study F-rationality of Rees algebras.
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Chapter 1

Introduction

This thesis consists of two projects. In Part I we discuss the first project which concerns
classifying Hilbert functions of hypersurface toric rings. In part II we discuss my second

project which concerns F-rationality of Rees algebras.
Here all the rings we consider are commutative and noetherian with unity.

Part I: In order to talk about first project problem we recall some definition and

known results. Let R be a standard graded algebra over a field K , i.e., R~ € Ry as
d>0
K-vector-spaces with Ry = K, R = K[R;] and dimg R; < co. Let I be a graded ideal,

I,, denote n-th graded piece of I. The Hilbert function of I

H:N — N,

n +— dimg I,.

is an important numerical invariant that measures the size of I. When R is a polynomial
ring, a theorem of F. Macaulay [Mac27] provides a classification of the Hilbert functions
of homogeneous R-ideals; more precisely, a function H : N — N is the Hilbert function
of some homogeneous ideal if and only if it is the Hilbert function of a LEX-segment ideal
(where LEX denotes the graded lexicographic monomial order on the polynomial ring R).
Macaulay’s theorem was generalized to graded Betti numbers ([Big93],[Hul93],[Par96]):
every LEX-segment ideal attains maximal Betti numbers among all the homogeneous
ideals which have same Hilbert function as of LEX-segment ideal. So it is natural to ask

similar questions for quotients of polynomial rings.

Many researchers including Kruskal, Katona, Mermin, Peeva, Stillman, and others
proved the analogue of Macaulay’s theorem for various quotient of polynomial rings and

related results for graded Betti numbers.



G. Caviglia and M. Kummini [CK13] study Hilbert functions of homogeneous ideals
in any standard graded algebra R using an embedding of the poset of Hilbert functions

of homogeneous R-ideals into the poset of homogeneous R-ideals.

We classify Hilbert functions of homogeneous ideals in two toric rings K[a, b, ¢, d]/(ad
be) and Kla, b, ¢]/(ac — b?), where K is a field of arbitrary characteristic and a, b, ¢, d are
indeterminates. We will also prove related results for graded Betti numbers when char-
acteristic of K is 0. For classification of Hilbert functions we follow the approach of

Caviglia and Kummini [CK13]. We prove:

Theorem 1.1. (i) Let R = Kla,b,c,d]/(ad — bc) and S = K]a, b, c,d], where K is a
field and a,b, c,d are indeterminates. There exists an embedding of the poset of Hilbert
functions of homogeneous ideals of R into the poset of homogeneous R-ideals i.e. there
exists a map as in [CK13] € : Hr — Zr as posets.

For the remaining parts of the theorem we assume characteristic of K is 0.

(ii) Let I be a homogeneous R-ideal and I¢ be the image of Hy under €. Let I and I¢
be the preimages of I and I€ in S respectively. ﬁfj(R/I) < ij(R/Ie) fori=20,1,4 and
for all j. Hence stj(f) < ﬁfj(fe) fori=0,3 and for all j.

(#i7) Let I and I¢ be as above, then Bﬁﬂ(.’) < ﬂﬁ_l_j(fe) for alli,j.

Theorem 1.2. (i) Let R = K[a, b, c|/(ac —b?) and S = K|a, b, ], where K is a field and
a, b, c are indeterminates. There exists an embedding of the poset of Hilbert functions of
homogeneous R-ideals into the poset of homogeneous R-ideals i.e. there exists a map as
in [CK13] € : Hr —> IR as posets.

(i) Assume characteristic of K is 0. Let I be a homogeneous R-ideal and I¢ be the

image of Hy under e. Let I and I¢ be the preimages of I and I¢ in S respectively.
S S € ; ; S (7 S (Te ; ;
B (R/I) < BY;(R/I€) for alli and j. Hence B7;(I) < B87;(1€) for all i and j.

The above results have been accepted for publication in the Journal of Commutative
Algebra

Part II:

The theory of tight closure of an ideal in a ring or of a submodule of a module was
introduced by Hochster and Huneke in [HH90]. It becomes very useful tool in both com-
mutative algebra and algebraic geometry. Tight closure theory gives a simpler proof of
theorem of Briangon-Skoda in greater generality. The famous Hochster-Roberts theorem
on the Cohen-Macaulayness of rings of invariants has a simple tight closure proof. Also,
the existence of big Cohen-Macaulay algebras for rings containing a field was proved
using tight closure. Tight closure has been used to study singularities in prime char-
acteristic. F-rational rings were defined by Fedder and Watanabe. F-rationality of a

ring is closely related to rational singularity of Spec R. More precisely, in [Smi97] Smith



showed that if (R, m) is an excellent F-rational local ring, then it is pseudo-rational.
Pseudo-rationality, introduced by Lipman and Teissier in [LT81], is a property of local
rings which is an analogue of rational singularities, in situations where desingulariza-
tion is not known to exist. When the ring is essentially of finite type over a field of
characteristic zero, these two notions are the same. In [Smi97] Smith also proved if R
is essentially of finite type over a field of characteristic zero and “modulo p reduction*
of the ring is F-rational for large enough prime p > 0, then it is a rational singularity.
Converse of this has been proved in [MS97]and [Har98|.

F-rationality of Rees algebra R[It] was studied by Hara, Watanabe and Yoshida
in [HWY02]. In [Sin00] A. K. Singh gave an example of a 3-dimensional F-rational
hypersurface ring whose Rees algebra is Cohen-Macaulay and normal domain but not
F-rational. In [HWY02] they gave a criterion for Rees algebra R[It] to be F-rational
in terms of tight integral closure. They also proved that if (R, m) is a two dimensional
excellent F-rational local ring and [ is an integrally closed m-primary ideal of R, then
R[It] is F-rational. In [Hyr99] Hyry showed that if R is an excellent local ring of
characteristic zero, and I is an R-ideal such that R[It] is Cohen-Macaulay, normal
and Proj R[It] has rational singularities, then R[It] has rational singularities. Similar
questions about F-rationality were raised and partially answered in [HWY02]. In joint

work with Manoj Kummini, we study these problems. We prove:

Theorem 1.3. Let (R, m) be an excellent normal d-dimensional local ring. Let I be an
m-primary ideal. Let X = Proj R[It] be F-rational and H (X,Ox) = 0 for all i > 0.
Then R[It)™ is F-rational for all n > 0.

The following theorem is given as a conjecture in [HWY02](See [HWY02, conjecture
4.1]). We prove:

Theorem 1.4. Let (R,m) be a d-dimensional F-rational excellent local ring of positive
characteristic p > 0 and I be an m-primary ideal. If the extended Rees algebra R[It,t ]
is F'-rational then so is the Rees algebra R[It].

We also give an alternative prove of Theorem 4.2 of [HWY02]:

Theorem 1.5. (see Corollary 6.20) Let (R,m) be an F-rational excellent local ring of
positive characteristic p > 0 and I be an m-primary ideal. If the Rees algebra R[It] is
F-rational so is the extended Rees algebra R[It,t1].

We prove Rees algebra over a 2-dimensional excellent F-rational ring of prime char-
acteristic p > 0 with respect to an integrally closed m-primary ideal is F-rational by
showing extended Rees algebra is F-rational at its homogeneous maximal ideal. This
result is also proved in [HWY02, Theorem 3.1].



Theorem 1.6. Let (R, m) be a 2-dimensional excellent F-rational ring of prime charac-

teristic p > 0. Let I be an integrally closed m-primary ideal. Then R[It] is F-rational.

If the Rees algebra is F-rational, then the base ring may or may not be F-rational.
In [HWYO02], it is shown if a-invariant of the associated graded ring G is less than or
equal to 2, then the base ring is F-rational (See Corollary 2.13 of [HWY02]). We extend

their result:

Theorem 1.7. Let (R,m) be a d-dimensional excellent Cohen-Macaulay local ring of
prime characteristic p > 0 and I be an m-primary ideal of R. If R[It] is F-rational and
Hg+ (G)-1 N ng+(G),p is injective, then R is F-rational.

But the criterion on associated graded ring is not necessary, we also give an example

to illustrate this. A manuscript containing the principal results is under preparation.

The organization of the thesis is as follows. In chapter 2 and 3 we discuss first
project. In chapter 2 we recall some definitions and results that we need later. We also
discuss known results on polynomial rings and some non-polynomial rings. In chapter

3, we discuss new results that we got.

In chapter 4, 5 and 6 we discuss second project. In chapter 4 we recall some
definition and results that we need later. In chapter 5 we discuss briefly about tight

closure and F-rational rings. In chapter 6 we discuss new results and further questions.



Part 1

Poset Embeddings Of Hilbert

Functions






Chapter 2

Hilbert functions and Macaulay’s

theorem

All the rings we consider are noetherian, commutative and with identity.

2.1 Graded rings and modules

Definition 2.1. Let K be a field. A K-algebra R is called positively graded if as K-

vector spaces R ~ @ Ry with Ry = K and R;R; C R;yj. R is called standard graded
d>0
if R = Ro[Ry], i.e., as an algebra R is generated by elements of R;. An element u € R

is called homogeneous of degree i if u € R;, for some i. We write degu to denote the
degree of a homogeneous element u. An R-ideal is said to be homogeneous or graded if

it is generated by homogeneous elements of R.

If R is a finitely generated K-algebra, then dimg R; < co. Note that if I is a graded

ideal then I can be written as @ I, where I; is K-subspace of Ry.
d=0

Example 2.2. Let S = Klxy,. .., z,] be a polynomial ring over a field K. An element of

the form x{'x5? ... a8 is called monomial. Let S; denote the K-vector subspace spanned
by the set of monomials {z{*z5* ... 2% 1 ay,...,ap € N and a1 +---+a, =i}. Then as

oo
K-vector spaces we can write S = @ S;. Hence S is a standard graded algebra over K.
i=0

If R is a finitely generated standard graded K-algebra, then we get a surjective
degree zero map from a (standard graded) polynomial ring K[zq,...,x,] to R. Let
S = Klzi,...,zy]). We fix a surjective degree zero map ¢ : S — R. Let Mon(S)
denote the set of monomials in z;’s. It is a K-vector space basis of S. By a monomial of
R, we mean image of an element of Mon(.S) under ¢. By a monomial basis of R, we mean

a subset B of Mon(S) whose image under ¢ forms a K-basis for R. For a K-subspace

7



V C Ry, we say that it is a monomial space if it can be spanned by monomials in B of

degree d. An R-ideal I is called monomial if it is generated by monomials in B.

Definition 2.3. An R-module M is called graded if as K-vector spaces M ~ € M;
1€Z
such that for each i € N and j € Z, R;M; C M;;.

o0
Definition 2.4. Let M be a finitely generated graded R-module. Write M = @ M,

n=0
where M,, denotes the degree n piece of M. The Hilbert function of M is defined as

follows:

Hy:Nu{0} — Nuf{o0},

n +—  dimg M,.

The Hilbert function of a homogeneous ideal of S is a well-studied and important
invariant that measures the size of I. It has applications in many areas, including

algebraic geometry, commutative algebra and combinatorics.

Definition 2.5. A total order on R is a pair (B, 7), where B is a monomial basis of R
and 7 is an order on B such that given two monomials m,m’ € B, exactly one of the

following three relations holds:

/ / /
m<rm, m=m, m>;m.

The total order 7 is called graded if degm < degm’ implies m <, m’ for all m,m’ € B.

Definition 2.6. A monomial order on R is a graded total order > on B such that for
all m1,mo € B with m1 > mo and m’ € B implies m'm; > m/msy. If > is a monomial
order on R, for f € R, write f as a linear combination of elements of B. We define
initial term of f, denoted by ins(f), to be the greatest term of f with respect to the
order >. For an ideal I of R, the monomial ideal generated by {in~(f) : f € I'} is called
initial ideal of I and is denote by ins (I).

Definition 2.7. A linear function w : Z" — Z is called a weight function for S. For a
weight function we can associate a partial order called weight order which we will denote

by w: for two monomials z{* ...z%", mlil ...al» € Mon(S),

28 xn >, 2 b if and only if w(ay, ... an) > w(bi,. .., by).
Sometimes we write w(z{" ...x%") to denote w(ay,...,a,).

Theorem 2.8 ([Eis95, Theorem 15.3]). Let I be a homogeneous ideal of S. For a
monomial order > on S, the set B of all monomials in S not in ins (I) forms a K-basis

for S/I.



Theorem 2.9 ([Eis95, Theorem 15.26]). Let > be a monomial order on S and I be a
homogeneous ideal of S. Then Hg/; = Hgyin. (1) and hence Hr = Hy,_(1)-

Definition 2.10. Let R be a positively graded K-algebra with unique homogeneous

maximal ideal m. A graded free resolution of a graded R-module M is an exact sequence
F: - =>F—>F—->M=0

where for each ¢, F; is a graded free R-module and the map F; — F;_1 is degree

preserving, i.e., degree n elements of F; go to degree n elements of F;_.

Note that if M is finitely generated then F; can be taken to be finite rank free

module.

We say that F, is a minimal free resolution of M if each 4, image of F; is inside
mkF;_q. Fix basis for F;’s. F, is minimal if, for all 7, the entries of the matrix associated

to the map F; — F;_1 are contained in the homogeneous maximal ideal m of R.

Let M and N be graded R-modules. Let Fy and G be graded free resolution of M
and N respectively. We define Torl*(M, N) := H;(Fs ®r N) = H;(M ®r G,). Note that
Torl*(M, N) are also graded modules and independent of choice of resolutions of M and
N.

If F, is a graded free resolution of M, then ranky TorZR(M ,K) < rankg F; @ p K =
rankp F;. When F, is minimal, ranky TorzR(M ,K) = rankg F;. Minimal graded free
resolution of finitely generated R-module M is unique up to isomorphism.

For graded R-module M, we define graded Betti numbers of M, denoted by ij(M )

as

[%(M) == dimg Tor]* (M, K),;.

Note that if F, is a minimal graded free resolution of M, then F; = R(—j)ﬁfj(M).
JEZ
Definition 2.11. Let M is a finitely generated graded R-module. Suppose M has a

minimal graded free R-resolution:
o= Fj— o — Fy — M — 0.

Let t; be the maximum of the degrees of a minimal set of homogeneous generators of
F}j. The regularity of M, denoted by regf(M), is inf{r | t; — j < r for all j}.
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2.2 Hilbert functions and Betti numbers of ideals in poly-

nomial rings

In [Mac27], F. Macaulay gave a classification for Hilbert functions of homogeneous ideals

of polynomial rings. For this we introduce some notions.

We recall that Mon(S) denote the set monomials of S and it is a K-vector space
basis of S.

Definition 2.12. We define the graded lexicographic order called lex on Mon(S) as
follows: given two monomials m = z{' -+ z% m/ = x]* -- - 2}", we say m >, m’ if and
only if either degm > degm’ or degm = degm’ and there exists an ¢ such that a; > ;
and a; = ; for all j < i.

We define the graded reverse lexicographic order called revlex on Mon(.S) as follows:
given two monomials m = z{* -+ -z m/ = 2" -+ )", we say m >pepier m' if and only
if either degm > degm’ or degm = degm’ and there exists ¢ such that a; < ~; and

a; = ; for all j > .

Definition 2.13. The lex-segment Lg ), of length p in degree d is defined as the K-vector
space spanned by the lexicographically first (greatest) p monomials in S;. We say that
V' is a lex-segment in Sy if there exists a p such that V' = L;,. The K-vector space
generated by a lex-segment in Sy is called lex-segment subspace of Sy. For a subspace
V C 54, we say that Lgqimg v is its lezification in S; and denote by Vier A monomial

ideal I is said to be lex if its each d-th graded piece I; is a lex-segment subspace of Sy.

Lemma 2.14. Let I be a monomial ideal in S minimally generated by monomials
mi,..., my. Then I is lex if and only if the following holds: if there exists i, 1 <i <r

such that degm = degm; and m >, m;, then m € I.

Proof. Let I be a lex ideal. By definition, for each d, I; is the lex-segment subspace
of Sg; hence if there exists 7, 1 < i < r such that degm = degm; and m >, m; then

mEIdi

Conversely, let d; := degm;, then by hypothesis a lex-segment in Sy, ending at m;
is inside I. To show I is lex ideal, i.e., to show for each d, I; is a lex-segment subspace
of Sy. Consider a monomial m in I;, then m = m/m;, for some 7. Now all monomials
that come before m in the lex order are inside the ideal generated by the lex-segment in

Sq, ending with m;. Hence I; is a lex-segment subspace of Sy. O

Example 2.15. Let S = K[z, 9, 3, 24].
(1) Let V' be the K-vector space spanned by {x3, xox3, xox3z4, 23 }. Then its levification

1s the K-vector space spanned by {x‘rf, x%xg, 1‘%1‘3, x%.m}.
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(2) Let I = (w1,79,23,2%24). Then it is easy to see that I is a lex ideal. Let I =
(w1, 72,23, 232%). Then I is not lex ideal, for x3wy >jep w323, but 2314 ¢ I, 50 I3 is not

a lex-segment.

Theorem 2.16. (Macaulay) [Mac27] For every graded ideal I in S there exists a lex
ideal L such that Hy = Hy,.

The following Proposition is equivalent to the above theorem.

Proposition 2.17. (i). S1Lqp = Lat1,s for some s.
(ii). Let V be an Sq-subspace and V'* be its lexification in Sy. Then dimg S;V'e* <
dimK Sﬂf

We will sketch a proof of the equivalence of the Proposition 2.17 and Macaulay’s
theorem. Suppose we know that for every graded S-ideal I, there exists a lex ideal L,
such that Hy = Hy. Now given an Sg-subspace V', we consider the ideal generated by V,
say I, then by hypothesis there exists a lex ideal L such that Hy = Hy. Now I 11 = S1V
and V' ig the lexification of I; = V. Since H; = H, dimg S1V** < dimg S; V.

Conversely, suppose that Proposition 2.17 holds. Given a graded S-ideal I we can
o
find a lex ideal L as follows: consider L = € [ lex where lex is the lexification of I
i=0
in Sy. Since Sllffx is again a lex-segment in Sy1, by Proposition 2.17, Sllffx C Jhe=

d+1-
Hence L is an S-ideal. By definition it is lex ideal and H;y = H,.

Macaulay’s theorem gives a way to check whether a numerical function is the Hilbert

function of a homogeneous S-ideal.

Example 2.18. Let H : NU {0} — NU{0} is a function where 0 — 0, 1+ 3, 2 +— 5,
3+ 7, then H is not Hilbert function of a homogeneous S-ideal. For if H = Hy for some
homogeneous S-ideal I, then by Theorem 2.16 H = Hy,, where L is the corresponding lex
ideal. Then dimg Ly = 0, dimg L1 = 3, dimg Lo = 5. Since Lq is lex-segment subspace
in Sq, then Ly be the K-vector space generated by {x1,x2,23}. Now S1Li C Lo, but
dimg S1L1 > 6 > 5 = dimg Ly. So it can not be Hilbert function of a graded ideal.

Let I be a homogeneous S-ideal. Let L be the corresponding lex ideal in .S with
Hr = Hy. Then ﬁaj(I) < B&(L) for all j. One can see this as follows, first note that for
homogeneous S-ideal I, B& ;= dimg I; — dimg S1/;_1. We have dimg /; = dimg L; and
Macaulay’s theorem gives dimg S1/; > dimg S1L;, for all j. Hence we have 5& j (I) <
B(‘i ;(L) for all j. This was extended to all graded Betti numbers in [Big93], [Hul93],
[Par96] as follows:

Theorem 2.19. Let I be a homogeneous ideal in S. If L is the lex ideal with the same
Hilbert function as I, then for all i, j;

B (I) < B(L).
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Later, Macaulay’s theorem and analogous results for Betti number were extended

to certain non-polynomial rings.

2.3 Macaulay’s theorem for non-polynomial rings

In this section we will see some examples of non-polynomial rings for which analogues
of Macaulay’s theorem and the related result of graded Betti numbers hold. We also see

examples of rings for which an analogue of Macaulay’s theorem does not hold.

Rings of the form R = S/a where a = (27", -+ ,25) with e; < eg <--- < e, < 0

are well studied.

Note that graded lexicographic order on S defined before induces a graded lexico-

graphic order also called lex on R.

Definition 2.20. An R-ideal [ is called is lex if it is image of a lex ideal in S.

Let R = S/(x7', -+ ,2&) with eg < ep <--- < e, < co. In [CL69] Clements and
Lindstrom proved that every homogeneous R-ideal has the same Hilbert function as the
image (in R) of a lex S-ideal. The related result for Betti numbers over S is proved by
Mermin and Murai [MM11] and Betti numbers over R is proved by Murai and Peeva in

[MP12].

V. Gasharov, N. Horwitz and I. Peeva [GHPO08] proved the analogue of Macaulay’s

theorem for rational normal curves.

In [GMP11] Gasharov, Murai, Peeva proved Macaulay’s theorem and results on

Betti numbers for Veronese rings.

There are examples of rings for which analogue of Macaulay’s theorem does not

hold. Let S be a polynomial ring with graded lexicographic order.

Definition 2.21. An graded S-ideal [ is lez-Macaulay if Hilbert function of graded
ideals in the quotient S/I is attained by image of a lex ideal in S/I.

In [Mer10] J. Mermin characterizes the monomial regular sequences which are lex-

Macaulay as follows.

Theorem 2.22 ([Merl0, Theorem 4.4]). Let I be a graded S-ideal generated by a regular

sequence of monomials. Then I is lex-Macaulay if and only if I = (x5',--+ 207,

o~ ly), with ey < --- < e, andy = x; for some i >r.

The above theorem shows that there are monomial complete intersection rings where

Hilbert function of graded ideals can not be attained by image of a lex ideal.
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2.4 Poset embeddings of Hilbert functions

In order to classify Hilbert function of ideals in a standard graded algebra K-algebra R,
Caviglia and Kummini (cf.[CK13]) looked at certain embedding of the poset of Hilbert
function into the homogeneous R-ideals. We define the terms and discuss their work

below.

Definition 2.23. Let < be a graded total order on B. By a <-segment in R,,, we mean
a list of consecutive monomials in the order starting from the first monomial in B,

where B,, is the set of monomials of B of degree n.

Let Zr be the set {I : I is a homogeneous R-ideal}, considered as a poset under
inclusion and Hp be the set {Hj : I € Zg}, the poset of Hilbert functions of R-ideals
endowed with the partial order: H = H' € Hp if, for all t € NU {0}, H(t) > H'(t).
They asked whether there is an (order preserving) embedding € : Hr — Zr as posets,
such that H o € = idy,,, where H : T — Hp is the function I — Hj.

If every Hilbert function in Hp is attained by a image of a lex S-ideal, then Hpg
admits an embedding. We define the map by Hj + L, where L is the corresponding lex
ideal with H;y = Hy,.

When such embedding exists, it induce a filtration of R,, as K-subspaces.

Definition 2.24 ([CK13, Definition 2.3]). An embedding filtration of R is a collection of
filtrations {0 = Vi, 0 € Va1 © - € Vo dimg (r,) = Bn i 7 € NU{0}} of R into K-vector
spaces that satisfies, for all n € NU {0} and for all 0 < r < dimg(R,,),

(1)R1Viyr = Vig1s, for some 0 < s < dimg (Ry,+1) and

(ii) For all K-subspaces W C R, dimg (R1V}, dimy (w)) < dimg (R1W).

Proposition 2.25 ([CK13, Proposition 2.4]). Let R be a standard graded K-algebra,
then Hgr admits an embedding into Zg if and only if R has an embedding filtration.

Definition 2.26 ([CK13, Discussion 2.15]). Let R be a standard graded algebra with
total order 7. Then 7 is called an embedding order if for all n € NU {0} and for all
T-segment subspace V C R,,,

(1) RV is a T-segment of R, and

(2) dimg (R W) > dimg(R1V), for all K-subspaces W C R,, with dimg (W) = dimg (V).

An embedding order on R gives an embedding filtration [[CK13, Discussion 2.15]].
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2.5 Toric rings

Here we introduce notion of toric rings.

Let a1 = (a11, - ,a1,¢), - ,an = (an1, - ,an,c) be vectors in N Consider the K-
algebra homomorphism v : K[z1, 22, -+, zn] —> K[t1,t2, - ,t] by z; = 7" te.

Since the image of v is an integral domain, the kernel of 1 is a prime ideal, called

toric ideal and the image of v is called toric ring.

We say that the ker(v) is projective (or that Klzy,---,z,]/ker(y) is a projective

toric ring) if ker(¢) is homogeneous in the standard graded ring K[z, -, z,)].

Lemma 2.27 ([Stu96, Lemma 4.1]). Toric ideal is spanned as a K-vector-space by the

set of binomials {u — v : p(u) = P (v)}, where u,v are monomials of K[xq,- -+, x,).

Theorem 2.28 ([GHPO0S8, Theorem 2.5]). Let S be a polynomial ring and R = S/a be a
projective toric ring. Let P be a homogeneous ideal in R. Then there exists a monomial
ideal M in R satisfying the following:

(1) Hy=Hp.

(2) BZ’E(M) > ﬂfj(P) for all i,j. Furthermore, 653-(13) can be obtained from zRJ(M) by
a sequence of consecutive cancellations.

(3) Let K and O be the preimages of M and P (respectively) in S. BfJ(K) > ij(O) for
all i,j. Furthermore, ,6’%(0) can be obtained from ,BzSJ(K) by a sequence of consecutive

cancellations.

2.6 Mapping cones and Free resolutions

Basics on mapping cone can be found in [Wei94, Section 1.5].
Let R be a ring that is not necessarily graded.

Definition 2.29. Let (F,,d) and (G,,d') be two complexes of R-modules. Let f :
Fy — Go be a map of complexes. The mapping cone of f is the complex (cone(f)s,d),
where cone(f), = F,—1 ® G, and 6, : cone(f), — cone(f),—1 is the map d(b,c) =
(—d(b), f(b) + d'(c)), where b € F,,_1 and ¢ € G,,.

One sees that Go is subcomplex of cone(f), and the quotient is F[—1],, where
F[—1]e is the complex whose n-th term F[—1], is F,,_; with differential —d. Hence we

have a short exact sequence of complexes:
0 — G¢ — cone(f)e = Fo[—1] — 0.
Hence we have the following long exact sequence:

- — Hi(Gs) — Hj(cone(f)s) — H;(Fo(—1)) —> Hi-1(G.) -
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Since H;(Fo(—1)) = H;—1(F,), the above exact sequence becomes:

e —> HZ<G.) — Hi(cone(f).) — Hi_l(F.) — Hi_l(G.) s (2.1)

One can show that the connecting morphism H;(F,) — H;(G,) is the map induced
by f.
Our reference for the following discussion is [Peell, Section 27].

Let f: M — N be morphism of R-modules. Let Fy, and G4 be free resolutions of
M and N respectively. Then f lifts to a morphism of complexes f : Fo — Go. Then by

long exact sequence (2.1), we have

0 — Hi(cone(f)) — M — N — Hp(cone(f)) — 0

as Ho(F.) = M and Hy(Ge) = N and H;(cone(f)) = 0 for all i > 2. Hence if f is
injective, cone(f) is a free resolution of N/ f(M). Note that if the ring R is graded and
M, N are graded R-modules, f is degree zero morphism and F, and G, are graded free

resolutions then cone(f) is also a graded free resolution of N/f(M). However even if in

addition Fy and G, are minimal, one can not guarantee cone(f) is minimal.

One can construct examples as follows.

Example 2.30. Take polynomial ring S = Klz1,...,2,]. Let m = (z1,...,xy). Take
a graded ideal I, such that depth S/I = 0, then Auslander-Buchsbaum formula gives
pdg S/I = n, where pdg S/I denotes the projective dimension of S/I. Take a homoge-

neous element f € Soc(S/I), then I : f =m. Thus we have exact sequence:
0 — (S/m)(—deg f) 5 S/T — S/(I, f) — 0,

where my denotes the map multiplication by f. Koszul complex gives minimal free res-
olution of S/m = K over S. Hence minimal free resolution of S/I and K have length
n. Hence cone(my) has length n + 1. By Hilbert’s syzygy theorem, pdg M < n for all

S-module M. Hence cone(my) is not a minimal free resolution of S/(1, f).

Using mapping cone one can construct free resolution of R/I, where I is an ideal
of R. Suppose [ is generated by (f1,..., fn). We write J; = (f1,..., fi). Then we have

an exact sequence of R-modules,
0 — (R/Ji: (fiy1))(—deg fis1) —> R/J; — R/Jip1 — 0,

where my, | is the map given by multiplication by fi 1.
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Suppose F, and G, are graded free resolutions of R/J; and R/J; : (fi+1) respectively.
Then there is a lift ¢ : G4 — Fo of my,,, and cone(¢) gives a graded free resolution of

R/Ji11. Tterating this process, we get a graded free resolution of R/I.



Chapter 3

Poset embedding of Hilbert
functions for two hypersurface

rings

Notation: Here K will always denote a field.

In this chapter we show poset embedding of Hilbert functions holds for two toric
rings Kla, b, ¢, d]/(ad — bc) and Kla, b, c]/(b* — ac), where K is a field. In order to show
that we follow the approach of Caviglia and Kummini [CK13]. We also prove related

result for graded Betti numbers.

3.1 Poset embedding for Kla, b, c,d]/(ad — bc)

In this section R will denote Kla, b, c,d]/(ad — bc), where a,b,c,d are indeterminates.
We write S for the polynomial ring K[a, b, ¢, d].

Let Mon(R) := {a't/d*,a'c’d* : i,j,k € NU{0}}. Mon(R) is a monomial basis for
R. Clearly Mon(R) generates R. Indeed, the initial term of ad — be with respect to the

revlex order in S is be; so by Theorem 15.3 of [Eis95] Mon(R) is a monomial basis for

R.

Let lex be the graded lexicographic order on Mon(R) with a >jep b =jer € >=jex d.
Note that lex is not a monomial order, since b >, ¢ but b?> <., ad, which is the

representative for be in Mon(R).
Theorem 3.1. ., is an embedding order for R.

Definition 3.2. For a K-subspace V C R,,, the subspace generated by first dimg V'
monomials in Mon(R) of degree n with respect to the lex order is called lezification of
V and denoted by V'e*,

17
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Outline of the proof: In order to prove that for all subspace V' C R,,, dimg (R, V'*) <
dimg (R V), where V!¢ is the lexification for V in R,,, we define notion of stable vector

space and reduce to the case for stable vector space.

Discussion 3.3. Let w be a weight order on S where the weights of a,b,c,d are
(1,0,1,0), (1,0,0,1), (0,1,1,0) and (0,1,0, 1) respectively. Consider the K-algebra ho-
momorphism ¢ : S — K|z,y,s,t] by a — zs,b — xt,c — ys,d — yt. The kernel
of this map is generated by binomials i.e. v — u/, where u,u’ are monomials in S such
that w(u) = w(u') (by Lemma 2.27). Since w(ad) = w(bc), then ¢ induces a map ¢ :
R — Klz,y,s,t]. A simple calculation shows that distinct monomials of R have dis-
tinct weights. Hence QNS is injective onto its image. So R is a projective toric ring and

the induced weight order on R which we again denote by w is a monomial order. Also

—_—

note that iny (I) = iny (I), where I and in,(I) are the preimages of I and in,(I) in S
respectively. So for homogeneous R-ideal I, H;y = Hi,, (1) Since w is a monomial order
on R, in,(I) is a monomial ideal. Hilbert function of a monomial ideal does not depend
on the characteristic of the ground field. So for the calculations we can take in,,(V R) or

in,, (/) instead of V R or I respectively and hence hereafter we assume that char(K) = 0.

Discussion 3.4. By a monomial of /\t R,,, we mean an element of the form mq A mg A
-+ - Amy, where the m;’s are degree-n monomials of Mon(R). Any monomial order > on
R induces a monomial order on /\t R,,. Suppose > is a monomial order on R. We say
mi1Ams- - Amy is a normal expression if m;’s are ordered so that mq > mo > -+ > my.
We order the monomials of /\t R, by ordering their normal expression lexicographically
ie. my Amg A Amy >m/y Am/s A--- Am/y if and only if m; > m/; for the smallest
1 such that m; # m/;. Therefore we can define initial term of an element f € /\t R, to

be the greatest term with respect to the order.

For A\, 1 € K, we define a K-algebra homomorphism:

9 Kla, b, ¢, d] Kla,b,c,d], by

a

.
—> a

b — la+b
—
>

c pa+c

d Apa 4 pb + Ae+d.

Note that gy, is an automorphism of Kla, b, ¢,d] and the ideal (ad — bc) is fixed under

the action of g,,. Hence it induces an automorphism of R.

Define 4 = {gr, | A\, € K}. Note that i forms a group under composition.
By a diagonal automorphism of R we mean an automorphism of R which sends a to

A1a, b to Asb, ¢ to Asc, d to Agd, where \;’s are non-zero elements in K. We denote
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this diagonal automorphism by diag(A1, A2, A3, A4). A diagonal automorphism of R is
of the form diag(Ty,Ts,T3,T5T5/T1), where T;’s are non-zero scalars. Let B be the
group generated by all the diagonal automorphisms of R and . Considering K® with
coordinates A, , T1, T, T3, we see that 9B is isomorphic to K® \ V(T1T»73); hence B is

dense, open in K® and therefore, is irreducible.

Next we will prove theorems analogous to 15.18 and 15.20 of [Eis95].

Theorem 3.5. Let I be a homogeneous ideal of R. There is a nonempty Zariski open
set U C B and a monomial ideal J C R such that for all g € U, iny,(gI) = J, where w
is the weight order defined in Discussion 3.3. For each n >0, if J, of J has dimension
t, then /\t Jy, is spanned by the greatest monomial of /\t R,, that appears in /\t(gIn) with
g €B.

Proof. Let fi, fo,---, ft be a basis for I,. Consider a matrix g whose entries are
indeterminates A, i1, T} s such that if we put any value of A, 1, /s from K, g € 8. Then
g(fi Ao A f) = g(fi) A--- Ag(f) is a linear combination of monomials of A’ R,
with coefficients that are rational functions in A, u, and T;’s. In that expression let
m = m1 A --- A m; be the first monomial with respect to the induced order on /\t R,
with a non-zero function, say p,(\, u, 11, T2, T3). Let U, be the set of g € B such that
PN, p, T, T2, T3) # 0. Then U, is a nonempty Zariski open set. The degree-n part of
the initial ideal of gI i.e. in,(gI), will be generated by my,--- ,my if and only if g € U,,.
Let J, be the subspace generated by my,--- ,my.

Write J = é Jn. To show J is an ideal, it is enough to show for each n, R1J, C
Jnt1. Since Unni:s1 nonempty Zariski open and B is irreducible, U, is dense; so U, N
Upn+1 # 0. For g € Uy, N Upt1, we have ing(gl), = J, and ing(gI)pn+1 = Jnt+1. Hence
Ry1J, C Jup41. Note also that by construction J is a monomial ideal. Last statement of

the theorem is clear by the definition of J.

Next we will show that U = (1,2 Uy, is a Zariski open set. It is enough to show
that U is a finite intersection of U,,. For, being finite intersection of open sets, U is open
and since each U, is dense, U is nonempty. Suppose J is generated by forms of degree
< e. We will show that U = (. _,U,. Let g € (), _Uy, then in,(gI,) = J, for all
n < e. Thus J C iny(gl). Since dimg J,, = dimg I,, = dimg(g[l),, for every n, we have
J =1iny(gl). O

With [ and J as in the above theorem, we write J := Gin([).
Definition 3.6. An ideal in R is said to be U-stable if it is fixed under the action of Ll.

Theorem 3.7. Let I be a homogeneous ideal of R. Then Gin([I) is U-stable.
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Proof. Let U be as in the previous theorem. Replacing I by gl for some g € U, we
may assume by the previous theorem that in,, (I) = Gin(I). Therefore we have to show

that for g, € Y, gru(iny (1)) = iny, (1) for all n.

We choose a basis f1,- -, f for I, with ing,(f1) > -+ > ing,(f). Let f = fiA---Afy

be the corresponding generator of the one dimensional subspace A'I, C A'R,,. We have
iy (f) = ing(f1) A Adng(f).
If gap(ing (In)) # ing (I,), then gy, ing(f) # ing(f). The terms of gy, in,,(f) other

than in,,(f) are all strictly greater than in,(f). Let kz be one of these non-zero terms,
where k is a non-zero scalar and x is monomial in A'R,,. We will show for a suitable
diagonal automorphism 7' of R, x appears with non-zero coefficient in gy,T"f which will

contradict the last statement of the previous theorem. Hence gy, (iny (1)) = iny ().

For each term k'mi A --- Amy € A'R,,, where k' € K, we define its weight to be
the monomial v = [[m; € R. Let f, € A'R,, be the sum of all the terms of f having
weight v, so that we have f = ) f,. Let vy be the weight of in,(f). Here note that
different terms of f may have the same weight, but in,(f) is the unique term having
weight vo. If T = diag(T1,Ts, T3, T2T3/T1), where 11, T, T3 are non-zero scalar, is a

diagonal automorphism of R, then
Tf=> o(Ty,To, Ts, ToTs/Th) fo.
v
Thus

T f= Zg)\,u(v(TlvT27T37T2T3/T1)fv)
v
= o(Ty, Ty, Ts, ToTs/T1)gau o
v

= vo(T1, T, Ts, ToTs/T1) grina(f) + D, v(Ty, T, T, ToTs /Ty ) ga fo-
EZ

Thus the coefficient of z in g),T'f has the form

h(T1, Ty, Ts, ToTs/Th) = kvo(Ty, T, Ts, ToTs/Th) + > | kov(Th, Ta, Ts, ToTs/Th),
VF£v0

where k, € K is the coefficient of = in gy, f,. Claim: vo(T7, T3, T3, T3T3/T}) is a non-zero
rational function. Consider the K-algebra map Kla,b,c,d] — K(T1,T5,T3) sending
avw Ty,b— Ty,c— T3,d — TpT3/T;. Note that image ring is a domain of dimension
3 as its transcendence degree is 3. So the kernel is a prime of height 1. Hence the
kernel is principal. Clearly ad — bc is in the kernel and ad — bc is irreducible, hence
prime. Therefore the kernel is precisely the ideal (ad — bc) and R is isomorphic to

the image ring. Since vy is non-zero in R, vy(T1,Ts, T5,T5T5/T1) is a non-zero rational
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function. Since the term kvy(T1, T, T5,T5T3/T1) is non-zero, we see that h is non-zero
rational function. Since K is infinite, we can find 17, 15,735 non-zero scalars such that A

iS non-zero. O

Definition 3.8. A vector space V C R, is said to be i-stable if it is fixed under the

action of 4.

Define > be the graded partial order on R with a g b =g d, @ g0 € =gtp d; b
and ¢ are not comparable such that a’b/d* =, a'b™d" if and only if either i +j + k >
l+m+nori+j+k=1+m+nand (i,j,k) > (I,m,n), similarly a’c’d* = alc™d™ if
and only if either i +j+k>1l+m+nori+j+k=101+m+nand (i,5,k) > ([,m,n).

Definition 3.9. A vector space V C R, is said to be stable if it is monomial and a
monomial v € V, all the monomials of degree n that come before u in >y are also in
V.

Example 3.10. Let V C Ry generated by {a*, a®b, a®b?,ab3}, is a stable vector space.
Vector space generated by {a4,a3b, add,a’b? ab3} is not stable, because a*d € V and
adc =gy ald but alc ¢ V.

Lemma 3.11. Let V C R, be a monomial vector space. V is i-stable if and only if V

1s stable.

Proof. Suppose that V is U-stable. Let u € V be a monomial. Since V is U-stable,
g €V, for all gy, € 4. Note that for some general A and p by definition of gy, all
monomials that appear with non-zero coefficients in the expression for gy,u are those
that come before u in the partial order >4, and w itself (here we have used characteristic
of Kis 0). As V' is monomial vector space all these monomials also belong to V. Hence
V is stable.

Conversely, let V' be stable. By definition, V' is monomial. Therefore it remains to
show that if a monomial u € V, then gy,u € V, for all gy, € 4. Let u be a monomial in
V. Note that each term that appears with a non-zero coefficient in g,,u is of the form
kv, where k € K and v is either v or a monomial that comes before u in the partial
order >gy. Since V' is stable, each term of g),u is in V. Hence gy,u € V and V is
$l-stable. O

Definition 3.12. Let I be a homogeneous ideal of R, I is said to be stable if [ is

monomial and for each n > 0, I,, is a stable vector space.

Proposition 3.13. Let I be an R-ideal. Then I is monomial and -stable if and only
if I is stable.
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Proof. Since i is consists of degree zero automorphisms of R, the proposition follows

from Lemma 3.11. O

For an arbitrary vector space V C R,,, we consider the ideal V R, the ideal generated
by V, then by Theorem 3.7 and Proposition 3.13, there exists a stable ideal Gin(V R)
with same Hilbert function as of VR. So dimg(R;V) > dimg(R; Gin(VR),). So we
can take Gin(V R),, instead of V. Therefore it is enough to consider only stable vector

spaces.

Let V be a stable vector-space in R,,.
k , ! ,
Notation 3.14. Write V. = @ B;(V)b' & @ C;(V)c?, where B;(V) C Kla,d| and
i=0 j=1
C;(V) C Kla,d] are K-subspaces.
Let V be generated by {a*, a®b, a®c, a®d, a®b?, a?bd}. Here By(V) =< a*,a®d >, B1(V) =<
a®,a?d >, By(V) =< a® > and B;(V) =0 for alli > 3. C1(V) =< a® > and C;(V) =0
for all j > 2.

Let T%(V) and T$(V) denote the dimension of B;(V) and Ci(V) respectively.
Define vp(V') = mazx {i : B;(V) # 0}. Similarly we define v.(V).

Define (V) = |{i > 0 : Bi(V) # 0} +|{i > 1 : Ci(V) # 0}|, where |.| denotes
cardinality of the set.

Lemma 3.15. B;(V) and C;(V') are monomial subspaces of Kla,d] and have monomial
basis consist of a lex-segment in variable a, d with respect to the graded lexicographic

order with a >~ d.

Proof. It is clear that B;(V) and C;(V') are monomial subspaces of K[a, d], as V' is so.
If Bj(V) =K, there is nothing to prove.

Otherwise, if Bj(V) # 0, consider the last monomial, say a’d® such that i +k = n— j, in
the monomial basis of B;(V') with respect to the lex order in K[a,d]. Hence a’b/d* € V.
Since V is stable, for i + 1 < ig < n, apidn—0=Ji ¢ V. Therefore, for i + 1 < iy < n,
aod"=%=J € B;(V). Similarly one can show that C;(V') has monomial basis consists of

a lex-segment in variable a, d. O

Observation: vp(R1V) = 13(V) + 1 and v.(R1V) = v.(V) + 1
Lemma 3.16. TX(R,V) = T%(V) + 1, for all i < up(R1V) and TS(R1V) = T9(V) + 1,
for alli < v.(RV).

Proof. First observe that Bo(R1V) = (a,d)Bo(V)+adCi(V)+adB; (V) and for ¢ > 0,
BZ(R1V) = (CL, d)Bl(V) + Bifl(V) + adBZ'+1(V).
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Since C1(V)e € V and V is stable, aC1 (V) C Bo(V) C V, hence adC1 (V') C (a,d)By(V).
Since B;y1 (V)b C V and V stable, we have B;,1(V)ab® C V i.e. Biy1(V)a C B;(V).
Hence B;y1(V)ad C dB;(V).

Suppose that T'® (V) = 1. Then by Lemma 3.15, B;_1(V) has monomial basis
{a"= ™1} If Bi(V) = 0ie. T%(V) = 0, we have the desired equality. If B;(V') # 0, then
a"* € By(V). So (a,d)B;(V) 2 B;_1(V). Since B;(V) is lex-segment subspace in a, d

we have the equality.

IfT% (V) > 2, then B;_1(V) is a subspace generated by, say, {a" "1 a"~id, ... a""i-kgk+1},
for some k > 0. Hence B;(V) must contain a” %, a"~~1d, - - -, a®*"*d*. So (a,d)B;(V) D
B;_1(V). Hence in this case B;(R1V) = (a,d)B;(V). Since B;(V) is a lex-segment sub-

space in a,d we have first part of the lemma.

There is also similar expression for C;(R;V’). Similar calculations also hold for
Ci(RV). O

Proposition 3.17. (i). dim R}V —dim V= §(V) + 2.
(7). 6(R1V) =0(V)+2.

Proof. (i). Immediate from Lemma 3.16. (ii). Follows from the above observation. [

By above proposition in order to show that dimg(R1V) > dimg(R;V'?), it is enough
to show that 6(V') > 6(V'*) which will be shown in the following two propositions.

Given a stable vector space V, with its ordered monomial basis 4.
We define 61(V),02(V),05(V) as follows:
01(V) := maximal lex-segment of V.
02(V') := the segment starting from the monomial that comes just after 6;(V') in the lex
order(not in #) to the monomial which comes after 6, (V') in A.
Os(V):i= B \01(V).
Note that 61 (V) # 0.

Example 3.18. : Let V be the subspace of Rs generated by {a®, a*b, a*c, a*d, a®b?, a®bd, a®b3,
a’b?d,ab*}. Here 0.(V) = {a®, a*b,a*c,a’d,a’b?,a®bd}, 02(V) = {a3c?, a®cd, a®d?},
03(V) = {a?b?, a®b?d, ab*}.

Proposition 3.19. Let V be a stable subspace of R,,. If V is not a lex-segment subspace,
there exists a stable vector space V! C R,, such that dimV = dim V' and 6(V') < 6(V)
and |61 (V")| > 161(V)].

Proof. Observe that first element in the 03(V) is either a’b"~% or a’c®~*. For if not,

it must be either a't’d* or a’c?d* for some i, j, k such that i+ j+k =n and k > 0.
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If it is a'b/d*, a’bt1d*=1 € 05(V) i.e. mot in V. Since V is stable, a’b/*1d*~! € V|

contradiction. By similar reasoning it can not be a‘c’dF.

Suppose that first element of §5(V) is a’b"~*. Now a'b"~* € V and V stable, hence
a1 € 6;(V). Hence the lex-segment ending with a**16"~*~! is in V. Now we
will explore the possibilities of the element that comes first in #3(V') in lex order. Note

that it can be any element between a’*t16" ! to a’b"~* in lex order.

Casel: If it is a'T1p" "~ 17kdk with k > 1, we replace the last element of % with
a1k gk and get a new stable vector space V' such that dimV = dim V’. Note
that v.(V') < ve(V). Since V is stable, a'T1TFpn=i=1=F ¢ V we have v,(V’) < (V).
Hence §(V') < §(V). By construction |61 (V")| > |61 (V)]

Case2: Ifit is a'T1d”~*~1, then similarly replacing the last element of % by a‘*t1d»—i~!
we get V'’ such that dimV = dimV’ and [0 (V)| > |61(V)]. Also we have v (V') <
ve(V). Since T8(V) # 0, vp(V') < 14 (V). Therefore 6(V') < §(V).

Case3: If it is a’t1e¢"*~17*d@F with k& > 1, by replacing last element of % by
aitlen=i=1=kgk we get stable vector space V' with |01(V')| > |01(V)| and dimV =
dim V’. Here we note that v,(V') < 14(V). Since a**16" =1 € 1(V) and k > 1 we have
aititken=i=1=k ¢ 9,(V) C V. Hence v.(V') < v.(V). Therefore 6(V') < §(V).

Cased: If it is a*t1c" ™71 then the 05(V) is {a'Tten 71, ... a1d"~"~1}. Note
that V does not contain monomials of the form a’¢/'d* with i1 < i and iy + J1 +
k1 = n. Note also a’bd” "~ ¢ V, because if it belongs to V then that would imply
that a'*1d"~"=! € V. We denote the segment C {aPb?, ---, aPbd? '} that is in V
by «,, here by segment we mean list of consecutive monomials. Therefore by above
observation a; C {a®d"™%, -, a'b?d" 2}, ayq C {a 1oL L @it
s ap C b, L bTP2dT72) Let dg be the smallest such that a;, # 0. We replace
i, by the initial segment of {a’*tc"==1 ... @F1d"==1} of equal size as ay,. Call
the new monomial vector space V' which is stable and dim V' = dim V’. By construction,
§(V') =6(V) and [61(V')[ > [61(V)].

Suppose that first element in §3(V) is a’c® %, then a'c®* € V. Since V is stable,
a e =1 € 6, (V), hence lex-segment ending with a’*'¢" =~ is in V. Now we see the
possibilities of the element that comes first in 02(V') in lex order. Note that the element
can be any element between a’t1¢" "1 to a’¢” " in lex order. Again we do case by case
analysis as before. When that first monomial in 6o(V) is either a®*1e"~i~1=*¢F with
k> 1oratd "1 or a’b" " *dF with k > 1 the arguments are similar as case 1,2,3

with necessary changes.

We will do the case analogous to the Case 4 i.e. when the first monomial in 02(V') is
a’b™%. In that case the 03(V) is {ab" "%, .-, a'bd® *~1}. Note that V does not contain
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monomials of the form a1 d* with i; < i and iy +j1+k1 = n. Note also a’d™* ¢V, be-
cause if not that would imply a’db"~* € V. We denote the segment C {aPc?, ---, aPd?}
that is in V by o,. Therefore by above observation o; C {a’c"™%, ... a‘cd" "1}
oi-1 C {a=teni .. a?71e2dn 1) ... Let i denote the smallest such that
o, # 0. We replace 0y, by the initial segment of {a®b"~% ...  a'bd" 1} of equal
size as 0;,. Call the new monomial vector space V’ which is stable and dim V' = dim V’.
By construction, §(V') = §(V) and |01 (V") > |61(V)]. O

Proposition 3.20. For a stable vector space V, 6(V) > §(Vier).

Proof. We will use induction on ¢t = |0 (V*®)| — |#,(V)|. When t = 0, V = V',
the proposition follows. Now for ¢ > 0, by Proposition 3.19 there exists a stable vector
space V' of same dimension as V such that §(V') < 6(V) and 01 (V') > 61(V)|. Since
V and V'’ have same dimension, V' = V!¢ Again since |01(V’)| > |01(V)], then
|01 (V)| —101(V")| < t. Therefore by induction (V') > §(V'*). By proposition 3.19,
we know that 6(V) > §(V’), hence the proposition follows. O

Proof of Theorem 3.1. (1). We will show if V' C R,, is a lex-segment subspace then
R,V is also a lex-segment subspace of R, ;1 i.e. if a monomial v € V', then we need to
show that all monomials that come before ud in the lex order in R, 41 also belong to
RyV.

Case 1: If u = a't/d* € V, then the monomials that come before ud are of the form
a” b d¥ with i’ +j/ + k' =i+j+k+1and (¢,5,K) > (i,4,k+1) or a’ &' d* with i’ > i
and 7' > 0.

If i =i41, since V is lez-segment, a’1¢/ ~1d¥ € V. Hence a't1ed'd* € R\V. If j # 0,
then a't107'~1d¥ € V, giving ¢’ b7 d¥ € R\ V. If k' # 0, this case is similar to above. If

(', k") = (0,0), then (j, k) = (0,0). Hence a'™! € R, V.

If i’ > i+ 1, then o’ ~107 d¥, a” 17’ d¥ € V. Hence ¢ b7 d" ,a” ¢/’ d¥ € R V.
Case 2: u = a’c?dF case can be done in similar way as of Case 1.

(2) Now Proposition 3.17(i), Proposition 3.19 and Proposition 3.20 together give that for
arbitrary stable monomial space V, dim R;V!** < dim R;V. By Theorem 3.7 we know
that for arbitrary subspace V' C R, there exists a stable monomial space V such that
dimV = dim V and dim R1‘7 < dim R;V. Since dimV = dim ‘7, we have Vier = yler,
Hence dim RV < dim RﬂN/ < dim R;V. O

3.2 Graded Betti numbers over Kla, b, ¢, d|

Theorem 3.21. Assume characteristic of K is 0. Let € : Hr —> I be the poset

embedding for R induced by the embedding order >i.,. Let I be a homogeneous R-ideal
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and I¢ be the image of Hy under e. Let I and I¢ be the preimages of I and I¢ in S
respectively. ij(R/I) < ﬁfj(R/F) fori=20,1,4 and for all j. Hence

ﬁfj(f) < ,ij(ﬁ) fori=20,1,4 and for all j.

Discussion 3.22. Let ¢ : Hp — Zr be the embedding induced by lex and I be a
homogeneous R-ideal. Then IS = I,,'** for all n. Then ﬁfj(R/I) < ij(R/Ie) [CK13,
Remark 2.5]. For arbitrary R whether ﬁfj(R/I) < B@(R/IE) for all ¢ and j is not
known. In general, there are examples with fj(R/I) > Bﬁj(R/IE) (See[MP12]).

For homogeneous ideal I of R, by Theorem 3.7 we have Gin(I) = iny(gI), for
all ¢ € U, is a stable ideal. Since g is an automorphism, graded Betti numbers of

R/I and R/gI over S are equal. Let 57 be the preimage of gI in S. Note that for all

e~

homogeneous R-ideal I, in, (/) = in,(I), where in, (/) denotes the preimage of in,, (1)
in S. Hence S/ in, gI and R/in,(gI) are isomorphic as S-modules. Also R/gl and
S /?]7 are isomorphic as S-modules. Therefore Tor{ (R/gI,K) ~ Tor{ (S/gf,K) Again
by Theorem 2.28(3), we have graded Betti numbers of S/ﬁ over S are smaller than
or equal to those of S/ iny(gI) (Here P=gI and M = in,(gI)). Since Gin(I)¢ = I¢ in
order to show that, for all homogeneous ideal I, graded Betti numbers of R/I over S

are smaller than or equal to those of R/I€ it is enough to consider only stable ideal.

Since a, b, ¢, d form a regular sequence for S, Koszul complex gives a graded S-free
resolution of K. So B7(R/I) = 0, for all i > 4 and Tory(R/I,K) = Soc(R/I)(—4),
considering S is standard graded with dega = degb = degc = degd = 1.

Proposition 3.23. For all stable ideal I, 57 ;(R/I) < 87 ;(R/I%) for all j.

Proof. Let I and I¢ be the preimages of I and I€ respectively in S. Since R/I ~ S/I
as S-modules, Tory (R/I,K) ~ Tor?(S/I,K). We have an exact sequence of S-modules

0—1—8—S/I—0.

Tensoring with K, we get corresponding long exact sequence in homology

- = Tor? (S, K) — Tor{ (S/I,K) = I®K - S®K - S/T@K — 0.

Since S is free over S, Tor; (S, K) = 0. Hence Tory (S/I,K) = ker(l @ K — S @ K) =
I/(a,b,c,d)I. Therefore we have to show that dimy (I /(a, b, c, d)f)j < dimg (I¢/(a, b, c, d)f€)j

for all 7. We have an exact sequence

0— S(=2)“=%T 10
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Tensoring with K, we get the long exact sequence in homology
.= Tor{ (I, K) — K(=2) = I/(a,b,c,d)I — I/(a,b,c,d)I — 0.
Similarly, get long exact sequence for €
- = Torf (I, K) — K(=2) = I¢/(a, b,c,d)I¢ — I¢/(a,b, ¢, d)I¢ — 0.

Hence for each j, we get exact sequence for K-vector spaces.

— (Tor{ (I, K)); — (K(=2)); — (I/(a,b,e,d)I); — (I/(a,b,c,d)I); — 0.

and similar exact sequence for I€.

Note that since lez is an embedding order, dimg (R11;) > dimg (R:115), for all j. Now
for all j, dimg(I/(a,b,c,d)I); = dimg [; —dimg (R1/j—1). Hence dimg (I /(a,b,c,d)I); <
dimg (I¢/(a,b,c,d)I€);, for all j.

Note also that the map K(—2) ad—be (I/(a,b,c,d)I) is either zero or injective.

Similarly for I¢ also. So for all j, dimg(I/(a,b,c,d)I); > dimg(I/(a,b,c,d)I); and
dimg (1¢/(a, b, ¢,d)I¢); > dimg (I¢/(a, b, ¢,d)I€);. If the above map is zero, (I/(a, b, c,d)I); ~

(I/(a,b,c,d)I);, for all j and the proposition follows. Now K(—2) adbe (I/(a,b,c,d)I)is

injective if and only if K(—2)s adge (I/(a,b,c,d)I)s is injective because K(—2); = 0 for
j #2. Then ad—be ¢ (a,b,c,d)I, and dimg(I/(a,b,c,d)I)y = 14 dimg(I/(a, b, ¢,d)I)s.
We will show that K(—2)y — (I¢/(a, b, ¢, d)I¢)y is injective. If not, then that ad — be €
(a,b,c, d)ff implies a, b € I7. Hence dimg I7 > 2. Since [ is stable, either a, b or a, c are in
I. Hence ad—bc € (a, b, ¢, d)I;, a contradiction. Therefore K(—2)y — (I¢/(a, b, ¢, d)I¢)s
is injective. Hence dimg(I¢/(a,b,c,d)I€)y = 1 + dimg(I¢/(a,b,c,d)I¢);. Therefore
dimg (I/(a,b, ¢, d)I)y < dimg (I¢/(a, b, ¢, d)I¢),. O

Lemma 3.24. For a monomial ideal I, Soc(R/I) is monomial.

Proof. Let I be generated by the monomials u1,--- ,u,. Let f € Soc(R/I);. Write
f=ax1+- -+ as a sum of monomials. Now af € ;41 implies az1+---+axy =Y fiui,
where f;’s are homogeneous elements in R. Linear independence of monomials implies
az; € (ug) C I, for some k € {1,--- ,n}. Similarly bx;, cz;, dz; are in I. Therefore x; €
Soc(R/I). O

Proposition 3.25. For a stable ideal I,

dimg (Soc(R/I);) < dimg(Soc(R/I);), for alli.
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Proof. For i e NU{0} and a subset V of R;, define
k1 (V) == [{a'b™, al¢™ € V | I,m € NU {0},

ko (V) := [{a'b™d", a'c™d™ € V | I,m € NU {0} and n > 1}|.
Note that if V' is a stable subspace of R;, then ki (V) = §(V) and dimg (V) = k1(V) +
ko (V).

We now argue that dimg Soc(R/I); = ka(IL;41 \ R11;). First note that for any non-
zero monomial x in Soc(R/I);, xd € I;+1 \ R11;, giving an injective map from Soc(R/I);
to the set {a'b™d" alc™d™ € Riy1 \ Ral; | I,m € NU {0} and n > 1}|. In the other
direction, suppose that a'b™d™ € I;; 1 \ (R11;) with n > 1; since I is stable, we see that

al+1bmdn71’ albm+1dn71’al+lbmfldn c Ii—i—l‘

Hence a'b™d"~! € Soc(R/I);. A similar argument applies to a'c™d” € I;y1 \ (R1I;)
with n > 1. Hence dimg Soc(R/I); = kao(Li41 \ Ril;). Similarly, since I€ is stable,
dimg Soc(R/I€); = koI5, \ R1If).

We need to show that
ko(Liv1 \ Rili) < ko(Iiq \ RaLy).

Note that
kg([i+1) = k‘Q(Rlli) + ]{72(11'+1 \ Rlll') and

ko(Iiy1) = ko(Ba ) + ka(Lig \ B ).

Now ki(fiy1) = 0(Liv1) > 0(I5 ) = k11, |, where second inequality follows from Propo-
sition 3.20. Hence ko(li11) < koIf, ;. Note that since I is stable, R1l; is also a stable
vector space; hence by Proposition 3.17(ii), d(R11;) = §(I;) + 2. Similarly, since I€ is
stable, 6(R1If) = d(If) + 2. Hence by Proposition 3.17(i), we have

dim (R ;) — dim (R, If) = 6(R11;) — 6(R1If)
= ki1(R11;) — k1 (R If).

Therefore ky(R11;) = ko(R1I$). Hence the proposition.
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Proof of Theorem 3.21. Since Torj(R/I,K) = Tors (R/I¢,K) = K, then ﬁ(*ij(R/I) <
ﬁ&j(R/IE) for all j. The ¢ = 1 and ¢ = 4 cases follow from Discussion 3.22, Theorem 3.23
and Proposition 3.25. ]

3.3 Graded Betti numbers over K|a, b, ¢, d]/(ad — bc)

Theorem 3.26. Assume characteristic of K is 0. Let € : Hr — Igr be the poset
embedding for R induced by the embedding order =io,. Let I be a homogeneous R-ideal
and 1€ be the image of Hr under €.

BII) < B9, for all i, j.

Discussion 3.27. Using a similar argument as in Discussion 3.22 and in Theorem 2.28
(2), we see that the graded Betti numbers of I over R are smaller than or equal to those
of iny(gl), where g € U and U is as in the Theorem 3.5. So for proving Theorem 3.26 we
again reduce to the case of stable ideals. Next we define the notion of linear resolution

analogous for polynomial ring [cf.[HH99]].

Definition 3.28. Let I be a graded R-ideal. We say that I has a linear resolution if
there exists an integer n such that Bﬁﬂ (I) =0, for all i and j with j # n.
Note that if I has a linear resolution, then I is generated by homogeneous elements

in R of the same degree.

Notation 3.29. Let I be a stable R-ideal and Mon(I) be its minimal monomial gener-
ating set. Order the monomials in Mon(I) with respect to the lex order. Let f be the
last monomial in Mon(I) with respect to the lex order. Let J denote the ideal generated

by Mon(I)\ {f}. Then we can write I = J + (f).

Lemma 3.30. Let I be a stable R-ideal. We write I = J+(f), as in the above Notation

3.29. Then J : (f) is a monomial ideal generated by linear forms.

Proof. Similar to Lemma 3.24, one can show that J : (f) is a monomial ideal. If
I = (f), then there is nothing to prove. Hence we assume J # (0). Therefore f = a’b’d*
with (j, k) # (0,0) or a’c/d* with (4, k) # (0,0).
Case 1: If f = a'b/d* with k > 1, then af = o'W d* = o' T d*1d. Since a7 dF 1 =,
a’bd¥ and I is stable, a™1p/d*~1 € J; hence a"'0/d*1d € J. Similarly bf,cf € J.
Hence (a,b,c) C J : (f).

We will show next that J : (f) = (a,b,c). If possible, let a’b/d**! € J with [ > 0.
We choose | minimum such that a't’d**! € J. If a'b/dF ! = o' b d* a®2b72d*2, with

a b1 dk is in the minimal generating set J, then i1 < 4,71 < j,k1 < k+ 1. Note
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that (i1, j1,k1) < (i,4,k + 1), as a’b’d**! is not part of minimal monomial generating
set of J. If ki < k + 1, then a’¥/d**'~! ¢ J, which contradicts minimality of [. If
ki1 =k +1, then (i1, 1) < (i,4). Since J is stable, we have a’b/d**'~1 € J which again
contradicts minimality of I. If a’b/d*t = ah1bi1dF1a’2¢72d*? where a™2¢72d*2 is in the
minimal generating set of J with jo # 0, then j; = j 4+ jo and i = i1 4 i3 + jo. Since J
is stable, a®2t72d*2 € J. Hence a't/d*> € J. But ky < k +1, which gives a contradiction.
So J: (f) = (a,b,c).

Case 2: If f = a'b?, with j > 0, then af = a6/ ~1b € J. Since I is stable, a’ 167! € J.
Again cf = a0 1d € J. So (a,c) C J : (f). Similar calculation as above shows that
J(f) = (@),

Case 3: If f = a'c’, with j > 0, then it is easy to see that (a,b) C J : (f). Similar

calculation as in case 1 shows that J : (f) = (a,b).
Case 4: If f = a’c/d*, with k > 0, then similar calculation shows that J : (f) = (a, b, c).

O]

Proposition 3.31. Let I be a stable R-ideal. Lett be the maximum degree of an element
in its minimal monomial generating set.
(). Then regf(R/I) =1t —1.
(13). Write I = J+(f), as in Notation 3.29. Then, Bﬁﬂ(f) = B£+j(J)+,3£+j_t(R/J :
(f))-

That is, for j # t, B, ;(I) = B{%,;(J) and Bf% (1) = B, () + B (R/T = (f)).

Proof. (i): We will prove if I is a stable R-ideal and ¢ is the maximal degree of the
minimal monomial generating set of I, reg®(R/I) < t — 1, hence regf(R/I) = t — 1.
We first check that the assertion holds for stable ideals generated by linear forms i.e.,
when I = (a), (a,b), (a,c), (a,b,c) or (a,b, c,d). The minimal free R-resolution of R/(a) is

0 — R(-1) % R —0.
Hence R/(a) has regularity 0. The minimal free R-resolution of R/(a,b) is periodic of
c d b d
—a —b —a —c [a b}
o R2(-3) R(-2) — . R(-1) - JR.
Hence R/(a,b) has regularity 0. Similarly R/(a,c) has regularity 0. For minimal free

periodicity 2:

resolution of R/(a,b,c): we consider the following complex of R-modules:



31

-b 0 0 d 0 —-c¢ —b —d

c c d 0 —c 0 a 0

0 —-a -b —c b a 0 b {a b c}
R4(—3) R4(—2) R3(—1) — >R

It is easy to show that the above complex is exact. Depth of R/(a,b,c) = 1, as an
R-module. Hence depth of the image of the map R*(—2) — R3(—1) is 3. So the image
of the map R*(—2) — R3(—1) is a maximal Cohen-Macaulay module over Cohen-
Macaulay ring R, hence it has a periodic minimal free resolution with periodicity 2
[Yos90, Chapter 7]. As f is quadratic, entries of the matrices in matrix factorization of
f are linear. Hence R/(a, b, ¢) has regularity 0.

By [Fro99] it is known that R is a Koszul ring and hence regularity of R/(a, b, c,d) is 0.

For arbitrary stable ideals we use induction on the number of minimal monomial
generators of I. When [ is generated by single monomial i.e., I = (a'), the assertion is
true. Write I = J + (f), as in Notation 3.29. Then t = deg(f). Then we have an exact

sequence of R-modules:
0— (R/J: (f)(—t) 5 R/J — R/T — 0.

By Lemma 3.30, J : (f) is generated by linear monomials. By induction R/J has
regularity < ¢ — 1, hence using long exact sequence of Tor modules one can show that
reglt(R/I) <t —1.

(73): Consider the exact sequence of R modules:
0— (R/J: (f)(—t) L5 R/J — R/T — 0.

Let Fy and G, be a minimal graded free resolution of R/J and R/J : (f)(—t) respectively.
Since R/J : (f)(—t) has t-linear resolution, for each i, G; ~ R(—i — t)ﬁlR(R/‘]:(f)(_t)).
Since by (i) regf(R/J) < t — 1, F}; involves R(—j) for only j < i+t — 1. Hence the
comparison map Gj % F; is minimal. So the mapping cone of ¢; : G4 — F, gives a
minimal free resolution of R/I. Therefore Bﬁﬂ(f) = ﬁH(J) + Bﬁﬂft(R/J :(f))-

0

Proof of Theorem 3.26. Let I be a stable ideal. Let I be generated minimally by
the ordered monomials {fi,---, f,} with respect to the lex order and fj, fiy1, -+, fm

be all the monomials of degree j in the minimal monomial generating set. Write J; =
(f1,++, fx—1), for all k. Then by Proposition 3.31 (ii) we have

m

B () =" BHR/ Tk : f1)(—i)-

k=l
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First note that the number of monomials of degree j in the generating set is smaller
than or equal to that of I°¢. We saw in the proof of Lemma 3.30 that, R/J : fr =
(a,b), (a,c) or (a,b,c) and that depends on the pair (Jx, fx). BF(R/(a,b)) = BE(R/(a,c))
and SR (R/(a,b)) < BE(R/(a,b,c)), for all i. So in order to show BﬁH(I) < ﬁﬂ(le) it
is enough to show that number of monomials of the form a'b™d™ with n > 0 or a'c¢™d”
with n > 0 of degree j in the minimal monomial generating set of /¢ is more than or
equal to that of I. Now let us look at how do we choose minimal monomial generating
set for a monomial ideal I. Since I; is a monomial subspace, we take all its monomial
basis, then we take all the monomials of Iy \ R1I; and so on. So minimal monomial
generators of I of degree j are the monomials in I; \ Ri;—1. In the proof of Propo-
sition 3.25 we argue that the number of monomials of the form a'b™d™ with n > 0 or
ale™d™ with n > 0 in I; \ RiIj_1 is less than or equal to that of I3 \ RiI5_y, for all j.

Hence ﬁ,ﬁ+j(l) < Bﬁﬂ(ﬁ) for all ¢ and j. O

3.4 Poset embedding for Kla,b,c|/(ac — b?)

Consider R = K|a, b, ¢]/(ac — b?), where K is a field of arbitrary characteristic and a, b, ¢
are indeterminates. In R we choose ac over b? i.e. all monomials of R are of the form
a’b ¥ with j = 0,1. Monomials of the form a’¥/c¢*, where j = 0,1 form a monomial
basis for R, this can be seen using revlex order with a > b > ¢ and Theorem 15.3 of
[Eis95]. Let S = K]a, b, c].

Theorem 3.32. Let lex be the graded lexicographic order on monomials of R with

a >lex b =iz ¢. Then lex is an embedding order for R.

Discussion 3.33. Let w be a weight order on S where the weights of a, b, c are (2,0), (1,1)
and (0, 2) respectively. Consider the K-algebra homomorphism ¢ : S — K[s, t| where
a + s2,b — st,c — t2. The kernel of this map is generated by binomials i.e. u — u/,
where u,u' are monomials in S with w(u) = w(u') (by Lemma 2.27). Since w(ac) =
w(b?), then ¢ induces a map ¢ : R — K[s,t]. A simple calculation shows that dis-
tinct monomials of R have distinct weights. Hence qg is injective onto its image. So

R is a projective toric ring and induced weight order w on R is a monomial order.

Also note that iny, (I) = iny(I), where I and in,(I) are the preimages of I and in,,(I)
in S respectively. So for all homogeneous R-ideal I, we have Hr = Hj,, (). Since
w is a monomial order on R, in,([) is a monomial ideal. Now for an arbitrary K-
subspace V of R,,, We have Hyr = Hi,,(vRg), where VR is the ideal generated by V.
Since dimg(R;V) > dimg(R;(in,(VR))y), we can take (in,(V R)), instead of taking

V. Therefore without loss of generality we can assume V is a monomial subspace of R,,.
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Lemma 3.34. For all monomial vector space V. C R,,, dimg(R1V) > dimK(Rlvl“),

where V€ is the lex-segment subspace of R,, of same dimension as of V.

Proof. Let V be a monomial subspace of R,,. Let B denote its monomial basis ordered
by >ie- We want to calculate the monomial basis of R V. Note that {af,bf,cf : f € B}
is the monomial basis of R1V. Let f = a’c¥, with k > 1 be a monomial in B, then Ry f
is a monomial subspace of Ry, with basis a’*1c¥, a’bc? a’cF+1. If a'T1cF~1 € B, then it
comes before f in B and a'T'cF = ca’T'ck~1. In that case it has already been counted in
the basis of R;V. Again if a’bc*~! € B, then it comes before f in B and a’bc® = ca’bcF1.
Similarly then it has already been counted in the basis of R;V. But note that a*cF+!
always contributes to the monomial basis of R1V. For, if a’c**! € Ry f’, where f is
a monomial, then f/ = f(= a’c®) or a’ 'c**1 or a’~'bc*. But later two come after
f in lex order. Similar calculation holds for a’bc® € B. Therefore, if f is the first
vector in B, then it always contributes 3 basis vectors for R1V. Otherwise it contributes
at most 3 and at least 1 basis vector for R1V. Note that if B is lex-segment and
f is not first vector in B, then f contributes exactly one basis vector for R;V. So
dimg (R'V*) = 3+ 1+ 14 --- + 1, where number of 1’s = dimg (V) — 1. Hence the

lemma. O

Proof of Theorem 3.32. Similarly, as in the proof of Theorem 3.1 one can show
that if V' C R, is a lex-segment subspace then R,V is also a lex-segment subspace of
R,+1. Hence condition (1) for embedding order follows. Condition (2) for embedding

order follows from Lemma 3.34. O

3.5 Graded Betti numbers over Kla, b, (]

Hereafter we assume that characteristic of K is 0.

Theorem 3.35. Let € : Hr —> Ig be the poset embedding for R induced by the embed-
ding order lez:. Let I be a homogeneous R-ideal and I¢ be the image of I under ¢. Let I
and I€ be the preimages of I and I¢ in S respectively. Then 6%(1%/[) < ij(R/IE), for
all i and j. Hence

B (I) < B5(I€), for alli and j.

For A € K, we define K-algebra homomorphism:

g : Kla,b,¢c] — Kla,b,c], by
a — a
b — Aa+b
c = Na+2\b+e



34

Note that gy is an automorphism of K[a, b, c] and the ideal (ac — b?) is fixed under the

action of g). Hence it induces an automorphism of R.

Define & = {gn | A € K}. Note that 4 forms a group under composition. One
can define diagonal automorphism of R similarly as we defined in section 1. A diagonal
automorphism of R is of the form diag(T}, Ty, T2/T1), where T;’s are non-zero scalars.

Let 2B be the group generated by diagonal automorphisms of R and 4.

Similar to Discussion 3.4, we have a notion of monomial of A" R, and given a
. . t ..
monomial order on R, we have an induced order on A" R,. Also one can define initial

term of an element f € /\t R,, similarly as in Discussion 3.4.

The following two theorems are analogous to Theorem 3.5 and Theorem 3.7 with

correspondingly analogous proofs.

Theorem 3.36. Let I be a homogeneous ideal of R. There is a nonempty Zariski open
set U C B and a monomial ideal J C R such that for all g € U, iny,(gI) = J, where w
is the weight order defined in Discussion 3.33. For eachn > 0, if J, of J has dimension
t, then \'.J,, is spanned by the greatest monomial of \' R, that appears in \'(gl,,) with
g €°B.

Proof. Let fi, fo,---, ft be a basis for I,. Consider a matrix g whose entries are
indeterminates \,7}s such that if we put any value of \,T/s from K, g € B. Then
g(fi A~ A f)) = g(fi) A--- Ag(fi) is a linear combination of monomials of A" R,
with coefficients that are rational functions in A, and T;’s. In that expression let m =
mi/A---Am; be the first monomial with respect to the induced order on /\t R, with a non-
zero function, say py (A, T1,T2). Let U, be the set of g € B such that p, (A, T1,T3) # 0.
Then U, is a nonempty Zariski open set. The degree-n part of the initial ideal of gI i.e.
iny (gI), will be generated by mq,--- ,m; if and only if g € U,. Let J, be the subspace

generated by myq, -, my.

Write J = é Jn. To show J is an ideal, it is enough to show for each n, R1J, C
Jnt1. Since Unni:s1 nonempty Zariski open and ‘B is irreducible, U, is dense; so U, N
Upt+1 # 0. For g € Uy, N Upt1, we have ing(gl), = J, and ing(g1)pn+1 = Jnt1. Hence
Ry1J, C Jut1. Note also that by construction J is a monomial ideal. Last statement of

the theorem is clear by the definition of J.

Next we will show that U = (1,2 U, is a Zariski open set. It is enough to show
that U is a finite intersection of U,,. For, being finite intersection of open sets, U is open
and since each U, is dense, U is nonempty. Suppose J is generated by forms of degree
< e. We will show that U = (. _,U,. Let g € (), _{Uy, then in,(gl,) = J, for all
n < e. Thus J C iny(gl). Since dimg J,, = dimg I,, = dimg(g[l),, for every n, we have
J =1iny(gl). O
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With [ and J as in the above theorem, we write J := Gin([).

Definition 3.37. An ideal in R is said to be {-stable if it is fixed under the action of
4.

Theorem 3.38. Let I be a homogeneous ideal of R. Then Gin(I) is LU-stable.

Proof. Let U be as in the previous theorem. Replacing I by gl for some g € U, we
may assume by the previous theorem that in,,(I) = Gin(I). Therefore we have to show

that for all gy € U, gx(iny (1)) = iny,(I,) for all n.

We choose a basis f1,- -, f for I, with ing,(f1) > -+ > ing,(ft). Let f = fiA---Afy
be the corresponding generator of the one dimensional subspace A'T, C A'R,,. We have
iny (f) = i (f1) A Adng (fp)-

If ga(iny (1)) # ing(I,), then gying,(f) # ing(f). The terms of gy in,(f) other
than in,, (f) are all strictly greater than in,(f). Let kx be one of these non-zero terms,
where k is a non-zero scalar and z is monomial in A'R,,. We will show for a suitable
diagonal automorphism 1" of R, z appears with non-zero coefficient in ¢g,7T f which will

contradict the last statement of the previous theorem. Hence gy (iny, (1)) = ingy (1)

For each term k'm1 A --- Amy € A'R,,, where k' € K, we define its weight to be the
monomial v = [[m; € R. Let f, € A'R,, be the sum of all the terms of f having weight
v, so that we have f =" f,. Let vy be the weight of in,(f). Here note that different
terms of f may have the same weight, but in, (f) is the unique term having weight vg.
If T = diag(Ty, Ty, T3 /1), where Ty, Ty are non-zero scalar, is a diagonal automorphism
of R, then

Tf=> o(Ty, T, T5/T}) fo.

Thus

DTf =Y oa((Ty, T2, T5/Th) fo)
= " o(T, T2, T}/ Th)gafo

= vo(T4, T, T3 /T1)gn € (f) + Y v(T1, To, T3 /T1)gafo-
VF£V0

Thus the coefficient of z in g\T f has the form
W(Ty, To, T3 /Th) = kvo(Ty, To, T3 JTo) + Y kwo(Ty, To, T3 /Th),
v#£v0

where k, € K is the coefficient of = in g\f,. Claim: wvo(Ty,T,T5/T1) is a non-
zero rational function. Consider the K-algebra map Kla,b,¢] — K(T1,T2) sending



36

a— Ti,b— Thc— T22 /T1. Note that image ring is a domain of dimension 2 as its
transcendence degree is 2. So the kernel is a prime of height 1. Hence the kernel is prin-
cipal. Clearly ac — b? is in the kernel and ac — b? is irreducible, hence prime. Therefore
the kernel is precisely the ideal (ac — b?) and R is isomorphic to the image ring. Since
vp is non-zero in R, vo(T1, T2, T3/T1) is a non-zero rational function. Since the term
kvo(T1,To, T2/Ty) is non-zero, we see that h is non-zero rational function. Since K is

infinite, we can find 717,75 non-zero scalars such that h is non-zero. O

Let € : Hr — ZR be the poset embedding for R induced by the embedding order

lex. Let I be a homogeneous R-ideal and I€ be the image of I under e.

Proposition 3.39. Gin(/) = I°.

Proof. Note that by definition I¢ = I'®

Case 1: Let a’c® € Gin(I). Then by above theorem gy (a'cF) € Gin(I) for all g\ € 4.
Now gy(a’c?) = a’(\2a+2X\b+c)*. Note that for some general A € K, all monomials that
appear with non-zero coefficients in the expression of gA(ck) are those that come before
c® with respect to the lex order and c* itself (Here we have used char K = 0). Hence the
monomials that appear with non-zero coefficients in the expression of gy (a‘c*) are those
that come before a’c* with respect to the lex order and aicF itself. Since Gin(I) is a
monomial ideal, those monomials that appear with non-zero constants in the expression

for gx(a‘c®) belong to Gin(I).

Case 2: Let a’bc® € Gin(I). Then gy(a’bc®) € Gin(I). Again, for some general A € K,
all monomials that appear with non-zero coefficients in the expression of gy(a*bc*) are
those that come before a’bc® with respect to the lex order and a’bc” itself (char K = 0 is
again used here). Since Gin([/) is monomial, those monomials that appear with non-zero

coefficients in the expression of g(a’bc*) belong to Gin(I). Hence the proposition.

O

Proof of Theorem 3.35. Let I be a homogeneous R-ideal. Let I and Ej denote the
preimages of I and gl in S respectively, where g € U and U as in the Theorem 4.3.
Since g is an isomorphism, Tory (R/I,K) ~ Tor{ (R/gI,K) for all i. Now for all homo-
geneous R-ideal I, R/I ~ S/I as S-module. So Tor?(S/I,K) ~ Torf(S/af,K) for all 4.

Also note that for all homogeneous R-ideal, in,, (/) = in,,(I), where in,(I) denotes the

preimage of in,, (/) in S. Hence for all 7 and j, ﬂfj(R/I) = ij(S/f) < BZS](S/G/HIG)) =

S : _ nS € : :
B;;(R/ Gin(I)) = B7;(R/I¢), second inequality follows from Theorem 2.28 (3) and the

last equality follow from the previous proposition. Hence we have the theorem. ]
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Chapter 4

Preliminaries

All rings are commutative with identity and noetherian unless otherwise specified.

4.1 Excellent rings

Excellent rings form a subclass of noetherian rings with many good properties that
finitely generated algebras over fields and their localizations have. Typically, noetherian
rings arising in algebraic geometry, number theory and several complex variables are

excellent. Before going to its definition we introduce some notions.

Definition 4.1. A ring R is called catenary if for all prime ideals p C q of R, all
saturated chains of prime ideals joining p and q have the same length. A ring R is called

universally catenary if every finitely generated R-algebra is catenary.

Example 4.2 ([Eis95, Corollary 13.6]). Every finitely generated algebra over a field is

universally catenary.

It is easy to see that if R is universally catenary, then every localization of R,
every homomorphic image of R and every finitely generated R-algebra is also universally

catenary.

Definition 4.3. Let K be a field. A noetherian K-algebra R is called geometrically

reqular over K if for every finite algebraic extension L of K, L ® g R is regular.

This condition is equivalent to the condition that every finite purely inseparable
field extension L of K, L @k R is regular. Note that if R is geometrically regular, then
R is regular (take L =K).

For a ring homomorphism v : R — S, we get a map * : Spec.S — Spec R by
q — gqNR. For any prime p € Spec R, 1)*~*(p), called the fibre over p, is (Spec S)@rx(p),

39
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where k(p) denotes the field R, /pRy,. Via the natural map k(p) — k(p)®r S, K(p)QrS

becomes a k(p)-algebra.

Definition 4.4. A homomorphism R — S of noetherian rings is geometrically regular
if it is flat and for each prime p in R, the fibre ring x(p) @ S is geometrically regular over

k(p), where the k(p)-algebra structure comes from the natural map x(p) — k(p) g S.

Definition 4.5. A noetherian ring R is called excellent if it is universally catenary, for
every local ring Ry, of R, the map Ry — ]%p is geometrically regular and for every finitely
generated R-algebra S, the regular locus {p € Spec S : S, is regular} is Zariski-open.

Theorem 4.6 ([Mat80, (28.P), Theorem 68, Theorem 74]). All complete noetherian

local rings are excellent.

In view of the above theorem, we have the following examples.
Example 4.7. All fields are excellent.

Example 4.8. The rings of convergent power series in a finite number of variables over

R or C are excellent.

Proofs of the following results can be found in [Mat80, Chapter 13].

Theorem 4.9. Let R be an excellent ring. Then every localization of R, every homo-
morphic image of R and every finitely generated R-algebra is excellent. Hence every

algebra essentially of finite type over R is excellent.

Since fields are excellent, then by above theorem finitely generated algebras over a

field are excellent.

Theorem 4.10. Let R be an excellent ring.

(1) If R is local and reduced, then its completion R is reduced.

(2) If R is reduced, then the normalization of R is module-finite over R.
(3) If R is local and normal, then R is normal.
(4)

4) If R is local and equidimensional, then R is equidimensional.

Note that completion of an excellent local domain need not be a domain. For

example consider R = Clx,y]/(y?> — 2> — 23). This is a domain because z? + z? is

not a square in Clz,y]. Let m = (x,y), then Ry, is also a local domain. In Ry ~

1/2

Cllz, y]]/(y? — 2% — 23), 22 4+ 23 becomes a square, as (1 + x)'/? exists. Hence Ry, is not

a domain.
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4.2 Local cohomology

Our references for local cohomology are [Gro65],[BS13], [ILLT07].
Let R be a noetherian ring and I be an R-ideal.

Let M be an R-module. Define
I/(M)={me& M :I'm =0 for some t € N}.

It is easy to see that I';(M) is a submodule of M. An R-module M is called I-torsion
if for m € M, there exists a positive integer ¢ such that I'm = 0. If M is I-torsion
then I'y(M) = M. Given an R-module map ¢ : M — M’, we have an R-module
map I'7(¢) : Tr(M) — Tp(M’'). Tt is easy to see that if ¢ is an R-module map from
M' — M" then T'r(¢p o ¢) = Ty(sh) o T'r(¢) and Tr(idns) = idp,(ar). Hence Ty(—) is
a functor called I-torsion functor. One can show that the functor I'z() is a left exact
functor. Its i-th right derived functor is called i-th local cohomology functor denoted by
H(). We recall that Hi(M) := H'(I';(Z*)), where Z® is an injective resolution of M.
Note that Hi(M) has an induced R-module structure from Z® and H:(M) is called i-th

local cohomology module of M with support in 1.

Now we describe other equivalent definitions of local cohomology.
Local cohomology can be defined as lim Extl(R/IY, M) ([ILL*07, Theorem 7.8]). Any
t

sequence of ideals cofinal with the powers of I may be used instead of {I* : t > 1}.
Let I = (x1,--- ,xy), then collection of ideals {(xzfe, e ,:L'f:) : e > 1} cofinal with the
{It : t>1}.

Alternatively, local cohomology can be computed via the Cech complex ([ILL*107,
Construction 7.12]). For f € R, we define the Cech complex C*(f; R), to be the complex
0 — C° — C!' — 0, where C° = R, C! = Ry and the map between them is the
canonical map R — Ry sending 7 — 1, 7 € R. If f is a sequence of elements f1,..., f,
in R, we define Cv"(i; R) to be the tensor product of the n complexes C*(f;; R), i.e.,

C*(f;R) := C*(f1;R) @r C*(fo; R) @R - -- @R C*(fu; R).
We define C*(f; M) := C*(f; R) ® M. Note that C*(f, M) is of the form:

0— M — @Mfi — @Mfifj — o — My .y, — 0.
i i<j

The cohomology of this complex turns out to be Hj(M), where I = (fi,..., fan),

[ILL*07, Theorem 7.13].

The following are few basic properties of local cohomology:
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Proposition 4.11. Let M be an R-module, I,J be ideals of R and i € NU {0}
(1) One has HY(M) =T (M) and H:(M) is I-torsion for all i.
(2) Ifrad I =rad J, then Hi(M) = H%(M) for all i.

(3) An exact sequence of R-modules

0—M —M-—M"—0
induces an exact sequence in local cohomology

s Hy(M') — Hy(M) — Hi(M") — H' (M) — - -
(4) If S is a multiplicative set of R, then
H{(S™'M) ~ ST HI(M).
(5) If R — S is a ring homomorphism and N is an S-module, then
Hj(N) = Hjg(N).

(6) If R — S is flat, then there is a natural isomorphism of S-modules

S@r Hi(M)~ Hig(S ®r M).
(7) If M is finitely generated, then

depthp(I, M) = inf{i : H{(M) # 0}.

(8) (Grothendieck) If (R, m) is local and M is finitely generated R-module, then

dimp (M) = sup{i : H. (M) # 0}.

Note that if (R,m) is a d-dimensional local ring and M is finitely generated R-
module, then M is Cohen-Macaulay if and only if
HL(M) #0 ifi=d
=0 ifi#d.

The following proposition is given as an exercise in [ILL107] and also in [BS13], we

include its proof for the sake of completeness:
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Proposition 4.12. Let I be an R-ideal and x be an element in R. There is an exact

sequence
+ > Hi gy (R) — H}(R) — H], (Rp) — Hp{p, (R) — -
Proof. Let I be generated by fi,..., fn. We write f for fi,..., f,. Then by definition
C*(f, 23 R) = C*(f; R) ® C*(; R).

So for each i,
(C'(f,2;R)) = (C'(f; R)) ©r R® (C"(f; R)) ®r R

We also know that C*(f; R) ®r Ry = C*(f; Rs). It is easy to see that the following

diagram commutes and the rows are split-exact.

0—C"(f; Ro) ——C'(f,z; R) Ci(f; R
0 ——C*(f; Ry) — C™Y(f, 25 R) — (C"(f; R) —=0

Hence we have a short exact sequence of complexes:
0 — C*(f; Ry)[-1] — C°(f,2;R) — C*(f; R) — 0.
Therefore we get the desired long exact sequence:
+ > iy o (R) — Hy(R) — Hi, (Ry) — Hi{p, (R) — -
O]

Discussion 4.13. Note that the natural map R — R, induces a map on Cech complexes

C'(f; R) = C"7(f; Ra).

One can see that in the proof of above proposition C*( f,x; R) is the mapping cone of
Ci(f;R) — C'"'(f;R,). Hence the connecting morphism H}(R) — Hj (R,) is the

induced map from R — R,.

Definition 4.14. Let (R, m) be a d-dimensional positively graded algebra over a local

ring with unique homogeneous maximal ideal m. Then

ai(R) := max{k | [H}(R)]i # 0}.
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Notation 4.15. We write a(R) for aqz(R).

Note that since for each i, H’ (R) is Artinian, a;(R) exists. Note also that if
R=Klx1, - ,24q]/(f1, , fm), where K is field, and { f1,- - , f } is a regular sequence;
then a(R) = ) deg(fi) — > deg(X;).

Theorem 4.16 ([Har77, Theorem 5.2]). Let X be a projective scheme over a noetherian
ring R, and Ox (1) be a very ample sheaf on X over Spec R. Let F be coherent sheaf on
X. Then

(i) for each i >0, H'(X,F) is a finitely generated R-module.

(ii) there is an integer ng depending on F such that for all i > 0 and each n > nyg,
H{(X,F(n)) =0.

4.3 Local cohomology and the Frobenius endomorphism

Let R be a ring of prime characteristic p > 0. Define Fr : R — R by r — rP is a
ring homomorphism as (ry +72)P = r{ + 7, called Frobenius endomorphism. For g € R,
Frobenius homomorphism of R induces an endomorphism of R, denoted by Fg, also

called Frobenius endomorphism on R, such that the following diagram commutes:

Sometimes we ignore the subscript R in Fr when the ring R in the context is clear.

Hence for fi,..., fn € R, we have the following commutative diagram:

0—>R—>@Ry, —>—>= Ry, —0
K3

F lF F

0—>R—>@Ry, —>— Ry, — 0.
K3

In other words, we have a map of complexes of groups C*( fiR) EN C( fi R), where

[ denotes the sequence of elements f1,..., f,. Hence it induces a homomorphism F :

HYR) — Hi(R) and also called the Frobenius map, where I = (f1,..., fn). Let n =

(-, 7 tig )] € Hi(R), where {ji,..., i} C{1,...,n}and (--- , -2t o) is
(f]lfjl) r . X (f]l"‘ Ji)

a cycle in C*(f; R) and [(--- , 7", - - )] denotes its image in Hj(R). Then F(n) =
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P

R s T T ? .
[( 7 “J‘;“)p )] € Hj(R). The map F on Hj(R) is independent of choice of
71434

generators of I.

Discussion 4.17. Let R, z and [ be as in the Proposition 4.12. One can see that the

following diagram commutes where F' are for the respective Cech complexes.

Hence it induces a commutative diagram in homology:

v Hi | py(R) —= Hj(R) — H} (Ry) — H jp,(R) — -+

N R

v = Hj, g, (R) — H}j(R) —= Hj (Ra) — Hp p,(R) —= .

4.4 Rees algebras and blow-up

Basics on Rees algebra can be found in [HS06, Chapter 5].

Convention: For an ideal I of a ring R, I™ = R for n < 0.

Notation: Min R denotes the set of minimal primes of R.

Definition 4.18. Let R be a ring, I be an ideal of R and ¢ be an indeterminate over
R. The Rees algebra of I is graded subring of R|[t], denoted by R[[t] and defined by
(St | e It n e NU{0}} = @ I"t™.

/=0

% n>0
The extended Rees algebra of I is a graded subring of R[t,¢~1], denoted by R[It,t}]
and defined as { > rit' | r; € I'sn,n’ e NU{0}} = @@ I"™t".

i=—n' nez

Theorem 4.19 ([HS06, Theorem 5.1.4]). (1) Minimal primes of R[It] and R[It,t~1] are

the contracted minimal prime ideals of R[t] and R[t,t~'] respectively. More precisely,
Min R[It] = {pR[t] N R[It] | p € Min R}

and
Min R[It,t~ '] = {pR[t,t '] N R[It,t] | p € Min R}.
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(2) If dim R is finite, then

dimR[It] =dimR+1 ifI Zp for some prime p with dim(R/p) = dim R,

=dim R otherwise.

dim R[It,t7!] = dim R + 1.

Definition 4.20. The associate graded ring of I is denoted by gr;(R) and defined as
@ (In/In—H)'

n>0

Note that gr;(R) = R[It]/IR[It] = R[It,t ']/t 1 R[It,t71].
Theorem 4.21 ([HS06, Theorem 5.1.6]). If (R, m) is local and I C m, then dimgr;(R) =
dim R.

Theorem 4.22 ([GS82, Theorem 1.1 and Remark 3.10 and equations (*) and(**) on
page 203]). Suppose (R, m) is a Cohen-Macaulay local ring. Let I be an m-primary ideal
of R. Then the following are equivalent:

1. The Rees algebra R[It] is Cohen-Macaulay.

2. The associated graded ring gr;(R) is Cohen-Macaulay and a(gr;(R)) < 0.

Definition 4.23. Let R be a ring and I be an R-ideal, then the blow-up of Spec R along
the sheaf of ideals I is Proj R[It].

Notation 4.24. Let R and I be as above, and 7 : Proj R[It] — Spec R be the natural
map, write U = Spec R\ Spec(R/I), X = Proj R[It], # := R[It], Ox(n) = #Z(n), and
10x := image(] Rr Ox — OX)

Theorem 4.25 ([Har77, Chapter II, Proposition 7.3]). (1) IOx is invertible.

(2) m: 7 XU) — U is an isomorphism.

The closed subscheme defined by IOx is Projgr;(R) and is denoted by E.

The following lemma is well-known. One can look at [ILLT07, Theorem 13.21],
where it is proved when base ring is a field, but one can see same proof will work when

base ring is not a field.
Lemma 4.26. With notation as in Notation 4.2/, there is an exact sequence of graded
Z-modules:
0— HY (%) — # — P H(X,0x(n)) — Hp, (%) — 0.
nez
More over for all i > 1 one has:

P HI(X,0x(n) ~ HF (%),
nez
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Observation 4.27. Since Ox (1) is very ample on X over Spec R, in view of Lemma 4.26,
and Theorem 4.16 we have for alli > 2 there exists an integer N, such that [H,ZA (Z)|n =
0 for alln > N.

4.5 Integral closure of ideals and Reductions

Definition 4.28. Let R be a ring and I be an ideal of R. An element r € R is said
to be integral over I if r satisfies an equation of the form z™ 4+ a12" ! + agz™ 2 + - - +
an—17 + a, = 0, where for all j, a; € I’ and n € N.

The set of elements that are integral over [ is called integral closure of I and denoted

by I. An ideal I is called integrally closed if I = 1.

Example 4.29. Let R be a ring and r1,79 € R, thenrire € (r%, r%) since (7’17’2)2—7’%7“% =

0 and r%r% € (r%,r%)Q.

Proposition 4.30 ([HS06, Corollary 1.3.1]). Let R be a ring and I be an ideal of R.
Then I is an R-ideal and I C 1.

Theorem 4.31 ([HS06, Theorem 5.2.4]). Let R be a ring and R denote the integral
closure of R in its total ring of fractions. Then integral closure of R[It] in its total ring

of fractions is
ReIRt®I’R2 - - -,

and the integral closure of R[It,t~] in its total ring of fractions is
- Rt20RT'OROIRt® PR G-+ .

Definition 4.32. Let R be a ring and I be an R-ideal. J C I is called reduction of I if

I" = JI" ! for some n € N.

Definition 4.33. A reduction J of I is called minimal if K C J is any other reduction
for I, then J = K.

For ideals in arbitrary noetherian ring minimal reduction may not exists, however

for ideal in noetherian local ring, minimal reductions exist.

Theorem 4.34 ([HS06, Theorem 8.3.6]). Let (R,m) be a noetherian local ring and I
be an R-ideal. If J C I is a reduction for I, then there exists at least one ideal K in J

such that K is minimal reduction for I.

Theorem 4.35 ([HS06, Corollary 1.2.5]). Let J C I be R-ideals. Assume I is finitely
generated. Then J is a reduction of I if and only if I C J.
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Observation 4.36. Observe that if I is an integrally closed ideal in a local ring (R, m)
and J C I is its reduction, then I C J C I = 1I; J = 1. If I is m-primary, R/m is
infinite and J be its minimal reduction then minimal generators for J is a system of

parameters for R.



Chapter 5

Tight Closure

All rings are excellent and of prime characteristic p > 0 unless otherwise specified.

5.1 Tight closure

We will denote R to be the complement of the minimal primes of R. Note that R is
a multiplicative set of R. If R is a domain, then R® = R\ {0}.

Let R be a ring of prime characteristic p > 0. Recall the Frobenius endomorphism
F: R — Ris given by r — rP. By F¢, we denote the e-th iteration of F'. We write ¢

for powers of p.

Let R be a reduced ring of prime characteristic p. Let py,p,, ..., pn be the minimal
primes of R. Then we have R — [[ R/p; = [] Q(R/pi), where Q(R/p;) is an fixed al-
i=1 i=1

gebraic closure of Q(R/p;), the quotient field of R/p;. Define RV := {z € [] Q(R/p;) :
i=1
xz? € R}. Let I be an ideal of R. We write IRY4 for the R'/4-ideal generated by the

elements of I. Note that if R is reduced, then F' : R — R can be viewed as the inclusion
R C RY4,

Definition 5.1. Let I be an ideal of R. The g-th Frobenius power of I is the R-ideal
generated by {29 | z € I} and is denoted by 19,

Note that if the ideal T is generated by 1, .. ., z,, then I'9 is generated by 29, ..., 2.

Definition 5.2. Let I be an R-ideal. Define
I ={z € R| there exists ¢ € R” such that cz? € Il for all ¢ > 0}.

I* is called tight closure of I. If I* = I, then we say that I is tightly closed.

49
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The choice of ¢ can depends on I and z. Note that if R is reduced, then ca? € 114
if and only if ¢'/9z € IRY9, where ¢'/7 € R'/4 is the unique ¢-th root of c.

Example 5.3. Let R = Fpla?,23]. Then 23 ¢ (2%). But we have x3 = 29221 € (229)
for each q. Hence x3 € (x2)*.

Example 5.4. Let R =Fplz,y,2]/(2® + y> + 2%) and I = (z,y).

Note that 22 € R°. Then 2221 = 22912, Write 2¢ + 2 = 3k + i, where k > 0 and
0 << 2. Then 2202 = 236+ = 2i(g5 4 )k € (a3F/2] yI3k/21) - A simple calculation
shows that |3k/2] > q. So 222%1 € I for all q. Hence z € I*.

The following are some basic properties of tight closure. Proofs can be found in
[HH90, Proposition 4.1, Theorem 4.4].

Proposition 5.5. Let R be a noetherian ring of characteristic p and I,J be ideals of
R.

(1) I* is an ideal of R and I C I*.

(2) If I C J, then I* C J*. The intersection of an arbitrary family of tightly closed
1deals s tightly closed.

(3) Let x € R. Then x € I* if and only if T € (I(R/p))*, for all minimal prime p of R,
where T denotes the image of x in R/p.

(4) If I has positive height or if R is reduced, then x € I* if and only if there exists
¢ € RO such that cx? € 119 for all ¢ = p°

(5) I* =TI**.

6) (InJ)y*CI*nJ*.

() (I+ ) = (I*+ J")*.

(8) (L) = (I*J*)"

(9) (0)* =rad(0). In particular, I* contains the nilradical of R for all ideal I.

(10) If I is tightly closed, then I : J is tightly closed for all ideal J.

(11) (Colon-capturing) Let (R, m, K) be reduced, excellent, equidimensional local ring
and x1,...,T, be part of a system of parameters for R, then (x1,...,Tp—1) g Tn C
(1,0 @p_1)*.

(12) If R is regular, then every ideal of R is tightly closed.

The above Proposition (3) tells us that the study of tight closure can be reduce to

the case of domains and (5) shows that  is actually a closure operation.
In general tight closure does not commute localization([BM10]). But for some

special cases tight closure commutes with localization:

Theorem 5.6 ([HH90, Proposition 4.14]). Let R be a noetherian ring of prime char-
acteristic p > 0. Let I be an ideal of R primary to a mazrimal ideal m of R, then
IRy, = (IRn)™.
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There is also a notion of tight closure of submodule of a module. We will describe

it now.

Discussion 5.7. For an R-module M, the assignment M +— *R®pr M, where °R is R as
a group, considered right R-module via the e-th power of the Frobenius endomorphism
and left R-module by usual multiplication in R, is a functor from R-modules to R-
modules called Peskine-Szpiro functor and is denoted by F°¢(M). There is a natural
map M — F¢(M) sending z — 1 ® . The image of x in F¢(M) is often denoted by
x?, where ¢ = p®. For N C M, we have map F¢(N) — F¢(M), the image of F¢(N) in
F¢(M) is denoted by N J[\q/[]. In other words, N9 is the R-submodule generated by the
set {z? € F¢(M) : x € N}. Note that if M = R, F¢(R) ~ R as R-modules. If N =T an
ideal of R, then Il[g] is the ideal generated by x?¢ : x € I matches with the definition of
119 defined earlier in 5.2.

Definition 5.8. Let N C M, the tight closure of N in M, denoted by Ny, is the set

{2z € M : there exists ¢ € R® such that cz? € NJ[\QJ] for all sufficiently large ¢}.

It is easy to see that Ny, is a submodule of M. N is called tightly closed if Ny, = N.

Definition 5.9. Let R be a ring of prime characteristic p > 0. Then R is said to be
weakly F-regular if every ideal of R is tightly closed. R is said to be F-regular if S™'R

is weakly F-regular for every multiplicative set S of R.

Example 5.10. By (12) of Proposition 5.5, reqular rings are weakly F-regular. Since

localization of regular ring is regqular, reqular rings are F-regular.

Definition 5.11. Let R be a ring of prime characteristic p > 0. Then R is said to be
F-pure if for any R-module M, the map F ® idps : R®@ M — R® M is injective.

Theorem 5.12 ([Fed83, Theorem 1.12]). (Fedder’s criterion) Let (S, m) be a regular
local ring of prime characteristic p > 0. Let R = S/I, R is F-pure if and only if
(I[p} ) ¢ ml?l,

Definition 5.13. A sequence of elements z1,...,x, in R are called parameters if they
can be extended to a system of parameters in every local ring Ry of R for all prime ideal

p of R that contains them.

An ideal of R is said to be parameter ideal if it can be generated by parameters.

Note that x1,...,x, are parameters if and only if ht(z1,...,2;) = i, for each 1 <
i < n. Note also that if R is a local ring which is both equidimensional and catenary,
then elements z1,...,z; are parameters if and only if they form part of a system of

parameters for R.
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Definition 5.14. A ring of prime characteristic is F'-rational if every parameter ideal

is tightly closed.
Example 5.15. Regular rings are F-rational.
Example 5.16. Weakly F-regular rings are F-rational.

Definition 5.17. Let X be an excellent scheme. We say that X is F-rational if local

ring at every point of X is F-rational.

Next we summarize some of the main properties of F-rational rings. Proofs can be
found in [HH94].

Proposition 5.18. Let R be a ring of prime characteristic p > 0. Then the following
hold:

(a) An F-rational ring is normal.

(b) An F-rational ring which is a homomorphic image of a Cohen-Macaulay ring is
Cohen-Macaulay.

(¢) A local ring (R, m) which is a homomorphic image of a Cohen-Macaulay ring is
F-rational if and only if it is equidimensional and the ideal generated by one system of
parameter is tightly closed.

(d) A homomorphic image of a Cohen-Macaulay ring is F-rational if and only if its
localization at every maximal ideal is F-rational.

(e) A Gorenstein ring is weakly F-regular if and only if it is F-rational.

(f) If (R,m) is local ring which is a homomorphic image of a Cohen-Macaulay ring and
x € m s a nonzerodivisor such that R/xR is F-rational, then R is F-rational.

(9) Localization of F-rational ring is F-rational.

The following theorem is well known we give a proof for the sake of completeness.

Theorem 5.19. If R — S is faithfully flat map. If S is F'-rational, then R is so.

Proof. Since R — S is faithfully flat, then parameters of R go to parameters of S. Let
I C R be a parameter ideal. Then (IS5)* = IS, as S is F-rational. Now I*S C (I5)* =
1S, hence I'* = I*SNR C ISNR = I, first and the third equality follows because R — S
is faithfully flat. Therefore I* = 1. O

Theorem 5.20 ([Smi97, Lemma 1.4]). If (R, m) is an excellent local ring, then R is
F-rational if and only if R is F-rational.

Theorem 5.21 ([HH94, Proposition 6.27]). An excellent F-rational local ring is Cohen-
Macaulay.
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Proof. Let (R,m) be an excellent F-rational local ring. By Theorem 5.20, R is F-
rational. Hence by (b) of Proposition 5.18, R is Cohen-Macaulay; therefore R is Cohen-
Macaulay. O

Definition 5.22. An element ¢ € R is called test element if for every ideal I of R and
for all u € R, u € I* if and only if cu? € I9 for all ¢ > 1. If this is true only for ideals

generated by parameters, c is called parameter test element.

The element c is called a locally (respectively, completely) stable test element if its

image in (respectively, in the completion of) every local ring of R is a test element.

Theorem 5.23 ([HH94, Theorem 6.1]). Let R be a reduced algebra of finite type over
an excellent local ring. Let ¢ be an element of R® such that R, is reqular. Then c has a

power which is a completely stable test element for R.

Theorem 5.24 ([V95, Theorem 3.9]). Let R be a reduced finitely generated algebra over
an excellent local ring. If ¢ is an element of R® such that R. is F-rational, then there is

a power of ¢, which is a test element for parameter ideals of R.

Definition 5.25. The parameter test ideal of R is the ideal

{c€ R : ¢I* C I for all parameter ideals I of R}.

Note that if an element ¢ € R? is in the parameter test ideal then c is a parameter

test element.

Discussion 5.26. [Smi97, Section 2] Let (R,m) be a d-dimensional local ring. Let

x1,...,Tq be a system of parameters, then
d .
HA(R) ~ iy B/(a!,...,al),
t

where the direct system is

R/(mi,,xg) — R/(m§+la'-'7xfj+1)"' 5

where the maps are multiplication by x1...24. An elements of lim R/(z},... ") is of
t

the form [z + (z,...,2%)], where z + (z},...,2%) € R/(2,..., ") and [.] denotes the

image in H¢(R). The natural isomorphism lim R/(x%,...,2h) — HZ(R) is given by
t

[z 4 (2%,...,2%)] — [z/2"], where 2?

endomorphism on HZ (R) is given by F([z + (z4,...,24)]) = [2? + (2}, ..., 27)].

=z} ---2!. Under this isomorphism the Frobenius

Discussion 5.27. The discussion below is taken from [Smi94, Proposition 3.3 (i)] and

[Smi97, Proposition 2.5]. If R is Cohen-Macaulay, the maps in the direct system are
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injective. Assume R is Cohen-Macaulay, let z € (x1,...,24)*, then there exists ¢ € R°
such that cz? € (z9,...,2%) for all ¢ > 0. Now [z+ (1, ...,24)] is an element in HZ(R)
and c[z9 + (2f,...,2)] = 0 for all ¢ > 0. Hence [z + (21,...,24)] € Obra ()

If [+ (2},...,25)] € O%ra (> there exists ¢ € RO such that [z 4 (z7,...,29)] =0
for all ¢ > 0. Since R is Cohen-Macaulay, the maps in the direct system defining
HZ(R) = 0 are injective, hence c2? € (2¥',...,2%); 2z € (z4,...,2%)". Also note that
since R is Cohen-Macaulay, z € (z1,...,24)*\ (z1,...,zq) if and only if [z + (z1,...,2z4)]

is a non-zero element in 07, (R)" Hence we have:
m

R

Theorem 5.28. Let (R, m) be a d-dimensional excellent Cohen-Macaulay local ring of
prime characteristic p > 0. Then R is F-rational if and only if 07,4 (R) = 0.

It is easy to see that 07, (R) is an F-stable submodule of H% (R). In fact, when R is
domain, it is the largest F-stable submodule H(R) ([Smi97, Proposition 2.5]). Smith

shows the connection between parameter ideal and tight closure of zero in [Smi95]:

Proposition 5.29 ([Smi95, Proposition 4.4]). Let (R,m) be an excellent equidimen-
stonal local Ting of dimension d and J be its parameter test ideal.

(i) J={c€ R | eI* C I, where I is a full system of parameters for R}.

(it) When R is Cohen-Macaulay, J = Anng (0}, (R))'
(7i1) When R is Cohen-Macaulay, and x1,--- , x4 is a fived system of parameters for R,

J={ceR|c(h, - ab)* C(af,---,2ly), for allt € N}.

The following theorem of K. Smith (cf.[Smi97]) gives another useful characterization

of F-rational rings.

Theorem 5.30 ([Smi97, Theorem 2.6]). Let (R, m) be an excellent local Cohen-Macaulay
ring of dimension d and prime characteristic p > 0. The ring R is F-rational if and

only if H%(R) has no proper non-trivial F-stable submodule.

Definition 5.31. A desingularization of an integral scheme X is a pair (W, f) where

W is a non-singular scheme and W L) X is a proper birational map.

A scheme X is a rational singularity if there exists a desingularization (W, f) such
that the natural map Ox — Rf.Ow is a quasi-isomorphism. That is Ox = f,Ow and
for all i > 0, R f.Ow = 0.

Rational singularity is a local property. When X is affine, R'f,Oy is the sheaf
determined by the module H'(W, Oy ), where H(W, Oy ) is the usual sheaf cohomology
on W.

In [LT81], Lipman and Teissier defined notion of pseudo-rational rings. Pseudo-

rationality is a property of local rings which is an analog of rational singularities for
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more general schemes, e.g. rings which may not have a desingularization. When the
ring is essentially of finite type over a field of characteristic zero these two notions are

the same. We now recall definition of pseudo-rationality (cf. [LT81]):

Definition 5.32. Let (R, m) be a d-dimensional local ring. Then R is pseudo-rational
if it is normal, Cohen-Macaulay, and its completion R is reduced and if for every proper,
birational map 7 : W — X = Spec R with W normal and closed fiber £ = 7~!(m), the
canonical map (an edge-homomorphism in the Leray spectral sequence for cohomology
with support )

Hy (m.Ow) = Hi,(R) — Hg(Ow)

is injective.

Theorem 5.33 ([LT81, Corollary 5.4]). Let R be two dimensional pseudo-rational local

ring and I be an ideal. Then for every integer A > 1 we have,

ML= 1) = [T

The following theorem of Smith (cf.[Smi97]) shows the connection between F-

rationality and pseudo-rationality.

Theorem 5.34 ([Smi97, Theorem 3.1]). Let (R,m) be an excellent local ring of prime

characteristic p > 0. If R is F-rational, then it is pseudo-rational.

Definition 5.35. Let (R, m) be local ring or positively graded algebra over a local ring
with unique homogeneous maximal ideal m of prime characteristic p > 0. R is called
F-injective if

F: H! (R) — H! (R) is an injective map for all i.

Since ker I is an F-stable submodule of HY(R), from Theorem 5.30 we have the

following proposition:
Proposition 5.36. An excellent F-rational local ring is F-injective.

Discussion 5.37. Let (R, m) is a positively graded algebra over a local ring of dimension
n with unique homogeneous maximal ideal m. If R is F-injective, then a;(R) < 0. But

the converse is not true:

Example 5.38. Let R = K|z,y,2]/(z* + y® 4+ 2°), where K is a field of characteristic
2. Note that R is a 2-dimensional Cohen-Macaulay ring. Let degx = 15,degy =
10,degz = 6. deg(x® + y3 + 2°) = 30 and a(R) = —1. We will show that R is not
F-injective. Note that y,z is a system of parameters for R, then its local cohomology
can be computed from the Cech complex C*(y, z; R). Consider [x/yz] € [H2(R)]_1, since
r ¢ (y,2), [v/yz] # 0. Note that F([x/yz]) = [2%/y*2%] = 0 in H2(R).
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Theorem 5.39 ([V95, Proposition 3.2]). Let R be an excellent F-rational ring. Then

any polynomial ring extension of R, is F-rational.

Converse of the theorem also holds i.e.

Theorem 5.40. Let R be an excellent ring. If R[t] is F-rational, then R is so.

Proof. Since the natural map R — R[t] is faithfully flat, the proof follows from Theo-
rem 5.19. [

5.2 F-rational rings

In this section we discuss the characterization of F-rationality of excellent rings in terms
of F-injectivity and F-unstability as in [FW89]. Definition of F-unstability is given
below. We also extend their result [FW89, Theorem 2.8] for local rings. Here onwards

all rings are assumed to be excellent.

Definition 5.41. Let (R, m) be a local ring or positively graded ring with Ry a local ring
of dimension d. Let S; denote the socle of Hi (R). We say that H! (R) is F-unstable
if there exists N > 0 such that S; N F¢(S;) = 0 for every e > N. We say that R is
F-unstable if for each 0 < i < d, H. (R) is F-unstable.

Lemma 5.42 ([FW89, Lemma 2.3]). Let (R,m) be as in the above definition. Assume
R is an F-injective ring of dimension d which is not F-unstable. Denote the socle of
Hi (R) by S;. Then, for each S; which does not satisfy the F-unstable property (i.e. for
which S; N F€(S;) # 0 holds for infinitely many choices of e > 0), there exists 0 #n € S;
such that F¢(n) € S; for every e > 0.

Lemma 5.43 ([FW89, Remark 1.17]). Let (R, m) is a positively graded algebra over a
local ring with unique homogeneous maximal ideal m. If a;(R) < 0, for all i, then R is

F-unstable.

Lemma 5.44 ([FW89, Remark 1.17]). Let (R, m) be a positively graded algebra over a
field. If R is F-injective, then R is F-unstable if and only if for all i, a;(R) < 0.

Proposition 5.45 ([FW89, Proposition 2.4]). Let (R,m) be as in the Definition 5.41.
If R is an F-rational ring, then R is both F-injective and F-unstable.

Proof. F-injectivity of R follows from Proposition 5.36.

Suppose R is not F-unstable, then by Lemma 5.42 there exists a nonzero n €
Soc(HZ(R)) such that F¢(n) € Soc(HZ(R)) for every e > 0. Now R-submodule gener-
ated by set {F°(n) : e > 0} forms a nonzero F-stable submodule, say M whose annihi-
lator is m. Since annihilator of H%(R) = 0, M is proper which contradicts F-rationality
of R. So R is F-unstable. O]
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Example 5.46. Let R = K|[z,y,2]/(2® + y* + 27), where K is a field of prime charac-
teristic p > 0. Let degx = 21,degy = 14,deg z = 6, then a(R) =42 —41 = 1. Hence R

1s not F-injective; by Proposition 5.36, R is not F-rational.

Example 5.47. Let R = K|x,y, z,w]/(z* + y* + 2* + w*) where K is a field of prime
characteristic p > 0. Then a(R) = 0; hence R is not F-rational.

In [FW89], Fedder and Watanabe characterizes F-rationality in terms of F-injectivity
and F-unstability. They prove

Theorem 5.48 ([FW89, Theorem 2.8]). Let (R,m) be a local ring or positively graded
ring with Ry being field. Assume R is F-finite ring of dimension d with isolated singu-
larity. If R is an equidimensional quotient of a Cohen-Macaulay ring and HE (R) has
finite length (possibly 0) for every i < d, then:

R is F-rational if and only if R is F-injective and F'-unstable.

The above Theorem still holds if we change the assumption punctured spectrum
being regular to F-rational. The proof will be same as their proof using Theorem 5.24

and replace every occurance of ’test element’ by 'parameter test element’.

Since rings where we want to apply the theorem are reduced and Cohen-Macaulay

we write an alternative proof for reduced and Cohen-Macaulay rings.

Theorem 5.49. Let (R,m) be a reduced Cohen-Macaulay local ring of dimension d
such that its punctured spectrum Spec R \ {m} is F-rational. If R is F-injective and
F-unstable then R is F-rational.

Proof. Since R is Cohen-Macaulay it is enough to show that 07, (R) = 0. By Propo-

sition 5.29 Anng(0 is the parameter test ideal J. Since the punctured spectrum

g ()
is F-rational, if J is proper it is m-primary. Now we will show that J is radical ideal.
It is enough to show that if ¢ € J, then ¢ € J. Let 2 € J, ? € J. Let £ € O*H‘i(R)’

since Oj{l‘i(R) is F-stable, &P € OE,%(R)' So (c€)P = P&P = 0. Since R is F-injective,

c§ = 0. Hence c € J. Hence J is radical ideal; J = m. Since 0%, is Artinian, it has

(R)

* be a non-zero socle element. Since J = m and R

d
HY omy

is F-injective, for all e > 1, nP° is non-zero socle element of H%(R), which contradicts

R is F-unstable. ]

non-zero socle elements, let n € 0

Example 5.50. Let R = K[z, y, 2]]/(z* +y> + 2°), where K is a field of characteristic
7 and m = (z,y,z). By Jacobian criterion R is regular on Spec R\ {m}. Let degz =
15,degy = 10,degz = 6, deg(z? + y® + 2°) = 30. a(R) = —1. Next we will show that
R is F-injective. Now (2% + 3> + 25)% has term (22)3(y3)%25 with non-zero coefficient
and (22)3(y*)?2° ¢ ml"; Hence by Fedder’s criterion (Theorem 5.12) R is F-pure, in
particular F-injective. Hence Ry, is F-injective. Therefore by above Theorem Ry, s

F-rational.






Chapter 6

F-rationality of Rees algebra

Here all the rings are excellent of prime characteristic p > 0, unless otherwise stated.

6.1 F-rationality of extended Rees algebras

Let (R,m) be an excellent ring and I be an m-primary ideal. We want to study
F-rationality of the Rees algebra R[It]. In [Sin00], Singh gave an example of an 3-
dimensional hypersurface F-rational ring, such that its Rees algebra with respect to
its maximal ideal is Cohen-Macaulay and normal but not F-rational by showing that
its Proj not F-rational. In [HWYO02] Hara, Watanabe, Yoshida gave criterion for F-
rationality of Rees algebra in terms of tight integral closure. In [Hyr99], Hyry proved
that if (R, m) is excellent local ring of characteristic 0 and I be an m-primary ideal
such that R[It] is Cohen-Macaulay and normal, then R[It] is rational singularity if and
only if Proj R[It] is rational singularity. We prove partial analogue of that in prime

characteristic p > 0.

Notation 6.1. Let (R,m) be a d-dimensional excellent local ring with R/m infinite,
I be an m-primary ideal. Let J = (f1,---, f4) be a minimal reduction for I. Then
{fi,-++, fa} is a system of parameter for R. We write Z for R[It] and I for the
unique homogeneous mazimal ideal of R[It]. Let X := Proj#, Ox(n) = %, for
n € 7Z. Let m: X — Spec R be the natural map. Let E denote the exceptional divisor

defined by IO0x.

We write G for gr;(R), G to denote the gr;(R)-ideal I/1?> ® I?/I? & ---. We
write Z' for R[It,t='], M for the homogeneous mazimal ideal of #' and %', for the
homogeneous %' -ideal generated by It.

Theorem 6.2. Let (R,m) be an excellent normal d-dimensional local ring. Let I be an
m-primary ideal. Let X = Proj % be F-rational and H'(X,Ox) = 0 for all i > 0. Then
Z™ is F-rational for all n>> 0.

59
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Notation: For any graded module M, we write [M],, to denote its degree-n piece.

Definition 6.3. Let S be a graded ring i.e. S~ @ S;. For n > 0, the n-th Veronese
1€EZ
subring is denoted by S and defined by S := @ Sin. For a graded S-module M,
NEZ
we define M) := @ [M];n.
in€Z

Lemma 6.4. If X is F-rational, then the punctured spectrum Spec R \ {m} is also

F-rational.

Proof. Since [ is m-primary, Spec(R/I) = {m}. Now the proof follows from the fact
Spec R\ {m} is isomorphic to ProjZ \ E. O

Lemma 6.5. For ft € It, Zy = Rpp)lz, 2]

Proof. We define a homomorphism p : Z(|z, 271 — g by sending z to ft, 27!
to (ft)~! and elements of X (g1 to itself. It is easy to see that p is an isomorphism. [

Lemma 6.6. Let R and I be same as above, if X is F-rational, then Spec Z \ {M} is

F-rational.

Proof. Let P € SpecZ \ {M}. If Z, C P, then contraction of P in R is not m, as
P # 9. Since [ is m-primary, (R\PNR)NI # ¢. Hence Zp is a localization of Rpqg|t].
As PNR # m, Rpnp is F-rational by Lemma 6.4, so is Rpng[t]. Hence any localization of
Rpnrlt] is also F-rational. If Z ¢ P, then P € SpecZ\V(#+). Now Spec Z\ V(%)
is covered by the open sets Spec %y, for i = 1,---,n. We also know that Proj % is
covered by the open sets Spec %y, for i = 1,--- ,n. By hypothesis %, is F-rational,
hence Zy,1 = X(f)|z, 27 '] is also F-rational. O

Proposition 6.7 ([GN94, Part II, Theorem 3.3]). With notation as in 6.1 and 4.15,
a(Z) = —1.

Proof of Theorem 6.2. Since R is normal, H%(X,0x) = R and by hypothesis
HY(X,0x) = 0 for all i > 0, so by Theorem 4.1 of [Lip94] for all sufficiently large
n', Z™) is Cohen-Macaulay. By Lemma 6.6 SpecZ \ {9} is F-rational. Hence if
parameter test ideal of % is proper then by Theorem 5.24 it is 9-primary. Hence
mlo;{\%?_l('%) = 0, for some [ > 0. So by the following Lemma 6.8 O*HD”;“(%) is of finite
length. Then there exists an integer & > 0 such that [O*I‘{i;;l(%)]_k/ =0 for all ¥ > k.
Since a(#) = —1 and for all n > 0, (Hg;rl(%’))(”) o~ H;l;(i) (%#™); for all sufficiently
large n,

* d+1 (n)y _
i 0 HEh (#0)) = 0.
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Let € € 02;:?711) (%(m)) be a homogeneous element. By definition, £ € O;Igﬁﬂ(%). Hence
* d+1 o
€€ OH&H(%,) N Hmm(%(”)) =0.
So by Theorem 5.28, for all n > 0, 2" is F-rational. O

Lemma 6.8. Let (A,m,K) be a local ring. If N be an Artinian A-module such that
m!N =0 for some positive integer |. Then N has finite length.

Proof. Since N is Artinian N can be embedded in E* where E is the injective hull
of K and a = dimg Soc(N). Since m'N = 0, N C (0 :g« m!). Now 0 :p m! ~
Hom4(A/m!, E) is finite length A-module, as Homa(A/m!, E) = E /i (K) ([ILL07,
Theorem A.25]) is finite length ([Mat86, Theorem 18.6]). Hence the lemma. O

In [HWYO02], they study the connection between F-rationality of Rees algebras and
extended Rees algebras. They prove:

Theorem 6.9 ([HWYO02, Theorem 4.2]). Let (R, m) be an F-rational excellent local ring
of positive characteristic p > 0 and I be an m-primary ideal. If the Rees algebra R[It]
is F-rational so is the extended Rees algebra R[It,t™1].

The converse of the theorem is given as a conjecture in (See [HWY02, conjecture
4.1]). We prove:

Theorem 6.10. Let (R, m) be a d-dimensional F-rational excellent local ring of positive
characteristic p > 0 and I be an m-primary ideal. If the extended Rees algebra R[It,t ]
is F-rational then so is the Rees algebra R[It].

Discussion 6.11. [HWYO02, Corollary 1.10] Since R is excellent domain, then there
exists a non-zero element c¢ such that R, is regular. Take e any non-zero element in I,
then ce € I and R, is also F-rational; hence Z.. = Re[t] and Z, = Rec[t,t7!] are
also F-rational. Hence we can take a common power of ce so that it is a test element

for parameters for R, %, %'. We write c for the common test element for parameters for

R, %, %' .
Observation 6.12. If P € Proj%, then Zp is a localization of % p) [z,271]. Hence
K py — XZp is faithfully flat map.

Lemma 6.13. If %y is F-rational, the Zp is F-rational for all prime P € Spec%.

Proof. Since %y is F-rational, by Prop 5.18(g) Zp is F-rational for all P € Proj%.
By Observation 6.12, Zpy — %p is faithfully flat hence by Theorem 5.19 Zp) is F-
rational. Hence Proj % is F-rational, hence by Lemma 6.6 Spec Z \ {9} is F-rational.

Hence the lemma. O
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It is easy to see that for ft € It, Zy; = %}t. Hence for all i > 2,
o () = Hiy (). (6.1

Lemma 6.14. H4 (%) = 0.

ap!
&

Proof. Since I is m-primary, then %, is generated by d elements up to radical; hence
H;f (%) = 0. O

Discussion 6.15. Hypothesis on R, Z, %’ are as in the Theorem 6.10. Recall J C I
is a minimal reduction and J = (f1,---, fg). We write f for the product fi--- f4. By
Observation 4.36, Jt + (t~1) is M primary and rad(Jt) = %’,. Hence for all i,

HZ‘Jt+(t*1))(<%,) = Hsgjz'(%/) and

Hiyy () = Hiy ().

So by Proposition 4.12, we have a long exact sequence:

oo = HE (R — H%;(%’) - H%;( ) = HN %) — H%Jf((%”) N

Since %' is Cohen-Macaulay, Hy, (%') = 0. Also HL'(%') = 0. Now %), = R[t,t!]
+
and rad(Jt#,_,) = m[t,t~']. Hence H}, (#;-.) = HE(R)[t,t"']. Hence the above long
+
exact sequence becomes:

0— th;(%’) — HY(R)[t,t7] — HEY (%) — 0.

Now H%, (#') can be computed via Cech cohomology with respect to the elements
+
fit, -, fqt. So a homogeneous element of degree n in HZ%F (#') is of the form [%t"],
where [—] denotes the image in H%, (#'), | > 0 and a € I%*". Since {f1,---, fa}
+ ~

is a system of parameter for R then HZ(R) can be computed from the Cech complex
ok (f1,--+, fa; R). From Discussion 4.13, we see that the map in the above exact sequence
H%/+ (#') — HL(R)[t,t71], is given by [%t”] goes to [%]t”

Lemma 6.16. With hypothesis as in the above theorem, R[It] is Cohen-Macaulay.

Proof. By above discussion we have the following exact sequence:

0— Hg?,+ (#') — HL(R)[t,t 7] — HEF (%) — 0.
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By Discussion 4.17 the above exact sequence is compatible with Frobenius map, i.e.
the following diagram commutes, where F' denote the respective Frobenius map on

cohomology

0—— Hy, (#') —= Hi(R)[t.t™"] — Hyl ' (#) —=0

S

0 ——= Hgy (#') —= Hi(R)[t,t™"] — Hgl (#) —0.

From Observation 4.27 and (6.1), we know for all large n, [H (ﬁlj; (%)), = 0, choose n such
that [H%V+ (%#")]n # 0 and [H%,+ (%#")]; = 0 for all i > n. If n > 0, then the R-submodule
[H,
map, [H%’; (%#')]n is an F-stable R-submodule of HY (R), which gives a contradiction to
the fact R is F-rational (Theorem 5.30). Hence max{i | H%, (#'); # 0} < 0. Next we

A
will show that a(G) < 0. Since %’ is Cohen-Macaulay and ¢~! is a non-zero divisor of

(#')],, is F-stable. Since the above exact sequence is compatible with Frobenius

X', G =%'/(t"1) is also Cohen-Macaulay. We have an exact sequence of %’-modules:
0— Z'(1) @ a0
Hence we get a long exact sequence:
o Hiy ()(1) > Hiyy (F) — Hpy (G)

Note that H%; (G) = Hé+ (G) for all 7. Since H%zl (#') = 0 and rad(G4) is the maximal

homogeneous ideal of G, the above exact sequence becomes:
00— H%;(%’)(l) — H%;(%’) — H{%};(G) — 0.

Since max{i | [H%,,+ (%")]; # 0} < 0 and Hﬁ/;(G) = Hé+(G) we have a(G) < 0. Hence
by Theorem 4.22, R[It] is Cohen-Macaulay. O

Discussion 6.17. Let ¢ be a common test element for parameters of R, Z, %’ (Discus-
sion 6.11). Since Z is Cohen-Macaulay, by the commutative diagram 2.10.2 of [HWY02]

we have

6 o
0— HY (#) — @ HiL(R)t" — Hy (%) — 0 (6.2)

n<0
lcF6 lcFe lcFe

ol n ¥
0— HY (%) —= @ HL(R)1" — HY (%) —0,

n<0
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where ¢([(a/f)t"]) = [a/f']t" (See Remark after Lemma 2.7 in [HIWY02]). One can see

that the following diagram commutes

0 ——C*(ft; Ry1)[-1] —=C*(ft,t; R) — C*(ft;

icFe \LCFG cF*€

0——C*(ft; Ry—1)[-1] —= C*(ft,t 7} R) —= C*(

S
£
©

Hence we have the following commutative diagram in local cohomology:

¢ n v
0—— Hfy (#') — @ Hi(R)t" — Hy)' (%) —0 (6.3)

nez
lcFC lcFe lcFE

0——> HY (%) — @Zﬂg(mtn 2 V(%) —0.
ne

By discussion 6.15 we have the following commutative diagram:

¢ n ¥
0—— HY (#) — @ HL(R)t" — H{ (%) —0

-

0— H, (@) —> @ HL(R)t" - Hif'(#) —0.
nez

Hence we get an #Z-module map 6 : Hgnﬂ(%) — Hgﬁfl(%’ ) such that the above

diagram commutes. Thus we have:

@ n ¥
0—= HY (%) — @ HL(R)t" — Hy (%) —0 (6.4)

- :

¢’ n ¥
0—— Hg, (#') —= @ Hi(R)t" — Hyl' (#') —0.

ne”L

Take any & € Hglj?rl(%) homogeneous, choose n € HY (R) such that ¢(n) = £. Define
0(¢) = ¢'(n). Applying Snake lemma to diagram (6.4) we see that € is injective. Next
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we will show that the following diagram commutes:

0 — HE (%) 2> HE (#) (6.5)

P

0 — HE (%) —2> HE N ().

Let ¢ € H;f;’l(%) be homogeneous element. Choose n € HZ%(R) such that (n) = €.
Then 0(£) = ¢'(n). We need to show that

O(cF*(€)) = cF(0(¢))-

From the commutative diagram (6.2) we have pcF¢(n) = cF)(n). Hence cF°(n) =
cFe(&). Then 6(cF¢(£)) = ¢'(cF¢(n)). From the commutative diagram (6.3) we have

W (eFe(n)) = cF*(4/(n)). Hence B(cF*(€)) = ¥/ (cF*(n)) = cF*(4/ () = cF*(8(S))-

Lemma 6.18. Let Z be Cohen-Macaulay. Then

0(0* C 0% )
( H;;“(,a/z)) = CHGTN ()

Proof. Proof follows from the commutative diagram (6.5). O

Proof of Theorem 6.10. Since &%’ is F-rational, then Proj % is F-rational. Hence
by Lemma 6.6, Spec Z \ {1} is also F-rational. By Lemma 6.16 % is Cohen-Macaulay.

Since %' is F-rational, O;Igf,l(%') = 0. By above Lemma 6.18, §( *Hgiﬁ“(%)) = 0. Since 6
is injective, Ozdﬂ = 0. Hence %oy is F-rational. O
m (%)
Theorem 6.19. Let Z be F-rational. R is F-rational if and only if 02d+1(%,) = 0.
m/

Proof. Since & is F-rational and excellent, it is Cohen-Macaulay. Hence G is Cohen-
Macaulay. As t~! is a non-zero divisor on %', %' is also Cohen-Macaulay. As %], =

R[t,t71]; R is also Cohen-Macaulay. Assume O’;{d 1 = 0. To see R is F-rational, its
ml

(%)

enough to show that 07, = 0. Applying Snake lemma to the diagram (6.4) we see

that for all n > 0,

(R)

0—— HL(R)1" —— [HEFH(#)]n —0 (6.6)

\LCFG J/cFe

0—— HICIll(R)tqn - [Hg%?/l(%/)]qn —0

Hence we have 0% = 0. Again

H4 (R) (R
by Snake lemma applied to the diagram (6.4) we see that for all n < 0, [0

= 0. Conversely, assume R is F-rational; hence 07,4
m

* ] —
HE (7)™
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[0( ’;{dﬂ(@))]n o~ [O*Hdﬂ(%]n = 0. Also from diagram (6.6) we see that for all n > 0,
m m g

Oasi oo =0 -

Corollary 6.20. Let (R, m) be an excellent d-dimensional F-rational ring and I be an

m-primary ideal. If Z is F-rational, #' is so.

Proof. First note that xt € It, the inclusion Z — %', induces an equality % = %,
Since R is F-rational, #Z,_, = RI[t,t'] is also F-rational. Hence SpecZ' \ {9} is

F-rational. By Theorem 6.19 07, = 0; since Z’' is Cohen-Macaulay, Zjy, is F-
m/

(2")
rational. O

The proof of the following proposition is word by word translation of Proposition

2.13 in [FW89] with necessary changes.

Proposition 6.21. Let (A,m) be an n-dimensional excellent Cohen-Macaulay reduced
ring. Let f be a reqular element of A such that

(1) A/(f) is F-injective.

(1) Ay is F-rational.

Then A is F-rational.

Proof. Since f € A is regular, f can be extended to a system of parameter of A, say
f=rfifos-osfn. Let I = (f1,...,fn). Since A is Cohen-Macaulay it is enough to
show that I* = I. Since A is a reduced excellent local ring such that A; is F-rational,
then by Theorem 5.24 there exists an positive integer k such that f* is a parameter
test element. Let z € I*, then f¥z? € Il for all ¢ > 1. Since A is Cohen-Macaulay,
x? € ( ffk, £ f. Reducing modulo (f), we get 2@ = (f, ..., f1) in A/(f), where -
denotes the image of elements of A in A/(f). Since A/(f) is F-injective and (fa,..., fn)
is a system of parameters of A/(f), we have Z € (fa... f,). Hence z € I. O

Discussion 6.22. By above Proposition we can say the following thing. If (R, m) is an
excellent F-rational ring and [ is an m-primary ideal such that G is F-injective and Z is
Cohen-Macaulay, then & is F-rational. This can be seen in the following way. First note
that since Z is Cohen-Macaulay, G is Cohen-Macaulay. Now G = %#'/(t™') and t~! is a
non-zero divisor in #’; hence %’ is also Cohen-Macaulay domain. By above proposition
we see that Jt+ (t71) is tightly closed in %Z}y,. Hence Lemma 6.18, 0;{&“(%) = 0. Hence
by Lemma 6.13 Z is F-rational. This result is useful. Let R = K[z1,22,- - ,zn]/(f),
where f is a homogeneous element in Klzy,- - ,x,], be F-rational ring. Let G denote

the associated graded ring with respect to its homogeneous maximal ideal (z1,- -, zy,).

We know that G ~ R; hence the Rees algebra R[mt] is F-rational.
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6.2 F-rationality of Rees algebras over two dimensional F-

rational rings

In this section we study F'-rationality of Rees algebra over two dimensional excellent

F-rational local ring. We prove:

Theorem 6.23. Let (R, m) be a 2-dimensional excellent F-rational ring of prime char-

acteristic p > 0. Let I be an integrally closed m-primary ideal. Z is also F-rational.

The above theorem is proved in [HWY02, Theorem 3.1].
Outline of the proof: We first prove that that %), is F-rational, then will show Z is

F-rational.

Let J = (x,y) be a minimal reduction for I. Since R is F-rational, it is pseudo-
rational; hence by Theorem 5.33 I2 = JI. Hence 19 = J97 '], for all ¢ > 2.

Lemma 6.24. (xt,yt,t=1)* = (xt,yt,t71).

Proof. Let o € (xt,yt,t~!)* be a homogeneous element. We write a = at¥, a € I*.
Case 1: If k < 0, then o € (t71) C (at,yt, t71).
Case 2: If kK = 0, then for all ¢ > 0, write

ca? = ca? = a1t™ 12N + aot ™ y%tY + agt?t™?, where a1,a2 € R and ag € I9.

Hence ca? € I? for all ¢ > 0. Since I is integrally closed, a € I. Hence a € Itt™" C
(xt,yt, t~1).
Case 3: If kK =1, then for all ¢ > 0, write

cal = ca®t? = a129t? + aoyit? + ast®¥t~9, where a1, a2 € R and a3 € I%9.

Since 12 = JI, 12 = J2—1] Since dim R = 2, J2¢~1 C Jld. Hence ca? € J@ for all
q > 0. Since R is F-rational, a € J; at € Jt.
Case 4: If k > 2, a € I*¥ = JI*~1. Hence at® € JtItF~1. O

Proof of Theorem 6.23. Since R is excellent F-rational, it is Cohen-Macaulay. So
%' is homomorphic image of a Cohen-Macaulay ring. Since (xt, yt,t~!) is a homogeneous
system of parameter of %’ and ((zt, yt,t=1)* = (xt,yt,t™1)), Hence ((t, yt,t 1) Ry )* =
(zt, yt, t ™) Bl = (wt,yt, t7)Rby,. Hence Zy, is F-rational. Hence by Theorem 6.16
Z is Cohen-Macaulay and by Lemma 6.18, %oy is F rational. By Lemma 6.13, & is
F-rational. O
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6.3 F-rationality of base ring

In this section we study the following question: Let (R,m) be an excellent Cohen-

Macaulay ring. If I be an m-primary ideal such that % is F-rational, is R F-rational?

In general the answer of this question is no. Later we will see examples given in
[HWYO02] where # is F-rational, but R is not. If Z is Gorenstein and F-rational, then
R is weakly F-regular, in particular F-rational. This can be seen easily. Since & is
Gorenstein it is F-regular. Note that R is normal, as # is so. Hence R[It] is domain.
Let S = %m. Let J be an ideal in R. Now J*S C (JS)* = (JS), as S is weakly
F-regular. Hence J* = J*SNR C JSNR = J, first and the third equality follows since
RS s,

In [HWY02], they prove:

Corollary 6.25 ([HWYO02, Corollary 2.13]). Let (R, m) be an excellent Cohen-Macaulay
ring with dim R = d > 2 and I be an m-primary ideal of R. If Z is F-rational and
a(G) # —1, then R is F-rational.

Note that since Z is F-rational, then a(G) < —1. If Z is F-rational with a(G) = —1,
then R might be F-rational or might not be.

Example 6.26. Let R = K[zy,12,23]/(23 + 23 + 23), where K is a field of prime
characteristic 5. Let m = (z1,x2,23) and # = R[mt]. Then G = Z/m%Z ~ R and
a(G) = —1. By Discussion 6.22 %Z is F-rational. By Theorem 5.49 R is F-rational.

Example 6.27. Let R = K[z, vy, 2]/(2? + 2%y + y?) where char R = 2. Let (z,y,2) =m
and Z = Rlmt]. Then G = Z/m%Z = K|x,y,2]/2*. Hence a(G) = —1. By Example 3.9
of [HWY02], Z is F-rational. But R is not, as z € (z,y)*.

Theorem 6.28. Let (R, m) be a d-dimensional excellent Cohen-Macaulay local ring of
prime characteristic p > 0 and I be an m-primary ideal of R. If #Z is F-rational and
Hg+ (G)-1 N Hg+(G)_p is injective, then R is F-rational.

Proof. First we will show that O*Hd 1 = 0. Note that we have the following com-
ml

(%)
mutative diagram:

1

0—=%'(1)L—% G 0 (6.7)

oo s l

0— =% s 7 G 0.

Since Z is Cohen-Macaulay, G is Cohen-Macaulay; hence %’ is so. Hence by above

commutative diagram we have the following commutative diagram.
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0 — HZL,(G) —= HEHY (@) (1) s HEHY (') —>0 (6.8)

I e s

0 — H&, (G) —= HEY (@) (1) s HHY (') —>0

By diagram (6.4) for all n < 0, [Hit'%'),, ~ [Ho ' %), Let & € O;Idﬂ(%,) be a
pud
—1(¢) _
@) Hence 67(£) =0,
]ln =0 for all n < 0. Let k+1 = min{n >

=0forn <0. Let £ €

homogeneous element of degree n. If n < 0, then 0=1(¢) € 0% a1
m
as # is F-rational. Hence [OH;,?/1 @)
01][0*% 4i1, ,.]n # 0}. Note that minimum exists since [0
HE ()
[OHgﬂtl(ﬂl)]
non-zero 1 € [Hy, (G)]x such that n — ¢ under the map Hg, (G) — Hg}tl(%’)(l). Since
a(G) < —1, k = —1. By hypothesis F(n) # 0. Since 0% a1 is F-stable submodule
gj't/

(%)
of HIF\ ("), F(¢€) € | *Hdﬂ(ﬁ,)]o, t1=PF(¢) = 0, which contradicts the commutativity
of left square of the diag}am (6.8). Hence OLdH(@,) = 0. By Theorem 6.19, R is
(%

F-rational. O

T In
Hy ()
k+1 be a non-zero homogeneous element. Then £¢~! = 0; hence there exists

The above proof also gives #’ is F-rational, because in the proof we show O*Hd 41 =
pud

(%)
0 and SpecZ’ \ {9} is F-rational, as # and R is F-rational.

As a corollary we get result of Hara, Watanabe and Yoshida [HWY02, Corollary
2.13]:

Corollary 6.29. Let R and % be as above in the theorem. If a(G) < —1, R is F-rational
Proof. Since a(G) < —1, the criterion on G vacuously holds; hence the corollary. [

While the above condition is sufficient for F-rationality of R but not necessary.

Example 6.30. Let R = K[[z,vy,2]]/(2% + 3> + 2°), where K is a field of characteristic
7 and m = (z,y,2). By Example 5.50, R is a 2-dimensional F-rational ring. m = m.
By Theorem 5.33, for each i, m' = mt. Then by Theorem 6.23, R[mt] is F-rational.
Now G = K|x,y,2]/(z?), H%Jr (G)-1 — Hé+(G)_7 is not injective because Hé'+ (G) can
be computed from the Cech complex C*(y,z;G). Since x ¢ (y,2), [x/yz] is a non-zero
element of € Hé+(G),1 and F([z/yz]) = 27 /y 2" = 0.

Further questions:

Q1. Let (R, m) be an F-rational excellent ring and I be its ideal such that Proj R[I?] is
Cohen-Macaulay and normal. If Proj R[It] is F-rational, is R[It] F-rational?

Q2. Find a necessary condition such that R[It] F-rational will imply R F-rational.
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