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Abstract

This thesis is concerned with exploring gravitational aspects of string theory, in dif-
ferent contexts. The major part of the thesis deals with smooth solutions of supergravity
that have black hole like charges, the so-called ‘microstate geometries’ or ‘fuzzballs’. The
other part explores gravitational solutions in AdS space that do not collapse, but instead
oscillate perpetually between two radii.

For the study of smooth solutions, we employ the Riemann-Hilbert approach, which
lets one associate spacetime independent monodromy matrices to solutions with suffi-
ciently many Killing isometries. We initiate a systematic study of monodromy matrices
for multi-center solutions of five-dimensional U(1)3 supegravity. We obtain explicitly the
monodromy matrices for a class of collinear Bena-Warner bubbling geometries, and show
that they obey properties required for an inverse scattering construction to work. The
theory of symmetric spaces plays an important role in this discussion. We thus include a
brief overview of this subject, including relevant background material on the real forms
of classical Lie algebras.

Another construction of smooth solutions of supergravity is provided by constructing
a linearised left-moving perturbation on two-charge non-extremal JMaRT solutions. The
perturbation is constructed by matching solutions to the perturbation equations in the
inner and outer regions of the geometry to leading order, and is found to be smooth and
normalisable.

In the last part of the thesis, we study timelike shells and balls in AdS space that un-
dergo oscillatory motion. We confirm that the two-point function of the boundary CFT,
calculated via the geodesic approximation in the bulk, exhibits an oscillatory behaviour
following the motion of the shell. We show that similar oscillatory dynamics is possible
when the perfect fluid on the shell has a polytropic equation of state. Further, we show
that plausible ball like configurations in AdS also admit oscillating solutions. Such config-
urations are constructed by matching finite pressure Oppenheimer-Snyder like solutions
in anti-de Sitter space (AdS) to Tolman–Oppenheimer–Volkoff (TOV) like stars in AdS.
We also demonstrate that the weak energy condition is satisfied for all these oscillatory
configurations.
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Introduction

All these questions are purely academic...

Scylla and Charybdis

1.1 Black Holes and Entropy

In the 1960’s, a number of new developments revolutionised black hole physics. Results of
Hawking and Penrose showed that rather than being unphysical, singularities in spacetime
are ubiquitous in general relativity. The laws of black hole mechanics, governing the
‘kinematics’ and ‘dynamics’ of black holes and their horizons, were also formulated. A
good survey of the multitude of developments can be found in [1].

One crucial development during this period was Bekenstein’s proposal [2] to consider a
back hole’s entropy as true thermodynamical entropy. He was motivated by the apparent
decrease in the total entropy as an object falls into a black hole, leaving no trace because of
the ‘no hair’ theorems. Setting out to prove Bekenstein wrong, Hawking [3] instead showed
that the analogy between black hole mechanics and thermodynamics was exact. Including
effects from quantum fields, he found that black holes do indeed have a temperature and
emit radiation like thermal objects, with an entropy that is proportional to the area of
the black hole event horizon, just as Bekenstein had conjectured.

Even though a lot has been learnt about black holes since, even more remains yet to be
understood. The statistical notion of entropy implies that there is a set of possible states
for a system to exist in; entropy then quantifies the ignorance on an observer’s part as to
exactly what the state of the system is. Taking this definition to its logical conclusion,
the question arises of what exactly are the possible (quantum) states of a black hole.

Such a question is ill-posed within the framework of general relativity itself. The
no-hair theorems tells us that there is no structure to black holes to support any finite
entropy. Even Hawking’s radiation is a semi-classical effect. The natural hope is that a
theory of quantum gravity, when we have the knowledge of it, would answer our question.

Another related question is the fate of the stored information inside a black hole as the
hole evaporates. Hawking himself suggested that unitarity is lost in the process. However,
developments such as the AdS/CFT correspondence, and holography in general, have
convinced most researchers that unitarity must indeed be upheld, and that some novel
physics is required to explain the evaporation.

The central importance of the Bekenstein-Hawking area law lies in the fact that it can
indeed also be used as a check on a quantum theory of gravity: For any such theory to be
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valid, it must at least reproduce the area law. String theory is a promising candidate for
a theory incorporating both quantum mechanics and gravity. In light of the discussion
above, trying to understand the entropy of black holes in the context of string theory
is an important problem. There has in fact been significant progress in this direction,
beginning with the work of Sen [4], and Strominger and Vafa [5], who showed that the
statistical entropy of BPS states matches that given by the Bekenstein-Hawking area law.

In their derivation, Strominger and Vafa had to rely on the non-renormalization theo-
rems of supersymmetric theories, thus obscuring the nature of the states contributing to
gravitational entropy. So, while providing evidence that string theory knows about the
area law, their work could shed no light on what comprises the entropy of black holes.
This has been a persistent question ever since, and an answer could potentially resolve
the information paradox as well.

One notable attempt towards explaining black hole entropy is the “fuzzball” proposal
by Mathur [6]. Fuzzballs are conjectured bound-state solutions of supergravity/string
theory that carry the same charges as black holes but are instead regular everywhere,
and are hoped by some to acount for the microscopic states of the black holes. Such
“microstates” are solutions without event horizons that evade the no-hair theorems due
to their being constructed from higher dimensional solutions [7].

The fuzzball configurations could be stringy, and not describable in supergravity; it
might also happen that some configurations are in fact smooth solutions of supergravity.
It is technically much more easier to investigate the second possibility, and is where most
effort is invested. Reviews of early work on fuzzballs include [8–11]. In the case of
two-charge D1-D5 black hole configurations, it has been shown that fuzzballs can indeed
account for the full microscopic entropy obtained by counting states in string theory.
The corresponding problem for three charge configurations turns out to be much more
involved.

Formulating the problem in the (eleven dimensional supergravity) M-theory frame,
one sees that the problem reduces to constructing source-free solutions that have bubbles
threaded by non-vanishing field strengths. Such solutions are constructed by reducing M-
theory on tori, and demanding that the lower dimensional theory be free of brane sources.
Bubbles then refer to non-vanishing cohomology classes in the lower dimesional theory.
These solutions have a rich geometrical and group-theoretical structure, and we will be
interested in exploring some of it below.

1.2 Scope of the Thesis

Chapter 3, Chapter 4, and Chapter 5 are based on three published papers and contain
my independent work. Chapter 3 is somewhat more technical than the rest, so we begin
with providing the necessary background for Chapter 3. This is done partly in the rest
of this chapter and in Chapter 2.

In Chapter 3 we are mostly concerned with the so-called Bena-Warner solutions of su-
pergravity. These solutions provide a large class of horizonless smooth microstate geome-
tries with three charges. In the next section we provide a brief review of these solutions.
We also heavily use the coset space description of dimensionally reduced supergravity
theories in Chapter 3, which was developed in [12]. With this in view, in section 1.4,
we present a general framework for describing stationary solutions of (super)gravity that
are obtained as consistent truncations of higher dimensional theories. The framework is
largely based on using the group theoretic structure of the symmetric spaces formed by
the lower dimensional scalars of the theory. Ref. [12] presented a table of all symmetric
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spaces obtained by dimensional reduction, of theories with scalars and vectors, from four
to three dimensions. Since the table is an important part of [12], and since an accessi-
ble exposition is not readily available, I have tried to provide mathematical background
relevant to understanding how the table arises in chapter 2.

It turns out that stationary supergravity solutions have a rich underlying mathematical
structure [13,14]. Ref. [15] exploited this to classify extremal solutions of the STU model,
and found that non-BPS extremal solutions can also be generated using nilpotent orbits
of the coset space. In Chapter 3, we explicitly recast the Bena-Warner solutions in a coset
space description. Having done this, we demonstrate that the solutions satisfy most of the
properties required for the inverse scattering construction of [16] to work. Although an
explicit solution of the Riemann-Hilbert problem is not given, it seems that the problem
can be solved.

Chapter 4 is concerned with the construction of new fuzzball solutions for three-charge
solutions, although in a different context. Extending a previous contruction by [17], where
they constructed a BPS perturbation on smooth BPS D1-D5 geometries, we were able to
construct hair modes (BPS perturbation) over non-extremal solutions, known as JMaRT
solutions for its discoverers [18].

Chapter 5 is an exploration of oscillating configurations in anti de Sitter (AdS) space.
Because of the AdS/CFT correspondence, collapsing solutions in AdS correspond to states
in the dual CFT that thermalise. Accordingly, states that do not collapse should corre-
spond to states that revive themselves and never thermalise. Oscillating configurations
also bear directly on questions concerning the (in)stability of AdS space, a question that
has attracted much attention recently. We construct explicitly solutions with matter con-
centrated on a shell of varying radius that show periodic oscillations. We also demonstrate
that it is plausible that Tolman-Oppenheimer-Volkoff (TOV) solutions in AdS space can
be patched as an exterior solution to an oscillating interior around the centre of AdS.
The existence of such simple solutions demonstrates that oscillations in AdS can be easily
arranged.

1.3 Bubbling Solutions in Supergravity:

A Brief Review

In this brief section we review Bena-Warner solutions. These are supergravity configu-
rations supported by non-trivial topology. Such solutions resemble black holes far from
the would-be “black hole radius”, and cap off at the would-be horizon. These provide
examples of microstate geometries, and are believed to contribute to the states that com-
prise black hole entropy. This material is based on the review [9]. We only focus on the
construction of the solutions and do not discuss spacetime properties of the solutions.
Many properties of these solutions have been discussed over the last fifteen years, we refer
the reader to [9] for some of the earlier references.

1.3.1 Brane Configurations

We start by compactifying M-theory on a T 6, with three sets of M2-branes wrapping
three mutually orthogonal T 2, along with three corresponding sets of M5-branes on the
complementary T 4 to each T 2. The remaining spatial directions of the M5-branes wrap
one simple, closed curve, yµ(σ), in the spatial directions of the non-compact dimensions.
The configuration is summarized in figure 1.1.

The metric corresponding to our configuration can be written as

ds2
11 = ds2

5 + ds2
T 6 , (1.3.1)
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Figure 1.1: Brane configuration for supertubes and black rings in an M-theory frame.
l indicates directions along which the branes are extended, ↔ indicates the smearing
directions, yµ(σ) indicates that the brane wraps a simple closed curve in R4 defining the
tube or ring profile, and ? indicates that a brane is smeared along the profile and pointlike
in the other three directions.

where
ds2

5 = −(Z1Z2Z3)−2/3(dt+ k)2 + (Z1Z2Z3)1/3hmndx
mdxn, (1.3.2)

and the metric on T 6 is

ds2
T 6 =

(
Z2Z3

Z2
1

)1/3

(dx̃2
1+dx̃2

2)+

(
Z1Z3

Z2
2

)1/3

(dx̃2
3+dx̃2

4)+

(
Z1Z2

Z2
3

)1/3

(dx̃2
5+dx̃2

6), (1.3.3)

Here, k is a one-form field on the spatial section of the five-dimensional spacetime, and ZI
are ‘harmonic functions’ associated to the three sets of M2-branes. Note that the metric
is asymptotic to R4,1 × T 6.

The eleven dimensional three-form-field looks like,

A[3] = A1
[1] ∧ dx̃1 ∧ dx̃2 +A2

[1] ∧ dx̃3 ∧ dx̃4 +A3
[1] ∧ dx̃5 ∧ dx̃6, (1.3.4)

where the subscript on each A indicates the degree of the form. The AI[1], I = 1, 2, 3, are
time-independent one-form electromagnetic potentials in the 5 dimensional spacetime.

One introduces dipole field strengths as

Θ(I) := dA(I) + d
(
Z−1
I (dt+ k)

)
. (1.3.5)

The most general supersymmetric configuration is then obtained by solving the following
system of equations [19],

Θ(I) = ?4 Θ(I), (1.3.6)

∇2ZI =
1

2
CIJK ?4

(
Θ(J) ∧Θ(K)

)
, (1.3.7)

dk + ?4dk = ZIΘ
(I), (1.3.8)

where ?4 is the Hodge dual operator taken with respect to the four-dimensional metric
hmn, ∇2 is the Laplacian defined using hmn, and CIJK are the structure constants associ-
ated to the dimensional reduction. In the present setup, CIJK = |εIJK |. If these equations
are solved sequentially, they form a linear system.

1.3.2 Gibbons-Hawking Base

We consider now the four-dimensional base space, which supersymmetry demands be
hyper-Kähler. A particularly interesting family of hyper-Kähler metrics are the Gibbons-
Hawking metrics. These provide for the possibility of non-trivial topology by allowing
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the possibility for the signature to flip from +4 to −4 in certain regions. The Gibbons-
Hawking metrics are U(1) fibrations over a flat R3 base,

ds2
4 = V −1(dz +A[1])

2 + V (dr2 + r2dθ2 + r2 sin2 θdφ2), (1.3.9)

with
?3 dA[1] = dV, (1.3.10)

where ?3 is the Hodge-star operation in R3, and V is a harmonic function on R3.
We now let ~x(j) ∈ R3 be the positions of isolated sources for V , and use the notation

rj = |~x− ~x(j)|:

V = q0 +

N∑
j=1

qj
rj
. (1.3.11)

Although the metric appears singular at rj = 0, it is easily checked by changing coordi-

nates to ρ = 2
√
|~x− ~x(j)|, that the metric near each center is locally of the form

ds2
4 ∼ dρ2 + ρ2dΩ2

3, (1.3.12)

where dΩ2
3 is the standard metric on S3/Z|qj |.

For q0 6= 0, the base metric is asymptotically R3 × S1, so that the five-dimensional
theory can be KK reduced, with non-trivial gauge-fields sourced by branes. For q0 = 0,
the base metric is asymptotically R4. One has asymptotically V ∼ q/r, with q =

∑N
j=1 qj ,

as a result the spatial infinity is also of the form (1.3.12), with q0 = q.
The GH metrics contain topologically non-trivial two-cycles between the centers, gen-

erated by the U(1) fiber over curves between the centers. To describe the two-cycles, we
let y1, y2, y3 form a Cartesian coordinate system for R3, and define a set of frames by

ê1 = V −1/2(dz +A), êa+1 = V 1/2dya, a = 1, 2, 3, (1.3.13)

and a set of two-forms by

Ω
(a)
± = ê1 ∧ êa+1 ± 1

2
εabcê

b+1 ∧ êc+1, with a, b, c = 1, 2, 3. (1.3.14)

These forms have nice properties: Ω± are self and anti-self dual respectively, and Ω− is
harmonic.

Ω+ are used to construct harmonic fluxes that are dual to the two-cycles in our GH
base. Consider the self-dual two-form

Θ =
3∑

a=1

∂a

(
H

V

)
Ω

(a)
+ .

where H is a harmonic function on R3, with undetermined sources. A general distrubution
of such sources will correspond to having mutiple black rings and black holes in the space.
To obtain a horizonless, singularity-free geometry, Θ needs to be regular, which can only
happen if H/V is regular. This implies that H has sources at the same location as V ,

H = h0 +
N∑
j=1

hj
rj
.

Note that Θ is invariant under a transformation of the form

H → H + cV,
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for some constant c. This implies that there are only N independent parameters in H.
Also, if q0 = 0, we necessarily have h0 = 0, to keep Θ finite at infinity. The remaining
N − 1 parameters of H (and hence of Θ) describe the harmonic forms dual to the non-
trivial two-cycles. If q0 6= 0, the extra parameter is that of a Maxwell field whose gauge
potential gives the Wilson line around the S1 at infinity.

One can write the two-form Θ as an exact form locally, Θ = dB, as

B =
H

V
(dz +A) + ξady

a,

with ?3dξ = −dH so that

dB = ∂a

(
H

V

)
Ω

(a)
+ .

The one-form ξ = ξady
a acts as the potential for magnetic monopoles located at the

singular points of H.
To find explicitly the form of the fluxes, we need to determine the solution of the

equation above,

?3dξ = ?∂aξbdy
a ∧ dyb = εabc∂aξb dy

c = −dH = −∂aH dya

The solution is just a 3d vector field ~v(≡ ~ξ) that satisfies

~∇× ~vi = ~∇
(

1

ri

)
so that

A[1] =

N∑
j=1

qjvj[1], ξ[1] =

N∑
j=1

hj~vj .

Note that we had the conditions ?3dA[1] = dV, and ?3dξ = −dH, which are now both
satisfied.

If we choose coordinates such that the sources all lie on the z-axis, y(i) = (0, 0, a),
then a solution is given by

~vi · d~y =

(
z − a
ri

+ ci

)
dφ. (1.3.15)

The vector field ~vi has a Dirac string singularity.

1.3.3 Solving the BPS Equations

Introduce three harmonic functions KI of the form

KI = kI0 +
N∑
j=1

kIj
rj
,

and use them to contruct the self-dual two-forms

ΘI =

3∑
a=1

∂a

(
KI

V

)
Ω

(a)
+ .

Eq. (1.3.7) can then be checked to have the solution

ZI =
1

2
CIJK

KJKK

V
+ LI , (1.3.16)
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with LI , I = 1, 2, 3, a set of harmonic functions.
Write the one-form, k, introduced in the ansatz for the five-dimensional metric, as

k = µ(dψ +A) + ω, (1.3.17)

so that (1.3.8) becomes

~∇× ~ω = (V ~∇µ− µ~∇V )− V
3∑
I=1

ZI ~∇
(
KI

V

)
, (1.3.18)

which is the same as

?3 dω[1] = (V dµ− µdV )− V
3∑
I=1

ZI d

(
KI

V

)
. (1.3.19)

Acting with d again gives an equation for µ which can be solved to give

µ =
1

6
CIJK

KIKJKK

V 2
+

1

2V
KILI +M, (1.3.20)

with M a harmonic funtion on R3. Using this for µ into the above equation for ω then
gives

?3 dω[1] = V dM −M dV +
1

2
(KI dLI − LI dKI). (1.3.21)

We note that the solution is expressed in terms of eight harmonic functions (on R3),
namely, V, M, KI , LI . The solution has two families of continuous symmetries, the so-
called “gauge transformations” and “spectral flows”, which act on the harmonic functions.
With cI being constants, gauge transformations here refer to changing the harmonic
functions as

V → V,

KI → KI + cIV,

LI → LI − CIJKcJKK − 1

2
CIJKc

JcKV,

M → M − 1

2
cILI +

1

12
CIJK(cIcJcKV + 3cIcJKK),

(1.3.22)

These transformations map solutions in the Bena-Warner class to solutions in the same
class. Invariance under gauge transformations can be inferred from our discussion above.
Bena-Warner solutions possess another symmetry, the so-called spectral flows, which refer
to changing the functions as,

V → V + cIK
I − 1

2
CIJKcIcJLK +

1

3
CIJKcIcJcKM,

KI → KI − CIJKcJLK + CIJKcJcKM,

LI → LI − 2cIM,

M → M.

(1.3.23)

It can be checked that this is also a symmetry. The action of this symmetry is more
non-trivial as it changes the four-dimensional base space function V .

As mentioned above, the Bena-Warner class of solutions enjoy many properties. These
properties have been discussed in the literature over the last fifteen years. For our pur-
poses, the discussion presented above – construction of solutions using Harmonic functions
– suffices.
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1.4 Non-Linear σ-Models and Symmetric Spaces

Next we provide an overview of the non-linear σ-models with a target space Φ. These
spaces are non-compact Riemannian or pseudo-Riemannian symmetric spaces of the form
G/H. Our discussion is based on Appendix A of [12], with only minor changes in notation.
We heavily use this material in Chapter 3. The non-compact Riemannian or pseudo-
Riemannian symmetric spaces play an important role in describing scalar sectors of various
supergravity theories. In three dimensions, where vectors can be dualised to scalars, such
symmetric spaces play even more important role, as often it happens that the full matter
dynamics is contained in the scalar sector.

1.4.1 Non-compact Riemannian symmetric spaces

Let G be a non-compact real form of some compact Lie group. Real forms of classical
Lie algebras and details about involutions that define them are discussed in some detail
in Chapter 2. There is an involutive transformation (cf. 2.2.1) τ : G → G, τ2 = 1, such
that H, defined as

H = {h ∈ G : τ(h) = h}, (1.4.1)

is the maximal compact subgroup of G and the coset space G/H is a non-compact Rie-
mannian symmetric space.

To parametrize the coset space G/H1, we choose elements P as representatives for
cosets. This amounts to introducing fields P (x) transforming under gauge transformations
from group H, and under the action of G on G/H,

P (x)→ h(x)P (x) g−1, h(x) ∈ H, g ∈ G. (1.4.2)

To fix the gauge symmetry H, we choose a solvable subgroup2 which intersects each
coset once. The group action is liable to lead to non-standard representatives, and must
be accompanied by an induced gauge transformation to maintain the gauge choice,

P (x)→ h(P (x), g)P (x)g−1, g ∈ G. (1.4.3)

Consider the 1-form dP (x)P (x)−1, taking values in the Lie algebra g of G, and decompose
it as

dP P−1 = A+B = (Aa +Ba)dx
a, τ(A) = A, τ(B) = −B, (1.4.4)

where

A =
1

2

(
dP P−1 + τ

(
dP P−1

))
, B =

1

2

(
dP P−1 − τ

(
dP P−1

))
,

are the symmetric and anti-symmetric parts of dP P−1 under the involution τ .
The Lie alebra-valued one form dP P−1 tranforms under the group action of Eq.

(1.4.2) as follows,

dP P−1 → d
(
h(x)P (x)g−1

)(
h(x)P (x)g−1

)−1

=
(
(dh)Pg−1 + h(dP )g−1

)(
gP−1h−1

)
= (dh)h−1 + h(dP )P−1h−1

= h(A+B)h−1 + (dh)h−1,

1For historical reasons, we consider the space of right cosets, Hg, denoting it by G/H with impunity,
since the spaces H\G and G/H are isomorphic.

2Iwasawa Decomposition: g is a direct sum g = h ⊕ a ⊕ n, with h the maximal compact subalgebra
of g, a abelian, n nilpotent, a ⊕ n a solvable Lie subalgebra of g, and [a⊕ n, a⊕ n] = n. In terms of Lie
groups, this is written as G = HAN , where the exponentiation of the nilpotent n gives the “triangular”
matrices.
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so that under (1.4.2),

A→ hAh−1 + (dh)h−1, B → hBh−1. (1.4.5)

This says that A can be thought of as connection for H, and that B transforms H-
covariantly, with both being G-invariant.

Given any invariant scalar product 〈·, ·〉 on the Lie algebra g, define an invariant
(positive-definite) metric γ on G/H by

dφi dφj γij(φ) := 〈B,B〉, (1.4.6)

where φi denote coordinates on G/H. For simple G, and for any faithful representation
% : g 3 B → B̂ := %(B), there is a positive constant ĉ such that

〈B,B〉 = ĉTr
(
B̂B̂

)
. (1.4.7)

The involution τ canonically embeds G/H in G,

τ(XY ) := τ XY τ−1 = τ Xτ−1τ Y τ−1 = τ(X)τ(Y )

P →M := τ(P−1)P,

τ(M) = τ(τ(P−1)P ) = τ τ P−1 τ−1 P τ−1

= τ2P−1τ−2 τ P τ−1 = τ2(P−1)τ(P ) = P−1τ(P ) = M−1

so that M is invariant under H, and covariant under G,

τ(gP−1)(Pg−1) = (τgτ−1)(τP−1τ−1)Pg−1 = τ(g)τ(P−1)Pg−1 = τ(g)Mg−1.

We note that here by, e.g., τXτ−1, we mean the natural action of τ on X by conjugation.
Thinking of M as the conserved charge, we define the corresponding current

J :=
1

2
M−1dM, (1.4.8)

and find, with

d(P−1) = −P−1(dP )P−1, e = τ(e) = τ(PP−1) = τ(P )τ(P−1),

that

PJP−1 =
1

2
PM−1(dM)P−1 =

1

2
(MP−1)−1d(MP−1)− 1

2
Pd(P−1)

=
1

2
(τ(P−1))−1d(τ(P−1)) +

1

2
dP P−1

=
1

2
dP P−1 − 1

2
τ(P ) (τ(P ))−1d(τ(P )) (τ(P ))−1

=
1

2
dP P−1 − 1

2
τ(dP P−1) = B

= (dP −AP )P−1

:= DP P−1

The last definition DP = dP −AP is taken as the H-covariant derivative of P .
Using the above manipulations, the metric (1.4.6) on G/H can be reexpressed in terms

of M as

dφi dφj γij(φ) =
1

4

〈
M−1dM,M−1dM

〉
, (1.4.9)
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and the non-linear sigma model (NLSM) field equations can be rewritten in the equivalent
forms

DαBα = 0 or ∇αJα = 0 or ∇α
(
M−1∂αM

)
= 0, (1.4.10)

where DαBβ = ∇αBβ−[Aα, Bβ]. There are dim G currents J and field equations ∇J = 0,
but only dimG/H of them are independent: they obey the identity τ(J) = −MJM−1

since τ(M) = M−1.

1.4.2 Pseudo-Riemannian symmetric spaces

In this case, we have a non-compact Lie group G and an involutive automorphism τ
which defines the subgroup H of G as above. We again choose P , decompose dP P−1,
and construct M,γ as before. However, due to the non-compactness of H, γ will not be
a positive-definite metric.
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2

Background Material: Real forms of Lie Algeras

The leaning of sophists towards the bypaths of apocrypha
is a constant quantity, John Eglinton detected. The
highroads are dreary but they lead to the town.

Scylla and Charybdis

This chapter discusses the classification of possible symmetric spaces. Symmetric
spaces naturally arise in supergravity [20]. Specifically, Kaluza-Klein compactifications of
higher dimensional supergravity theories lead to a large number of scalars, which often
get organised in a symmetric space structure. Symmetric spaces that arise in toroidal
compactification of ungauged supergravity were famously classified in [12] by Breiten-
lohner, Gibbons, and Maison. The list in [12] is obtained from the general classification
of symmetric spaces by imposing further restrictions. In this chapter we focus on the
general list.

The relevant background on this material can be found in [21] and [22], where the
two use complementary techniques. We do not state detailed theorems and proofs for
lack of space and for clarity of presentation. The material is primarily from [21] with [23]
being a secondary reference. We assume familiarity with the structure theory of complex
semisimple Lie algebras and their classification, including Dynkin diagrams.

2.1 Real Forms of Lie Algebras

A real Lie algebra g0 is called a real form of a complex Lie algebra g if g is the complex-
ification of g0,

g ' g0 ⊗R C.

For example, the Lie algebras sl(p+q; R), su(p+q) and su(p, q) all have the same complex
extension, sl(n; C). The former algebras are called real forms of sl(n; C). Real forms differ
in the reality properties imposed on the generators of the algebra, and are related to each
other essentially by analytic continuation. Since the various real forms are related to a
common complex extension, it is not necessary to write down the commutation relations
of all of them. We only need to write the commutation relations for the common complex
extension, and through appropriate analytic continuation can obtain the commutation
relations for the various real forms.
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From the structure theory of Lie algebras, one knows that a general complex Lie
algebra generator can be written as

rank∑
i=1

ciHi +
∑
α 6=0

cαEα, ci, cα ∈ C. (2.1.1)

The commutation relations between the Hi, Eα are defined by the Dynkin diagram asso-
ciated with the complex Lie algebra. The Cartan-Killing inner product in this choice of
basis is of the form

(Hi, Hj) = δij , (Eα, Eβ) = δα+β,0.

The normal real form of a complex Lie algebra is the subspace where the coefficients in
(2.1.1) are restricted to be real, i.e., the space

rank∑
i=1

ciHi +
∑
α6=0

cαEα, ci, cα ∈ R. (2.1.2)

One can make a change of basis to make the inner product diagonal. We let the basis
elements be

Hi,
Eα + E−α√

2
,
Eα − E−α√

2
.

The trace of the canonical diagonal metric is characteristic of the particular real form of a
complex semisimple Lie algebra. This integer is called the character , χ, of the real form,
and satisfies the relation

χ = (# of non-compact generators)− (# of compact generators) (2.1.3)

= dim g− 2 dim(maximal compact subalgebra). (2.1.4)

The character in general takes values in {−dim g, . . . ,+rank g}. The character, χ, of
the normal form is equal to the rank of the algebra:

χ(normal) = +(rank). (2.1.5)

A real vector space with signature (N+, N−) can be converted to a space with metric
(N+ +N−, 0) by choosing a new basis,

(e1, . . . , eN+ , eN++1, . . . , eN++N−) −→ (e1, . . . , eN+ , ieN++1, . . . , ieN++N−) .

This transformation between mixed and positive metrics is called the Weyl unitary trick .
The compact real form is obtained from the normal real form by an application of the

Weyl unitary trick. With respect to the basis

iHi,
i(Eα + E−α)√

2
,
Eα − E−α√

2
,

the metric is negative definite, i.e., all generators are compact. For this reason, the real
form is called the compact real form of complex Lie algebra g. For this real form

χ(compact) = −(dimension). (2.1.6)

It can also be seen easily that the algebra closes, with real structure constants.
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2.2 Real Forms of Classical Lie Groups

Any operator, say T , that maps a Lie algebra onto itself is called an automorphism, and
has the property that

(X,Y ) = (TX, TY ),

where (·, ·) denotes the Cartan-Killing inner product of the algebra. An automorphism
with the property that

T 2 = I,

is called an involutive automorphism. They have eigenvalues ±1, and split the Lie algebra
into corresponding eigen subspaces. Let us decompose a compact simple Lie algebra g
under an involutive T as

g = k⊕ p, T (g) = k⊕ (−p). (2.2.1)

This is called a Cartan decomposition of the Lie algebra g. The subspaces k and p are
orthogonal since

(k, p) = (T k, Tp) = (k,−p) = −(k, p).

The subspace k is also a subalgebra, since it closes under commutation. For K,K ′ ∈
k, P ∈ p,

([K,K ′], P ) = (T [K,K ′], TP ) = ([K,K ′],−P ) = −([K,K ′], P ) = 0.

Similarly, whenever there are an odd number of p in an inner product of the form
(A, [B,C]), the product vanishes. This gives

[k, k] ⊥ p ⇒ [k, k] ⊆ k,

[k, p] ⊥ k ⇒ [k, p] ⊆ p, (2.2.2)

[p, p] ⊥ p ⇒ [p, p] ⊆ k.

So, k forms a subalgebra, and p is an orthogonal complementary subspace.
Performing Weyl’s unitary trick on p, we get

g∗ = k + ip, (2.2.3)

which is closed under commutation with real structure constants in a basis where g has
real structure constants, i.e.

[k, k] ⊂ k, [k, ip] = ip, [ip, ip] ⊂ (−)k.

From this discussion, it is clear that the algebra g∗ is a real form of g. Also it is clear
that by considering different involutions T one can obtain different real forms g∗. Not
surprisingly, it turns out that the classification of the relevant involutions corresponds to
a classification of the real forms. There are a number of ways this can be done [22]. A
complete discussion of this is beyond the scope of the present chapter. Details can be
found in standard references such as [24,25].

In the next three subsections, following [23], we describe three types of mappings T
of matrices into themselves with T 2 = 1 that can be used to construct all the real forms
of the classical Lie algebras beginning from the respective compact real forms. We begin
by introducing some notation.
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The n× n metric-preserving groups that obey the conditions

(u r
i )∗grsu

s
j = gij , gij = ε(i)δij ,

ε(i) = +1 if i ∈ {1, . . . , p}, ε(i) = −1 if i ∈ {p+ 1, . . . , p+ q = n} ,
(2.2.4)

are U(p + q; F), where F ∈ {R,C,Q}. The groups are respectively denoted as O(p, q; R),
U(p, q; C), U(p, q; Q). Restricting the determinant to be 1, the groups with F ∈ {R,C}
become SO(p, q; R) and SU(p, q; C). The symplectic group U(p, q; Q) is generally described
by 2n × 2n complex matrices, using the canonical embedding of quaternions into 2 × 2
complex matrices:

a+ Ib+ J c+Kd→
(
a+ id ib+ c
ib− c a− id

)
. (2.2.5)

Recall that quaternions are defined as

I2 = J 2 = K2 = IJK = −1 (2.2.6)

The symplectic group is then denoted as USp(2p, 2q; C).

2.2.1 Block matrix decomposition

Consider the compact classical Lie groups U(n; F), defined via

(u r
i )∗grsu

s
j = δij (2.2.7)

are U(p + q; F), where F ∈ {R,C,Q}. Matrices M for the Lie algebras of these groups
satisfy

M +M † = 0. (2.2.8)

The algebras are respectively for orthogonal, unitary, and symplectic groups depending
upon F ∈ {R,C,Q}.

All these compact Lie algebras, denoted u(n; F), have a block submatrix decomposition
(n = p+ q)

u(n; F) =

(
Ap ◦
◦ Aq

)
+

(
◦ B
−B† ◦

)
, (2.2.9)

where A†p = −Ap, A†q = −Aq, and B is an arbitrary p× q matrix over F. This is a Cartan
decomposition. The procedure outlined above for the construction of real forms using a
Cartan decomposition suggests that the off-diagonal block can be multiplied by i. This
is equivalent to the map

g→ T (g) = Ip,q g Ip,q, Ip,q =

(
Ip ◦
◦ −Iq

)
.

With this transformation, we have changed the algebra u(n; F) to u(p, q; F), which can be
decomposed as

u(p, q; F) =

(
Ap ◦
◦ Aq

)
+

(
◦ B
B† ◦

)
, (2.2.10)

where we have absorbed the factor of i in the matrices B. The real forms obtained in this
way are

so(n)→ so(p, q), su(n)→ su(p, q), sp(n)→ sp(p, q).
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2.2.2 Subfield restrictions

The real numbers form a subfield of the complex numbers, which are in turn a subfield
of the quaternions. Correspondingly, a complex matrix algebra can be split into real and
imaginary parts, and similarly quaternionic matrix algebras can be split into a complex
part and the remainder.

For example, the Lie algebra su(n) of complex traceless skew-Hermitian matrices has
a subalgebra of real antisymmetric matrices, so(n),

su(n) = so(n) + [su(n)− so(n)] = An + iSn, (2.2.11)

where Sn comprises real symmetric traceless matrices. Performing Weyl’s unitary trick
on this Cartan decomposition, we get the subalgebra sl(n; R),

su(n)→ sl(n; R) = so(n) + i[su(n)− so(n)] = An + Sn. (2.2.12)

The Lie group generated by this real form is SL(n; R).
Via a similar procedure, the compact real form sp(n) can be transformed into the split

real form, sp(2n; R). Recall that there is an embedding of Q,C into C,R, respectively, given
as 2× 2 matrices over the subfield. These embeddings are explicitly given as

a+ ib→
(
a b
−b a

)
, a+ Ib+ J c+Kd→

(
a+ id ib+ c
ib− c a− id

)
, (2.2.13)

where I2 = J 2 = K2 = −1, IJ = K. With the replacement of complex numbers by reals,
u(n; C) becomes an algebra of 2n× 2n real matrces, which we call ou(2n), since this is an
orthogonal representation of the unitary algebra. With the replacement of quaternions by
the complex numbers, sp(n) = u(n; Q) becomes an algebra of 2n× 2n complex matrices,
which we call usp(2n), since this is a unitary representation of the symplectic algebra.
usp(2n) can be further decomposed into a real subalgebra, ou(2n), and the complementary
subspace. Performing the unitary trick on this Cartan decomposition gives the real form
sp(2n; R):

sp(n)
Q→ C−−−−→ usp(2n) = ou(2n) + [usp(2n)− ou(2n)]

→ ou(2n) + i[usp(2n)− ou(2n)] = sp(2n; R).
(2.2.14)

2.2.3 Field embeddings

The image of u(n) → ou(2n) consists of a set of 2n × 2n antisymmetric matrices which
is clearly a subset of so(2n). As a result, ou(2n) is a subalgebra of so(2n), and one can
write a Cartan decomposition with g = so(2n), k = ou(2n), providing us with a new real
form

so(2n) = ou(2n) + [so(2n)− ou(2n)] −→ ou(2n) + i[so(2n)− ou(2n)] = so∗(2n). (2.2.15)

In a similar manner, usp(2n) is a subalgebra of su(2n), and provides a Cartan decompo-
sition and a real form,

su(2n) = usp(2n)+[su(2n)−usp(2n)]→ usp(2n)+i[su(2n)−usp(2n)] = su∗(2n). (2.2.16)

These operations exhaust the list of real forms. Table 2.1 summarises our results.
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Table 2.1: Summary of the real forms of the classical groups

non-compact Maximal Compact Associated Compact Dimension
Group Subgroup Group of Coset Space

Process G∗ K G G∗/K or G/K

Indefinite SO(p, q) SO(p)⊗ SO(q) SO(p+ q) pq

metric (p, q) SU(p, q) S [U(p)⊗U(q)] SU(p+ q) 2pq

preserving USp(2p, 2q) USp(2p)⊗USp(q) USp(2p+ 2q)
4pq

groups ' U(p, q; Q) ' U(p; Q)⊗U(q; Q) ' U(p+ q; Q)

Subfield SL(n,R) SO(n) SU(n,C)
n(n+ 1)

2
− 1

restriction
Sp(2n; R) U(n; C)

USp(2n)
n(n+ 1)' U(n; Q)

Embedding SO∗(2n) U(n; C) SO(2n) n(n− 1)

groups
SU∗(2n)

USp(2n)
SU(2n) 2n(2n−1)

2 − 1' U(n; Q)

2.2.4 Cosets

Each of the non-compact groups, e.g., SU(p, q; C), SO(p, q; R), USp(2p, 2q) has associ-
ated with it a non-compact Lie algebra g∗, as discussed above. One has g∗ = k ⊕ p∗,
where k is the subalgebra consisting of all compact generators, and p∗ consists of the
remaining generators, all non-compact. The compact subalgebra k generates the max-
imal compact subgroups, i.e., S [U(p)⊗U(q)] , SO(p) ⊗ SO(q), USp(2p) ⊗ USp(2q) for
SU(p, q; C), SO(p, q; R), USp(2p, 2q), respectively. The subspace p∗ is the orthogonal com-
plement to k, and is not closed under commutation. This decomposition of the Lie algebra
has a counterpart in the Lie group as the coset decomposition. If G∗ is a non-compact
Lie group and K the maximal subgroup, then we can write G∗ = P ∗K or G∗ = KP ∗. A
natural choice for the coset representatives is exp p∗, which is non-compact.

2.3 Real Forms of the Symmetric Spaces

The spaces considered so far have been exclusively cosets of the form G/K or G∗/K, with
G the compact real form of the complex extension GC, and G∗ the normal real form of
GC dual to G; K is the maximal compact subgroup of the non-compact G∗. G/K has a
negative definite metric induced from the Cartan-Killing form, while G∗/K has a positive
definite metric on the subspace ip ⊂ g. Thus the symmetric spaces are all Riemannian
spaces.

There is a rich structure of real forms between G and G∗, which is inherited by the
coset spaces: a rich structure of “real forms” of the “complex extension” coset spaces
(G/K)C ' GC/KC. The spaces G/K and G∗/K appear as the “boundary spaces”,
endowed with negative and positive definite metric, with all intermediate real forms of
GC/KC having indefinite signature.

Such pseudo-Riemannian symmetric spaces are cosets of a non-compact group by a
maximal (non-compact) subgroup. Let g be a simple Lie algebra with complex extension
gC, and g∗ a real form of gC. Then, it is possible to find an involutive automorphism τ of
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g∗ with the properties:

g∗ = h⊕m,

τ(g∗) = h⊕ (−m),
(2.3.1)

where, as before, we can argue that

(h,m) = 0.

Inner products of the form

([X,Y ], Z), X, Y, Z in either h or m,

vanish if an odd number of the vectors are in m. Since g∗ is simple, we have

([h, h],m) = 0 ⇒ [h, h] ⊆ h

([h,m], h) = 0 ⇒ [h,m] = m

([m,m],m) = 0 ⇒ [m,m] ⊆ h

The Lie algebra g∗ was itself obtained from g by an involutive automorphism σ:

g = k⊕ p, σ(g) = k⊕ (−p), g∗ = k⊕ ip. (2.3.2)

Similarly to the Riemannian spaces, which are obtained as coset spaces in the following
manner,

G

Kσ
= exp gmod k = exp p,

G∗

K
=
Gσ

Kσ
= exp g∗mod k = exp ip, (2.3.3)

the pseudo-Riemannian symmetric coset spaces are obtained as

Gσ

Hτ
= exp g∗mod h = expm,

(
Gσ

H

)τ
=
Gστ

Hτ
= exp(g∗)∗

′
mod h = exp im. (2.3.4)

Since σ splits g, any vector in k (ip) is an eigenvector of σ with eigenvalue +1 (−1).
Since τ splits g∗, any vector in h (m, im) is an eigenvector of τ with eigenvalue +1 (−1).
The four subspaces gστ exhaust g:

g = g++ ⊕ g+− ⊕ g−+ ⊕ g−−. (2.3.5)

The maps σ, τ commute, and their simultaneous eigenvalues have just been used to de-
scribe g. Then, σ, τ, στ are all involutive automorphisms and appear on an equal footing.
By using the eigenvalues of σ, τ , one can see that

[gστ , gσ′τ ′ ] ⊆ gσσ′,ττ ′ . (2.3.6)

From this, it is possible to conclude which subspaces of g are closed under commutation,
e.g.,

Eigenspace with eigenvalue + 1 of Closed under commutation

Id, σ, τ, στ g++

Id, σ g++ ⊕ g+−

Id, τ g++ ⊕ g−+

Id, στ g++ ⊕ g−−

Id g++ ⊕ g+− ⊕ g−+ ⊕ g−−
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2.3.1 Tables of the Real Forms

The possible involutions σ have already been listed, which also are the possible τ . The
classification of all pseudo-Riemannian spaces proceeds by applying all possible mappings
τ to all possible real forms already listed.

In terms of the Lie algebra decomposition, we have

Gσ

Hτ
= exp

{(
g++ ⊕ g+−

)
⊕ i
(
g−+ ⊕ g−−

)
mod

(
g++ ⊕ ig−+

)}
= exp

(
g+− ⊕ ig−−

)
, (2.3.7)(

Gσ

H

)τ
=
Gστ

Hτ
= exp im = exp

(
ig+− 	 g−−

)
. (2.3.8)

One can draw the following diagram.

g
τ−−−−→ gτ =

(
g++ ⊕ g−+

)
⊕ i
(
g+− ⊕ g−−

)
σ : kτ → hτ σ : G

τ

Kτ
→ Gστ

Hτ(
g++ ⊕ ig−+

)
⊕ i
(
g+− ⊕ ig−−

)
h im⊕

(2.3.9)

This discussion can be summarized as follows. The real forms of symmetric spaces
are completely determined by a compact group G and by two involutions, σ, τ. One
involution, say τ , singles out a compact subgroup Kτ = exp(g++⊕g−+) and a symmetric
space exp(i)(g+− ⊕ g−−) with a definite metric. The other involution σ converts the
compact subgroup to a non-compact subgroup,

Kτ = exp(g++ ⊕ g−+)
σ−→ exp(g++ ⊕ ig−+) = Hτ = K σ

τ , (2.3.10)

and converts the symmetric space with a definite metric to one with an indefinite metric,

G(∗)

Kτ
= exp(i)(g+− ⊕ g−−)

σ−→ exp(i)(g+− ⊕ ig−−) =
G(σ)τ

K σ
τ

=
G(σ)τ

Hτ
. (2.3.11)

Other real forms related to (2.3.9) are obtained by interchanging the order in which σ
and τ are applied and by using στ.

2.4 Example: Real Forms of D4

Here we work out all the real forms of the root space D4 corresponding to the complex
Lie group SO(8,C). The Lie algebra comprises 8 × 8 complex skew-symmetric matrices.
The compact real form so(8,R) consists then of real skew-symmetric 8× 8 matrices. Let
us first apply the three involutions T once to the Lie algebra so(8,R).

2.4.1 Block Matrix Decomposition

The compact Lie algebra so(8,R) has a block submatrix decomposition, with n = p + q,
as

so(8,R) =

(
Ap ◦
◦ Aq

)
+

(
◦ B
−BT ◦

)
(≡ k⊕ p),
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where Ap, Aq are p × p and q × q skew-symmetric matrices and B is an arbitrary p × q
matrix with real entries.

Under the map T (g) = Ip,qgIp,q, where

Ip,q =

(
Ip ◦
◦ −Iq

)
,

the subspace of block-diagonal matrices, k, has eigenvalue 1, and the block off-diagonal
subspace, p, has eigenvalue −1. Performing Weyl’s unitary trick, by sending p → ip, we
obtain the algebras g∗ = k⊕ ip, which are the algebras for so(p, q,R),

so(p, q,R) =

(
Ap ◦
◦ Aq

)
+

(
◦ B
BT ◦

)
(≡ k⊕ ip).

The compact subalgebras for the real forms are so(p) ⊕ so(q), so that the associated
Riemannian symmetric spaces are of the form SO(p, q)/(SO(p)× SO(q)).

2.4.2 Subfield restriction

Since the compact real form so(8,R) consists of real skew-symmetric matrices, the action
of complex conjugations on the compact form is trivial. One does not obtain any new
real forms by this conjugation.

2.4.3 Field embedding

The algebra u(4) of 4× 4 skew-Hermitian matrices can be written as an algebra of 8× 8
skew-symmetric matrices using, e.g., the map that sends

a+ ib→
(
a b
−b a

)
.

This algebra of 8× 8 matrices, which we call ou(8), is obviously a subalgebra of so(8,R).
Then, one can write a Cartan decomposition of so(8,R) with k = ou(8), and perform
Weyl’s unitary trick. This also gives the real form so∗(8),

so(8) = ou(8) + [so(8)− ou(8)]→ ou(8) + i[so(8)− ou(8)] = so∗(8).

It is clear from this construction that the compact subalgebra of the real form is u(4) =
su(4)⊕ u(1). The associated Riemannian symmetric space is SO∗(8)/(SU(4)×U(1)).

2.4.4 Real forms of symmetric spaces

We first list all the Riemannian symmetric spaces that we have obtained. These are, with
p+ q = 8,

1.
SO(p+ q)

SO(p)× SO(q)

2.
SO(p, q)

SO(p)× SO(q)

3.
SO∗(8)

SU(4)×U(1)

To get all possible (pseudo-Riemannian) symmetric spaces from D4, we need to apply
the three involutions again on the real forms of D4. Following the procedure outlined
above, successive use of, for example, two involutions of the type Ip,q will give rise to

the coset spaces SO(p,q)
SO(h,k)×SO(p−h,q−k) . Using Ip,q and field embedding, one can get the

coset spaces SO(2p,2q)
SU(p,q)×U(1) . All other cosets can be generated similarly by the use of the

involutions.

19



3

Geroch Group Description of Bubbling Geometries

So then the citizen begins...

Cyclops

3.1 Introduction

The Riemann-Hilbert approach [26, 27] to studying solutions to supergravity theories is
remarkable in that it allows to study solutions that effectively only depend on two space-
time coordinates in terms of spacetime independent monodromy matrices. More precisely,
on the one hand, to a given solution one can associate a monodromy matrix, on the other
hand, given a candidate monodromy matrix one can perform its canonical factorisation
with prescribed analyticity properties to obtain explicit solutions of supergravity theories.

Thus, in this approach, the problem of solving non-linear partial differential equations
to obtain solutions of supergravity, is mapped into a matrix valued factorisation problem
in one complex variable. This approach offers significant insight into duality symmetries
of supergravity theories, and also into the organisation and classification of its solutions.
It is closely related to the so-called inverse scattering approach [28–30] that has been
astonishingly successful for understanding solutions of five-dimensional vacuum gravity
[31–33].

In order to obtain explicit solutions in the Riemann-Hilbert approach a canonical
factorisation must be performed. Over the last few years at least two different approaches
have been developed. In the first approach [16, 34–36], the authors have focused on
monodromy matrices with simple poles with suitable rank residues. In the the second
approach [37, 38], the authors have converted the matrix valued factorisation problem
into a vectorial Riemann-Hilbert problem and solved it using complex analysis. Several
examples have been worked out in both these approaches. A construction of the JMaRT
[18] solution was worked out in [35], and its relation to the Belinsky-Zakharov inverse
scattering construction was explored in [39].

In this chapter we initiate a systematic study of monodromy matrices for multi-center
solutions. The main motivation for this study is as follows. A generalisation of vari-
ous known multi-center solutions to non-supersymmetric setting is a problem that has
received much attention in recent years [40–44], and a variety of solutions have been ob-
tained. Alternative approaches to such solutions, together with developments of different
techniques, are much desirable to understand better the spectrum and dynamics of such
solutions. In this chapter we take first steps in this direction.
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We obtain monodromy matrices for a class of collinear Bena-Warner bubbling geome-
tries [19, 45]. We consider these solutions as embedded in five-dimensional U(1)3 super-
gravity. The five-dimensional U(1)3 supergravity has SO(4,4) hidden symmetry when
reduced to three-dimensions, and it has affine SO(4,4) (an infinite dimensional symme-
try) as its two-dimensional duality symmetry group. This affine symmetry is called the
Geroch group. The monodromy matrices are matices in this group: 8× 8 matrices of one
complex variable in the defining representation of SO(4,4).

We show that for collinear Bena-Warner bubbling solutions, monodromy matrices
have only simple poles with residues of rank two and nilpotency degree two. These are
precisely some of the conditions required for the Riemann-Hilbert factorisation developed
in [16]. We have not explored the explicit factorisation of monodromy matrices in this
work; we leave this investigation for future studies.

The rest of the chapter is organised as follows. In section 3.2 we present an appro-
priate dimensional reduction of five-dimensional U(1)3 supergravity to three dimensions.
This dimensional reduction is well adapted to obtain a coset description of the Bena-
Warner solutions, which is worked out in detail in section 3.3. The Bena-Warner class of
solutions have two well studied symmetries called “gauge transformations” and “spectral
flow transformations” [46]. Under these transformations solutions are mapped to solu-
tions within the Bena-Warner class. We show that from the three-dimensional duality
symmetry point of view, the so-called “gauge transformations” are simple shifts of certain
three-dimensional scalars, and the so-called “spectral flow transformations” are a class of
Harrison transformations.

In section 3.4 we obtain the Geroch group (monodromy) matrices for collinear multi-
center bubbling solutions. In section 3.5 we work out a few illustrative but non-trivial
examples. We end with a brief summary and possible future directions in section 3.6.
In the appendix to this chapter, 3.7, we work out explicit representatives for smaller
nilpotent orbits of the so(4, 4) Lie algebra. We list matrix rank and nilpotency degree of
these representatives in the defining representation of so(4, 4).

3.2 Dimensional reduction

We start by presenting an appropriate dimensional reduction of five-dimensional U(1)3

supergravity to three dimensions. It is well known that the U(1)3 supergravity when
dimensionally reduced to three-dimensions has an SO(4,4) symmetry. In this section we
make this manifest, and the notation introduced in the discussion will be used through
the rest of the chapter. The sign conventions below are same as [47] except for the over-all
sign of the Chern-Simons term in the 11d action; we refer the reader to that reference for
further details and references. This sign difference results in different signs compared to
that reference in some equations.

Our starting point is the Lagrangian of eleven-dimensional supergravity,

L11 = R11 ?11 1− 1

2
F[4] ∧ ?11F[4] −

1

6
F[4] ∧ F[4] ∧A[3]. (3.2.1)

We are interested in the five-dimensional theory obtained by dimensional reduction on T6

with the following metric ansatz,

ds2
11 = ds2

5 + h1(dx̃2
1 + dx̃2

2) + h2(dx̃2
3 + dx̃2

4) + h3(dx̃2
5 + dx̃2

6), (3.2.2)

together with the form-field ansatz,

A[3] = A1
[1] ∧ dx̃1 ∧ dx̃2 +A2

[1] ∧ dx̃3 ∧ dx̃4 +A3
[1] ∧ dx̃5 ∧ dx̃6. (3.2.3)
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We work with the assumption that nothing depends on the six torus coordinates x̃i. We
also assume that the scalars hI , with I = 1, 2, 3, obey the constraint1

h1h2h3 = 1, (3.2.4)

i.e., we assume that all complex structure moduli of the T6 as well as the volume modulus
are frozen. The constraint (3.2.4) ensures that the resulting five-dimensional metric is in
the Einstein frame. The eleven dimensional Lagrangian reduces to the five-dimensional
U(1)3 supergravity,

L5 = R5 ?5 1− 1

2
GIJ ?5 dh

I ∧ dhJ − 1

2
GIJ ?5 F

I
[2] ∧F

J
[2] −

1

6
CIJKF

I
[2] ∧F

J
[2] ∧A

K
[1], (3.2.5)

where CIJK = |εIJK |, and GIJ is diagonal with entries GII = (hI)−2. Note that the
constraint (3.2.4) must be solved before computing variations of the action in order to
obtain equations of motion for various fields. It can be solved, say, with the following
choice,

h1 = e

√
2
3

Ψ
, h2 = e

−
√

1
6

Ψ−
√

1
2

Φ
, h3 = e

−
√

1
6

Ψ+
√

1
2

Φ
. (3.2.6)

3.2.1 Timelike reduction: 5d to 4d

To perform Kaluza-Klein reduction from five-dimensions to four-dimensions we parame-
terize our 5d spacetime as

ds2 = ε1f
2(dt+ Ǎ0

[1])
2 + f−1ds2

4, (3.2.7)

and 5d vectors as
AI[1] = χI(dt+ Ǎ0

[1]) + ǍI[1], (3.2.8)

where we use ε1 to keep track of minus signs. The case of interest for the present discussion
is ε1 = −1. The timelike reduction is thought of as an effective simplification of the five-
dimensional dynamics in the presence of ∂t Killing vector.

The 4d graviphoton Ǎ0
[1] and the 4d vectors ǍI[1] form a symplectic vector ǍΛ

[1] with

Λ = 0, 1, 2, 3. We define the field strength for these vectors as simply FΛ
[2] = dǍΛ

[1].

Inserting ansatzes (3.2.7) and (3.2.8) in Lagrangian (3.2.5) we obtain,

L4 = R ?4 1− 1

2
GIJ ?4 dh

I ∧ dhJ − 3

2f2
?4 df ∧ df − ε1

f3

2
?4 F̌

0
[2] ∧ F̌

0
[2]

− ε1
1

2f2
GIJ ?4 dχ

I ∧ dχJ − f

2
GIJ ?4 (F̌ I[2] + χI F̌ 0

[2]) ∧ (F̌ J[2] + χJ F̌ 0
[2])

− 1

2
CIJKχ

I F̌ J[2] ∧ F̌
K
[2] −

1

2
CIJKχ

IχJ F̌ 0
[2] ∧ F̌

K
[2] −

1

6
CIJKχ

IχJχK F̌ 0
[2] ∧ F̌

0
[2] .

(3.2.9)

Note that the sign of the kinetic term for the graviphoton F̌ 0
[2] and that for the scalars χI

depend on the sign ε1.
The reduced Lagrangian (3.2.9) can be obtained from a cubic prepotential using split

complex numbers, where the imaginary unit e squares to +1 instead of −1, ē = −e, e2 =
+1. Specifically, taking

F (X) = −X
1X2X3

X0
, (3.2.10)

1For a discussion on the constraint (3.2.4) see e.g. [48]. We thank E. Colgáin for bringing this reference
to our attention.
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and using the gauge X0 = 1 and XI = −χI + efhI , Lagrangian (3.2.9) with ε1 = −1 is
seen to be identical to

L4 = R ?4 1− 2gIJ̄ ?4 dX
I ∧ dX̄ J̄ +

1

2
F̌Λ

[2] ∧ ǦΛ[2], (3.2.11)

where F̌Λ
[2] = dǍΛ

[1]. The indices I, J run from 1 to 3, and gIJ̄ = ∂I∂J̄K with the potential

K = − log
[
−e(X̄ΛFΛ − F̄ΛX

Λ)
]
, (3.2.12)

and where FΛ = ∂ΛF . The two form ǦΛ[2] is defined as

ǦΛ[2] = −(ReN)ΛΣF̌
Σ
[2] + (ImN)ΛΣ ?4 F̌

Σ
[2], (3.2.13)

where the split complex symmetric matrix NΛΣ is constructed from the prepotential as

NΛΣ = F̄ΛΣ + 2e
(ImF ·X)Λ(ImF ·X)Σ

X · ImF ·X
, (3.2.14)

and where FΛΣ = ∂Λ∂ΣF . Explicitly, the ReN and ImN matrices are as follows

ReN =


2χ1χ2χ3 χ2χ3 χ1χ3 χ1χ2

χ2χ3 0 χ3 χ2

χ1χ3 χ3 0 χ1

χ1χ2 χ2 χ1 0

 , (3.2.15)

ImN = f


f2 +

∑3
i=1

χ2
i

(hi)2 − χ1

(h1)2 − χ2

(h2)2 − χ3

(h3)2

− χ1

(h1)2 − 1
(h1)2 0 0

− χ2

(h2)2 0 − 1
(h2)2 0

− χ3

(h3)2 0 0 − 1
(h3)2

 . (3.2.16)

3.2.2 Spacelike reduction: 4d to 3d

Now we perform a spacelike reduction from four to three dimensions. For this we param-
eterize our four-dimensional space as

ds2
4 = e2U (dz + ω3)2 + e−2Uds2

3, (3.2.17)

and the 4d one-forms as
ǍΛ

[1] = ζΛ(dz + ω3) +AΛ
3 , (3.2.18)

where AΛ
3 and ω3 are three-dimensional one-forms. We define the field strengths simply

as FΛ
3 := dAΛ

3 and F3 := dω3. Since in three dimensions, vector fields are dual to
scalars, we now dualise vectors AΛ

3 and ω3 into scalars ζ̃Λ and σ. The procedure of
dualisation interchanges the role of Bianchi identities and field equations. The easiest
way to achieve dualisation is to treat FΛ

3 and F3 as fundamental fields in their own right
and impose Bianchi identities through Lagrange multipliers. To this end we add the
following Lagrange multiplier terms to the 3d Lagrangian

+ ζ̃ΛF
Λ
3 +

1

2
(σ + ζΛζ̃Λ)F3. (3.2.19)
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Thus the total three dimensional Lagrangian we consider is

L3 = R ?3 1− 2 ?3 dU ∧ dU −
1

2
e4U ?3 F3 ∧ F3 − 2gIJ̄ ?3 dX

I ∧ dX̄ J̄

+
1

2
e2U (ImN)ΛΣ ?3 (FΛ

3 + ζΛF3) ∧ (FΣ
3 + ζΣF3) +

1

2
e−2U (ImN)ΛΣ ?3 dζ

Λ ∧ dζΣ

− (ReN)ΛΣ dζ
Λ ∧ (FΣ

3 + ζΣF3) + ζ̃ΛdF
Λ
3 +

1

2
(σ + ζΛζ̃Λ)dF3. (3.2.20)

Clearly, variations of this Lagrangian with respect to σ and ζ̃Λ give the required Bianchi
identities. Upon integration by parts on the Lagrange multiplier terms, equations for
FΣ

3 and F3 are purely algebraic. These equations allow us to do the dualizations of the
one-forms. We find

dζ̃Λ = e2U (ImN)ΛΣ ?3 (FΣ
3 + ζΣF3)− (ReN)ΛΣdζ

Σ, (3.2.21)

and
dσ + ζ̃Λdζ

Λ − ζΛdζ̃Λ = −2e4U ?3 F3. (3.2.22)

Substituting these back into Lagrangian (3.2.20) we find that it takes the form

L3 = R ?3 1− 1

2
Gabdϕ

a ∧ ?dϕb. (3.2.23)

Metric Gab in our conventions is

Gabdϕ
adϕb = 4dU2 + 4gIJ̄dX

IdX̄ J̄ − 1

4
e−4U

(
dσ + ζ̃Λdζ

Λ − ζΛdζ̃Λ

)2
(3.2.24)

+ e−2U
[
−(ImN)ΛΣdζ

ΛdζΣ + ((ImN)−1)ΛΣ
(
dζ̃Λ + (ReN)ΛΞdζ

Ξ
)(

dζ̃Σ + (ReN)ΣΓdζ
Γ
)]
.

This metric is identical to the one obtained in [47].
The symmetric space (3.2.24) can be parameterized in the Iwasawa gauge by the coset

element [14]

V = e−U H0 ·
∏

I=1,2,3

(
e−

1
2 [log(fhI)]HI · eχIEI

)
· e−ζ

ΛEqΛ−ζ̃ΛE
pΛ · e−

1
2
σE0 , (3.2.25)

where for an explicit parametrisation of the Lie algebra so(4, 4) 3 X =
∑
EaEa we use

X =



H2 +H3 −E3 −F q1 F q0 0 −E2 Ep0 Ep1

−F 3 H2 −H3 −F p2 F q3 E2 0 Ep3 −Eq2
−Eq1 −Ep2 H +H1 −E1 −Ep0 −Ep3 0 −E0

Eq0 Eq3 −F 1 H −H1 −Ep1 Eq2 E0 0

0 F 2 −F p0 −F p1 −H2 −H3 F 3 Eq1 −Eq0
−F 2 0 −F p3 F q2 E3 H3 −H2 Ep2 −Eq3
F p0 F p3 0 F 0 F q1 F p2 −H −H1 F 1

F p1 −F q2 −F 0 0 −F q0 −F q3 E1 H1 −H


.

In the above equation Ea are the 28 generators and Ea are the 28 dual coordinates. The
generators Ea can be readily written in the basis (3.7.7)–(3.7.12)2. The matrix that defines
the SO(4,4) group in our notation is

η =

(
04 14

14 04

)
, (3.2.26)

2Since we are doing dimensional reduction first over time and then over space, the names of the
generators EqΛ and EpΛ do not have the same interpretation as they have in reference [14]. However, since
in many papers this notation is used, we continue to use it for writing the coset representative.
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i.e., any X ∈ SO(4,4) satisfies
XT · η ·X = η. (3.2.27)

The involution τ̃ that defines3 the coset

SO(4, 4)

SO(2, 2)× SO(2, 2)
(3.2.28)

is:

τ̃(H0) = −H0, τ̃(HI) = −HI , (3.2.29)

τ̃(E0) = +F0, τ̃(EI) = +FI , (3.2.30)

τ̃(Eq0) = +Fq0 , τ̃(Eq0) = −FqI , (3.2.31)

τ̃(EpI ) = −Fp0 , τ̃(EpI ) = +FpI . (3.2.32)

In our basis the matrix η′ that implements the involution as,

τ̃(x) =: −x] = −η′ · xT · η′, for all x ∈ so(4, 4), (3.2.33)

is
η′ = diagonal{−1, 1,−1, 1,−1, 1,−1, 1}. (3.2.34)

Metric (3.2.24) is obtained through the Maurer-Cartan one-form θ = dV · V−1 as
follows. Defining,

P =
1

2
(θ − τ̃(θ)) , (3.2.35)

one sees that
Gabdϕ

a ∧ ?dϕb = Tr(P ∧ ?P ). (3.2.36)

3.3 Coset description of Bena-Warner solutions

The above dimensional reduction is well adapted to obtain coset description of Bena-
Warner [19] solutions, since Bena-Warner solutions are naturally written in a fibre form
amenable to such a reduction. In this section we work out such a coset description in our
notation. Some of this discussion is implicit in the literature [15]; however, in order to
work out the Geroch group description, we need those details explicitly.

To set the notation we start with a quick summary of the Bena-Warner class of
solutions, following the original notation [19]. In eleven dimensions, metric takes the
form,

ds2
11 = ds2

5 + ds2
T6 , (3.3.1)

where
ds2

5 = −(Z1Z2Z3)−2/3(dt+ k)2 + (Z1Z2Z3)1/3hmndx
mdxn, (3.3.2)

and the metric on six-torus is

ds2
T6 =

(
Z2Z3

Z2
1

)1/3

(dx̃2
1+dx̃2

2)+

(
Z1Z3

Z2
2

)1/3

(dx̃2
3+dx̃2

4)+

(
Z1Z2

Z2
3

)1/3

(dx̃2
5+dx̃2

6), (3.3.3)

The eleven dimensional three-form-field takes the form,

A[3] = A1
[1] ∧ dx̃1 ∧ dx̃2 +A2

[1] ∧ dx̃3 ∧ dx̃4 +A3
[1] ∧ dx̃5 ∧ dx̃6. (3.3.4)

3We put tilde of tau because it denotes an involution different from the standard Cartan involution.
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In the above expressions k is a one-form on the four-dimensional base space ds2
4 =

hmndx
mdxn and AI[1] (I = 1, 2, 3) are one-forms in the five-dimensional spacetime. The

BPS equations of motion determine all these fields in terms of eight harmonic functions

(V,M,KI , LI) (3.3.5)

when the four-dimensional base metric hmn is taken to be the multi-center Gibbons-
Hawking space [19, 45, 49, 50]. We restrict our study to this case only. The relevant
expressions are as follows. The four-dimensional base metric takes a fibre form,

ds2
4 = V −1(dz +A)2 + V (dr2 + r2dθ2 + r2 sin2 θdφ2), (3.3.6)

with
?3 dA = dV, (3.3.7)

and where the three-dimensional hodge star operation is with respect to the three-
dimensional flat base metric

ds2
3 = dr2 + r2dθ2 + r2 sin2 θdφ2. (3.3.8)

The five-dimensional vector fields take the form,

AI = −Z−1
I (dt+ k) + V −1KI(dz +A) + ξI , (3.3.9)

with
?3 dξ

I = −dKI , (3.3.10)

and the functions ZI ’s are given as

ZI =
1

2
CIJKV

−1KJKK + LI . (3.3.11)

The one form k on the four-dimensional Gibbons-Hawking space takes the form

k = µ(dz +A) + ωBW, (3.3.12)

with

µ =
1

6
CIJK

KIKJKK

V 2
+

1

2V
KILI +M, (3.3.13)

and

?3dωBW = V dµ− µdV − V ZId
(
V −1KI

)
(3.3.14)

= V dM −MdV +
1

2
(KIdLI − LIdKI). (3.3.15)

To go from (3.3.14) to (3.3.15) we have substituted the formula (3.3.13) for the function
µ. We use the notation ωBW to denote the three-dimensional one-form that appears
in (3.3.12), in order to distinguish it from the three-dimensional one-form ω3 that we
introduced in equation (3.2.17) in section 3.2.

We refer the reader to [19] and to reviews [9, 11] for further details on the solutions
and the BPS equations.
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3.3.1 SO(4,4) coset description

The above class of solutions can be viewed as solutions to five-dimensional U(1)3 su-
pergravity upon dimensional reduction from eleven to five dimensions on the six-torus.
These solutions also have ∂t and ∂z Killing symmetries. As a result, they can be given
a three-dimensional description in the dimensionally reduced U(1)3 supergravity theory
with three dimensional flat base space. Our first aim is to obtain that description, and
in particular, how they are represented in the SO(4,4) coset variables. To this end we
compute the sixteen three-dimensional scalars that parameterise the coset

SO(4, 4)

SO(2, 2)× SO(2, 2)
, (3.3.16)

in terms of the above introduced eight harmonic functions (3.3.5). Note that the sixteen
three-dimensional scalars are

{U, σ,Re(XI) = −χI , Im(XI) = fhI , ζΛ, ζ̃Λ}. (3.3.17)

We find in the notation of section 3.2 for the scalars Im(XI) = fhI ,

h1 =

(
Z2Z3

Z2
1

)1/3

(3.3.18)

h2 =

(
Z1Z3

Z2
2

)1/3

(3.3.19)

h3 =

(
Z1Z2

Z2
3

)1/3

(3.3.20)

together with
f = (Z1Z2Z3)−1/3, (3.3.21)

For the scalars Re(XI) = −χI we find

χI = −Z−1
I . (3.3.22)

With these fields at hand we can compute the ReN and ImN matrices. We find the
following simple expressions for these matrices

ReN =


− 2
Z1Z2Z3

1
Z2Z3

1
Z1Z3

1
Z1Z2

1
Z2Z3

0 − 1
Z3

− 1
Z2

1
Z1Z3

− 1
Z3

0 − 1
Z1

1
Z1Z2

− 1
Z2

− 1
Z1

0

 , (3.3.23)

and

ImN =


− 2
Z1Z2Z3

1
Z2Z3

1
Z1Z3

1
Z1Z2

1
Z2Z3

− Z1
Z2Z3

0 0
1

Z1Z3
0 − Z2

Z1Z3
0

1
Z1Z2

0 0 − Z3
Z1Z2

 . (3.3.24)

Proceeding further we have for the scalars ζΛ

ζ0 = µ, (3.3.25)

ζI = V −1KI , (3.3.26)
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and for the scalar U ,
e2U = V −1. (3.3.27)

Out of sixteen we have listed eleven scalars so far. Now we use the dualization equa-
tions (3.2.21) and (3.2.22) to find the remaining five scalars ζ̃Λ and σ. For evaluating ζ̃Λ

we need the combinations ?3(FΣ
3 + ζΣF3). Interestingly, these three-dimensional hodge

dualities can be performed rather straightforwardly given the equations above. To this
end, we first write the relation between the five three-dimensional one-forms (ω3, A

Λ
3 )

that appear in the coset description and the three-dimensional one forms that appear in
Bena-Warner solutions (A,ωBW, ξ

I):

ω3 = A, (3.3.28)

A0
3 = ωBW, (3.3.29)

AI3 = ξI . (3.3.30)

For ?3(F 0
3 + ζ0F3), we have

?3(F 0
3 + ζ0F3) = ?3 (dωBW + ζ0dA) (3.3.31)

= ?3 dωBW + ζ0dV (3.3.32)

= V dµ− V ZIdζI , (3.3.33)

where in the first step we have used ω3 = A and A0
3 = ωBW; in the second step we

have used the duality relation (3.3.7); and finally in the third step we have used relations
(3.3.14) and (3.3.26). Similarly,

?3(F I3 + ζIF3) = ? F I3 + V −1KIdV (3.3.34)

= − dKI + V −1KIdV, (3.3.35)

where we have used ω3 = A and AI3 = ξI together with relations (3.3.26) and (3.3.10).
Using these expressions, an explicit calculation shows that the combination

e2U (ImN)ΛΣ ?3 (FΣ
3 + ζΣF3)− (ReN)ΛΣdζ

Σ (3.3.36)

vanishes. Therefore, the four ζ̃Λ scalars can all be chosen to be zero, which is what we
will do:

ζ̃Λ = 0. (3.3.37)

Doing so we have from (3.2.22)

dσ = −2V −2 ?3 F3 = −2V −2dV = 2d(V −1), (3.3.38)

i.e., σ can be taken to be 2V −1:
σ = 2V −1. (3.3.39)
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To summarise, the sixteen scalars of the coset model take the values

e2U = V −1, (3.3.40)

σ = 2V −1, (3.3.41)

ζ̃Λ = 0, (3.3.42)

ζ0 = µ =
1

6
CIJK

KIKJKK

V 2
+

1

2V
KILI +M, (3.3.43)

ζI = V −1KI , (3.3.44)

Re(XI) = − χI = Z−1
I =

(
1

2
CIJKV

−1KJKK + LI

)−1

, (3.3.45)

Im(XI) = fhI = Z−1
I =

(
1

2
CIJKV

−1KJKK + LI

)−1

. (3.3.46)

Note that the right hand side of the above expressions are all written in terms of the
eight Bena-Warner harmonic functions (3.3.5). These expressions provide the required
embedding of the Bena-Warner class of the solutions in SO(4,4) coset model framework
in our notation. The matrix of scalars

S(~x) = V]V (3.3.47)

for the Bena Warner solutions takes the form,

S(~x) =



S11 L2 S13 K1 −1 L3 0 −2M
−L2 0 K3 0 0 −1 0 0
S13 −K3 S33 V 0 −K2 −1 L1

−K1 0 −V 0 0 0 0 −1
−1 0 0 0 0 0 0 0
−L3 −1 K2 0 0 0 0 0

0 0 −1 0 0 0 0 0
2M 0 −L1 −1 0 0 0 0


, (3.3.48)

where

S11 = L2L3 − 2K1M, (3.3.49)

S13 =
1

2

(
K1L1 −K2L2 −K3L3 − 2MV

)
, (3.3.50)

S33 = K2K3 + L1V. (3.3.51)

We use ~x to collectively denote three-dimensional base space coordinates r, θ, φ. Using
this embedding we can now arrive at some general results.

Our first general result is that the Lie algebra valued Noether’s current for the Bena-
Warner solutions is nilpotent. This is seen by a simple calculation as follows. We compute

J = S−1 · dS, (3.3.52)

and find

J = dKIFpI − dV F0 − dLIFI − 2dMEq0 +

(
MdV − V dM +

1

2
(LIdK

I −KIdLI)

)
Fp0 .

(3.3.53)

29



Clearly
d ?3 J = 0, (3.3.54)

since (i) functions (3.3.5) are harmonic, and (ii) from (3.3.15) we see that the term in
front of Fp0 is ?3dωBW. Therefore, J is a conserved Lie algebra valued one-form. It is
easily checked that as an so(4, 4) matrix it is nilpotent of degree three. We define the
charge matrix

Q =
1

4π

∫
Σ
?3J, (3.3.55)

where Σ is a two-cycle in three-dimensional flat space. If there are no Dirac-Misner strings
in the solutions, then in the charge integral there will not be a contribution from the term

Fp0

∫
Σ
dωBW, (3.3.56)

as the integral is over a two cycle of a closed two form.
We can also connect the preceding discussion to that of reference [15]. Four-dimensional

(Lorentzian) gravity embedded in the SO(4, 4) coset is parameterised by f and ζ̃0, while
other scalars are to be set to zero. For this embedding, we have the gravity sl(2) spanned
by the generators

h = − 1

2

(
H0 +

3∑
I=1

HI

)
, (3.3.57)

e = Fp0 , (3.3.58)

f = Ep0 . (3.3.59)

The h gives the following grading for the generators that appear in current (3.3.53):

(Fp0)(+2), {F0,FI ,Eq0 ,FpI}(+1). (3.3.60)

For the equations of motion (3.3.54), we observe that coefficients at grade one are precisely
the equations giving eight harmonic functions; moreover, coefficient of J at grade two is
related to the no Dirac-Misner strings condition [15].

3.3.2 Gauge transformations and spectral flow dualities

The Bena-Warner class of solutions have two well studied symmetries called “gauge trans-
formations” and “spectral flows”. Under these transformations solutions are mapped to
solutions. The first class, the so called “gauge transformations” correspond to changing
the harmonic functions as [19]

V → V, (3.3.61)

KI → KI + cIV, (3.3.62)

LI → LI − CIJKcJKK − 1

2
CIJKc

JcKV, (3.3.63)

M → M − 1

2
cILI +

1

12
CIJK(V cIcJcK + 3cIcJKK). (3.3.64)

In the notation of coset variables, these transformations correspond to shifting the scalars
ζI by constant cI . Indeed, these gauge transformations are realised as simply

S(~x)→ g]S(~x)g, (3.3.65)

30



with

g = exp

[
−

3∑
I=1

cIEqI

]
. (3.3.66)

The second class of transformations are called the spectral flow transformations [46].
They are

M → M, (3.3.67)

LI → LI − 2cIM, (3.3.68)

KI → KI − CIJKcJLK + CIJKcJcKM, (3.3.69)

V → V + cIKI −
1

2
CIJKcIcJLK +

1

3
CIJKcIcJcKM. (3.3.70)

These transformations do not correspond a simple shifting of scalars, instead these are
Harrison transformations – transformations involving “negative” root vectors of the so(4, 4)
Lie algebra,

S(x)→ g]S(x)g, (3.3.71)

with

g = exp

[
−

3∑
I=1

cIFqI

]
. (3.3.72)

Harrison transformations have non-trivial action on the solutions [47,51]. One can clearly
come up with a very large class of similar other transformations by exponentiating other
generators.4

With this understanding of spectral flows as Harrison transformations, we are also able
to better understand relation between references [52, 53] and [47, 51]. On the one hand,
reference [53] uses the so-called TsT transformations and some generalisations to relate
certain asymptotically flat black hole solutions to their subtracted geometries. It was
previously understood that those TsT transformations are related to spectral flows [52].
On the other hand, references [47,51] use a class of Harrison transformations to relate the
same asymptotically flat black hole solutions to their subtracted geometries. Via these
inter-connections, it was expected that Harrison transformations are closely related to
spectral flows. Above, we have presented a direct and simple relationship: Bena-Bobev-
Warner spectral flows are a special class of Harrison transformations. To the best of our
knowledge, such a direct relationship has not been elucidated before.5

3.4 Geroch group description of collinear bubbling
solutions

Now we are in position to work out the Geroch group description of collinear bubbling
solutions. We need to work with collinear centers, since only in this situation we can
perform further dimensional reduction to two dimensions. We keep the initial discussion
general, i.e., with finite set of isolated centers with location anywhere in flat base R3.
Later when we discuss reduction to two dimensions, we will assume ∂φ as another Killing
symmetry of the full spacetime configuration.

4The Lie algebra generators appearing in equations (3.3.66) and (3.3.72) are all at grade zero with
respect to generator h defined in (3.3.57), i.e., EqI and FqI also belong to the Lie algebra of the four-
dimensional U-duality group.

5We thank Monica Guica for discussion on this point.
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3.4.1 Matrix of scalars for bubbling solutions

In the Bena-Warner class of solutions, we can choose the harmonic functions to be localised
anywhere on the three-dimensional base space. We take harmonic functions with finite
set of isolated sources at locations ~x(j) in the three-dimensional base space R3. For
convenience of notation, in the equations below we put all I, J,K indices upstairs, and
the indices for the centers downstairs. We have for the eight harmonic functions,

V = q0 +
N∑
j=1

qj
rj
, KI = kI0 +

N∑
j=1

kIj
rj
, (3.4.1)

LI = lI0 +

N∑
j=1

lIj
rj
, M = m0 +

N∑
j=1

mj

rj
, (3.4.2)

where rj = |~x − ~x(j)|. We can easily read off the various matrix elements of the matrix
(3.3.48). There are only three matrix elements that are slightly non-trivial. We calculate
them here,

S11 = L2L3 − 2K1M (3.4.3)

=

(
l20 +

N∑
s=1

l2s
rs

)(
l30 +

N∑
t=1

l3t
rt

)
− 2

(
k1

0 +
N∑
s=1

k1
s

rs

)(
m0 +

N∑
t=1

mt

rt

)
(3.4.4)

Expanding it out we get,

S11 =
(
l20l

3
0 − 2k1

0m0

)
+

N∑
s=1

1

rs

(
l2s l

3
0 + l20l

3
s − 2k1

sm0 − 2k1
0ms

)
+

N∑
s,t=1

1

rsrt

(
l2s l

3
t − 2k1

smt

)
.

(3.4.5)
In this expansion there are double pole terms.

For bubbling solutions, i.e., solutions without brane sources, all harmonic functions
must have singularities only at the Gibbons-Hawking centres. Such solutions have [19]:

lIj = −1

2
CIJK

kJj k
K
j

qj
, mj =

1

2

k1
jk

2
jk

3
j

q2
j

. (3.4.6)

Since qj appears in the denominator in these equations, in order for these equations to
make sense, we must have Gibbons-Hawking center at location ~x(j), i.e., qj 6= 0. For this
sub-class of solutions double pole terms in (3.4.5) all cancel out:

l2s l
3
s − 2k1

sms =

(
−k

s
1k
s
3

qs

)(
−k

s
1k
s
2

qs

)
− (2k1

s)

(
1

2

k1
sk

2
sk

3
s

q2
s

)
= 0. (3.4.7)

Similarly, double pole terms all cancel out for S13 and S33. The expansion of S13 is as
follows,

S13 =
1

2

(
K1L1 −K2L2 −K3L3 − 2MV

)
=

1

2

(
k1

0l
1
0 − k2

0l
2
0 − k3

0l
3
0 − 2m0q0

)
+

N∑
s=1

1

2rs

(
k1
s l

1
0 − k2

s l
2
0 − k3

s l
3
0 − 2msq0 + k1

0l
1
s − k2

0l
2
s − k3

0l
3
s − 2m0qs

)
+

N∑
s,t=1,
s 6=t

1

2rsrt

(
k1
s l

1
t − k2

s l
2
t − k3

s l
3
t − 2msqt

)
, (3.4.8)
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and expansion of S33 is as follows,

S33 = K2K3 + L1V

=
(
k2

0k
3
0 + l10q0

)
+

N∑
s=1

1

rs

(
k2
sk

3
0 + k2

0k
3
s + l1sq0 + l10qs

)
+

N∑
s,t=1,
s 6=t

1

rsrt

(
k2
sk

3
t + l1sqt

)
.

(3.4.9)

With these expansions at hand we can write the expanded S(~x) matrix schematically as,

S(~x) = S∞ +
N∑
s=1

1

rs
Ss(~x) +

N∑
s,t=1,
s 6=t

1

rsrt
Sst. (3.4.10)

Properties of Ss and Sst matrices are of interest to us. Remarkably, these matrices satisfy
a number of simple properties. The key properties are,

1. The matrices S−1
∞ Ss are nilpotent of degree three. When conditions (3.4.6) for

the bubbling solutions are imposed in addition, S−1
∞ Ss are nilpotent of degree two.

Unless otherwise stated we will implicitly assume conditions (3.4.6). We define

Bs := S−1
∞ Ss, Bs ·Bs = 0. (3.4.11)

2. Nilpotent matricesBs are in the 8×8 vector representation of the Lie algebra so(4, 4).
These matrices are of rank 2. In fact, these matrices as Lie algebra generators belong
to the unique minimal nilpotent orbit of so(4, 4). In the notation of the appendix
3.7, the orbit is O1 with α and β labels (0,1,0,0) and (1,1,1,1) respectively.

3. When we multiply any three such matrices we get zero,

Br ·Bs ·Bt = 0. (3.4.12)

4. The matrices Sst are,

Sst =
1

2
S∞ · (Bs ·Bt +Bt ·Bs). (3.4.13)

5. The full matrix S(~x) is therefore simply

S(~x) = S∞ · exp

[
N∑
s=1

Bs
rs

]
. (3.4.14)

Some of these comments admit appropriate generalisation when the bubbling conditions
(3.4.6) are not imposed. However, since for such solutions matrices Bs are not of rank
2, we do not expect them to fit into the inverse scattering approach of [16]. For this
reason we have not explored that case in detail. We leave a more detailed study of those
solutions for the future.
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3.4.2 Charge matrices at each center

One can write expressions for Bs matrices for any given set of harmonic functions of the
form of (3.4.1)–(3.4.2) by reading off the coefficients of r−1

s in S(~x). We find

Bs = −qsF0 − lIsFI − βsFp0 + kIsFpI − 2msEq0 , (3.4.15)

where

βs = q0mj −m0qj +
1

2
(lIjk

I
0 − kIj lI0). (3.4.16)

To calculate the charge matrix at each center, we evaluate J = S−1dS, and integrate
on a small sphere around the sth center to find

Q(s) =
1

4π

∫
Σs

?3J = −Bs −
1

2

N∑
t=1
t6=s

[Bs, Bt]

|rs − rt|
. (3.4.17)

The commutator involved can be written in a nice way as well. One finds,

[Bs, Bt] = qsqt

(
k1
t

qt
− k1

s

qs

)(
k2
t

qt
− k2

s

qs

)(
k3
t

qt
− k3

s

qs

)
Fp0 . (3.4.18)

We have not used all regularity conditions up to now. The bubble equations require
that [19]

1

2

N∑
t=1
t6=s

qsqt

(
k1
t

qt
− k1

s

qs

)(
k2
t

qt
− k2

s

qs

)(
k3
t

qt
− k3

s

qs

)
1

|rs − tt|
= βs, (3.4.19)

which, using (3.4.18) becomes

1

2

N∑
t=1
t6=s

[Bs, Bt]

|rs − rt|
= βsFp0 . (3.4.20)

As a result, the charge matrix at each center of the bubbling solutions is then given by

Q(s) = qsF0 + lIsFI − kIsFpI + 2msEq0 . (3.4.21)

It only depends on the charges at the location ~x(s) and the Dirac-Misner strings have
all cancelled upon using the bubble equations, as expected. Note that Q(s) is a linear
combination of grade +1 terms alone, cf. (3.3.60).

3.4.3 Monodromy matrix for bubbling solutions

Let us now understand the above class of solutions from the Geroch group perspective.
In order to reduce the solution to two dimensions, we need to take collinear centers; the
matrix S(~x) then only depends on two coordinates (r, θ). A recipe for obtaining the
Geroch group matrix M(w) for a solution with known S(~x) was given in [26, 36]; see
also [37]. To use this recipe we first need to change coordinates of the base space from
(r, θ, φ) to the Weyl canonical coordinates (ρ, z, φ). The canonical coordinates have the
property that the three-dimensional base space has the cylindrical metric

ds2
3 = dρ2 + dz2 + ρ2dφ2. (3.4.22)
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The change of coordinates that takes from flat base space in polar coordinates ds2
3 =

dr2 + r2dθ2 + r2 sin2 θdφ2 to canonical coordinates is:

ρ = r sin θ, z = r cos θ. (3.4.23)

In canonical coordinates recipe to obtain Geroch group matrix is:

M(w) = S(ρ = 0, z = w with z < −R), (3.4.24)

where R is the radius of a sufficiently large semicircle in the (ρ, z) half-plane, such that all
“corners” that feature in the “rod-structure” of a given solution are inside this semicircle.
We refer the reader to [36] for a more precise discussion of these phrases. For practical
calculations we simply take the limit ρ = 0, z near −∞. The “rod-structure” of the Bena-
Warner solutions has been recently studied in detail by Breunhölder and Lucietti [54].

To use the recipe, we need to understand how various functions of (r, θ) appearing in
S(~x) change into functions of w. Let the centres be located along the third axis

~x(j) = ~Rj = (0, 0, wj). (3.4.25)

With this convention the functions rj become,

rj = |~x− ~x(j)| =
√
r2 − 2rwj cos θ + w2

j . (3.4.26)

In the Weyl canonical coordinates

rj =
√
ρ2 + (z − wj)2. (3.4.27)

As a result, the harmonic functions 1
rj

upon taking the limit ρ = 0, z near −∞ takes the

form
1

rj
−→ − 1

w − wj
. (3.4.28)

Using replacement (3.4.28) we get the matrix M(w) from matrix (3.4.10),

M(w) = S∞ −
N∑
s=1

Ss(~x)

w − ws
+

N∑
s,t=1
s 6=t

Sst
(w − ws)(w − wt)

. (3.4.29)

A more useful expression can be obtained using (3.4.14), and expanding the exponential.

M(w) = S∞ ·

I−
N∑
s=1

Bs
w − ws

+
1

2

N∑
s,t=1
s 6=t

{Bs, Bt}
(w − ws)(w − wt)

 , (3.4.30)

We have a final expression

S−1
∞ · M(w) = I +

N∑
s=1

As
w − ws

, (3.4.31)

where

As = −Bs +
1

2

N∑
t=1
t 6=s

1

ws − wt
{Bs, Bt}. (3.4.32)

This is one of our main results. We have shown that the Geroch group matrices (3.4.31)
for bubbling solutions only have simple poles. In the next subsection we explore further
properties of the residue matrices.
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3.4.4 Properties of the monodromy matrix for bubbling solutions

We start by recalling an elementary result from linear algebra that rank of an n × n
matrices A is equal to

rank(A) = n− dim of null space of A. (3.4.33)

Using this we argue that rank of As is same as rank of Bs. Consider an arbitrary vector
v in the null space of Bs: Bsv = 0. It follows that

w =

I +
1

2

N∑
t=1
t6=s

1

ws − wt
Bt

 · v, (3.4.34)

is in the null space of As. To see this simply consider,

Asw = Asv +
1

2

N∑
t=1
t6=s

1

ws − wt
AsBtv (3.4.35)

=
1

2

N∑
t=1
t6=s

1

ws − wt
BsBtv +

1

2

N∑
t=1
t6=s

1

ws − wt
AsBtv (3.4.36)

=
1

2

N∑
t=1
t6=s

1

ws − wt
BsBtv −

1

2

N∑
t=1
t6=s

1

ws − wt
BsBtv (3.4.37)

= 0 (3.4.38)

where we have used Bs ·Bt ·Bp = 0. The map (3.4.34) is maximal rank (invertible):I +
1

2

N∑
t=1
t6=s

Bt
ws − wt


−1

=

I− 1

2

N∑
t=1
t6=s

Bt
ws − wt

+
1

8

N∑
t,r=1
t,r 6=s

{Bt, Br}
(ws − wt)(ws − wr)

 ,

(3.4.39)
so for every v there is a w.

For the converse, consider a vector w in the null space of As. Then it follows that we
can find a vector v, using (3.4.39), that belongs to the null space of Bs. Consider:

0 = Asw = −Bsw +
1

2

N∑
t6=s

{Bs, Bt}
ws − wt

w. (3.4.40)

This is the same as

Bsw =
1

2
Bs

N∑
t6=s

Bt
ws − wt

w +
1

2

N∑
t6=s

Bt
ws − wt

Bsw. (3.4.41)

Multiplying both sides by Bp for any p makes the RHS vanish. So we get that

BpBsw = 0 ∀w s.t. Asw = 0, (3.4.42)
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which in turn implies

0 = Asw = −Bs ·

I− 1

2

N∑
t=1
t6=s

Bt
ws − wt

w (3.4.43)

= −Bs ·

I− 1

2

N∑
t=1
t6=s

Bt
ws − wt

+
1

8

N∑
t,r=1
t,r 6=s

{Bt, Br}
(ws − wt)(ws − wr)

w. (3.4.44)

It follows that generically As is also a rank-2 matrix. This is our second main result.
We have shown that the Geroch group matrices (3.4.31) for bubbling solutions only have
simple poles with residues of rank-2. It is precisely for this setup that the Riemann-Hilbert
factorisation was developed in reference [16]. We leave the explicit factorisation of these
matrices for future work. Due to the property that Bs · Bp · Bq = 0, it follows that As
matrices are also nilpotent of degree 2. Generically, the As matrices do not belong to the
Lie algebra so(4, 4), due to the presence of the anti-commutator terms in (3.4.32).

3.5 Some explicit examples

We now discuss some simple examples of Bena-Warner solutions and obtain their Geroch
group matrices.

3.5.1 Supertube in Taub-NUT and the related bubbling geometry

Supertube in Taub-NUT

Our first example is one supertube in Taub-NUT [55]. The eight harmonic functions take
the form in the notation of [46]

K1 = 0, K2 = 0, K3 = − q3

2Σ
L1 = 1 +

Q1

4Σ
, (3.5.1)

L2 = 1 +
Q2

4Σ
, L3 = 1 V = ε0 +

1

r
, M =

JT
16R

− JT
16

1

Σ
(3.5.2)

where ~R = (0, 0, R) is the position of the round supertube in Taub-NUT along the Taub-
NUT fibre, and

Σ = |~r − ~R| =
√
r2 − 2rR cos θ +R2. (3.5.3)

The requirement of the smoothness of the solution results in [46,55]

q3JT = Q1Q2, (3.5.4)

JT

(
ε0 +

1

R

)
= 4q3. (3.5.5)

This last condition is to be thought of as a condition on the separation R in terms of
charges.

Charges for the configuration at the centre ~r = 0 and the centre ~r = ~R are

{q1, l
I
1, k

I
1,m1} = {1, 0, 0, 0, 0, 0, 0, 0}, (3.5.6)

{q2, l
I
2, k

I
2,m2} = {0, 1

4
Q1,

1

4
Q2, 0, 0, 0,−

1

2
q3,−

1

16
JT }. (3.5.7)
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We note that the Gibbons-Hawking charge at the second centre is zero (q2 = 0), though
M2 charges l1, l2 are non-zero. Thus, there are “brane sources” in this solution, it is not
a bubbling solution. As a consequence, the general analysis of bubbling solutions given
in section 3.4.3 does not apply. Nevertheless, the solution admits a very similar Geroch
group description which we elucidate.

The charge matrices at the two centres can be calculated using the analysis of section
3.3.1, cf. (3.3.55). The general form of the charge matrix (3.3.55) when the two-cycle is
taken to be a two-sphere enclosing only jth center is:

Q(j) = −qjF0 − lIjFI + kIjFpI − 2mjEq0 , (3.5.8)

where we have used the smoothness condition; cf. discussion around equation (3.3.56).
Therefore for the above example we have

Q(1) = − F0, (3.5.9)

Q(2) = − 1

4
Q1F1 −

1

4
Q2F2 −

q3

2
Fp3 +

JT
8

Eq0 , (3.5.10)

To obtain the Geroch group matrix for the above solution, we need to first find the
matrix of scalars S(~x) and then relate S(~x) with M(w) via (3.4.24). Writing as above

S(~x) = S∞ · exp

[
B1

r
+

B2

|~r − ~R|

]
, (3.5.11)

and using (3.4.15), we have

B1 = − F0 +
JT

16R
Fp0 , (3.5.12)

B2 = − Q1

4
F1 −

Q2

4
F2 −

q3

2
Fp3 +

JT
8

Fq0 −
JT

16R
Fp0 , (3.5.13)

and

S∞ =



1 1 −JT ε0
16R 0 −1 1 0 −JT

8R
−1 0 0 0 0 −1 0 0

−JT ε0
16R 0 ε0 ε0 0 0 −1 1
0 0 −ε0 0 0 0 0 −1
−1 0 0 0 0 0 0 0
−1 −1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
JT
8R 0 −1 −1 0 0 0 0


. (3.5.14)

From these expressions it is easy to verify equation (3.4.17)

Q(1) = −B1 −
1

2R
[B1, B2], Q(2) = −B2 +

1

2R
[B1, B2]. (3.5.15)

Now, from relations (3.4.32) one can now readily calculate matrices A1, A2:

A(1) = −B1 −
1

2R
{B1, B2}, A(2) = −B2 +

1

2R
{B1, B2}, (3.5.16)

and the monodromy matrix is

M(w) = S∞ ·
(

I +
A1

w
+

A2

w −R

)
. (3.5.17)

The A1, A2 matrices satisfy several properties required for inverse scattering construction
[16] to work, e.g.,

A]k = S∞ ·Ak · S−1
∞ , Ak · η ·ATk = 0. (3.5.18)
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Spectral flowed bubbling geometries

A bubbling solution associated to the above configuration is obtained by applying a com-
bination of gauge and spectral flow transformations [46]. The harmonic functions are
given as

K1 = −γ − γQ2

4Σ
, K2 = −γ − γQ1

4Σ
, (3.5.19)

K3 =

(
ε0 +

1

r

)
q3

2
− q3

2Σ
, L1 = 1 +

Q1

4Σ
, (3.5.20)

L2 = 1 +
Q2

4Σ
, L3 = 1 +

γq3

2
− γJT

8R
+
γJT
8Σ

, (3.5.21)

V =

(
ε0 +

1

r

)(
1 +

γq3

2

)
− γq3

2Σ
, M =

JT
16R

− q3

4
− JT

16Σ
. (3.5.22)

The charges at the centers are

{q1, l
I
1, k

I
1,m1} =

{
1 +

γq3

2
, 0, 0, 0, 0, 0,

q3

2
, 0
}
, (3.5.23)

{q2, l
I
2, k

I
2,m2} =

{
−γq3

2
,
Q1

4
,
Q2

4
,
γJT

8
,−γQ2

4
,−γQ1

4
,−q3

2
,−JT

16

}
, (3.5.24)

and we still have the smoothness conditions (resulting from the bubble equations now)
(3.5.4) and (3.5.5). Again, we write the matrix of scalars as an exponential of matrices
B1, B2 as before, finding

B1 = −
(

1 +
γq3

2

)
F0 +

JT
16R

Fp0 +
q3

2
Fp3 , (3.5.25)

B2 =
γq3

2
F0 −

Q1

4
F1 −

Q2

4
F2 −

γJT
8

F3 −
JT

16R
Fp0 −

γQ2

4
Fp1

− γQ1

4
Fp2 −

q3

2
Fp3 +

JT
8

Eq0 . (3.5.26)

Matrices Q(1),Q(2) and A1, A2 and can now be readily computed. Once again matrices
A1 and A2 matrices satisfy properties required for inverse scattering construction of [16]
to work.

3.5.2 Many supertubes in Taub-NUT and the related bubbling geometries

The above example is easily generalised to N two-charge supertubes in Taub-NUT. Such
a configuration is specified by the following eight harmonic functions [55]

V = ε0 +
1

r
, K1 = 0, K2 = 0, K3 = k3

0 −
N∑
i=1

qi3
2ri

(3.5.27)

M = m0 −
N∑
i=1

Ji
16ri

, L1 = l10 +

N∑
i=1

Qi1
4ri

, L2 = l20 +

N∑
i=1

Qi2
4ri

, L3 = l30, (3.5.28)

where ri = |~r − ~Ri|, with ~Ri = (0, 0, Ri) the positions of the supertubes. Smoothness
conditions give N relations [55],

Qi1Q
i
2 = qi3Ji, (3.5.29)
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and the condition that the solution be free of Dirac-Misner strings at each center gives
the following N + 1 conditions, for i = 1, . . . , N,(

ε0 +
1

Ri

)
Ji = 4l30q

i
3, m0 =

1

16

N∑
i=1

Ji
Ri
. (3.5.30)

For this configuration, matrices Bj for j = 1, . . . , N, are

Bj = −Q
j
1

4
F1 −

Qj2
4

F2 −
qj3
2

Fp3 +
Jj
8

Eq0 −
Jj

16Rj
Fp0 , (3.5.31)

and the matrix B0 for the Taub-NUT center is

B0 = −F0 +
1

16

N∑
i=1

Ji
Ri

Fp0 . (3.5.32)

The Bj matrices anti-commute with each other, {Bj , Bk} = 0. It then follows that the
residue matrices Aj are

Aj = −Bj +
1

2Rj
{Bj , B0} (3.5.33)

= −Bj −
Jj

16Rj
(e53 + e71)− Qj1

4Rj
e73, (3.5.34)

and A0 is

A0 = −B0 −
1

2Ri

N∑
i=1

{B0, Bi}, (3.5.35)

= −B0 +
N∑
i=1

Jj
16Rj

(e53 + e71) +
N∑
i=1

Qj1
4Rj

e73, (3.5.36)

where symbol eij denote a 8 × 8 matrix with 1 in the i-th row and j-th column and 0
elsewhere.

Spectral flowed geometries with multiple supertubes

An N + 1-center bubbling solution associated to the above configuration can be obtained
by applying a combination of gauge and spectral flow transformations [46]. The final set
of harmonic functions are,

V = ε0(1 + γc) + γk3
0 +

1 + γ c

r
−

N∑
i=1

γ qi3
2ri

, K1 = −γ l20 −
N∑
i=1

γ Qi2
4ri

,

K2 = −γ l10 −
N∑
i=1

γ Qi1
4ri

, K3 = k3
0 + c ε0 +

c

r
−

N∑
i=1

qi3
2ri

,

M = m0 −
c l30
2
−

N∑
i=1

Ji
16ri

, L1 = l10 +

N∑
i=1

Qi1
4ri

,

L2 = l20 +
N∑
i=1

Qi2
4ri

, L3 = l30 − 2γ m0 + γ c l30 +
N∑
i=1

γ Ji
8ri

,
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where c = 1
2

∑N
i=1 q

i
3 so that the net Gibbons-Hawking charge is +1. Smoothness condi-

tions (3.5.29) and (3.5.30) remain the same. The Bj and B0 matrices are

Bj =
γ qj3

2
F0 −

Qj1
4

F1 −
Qj2
4

F2 −
γJj
8

F3 −
γ Qj2

4
Fp1

− γ Qj1
4

Fp2 −
qj3
2

Fp3 +
Jj
8

Eq0 −
Jj

16Rj
Fp0 , (3.5.37)

B0 = − (1 + γ c)F0 +m0Fp0 + cFp3 . (3.5.38)

The Bj matrices anti-commute with each other, {Bj , Bk} = 0. It then follows that the
residue matrices Aj are

Aj = −Bj +
1

2Rj
{Bj , B0} (3.5.39)

= −Bj −
Jj

16Rj
(e53 + e71)− Qj1

4Rj
e73, (3.5.40)

and A0 is

A0 = −B0 −
1

2Ri

N∑
i=1

{B0, Bi}, (3.5.41)

= −B0 +
N∑
i=1

Jj
16Rj

(e53 + e71) +
N∑
i=1

Qj1
4Rj

e73. (3.5.42)

3.6 Discussion and future directions

In vacuum five-dimensional gravity, many of the known interesting solutions can be con-
structed via the inverse scattering approach. The approach developed in [16, 34–36] for
five-dimensional STU supergravity is akin to the inverse scattering approach of vacuum
gravity. It has been shown in those references that certain non-extermal black holes and
certain non-supersymmetric bubbling solutions of STU supergravity are captured in that
formalism.

One of the main motivation of the present work is to extend that discussion to collinear
BPS solutions. In this chapter, we have made significant progress on this problem, though
some important questions remain unexplored. We obtained the Geroch group matrices
for collinear bubbling solution, and exhibited that for these solutions the SO(4,4) mon-
odromy matrices have only simple poles in the spectral parameter w with residues of rank
two. These are precisely the conditions under which the formalism developed in [16] is
applicable. In this work, we have not attempted explicit factorisation of these matrices,
though we have checked that various consistency conditions of [16] are satisfied.

The Geroch group description obtained in this chapter is valuable for future develop-
ments. As mentioned in the introduction, to find explicit (novel) solutions in the Riemann-
Hilbert approach one needs to perform a canonical factorisation of a monodromy matrix.
Which monodromy matrix should one pick to start with? One strategy to obtain novel
solutions can be to modify monodromy matrices of the known solutions in some controlled
systematic way. This is the strategy we hope to adopt in the future. We would like to
modify the monodromy matrices of bubbling solutions with N centers so as to make 2k
of its centers akin to that of the JMaRT solution. Then, naively it appears that upon
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factorisation one would be able to construct a solution with N − 2k BPS centers with k
JMaRT type bolts.

It will be interesting to explore the Geroch group description of the full class of BPS,
non-BPS, and almost BPS solutions and better understand the double (or higher) pole
structure of monodromy matrices. We expect the techniques of [37, 38] to be applicable
for their explicit factorisation. It will also be interesting to relate monodromy matrices
to rod-structure [54] in some precise way.

We hope to return to some of these problems in our future work.

3.7 Appendix: Explicit representatives for smaller
nilpotent orbits of so(4,4) Lie algebra

Let us recall that a linear transformation X on a finite dimensional vector space is called
nilpotent if for some r, Xr = 0. Let gC be an arbitrary complex Lie algebra. Let hC denote
its Cartan subalgebra. We say an element X of the complex Lie algebra gC is nilpotent
if adX is nilpotent. A classification of nilpotent elements of the Lie algebra is obtained
through the study of conjugacy classes of such elements using the natural action of Lie
group attached to the Lie algebra. These conjugacy classes are called nilpotent orbits.
For applications to black holes in a theory with three-dimensional symmetry G/K, we
need to know the K orbits of nilpotent elements of the Lie algebra of G. Classifying all
such orbits is a detailed exercise, see e.g., [56–58]. In this appendix we are interested in
listing representatives of some of the smaller orbits of the real Lie algebra so(4, 4). We
exhibit these representatives in the vector representation. We are interested in knowing
ranks and nilpotency degree of these representatives in the vector representation. This
data is of interest in the main text of our paper.

so(8,C) basis

In order to list the representatives we define a basis. We do this in steps. Let us define
four vectors in a four dimensional vector space,

v1 = {1, 0, 0, 0}, v2 = {0, 1, 0, 0}, (3.7.1)

v3 = {0, 0, 1, 0}, v4 = {0, 0, 0, 1}, (3.7.2)

then the twelve positive roots for the so(8,C) Lie algebra can be taken to be

e1 = v1 − v2, e2 = v1 − v3, e3 = v1 − v4, (3.7.3)

e4 = v2 − v3, e5 = v2 − v4, e6 = v3 − v4, (3.7.4)

e7 = v1 + v2, e8 = v1 + v3, e9 = v1 + v4, (3.7.5)

e10 = v2 + v3, e11 = v2 + v4, e12 = v3 + v4. (3.7.6)

The 8×8 dimensional Cartan-Weyl basis that realises the above root vectors is as follows.
Let the symbol eij denote a 8 × 8 matrix with 1 in the i-th row and j-th column and 0
elsewhere. We have the Cartan subalgebra generators

H1 = e11 − e55, H2 = e22 − e66,

H3 = e33 − e77, H4 = e44 − e88, (3.7.7)
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and the positive root generators

E1 = e12 − e65, E2 = e13 − e75, E3 = e14 − e85, (3.7.8)

E4 = e23 − e76, E5 = e24 − e86, E6 = e34 − e87, (3.7.9)

E7 = e16 − e25, E8 = e17 − e35, E9 = e18 − e45, (3.7.10)

E10 = e27 − e36, E11 = e28 − e46, E12 = e38 − e47, (3.7.11)

together with the negative root generators,

Fi = ETi . (3.7.12)

The simple step generators are E1,E2,E3, and E12.

α- and β-labels

For each nilpotent orbit of the complex Lie algebra gC there is a triple (e, f, h) of elements
where e is a nilpotent element of the orbit, such that [56]

[h, e] = 2e, [h, f ] = −2f, [e, f ] = h. (3.7.13)

Such a triple is called a standard triple. We can take h to be in the Cartan subalgebra hC,
and furthermore conjugate {h, e, f} such that h lies in the “fundamental domain” [56].
Then the element h is characterized by its eigenvalues under the adjoint action on simple
root generators ei’s

[h, ei] = αi(h)ei, i = 1, 2, . . . , rank g. (3.7.14)

Moreover, we can always find a standard triple such that the eigenvalues αi(h) ∈ {0, 1, 2}.
If we label every node of the Dynkin diagrams with the eigenvalue αi(h) of h on the
corresponding simple root, we get the weighted Dynkin diagrams for the orbits. These
are called α-labels of the nilpotent orbit. There are twelve such orbits6 for SO(8,C). We
are only interested in the smaller orbits with weighted Dynkin diagrams:

O1

0 1 0

0

O2

2 0 0

0

O3

0 0 0

2

O4

0 0 2

0

6In the table on page 84 of [56] there is a typo. Our O6 orbit in their notation corresponds to the
partition [32, 12] and is not listed in the table.
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O5

1 0 1

1

O6

0 2 0

0

where we use the standard ordering convention

e1 e2 e3

e12

with {e1, e2, e3, e12} as simple root generators.
The α-labels uniquely specify the nilpotent orbits of the complex Lie algebra so(8,C).

It may happen that two nilpotent elements X,Y in so(4, 4) are in the same so(8,C) orbit
but different so(4, 4) orbits, i.e.,

gXg−1 = Y, (3.7.15)

for some g in SO(8,C) but not for any g in SO(4,4). That is, for a given α-label there
can be several real orbits. The real orbits are classified by the β-labels. The β-labels
are defined as follows. For an SO(8,C) orbit consider a standard triple (h, e, f) such that
under Chevalley involution θ,

θ(h) = −h, θ(e) = −f, θ(f) = −e. (3.7.16)

Such standard triples are called Cayley triples. All the triples listed below for SO(8,C)
orbits are of this type. The Cayley transform of a Cayley triple (e, f, h) is now defined as
the standard triple (e′, f ′, h′) where

e′ =
1

2
(e+ f + ih), (3.7.17)

f ′ =
1

2
(e+ f − ih), (3.7.18)

h′ = i(e− f). (3.7.19)

It follows that h′ ∈ kC and e′, f ′ ∈ pC, where kC is the subalgebra of gC fixed under
the Chevalley involution. The algebra kC in our case is

[sl(2,C)]4 . (3.7.20)

One can take the h′ in the Cartan subalgebra of kC. We label each node of the Dynkin
diagram of kC by the eigenvalue of the corresponding simple root on h′. The weighted
Dynkin diagram thus obtained is called the β-label of the orbit, and is an invariant of the
real orbits of SO(4,4). α- and β- labels are classified for the case of our interest in [57].
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[sl(2,C)]4 generators

There are many ways to make manifest the four commuting sl(2,C). We find a set that
will be useful for the smaller orbits, in the sense that h′ will be in Cartan subalgebra of
kC.

Recall that we have 12 positive roots ei’s and 12 negative roots fi’s. The set of
generators fixed under the Chevalley involution are of the type

ki = ei − fi. (3.7.21)

We start with observation that k1, k6, k7 and k12 commute with each other. These
are a maximal set of commuting generators, so they can be taken to span the Cartan
subalgebra of kC. Consider the general element in the Cartan subalgebra

X = a1k1 + a6k6 + a7k7 + a12k12, (3.7.22)

and consider adXki, i = 1, 2, . . . , 12, i.e.,

[X, ki] =
12∑
j=1

cjikj . (3.7.23)

We observe that by tuning (a1, a6, a7, a12) we can make 10 out of 12 eigenvalues of the ma-
trix cji zeros. The combinations that diagonalise the matrix cji make the four commuting
sl(2,C) manifest. Such a set of generators are

H1 =
i

2
(k1 + k6 + k7 + k12) , (3.7.24)

H2 =
i

2
(k1 − k6 + k7 − k12) , (3.7.25)

H3 =
i

2
(k1 + k6 − k7 − k12) , (3.7.26)

H4 =
i

2
(k1 − k6 − k7 + k12) , (3.7.27)

E1 =
i

4
(−k2 + ik3 + ik4 + k5 − k8 + ik9 + ik10 + k11) , (3.7.28)

E2 =
i

4
(+k2 + ik3 − ik4 + k5 + k8 + ik9 − ik10 + k11) , (3.7.29)

E3 =
i

4
(+k2 − ik3 − ik4 − k5 − k8 + ik9 + ik10 + k11) , (3.7.30)

E4 =
i

4
(−k2 − ik3 + ik4 − k5 + k8 + ik9 − ik10 + k11) , (3.7.31)

F1 =
i

4
(−k2 − ik3 − ik4 + k5 − k8 − ik9 − ik10 + k11) , (3.7.32)

F2 =
i

4
(+k2 − ik3 + ik4 + k5 + k8 − ik9 + ik10 + k11) , (3.7.33)

F3 =
i

4
(+k2 + ik3 + ik4 − k5 − k8 − ik9 − ik10 + k11) , (3.7.34)

F4 =
i

4
(−k2 + ik3 − ik4 − k5 + k8 − ik9 + ik10 + k11) . (3.7.35)
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O1 orbit

As an example consider the O1 orbit. A standard triple for this orbit is7

h = h1 − h2, (3.7.36)

e = 1, (3.7.37)

f = f1. (3.7.38)

In the vector representation, matrices in this orbit have nilpotency X2 = 0 and have
rank X = 2. The α label for this orbit is

(0, 1, 0, 0), (3.7.39)

Now using Cayley transform

h′ = i(e1 − f1) = ik1 =
1

2
(H1 +H2 +H3 +H4). (3.7.40)

Therefore the β-label is (1, 1, 1, 1). The O1 orbit is of main interest in the main text of
our paper. It is the unique orbit with nilpotency degree two in the vector representation,
and matrix rank of representatives in this orbit is 2. In the adjoint this orbit has degree
3, i.e.,

(adX)3 = 0. (3.7.41)

With a bit more work, one can similarly find other representatives. On the next page we
present a list.

7To avoid any confusion, let us remark that the h is in the Cartan subalgebra, but is not in the
fundamental domain. Hence, its eigenvalues on the simple root generators do not give the α-label. The
same comment applies to the standard triples listed in table 3.1.
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Orbit α-label Neutral β-label Nilpositive Nilp. Rank(X)

[22, 14] (0, 1, 0, 0) h1 − h2 (1, 1, 1, 1) e1 2 2

[3, 15] (2, 0, 0, 0) 2h1
(2, 2, 0, 0) e1 + e7 3 2
(0, 0, 2, 2) e1 − e7

[24]I (0, 0, 2, 0) h1 − h2 + h3 − h4
(2, 0, 2, 0) e1 + e6 2 4
(0, 2, 0, 2) e1 − e6

[24]II (0, 0, 0, 2) h1 − h2 + h3 + h4
(2, 0, 0, 2) e1 + e12 2 4
(0, 2, 2, 0) e1 − e12

[3, 22, 1] (1, 0, 1, 1)

2h1 + h3 − h4 (3, 1, 1, 1) e1 + e6 + e7

3 4
2h1 + h3 + h4 (1, 3, 1, 1) e1 + e7 − e12

h1 − h2 + 2h3 (1, 1, 3, 1) e1 + e6 − e12

h1 + h2 + 2h3 (1, 1, 1, 3) e6 + e7 − e12

[32, 12] (0, 2, 0, 0)
2(h1 + h3)

(4, 0, 0, 0) e1 +e6 +e7 +e12

3 4
(0, 4, 0, 0) e1−e6 +e7−e12

(0, 0, 4, 0) e1 +e6−e7−e12

(0, 0, 0, 4) e1−e6−e7 +e12

2(h1 − h3) (2, 2, 2, 2)
√

2(e1 + e4)

Table 3.1: List of the smaller nilpotent orbits of so(4, 4) classified by α, β-labels. We have
also listed representative neutral and nilpositive elements that together form a standard
triple {h, e, f} in the corresponding orbit. Nilp. and Rank(X) denote the nilpotency
degree (smallest n such that Xn = 0) and the matrix rank of the orbit in the 8 × 8 vector
representation.
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4

Hair on non-extremal D1-D5 bound states

Law of falling bodies: per second per second.

Calypso

4.1 Introduction

Certain earlier studies in black hole physics attempted to find hair on black holes, hoping
that if black holes admit large number of hair parameters then they would be analo-
gous to excited atoms. This analogy, if viable, could in turn provide some handle on
understanding microscopic origin of black hole entropy. In such studies one looks for
smooth and normalisable solutions of perturbations over a black hole background. Those
attempts, however, could not find black hole hair, and the results led to the so-called
no-hair hypothesis. A version of it states that regardless of the matter model, the end
point of gravitational collapse is characterised by conserved charges only. Evidence in
favour of the hypothesis is presented in the form of no-hair theorems; evidence against
the hypothesis is presented by explicit construction of hairy black holes. Typically the
counter-examples violate some energy conditions, or have non-minimal couplings, or have
non-canonical kinetic terms. See, e.g., references [59–61] for reviews on these develop-
ments. The absence of such hair modes suggested that the analogy between black holes
and atoms is not a viable one.1

String theory has had numerous successes in black hole physics including some key
results on the statistical mechanical interpretation of the Bekenstein-Hawking entropy. In
string theory at weak couplings it has been shown in great detail that certain intersecting
D-brane systems with the same charge and mass as the black hole have precisely the
requisite number of states [5, 62]. These calculations have been successfully extended in
numerous ways, though several issues still remain unanswered. Notably, gravity (or bulk)
description of these microstates is not yet fully understood. The fuzzball proposal [6,63,64]
addresses this question. It argues that the black hole event horizon and its interior are
replaced with quantum bound states with size of the order of the event horizon. In this
program large classes of smooth supergravity solutions have been constructed, and their
weak coupling description understood. The evidence from the construction of such black
hole microstates suggests that the true quantum bound state indeed has a size of order

1These statements are under the assumption that the test fields inherit all spacetime symmetries.
Dropping this assumption, recent studies [60, 61] have shown that stationary black holes do admit hair
where one can draw a parallel with states of the hydrogen atom.
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the event horizon. This proposal completely changes the traditional picture of the black
hole horizon and its interior.

In the early days of the fuzzball proposal, perturbative hair modes2 were used to ex-
hibit the first examples of microstates for the three-charge system. Mathur, Saxena, and
Srivastava (MSS) [17] pioneered these investigations. They constructed a BPS pertur-
bation over certain smooth BPS D1-D5 geometries. The perturbation was found to be
smooth everywhere and normalisable. This situation needs to be contrasted with black
holes. As discussed above black holes seem not to admit hair, but black hole microstates
in the sense of the fuzzball proposal do admit such hair. In fact such hair modes lead
to further microstates, as the hair modes smoothly deform the geometry in a controlled
manner to another geometry. In some cases non-linear completion of the hair modes can
also be worked out, where it has been shown that the linearisation of the non-linear solu-
tion leads to the hair mode. Over the years, this circle of ideas has been a recurrent theme
in the fuzzball literature [65–71] and together with other developments has culminated
in the construction and understanding of the BPS superstratum [72–76] — supergravity
solutions parameterised by arbitrary functions of two variables.

The key aim of the present chapter is to demonstrate that certain non-supersymmetric
fuzzballs also admit hair modes. We show this by adapting MSS study to a non-supersymmetric
setting. Let us recall that on the CFT side MSS started with a particularly simple 2-
charge state: the single unit spectral flow (both left and right) of the NS-NS vacuum |0〉NS.
To add ‘hair’ to this state, they considered the action of a chiral primary on |0〉NS to get
|ψ〉NS. Then they considered a descendant of this state in the chiral primary multiplet
obtained by the action of the left lowering operator of angular momentum

J−0 L|ψ〉NS. (4.1.1)

Under one unit of spectral flow on both the left and the right sectors on the state (4.1.1)
we get an RR state that carries one unit of linear momentum. This final state is thought
of as hair on the 2-charge state in the gravity description.

On the supergravity side, the geometry of the starting 2-charge state has an asymptot-
ically flat region connected to spectral flowed AdS3 × S3 core via the throat region [77,78].
MSS constructed a supergravity perturbation on top of this geometry in a matched asymp-
totic expansion in the following steps:

1. The perturbation solution in the inner region was obtained by applying spectral
flows on the appropriate solution in the chiral primary multiplet on top of global
AdS3 × S3.

2. In the outer region the perturbation solution was obtained by explicitly solving the
equations of motion and choosing the normalisable solution.

3. As the last step they matched the inner and the outer region solutions. It is very
non-trivial that such a matching can be done.

In this chapter we retrace the above steps without much additional technical com-
plications for the non-extremal 2-charge D1-D5 geometries of Jejjala, Madden, Ross and
Titchener (JMaRT) [18].

2The term “hair” has different meanings in the black hole microstate literature. Depending on the
context sometimes it has been used to refer to ‘neck’ degrees of freedom and sometimes to refer to ‘cap’
degrees of freedom. In this chapter, the hair mode we construct has its support in the neck region and it
also adds momentum charge to the background geometry.
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Unlike the motivation of MSS, our aim in this work is not to show that the non-
extremal D1-D5-P geometries exist perturbatively; classes of such non-linear solutions are
already known [40–42]. Our aim in this work is to emphasise that perturbative techniques
used for finding supersymmetric fuzzballs can be taken over to non-supersymmetric set-
ups as well. We adapt the MSS scheme to leading order only (because of technical
complications) in the matched asymptotic expansion for the JMaRT set-up. Extending
the computation to higher orders is significantly more difficult and is not attempted in
this chapter. We leave that for future work, though certain ground work for this is set
up in appendix 4.5. In the BPS case, it is now understood that MSS perturbation is the
linearisation of a non-linear solution of IIB supergravity [79]. Perhaps it may be feasible
to find the non-linear version of the perturbative solution constructed in this chapter.

The rest of the chapter is organised as follows. We start with a brief review of the
2-charge non-extremal D1-D5 bound states of Jejjala, Madden, Ross and Titchener [18]
in section 4.2. In section 4.3 linearised perturbation equations are solved to leading order.
We end with a brief discussion in section 4.4. In order to carry out our analysis numerous
properties of harmonics on S3 are required. Relevant properties are collected in appendix
4.5 together with various conventions and notation we follow in the main text.

4.2 Two charge non-extremal D1-D5 bound states

In this section we briefly review the 2-charge non-extremal D1-D5 bound states of Jejjala,
Madden, Ross and Titchener (JMaRT) [18]. We first present the supergravity solutions,
illustrate how to take limits to the inner and outer regions, and then briefly mention their
CFT interpretation. The JMaRT solutions have received renewed attention in the last
couple of years [35,39,80–82].

The self-dual two-charge JMaRT solution is obtained by setting δ1 = δ5 in the 2-charge
solutions of [18]. In order to connect to the notation of [17] we also replace

a1 → −a, θ → π

2
− θ, φ↔ ψ. (4.2.1)

The six-dimensional metric then simplifies to

ds2 =
1

H

[
− (f −M)(dt+ (f −M)−1Mc2a sin2 θdφ)2 + f(dy − f−1Ms2a cos2 θdψ)2

]
+H

(
dr2

r2 + a2 −M
+ dθ2 +

r2

f
cos2 θdψ2 +

r2 + a2 −M
f −M

sin2 θdφ2

)
, (4.2.2)

where s = sinh δ, c = cosh δ, f = r2 + a2 cos2 θ, and H = f +Ms2.
The RR two-form supporting this metric takes the form

C = −Masc

H
sin2 θ dy ∧ dφ− Masc

H
cos2 θ dt ∧ dψ

−Msc

H
dt ∧ dy − Msc

H
(r2 +Ms2) sin2 θdφ ∧ dψ. (4.2.3)

The resulting field strength F = dC can be easily checked to be self-dual F = ?F .
Moreover, F ∧ ?F = 0, i.e.,

FABCF
ABC = 0. (4.2.4)

Due to the self-duality property of F it immediately follows that d ? F = 0. It can also
be easily checked that the six-dimensional (simplified) Einstein equations

RAB −
1

4
FACDFB

CD = 0, (4.2.5)
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are satisfied. The gauge charges in five-dimensions upon reduction along y are simply

Q1 = Q5 = Q = Msc, Qp = 0. (4.2.6)

The determinant of the (y, θ, φ, ψ) part of the metric (4.2.2) vanishes at r = 0. This
signals that a circle direction shrinks to zero size there. The Killing vector with closed
orbit that has zero norm at r = 0 is

ξ = ∂y +
a

Ms2
∂ψ. (4.2.7)

That is, the direction that goes to zero size at r = 0 is y at fixed (ψ̃, φ) where

ψ̃ = ψ − a

Ms2
y. (4.2.8)

In order to make y → y + 2πR a closed orbit at fixed (ψ̃, φ) we require

aR

Ms2
= m ∈ Z. (4.2.9)

To have smooth degeneration of the y circle near r = 0 we choose the radius R as

R =
Ms2

√
a2 −M

. (4.2.10)

Inserting R from (4.2.10) into the integer quantisation condition (4.2.9) fixes M to be

M = a2

(
1− 1

m2

)
. (4.2.11)

Upon taking m = 1 we recover the supersymmetric solutions of [77, 78] as follows.
Setting m = 1 in (4.2.11) we see that M = 0. In order to keep charges Q1 = Q5 = Q =
Msc finite we must take δ →∞. In this limit metric (4.2.2) further simplifies to

ds2 =
1

H

[
− f

(
dt+

aQ

f
sin2 θdφ

)2

+ f

(
dy − aQ

f
cos2 θdψ

)2 ]
+H

(
dr2

r2 + a2
+ dθ2 +

r2

f
cos2 θdψ2 +

r2 + a2

f
sin2 θdφ2

)
, (4.2.12)

with H = f +Q. This metric can be rewritten in the following more recognisable form

ds2 = − 1

h
(dt2 − dy2) + hf

(
dθ2 +

dr2

r2 + a2

)
− 2aQ

hf

(
cos2 θdydψ + sin2 θdtdφ

)
+ h

[(
r2 +

a2Q2 cos2 θ

h2f2

)
cos2 θdψ2 +

(
r2 + a2 − a2Q2 sin2 θ

h2f2

)
sin2 θdφ2

]
,

(4.2.13)

where

h =
H

f
= 1 +

Q

f
. (4.2.14)

This form of the 2-charge metric was the starting point in [17]. Upon setting m = 1 the
RR 2-form field (4.2.3) simplifies to

C = −Qa sin2 θ

Q+ f
dy ∧ dφ− Qa cos2 θ

Q+ f
dt ∧ dψ

− Q

Q+ f
dt ∧ dy − Q

Q+ f
(r2 +Q) sin2 θdφ ∧ dψ, (4.2.15)

which also matches with the corresponding expression in [17] upon making a simple gauge
transformation C → C + dΛ with Λ = Qφdψ.
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Inner and outer regions

In the next section we solve certain perturbation equations in a matched asymptotic ex-
pansion. In order to do this we split the JMaRT geometry in two overlapping regions: the
inner and outer regions. We solve the perturbations equations in two regions separately
and match the solutions in the overlap region.

The ‘Inner’ Region

To describe the above two-charge configuration from the AdS/CFT perspective we must
take a near-decoupling limit where a large inner region involving AdS3× S3 develops. This
inner region is coupled to flat space via a neck region. The decoupling limit is achieved
by taking the large R limit, i.e., by taking

ε =

√
Q

R
� 1, (4.2.16)

while keeping the charge Q and other parameters of the geometry fixed. In this limit
the region r �

√
Q is identified as the inner region. This amounts to taking H ≈ Q in

(4.2.2) and taking Msc ≈ Q in the cross terms in the metric. From (4.2.2) and integer
quantisation (4.2.9) we get an asymptotically AdS3× S3 metric,

ds2 =
1

Q

[
− (f −M)(dt+ (f −M)−1aQ sin2 θdφ)2 + f(dy − f−1aQ cos2 θdψ)2

]
+Q

(
dr2

r2 + a2 −M
+ dθ2 +

r2

f
cos2 θdψ2 +

r2 + a2 −M
f −M

sin2 θdφ2

)
, (4.2.17)

supported by the C-field

Cty =
r2

Q
, Cψφ = Q sin2 θ (4.2.18)

Cyφ = −a sin2 θ, Cψt = a cos2 θ. (4.2.19)

The parameter M in equation (4.2.2) can be replaced in favour of the integer m and
rotation parameter a through equation (4.2.9).

Under the change of coordinates

ψNS = ψ − m

R
y, φNS = φ− m

R
t, (4.2.20)

metric (4.2.17) becomes

ds2 = − 1

Q

(
r2 +

a2

m2

)
dt2 +

r2

Q
dy2 +Q

(
r2 +

a2

m2

)−1

dr2

+ Q(dθ2 + cos2 θdψ2
NS + sin2 θdφ2

NS). (4.2.21)

Setting m = 1 the above metric can be recognised as exactly the AdS3× S3 metric used
by MSS in the NS-NS sector. The coordinate transformation (4.2.20) is the gravity dual
of the D1-D5 CFT spectral flow transformation. Defining

a′ =
a

m
(4.2.22)

metric (4.2.21) can be written in a more convenient form

ds2 = −(r2 + a′2)

Q
dt2+

r2

Q
dy2+

Q

(r2 + a′2)
dr2+ Q(dθ2+cos2 θdψ2

NS+sin2 θdφ2
NS). (4.2.23)
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The F -field supporting the inner region metric (4.2.23) is simply

Ftyr =
2r

Q
, (4.2.24)

Fθψφ = 2Q sin θ cos θ. (4.2.25)

From equations (4.2.9) and (4.2.16) we also have the relation

ε =
a

m
√
Q
. (4.2.26)

As a result, the inner region limit r �
√
Q together with ε � 1 can operationally be

thought of as an expansion in powers of r√
Q
, a
m
√
Q

. In the NS-NS coordinates via an

explicit calculation we see that the metric expansion is in powers of ε2. Since in this
chapter we are only interested in perturbation to O(ε0) we will not be concerned with the
corrections to the inner region metric.

The ‘Outer’ Region

The outer region ε
√
Q� r <∞ has the metric

ds2 = − r2

Q+ r2
(dt2−dy2)+

(Q+ r2)

r2
dr2 +(Q+r2)(dθ2 +cos2 θdψ2 +sin2 θdφ2), (4.2.27)

to the leading order. The 2-form C-field supporting the outer region metric is simply

Cty = − Q

Q+ r2
=⇒ Ftyr =

2Qr

(Q+ r2)2
, (4.2.28)

Cψφ = Q sin2 θ =⇒ Fθψφ = 2Q sin θ cos θ. (4.2.29)

The overlap of the inner and outer regions is in the region

ε
√
Q� r �

√
Q. (4.2.30)

The outer region limit can be operationally thought of as a power series expansion in
a
mr ,

a
m
√
Q

.

The outer region metric (4.2.27) does not have any non-extremal features. In partic-
ular, it does not look like non-extremal D1-D5 black hole. This is because in the JMaRT
construction the fuzzball and the black hole parameter spaces are mutually exclusive.

CFT description

The 2-charge JMaRT solution corresponds to m = 2s + 1 units of left and m = 2s + 1
units of right spectral flows on the NS-NS vacuum. Since equal amount of left and right
spectral flows are involved

h = h̄, (4.2.31)

and the state has no net linear momentum. When m = 1, i.e., s = 0, we get a su-
persymmetric configuration, a Ramond-Ramond ground state. For other values of s,
supersymmetry is broken as both the left and right sectors carry (equal amount of) ex-
citations. CFT description of JMaRT solution has been explored in great detail in the
literature [18,82], we refer the reader to these references for further details.
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4.3 Perturbation

In this section we construct the RR axion and NS-NS 2-form field perturbation to leading
order in both the inner and the outer regions and show their matching. The linearised
perturbation equations are,

HABC +
1

3!
εABCDEFH

DEF + wFABC = 0, (4.3.1)

�w − 1

3
FABCHABC = 0, (4.3.2)

where F is simply dC,

FABC = 3∂[ACBC] = ∂ACBC + ∂BCCA + ∂CCAB. (4.3.3)

These equations are precisely the equations studied by Mathur, Saxena, and Srivastava
[17]. The main difference3 is that in [17], the background considered is supersymmetric,
whereas in our study it is not.

4.3.1 CFT description

Before getting in to the supergravity analysis, it is useful to understand the CFT state to
which the perturbation we construct below corresponds to. In the NS-NS sector we act
with a chiral primary operator with h = l, h̄ = l on the NS-NS vacuum. Let us denote
the resulting state by |ψ〉NS. On this state we act with angular momentum lowering
generators both on the left and on the right k and k̄ times respectively:

(J−0 L)k(J−0 R)k̄|ψ〉NS. (4.3.4)

Next, on the resulting state we act with m = 2s+ 1 (odd) units of spectral flows both on
the left and on the right. As a result we get an excited state in the R-R sector[

(J−0 L)k(J−0 R)k̄|ψ〉
](2s+1)

R
. (4.3.5)

For general values of the l, k, k̄,m = 2s + 1 the state thus obtained carries both left
and right moving excitations. As we explain momentarily, we tune k̄ such that ‘for the
perturbation’ h̄ is zero, but h 6= 0. Such a perturbation does not carry any ‘extra energy’
and is tractable to leading order in our supergravity analysis.

4.3.2 Perturbation at leading order

We first construct the inner region perturbation and then the outer region.

4.3.2.1 Inner region

In the inner region (4.2.23)–(4.2.25) the perturbation equation (4.3.1) gives,

Htyr +
r

Q2

(
2wQ+

Hθψφ

sin θ cos θ

)
= 0, (4.3.6)

when all three indices are taken either on AdS3 or on S3. When one index is on AdS3 and
the others on S3 we get the same equations as when one index is on S3 and the others on
AdS3. We get

Hµνa +
1

6
εµνaρbcg

ρρ′gbb
′
gcc
′
Hρ′b′c′ = 0, (4.3.7)

3Our F and H notation conforms to more standard string theory notation, but it is interchanged
compared to reference [17].
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where the Greek indices refer to AdS coordinates and the lower case Latin indices to S3

coordinates. We now expand the various fields in harmonics on S3 as (see appendix 4.5)

Bµν = bI1µνY
I1 , (4.3.8)

Bab = bI1 ε̃ab
c∂cY

I1 , (4.3.9)

Bµa = bI3µ Y
I3
a , (4.3.10)

w = wI1Y I1 , (4.3.11)

where ε̃abc is the epsilon-tensor on the unit 3-sphere. We use the convention ε̃θψφ =
+ sin θ cos θ. To avoid notational clutter we do not write explicit summation signs with
spherical harmonics; sum over appropriate indices is understood. We can use various
properties of these harmonics. Spherical harmonics on S3 are appropriate representations

of so(4) ' su(2)× su(2). For scalar harmonics Y
(l,l)

(m,m′) the upper labels tell the represen-

tations of su(2)’s and the corresponding lower index tells the state in the representation.
Vector harmonics come in two variety: one class with su(2)×su(2) representations (l, l+1)
and the other (l + 1, l). We use the following properties of these harmonics

∇2
S3Y

I1 = −C(I1)Y I1 , ∂aY
I3
b − ∂bY

I3
a = η(I3)ε̃cabY

I3
c , (4.3.12)

where C(I1) = 4l(l + 1) for (l, l) representation and η(I3) = −2(l + 1) for I3 = (l + 1, l)
and η(I3) = +2(l + 1) for I3 = (l, l + 1).

Upon substituting the expansions (4.3.8)–(4.3.11) in (4.3.6)– (4.3.7) and using prop-
erties of spherical harmonics we find the following simplified equation

∇2
AdSb

I1 +

(
2wI1 − C(I1)

Q
bI1
)

= 0, (4.3.13)

where ∇2
AdS refers to the scalar Laplacian with respect to the three-dimensional ‘global’

AdS metric

ds2
AdS = −(r2 + a′2)

Q
dt2 +

r2

Q
dy2 +

Q

(r2 + a′2)
dr2. (4.3.14)

In arriving at (4.3.13) we also use the convention εtyr = +
√
−gAdS.

Similar manipulations on equation (4.3.2) gives,

Q∇2
AdSw

I1 − C(I1)wI1 − 8

(
wI1 − C(I1)

Q
bI1
)

= 0. (4.3.15)

We now have a system of differential equations

∇2

(
bI1

wI1

)
=

(
C(I1)/Q −2
−8C(I1)/Q2 (C(I1) + 8)/Q2

)(
bI1

wI1

)
. (4.3.16)

We can diagonalize the system. The problem then becomes that of solving the equation

∇2
AdSf −m2f = 0. (4.3.17)

Since t and y are Killing directions of (4.3.14), we can take the solution to be of the form

f(t, y, r) = e−iωt+ikyyh(r), (4.3.18)
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and solve for h(r). The solution corresponding to a chiral primary in the inner region
is [17,83]

w =
e−2ilt(a′/Q)

Q(r2 + a′2)l
Ŷ

(l)
NS , (4.3.19)

Bab = Bε̃abc∂
cŶ

(l)
NS , (4.3.20)

Bµν =
1√
Q
εµνλ∂

λBŶ
(l)

NS , (4.3.21)

where

B =
e−2ilt(a′/Q)

4l(r2 + a′2)l
, (4.3.22)

Ŷ
(l)

NS = (Y
(l,l)

(l,l) )NS =

√
2l + 1

2

e−2ilφNS

π
sin2l θ. (4.3.23)

In these formulae all the quantities related to the sphere are with respect to unit sphere.
Quantities with Greek indices refer to metric (4.3.14). This perturbation has quantum
numbers

hNS = l, mNS = l, h̄NS = l, m̄NS = l. (4.3.24)

As mentioned in the beginning of this section, we consider lowering this state with
J−0 L and J−0 R k and k̄ times respectively, i.e.,

(J−0 L)k(J−0 R)k̄|ψ〉NS. (4.3.25)

Such states have quantum numbers

hNS = l, mNS = l − k, h̄NS = l, m̄NS = l − k̄. (4.3.26)

In the NS-NS sector we can immediately write down the supergravity fields for the state
(4.3.25):

w =

(
e−2ilt(a′/Q)

Q(r2 + a′2)l

)
YNS, (4.3.27)

Bab = Bε̃abc∂
cYNS, (4.3.28)

Bµν =

(
1√
Q
εµνλ∂

λB

)
YNS, (4.3.29)

where

B =
e−2ilt(a′/Q)

4l(r2 + a′2)l
, (4.3.30)

YNS = Y
(l,l)

(l−k,l−k̄)
=
{

£ξ−L
£ξ−L
· · ·£ξ−L

}
︸ ︷︷ ︸

k−times

{
£ξ−R

£ξ−R
· · ·£ξ−R

}
︸ ︷︷ ︸

k̄−times

Ŷ
(l)

NS(θ, φNS, ψNS). (4.3.31)

Under a spectral flow on the left-moving sector with parameter α the quantum num-
bers change as:

h′ = h− αm+ α2 c

24
, (4.3.32)

m′ = m− α c

12
. (4.3.33)
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Spectral flow of the background (NS-NS vacuum) gives

h′BG = α2 c

24
, (4.3.34)

m′BG = − α c

12
. (4.3.35)

Therefore for the perturbation alone, we identify

h′P = h− αm, (4.3.36)

m′P = m, (4.3.37)

so that the full h′ = h′BG + h′P.
Applying m (odd) units of spectral flow on the left and right sectors on the per-

turbation (4.3.26), we get a perturbation in the Ramond-Ramond sector with quantum
numbers

hR
P = l −m(l − k), mR

P = l − k, h̄R
P = l −m(l − k̄), m̄R

P = l − k̄. (4.3.38)

From these expressions we see that in general ω = h + h̄ is not equal to |ky| where
ky = h − h̄. In such a situation, not all the energy of the perturbation is tied to the S1

momentum. The residual energy goes in the ‘radial motion’. For technical convenience
we work with perturbations where all energy is tied to the S1 momentum, i.e., we demand

h̄R
P = 0. (4.3.39)

This fixes k̄ in terms of the integers l and m,

k̄ =
l

m
(m− 1). (4.3.40)

The requirement that k̄ must be an integer between 1 and 2l constrains the values of l
and m.

The perturbation in the R-R coordinates then looks like

w =
1

Q

E
(r2 + a′2)l

YR, (4.3.41)

Bθψ =
1

4l

E
(r2 + a′2)l

cot θ ∂φYR, (4.3.42)

Bθφ = − 1

4l

E
(r2 + a′2)l

tan θ ∂ψYR, (4.3.43)

Bψφ =
1

4l

E
(r2 + a′2)l

sin θ cos θ ∂θYR, (4.3.44)

Bty = − 1

2Q2

r2E
(r2 + a′2)l

YR, (4.3.45)

Byr =
ia′

2Q

rE
(r2 + a′2)l+1

YR, (4.3.46)
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together with the following terms generated via the spectral flow (4.2.20),

Btθ = −ma
′

Q
Bφθ = −ma

′

Q

1

4l

E
(r2 + a′2)l

tan θ ∂ψYR, (4.3.47)

Btψ = −ma
′

Q
Bφψ =

ma′

Q

1

4l

E
(r2 + a′2)l

sin θ cos θ ∂θYR, (4.3.48)

Byθ = −ma
′

Q
Bφθ =

ma′

Q

1

4l

E
(r2 + a′2)l

cot θ ∂φYR, (4.3.49)

Byφ = −ma
′

Q
Bψφ = −ma

′

Q

1

4l

E
(r2 + a′2)l

sin θ cos θ ∂θYR, (4.3.50)

where

E = exp

[
− i

R
(l −m(l − k))u

]
. (4.3.51)

In writing these expressions we have defined u = t+y, and we have used the spectral flow
transformations (4.2.20) to write angular dependence in the R-R coordinates (φ, ψ).

Two comments are in order here:

1. From these equations we see that the perturbation carries l − m(l − k) units of
linear momentum. Since k is an integer taking values between 0 and 2l, we have in
fact constructed 2l + 1 hair modes. All these hair modes belong to the same chiral
primary multiplet.

2. One might be concerned that the left conformal weight hR
P in (4.3.38) is negative

when m > 1. This is not a problem, as we note that the total h values are never
negative. One can think that the perturbation draws energy from the filled Fermi
sea, which makes the hR

P value negative.

4.3.2.2 Outer region

We now want to solve the equations (4.3.1), (4.3.2) in the outer region (4.2.27) – (4.2.29).
We are interested in a solution that falls off at inifinity in a normalisable manner and
matches smoothly with the inner region solution. We proceed in exactly the same manner
as in the inner region. Substituting spherical harmonic expansion (4.3.8)–(4.3.11) in
equation (4.3.1) we get

1

r

(
−∂2

t + ∂2
y

)
bI1 + ∂r

(
r3

(Q+ r2)2
∂rb

I1

)
+

r

(Q+ r2)2

[
2QwI1 − C(I1)bI1

]
= 0. (4.3.52)

Similar manipulations on equation (4.3.2) gives,

Q+ r2

r2

(
−∂2

t + ∂2
y

)
wI1 +

1

r(Q+ r2)
∂r
(
r3∂rw

I1
)

(4.3.53)

− C(I1)

Q+ r2
wI1 − 8Q

(Q+ r2)3

[
QwI1 − C(I1)bI1

]
= 0, (4.3.54)

For the perturbation with the (t, y) dependence of the form of

E = exp

[
− i

R
(l −m(l − k))u

]
, (4.3.55)
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the
(
−∂2

t + ∂2
y

)
combination is zero. Therefore the above equations simplify to

∂r

(
r3

(Q+ r2)2
∂rb

I1

)
+

r

(Q+ r2)2

[
2QwI1 − C(I1)bI1

]
= 0, (4.3.56)

1

r(Q+ r2)
∂r
(
r3∂rw

I1
)
− C(I1)

Q+ r2
wI1 − 8Q

(Q+ r2)3

[
QwI1 − C(I1)bI1

]
= 0. (4.3.57)

These equations can be integrated as follows. We write equations (4.3.56) and (4.3.57)
as

d2bI1

dr2
+ P1

dbI1

dr
+Q1b

I1 = R1, (4.3.58)

d2wI1

dr2
+ P2

dwI1

dr
+Q2w

I1 = R2, (4.3.59)

where

P1 =
3Q− r2

r(Q+ r2)
, P2 =

3

r
, Q1 =

−C(I1)

r2
, (4.3.60)

Q2 =
−C(I1)

r2
− 8Q2

r2(Q+ r2)2
, R1 =

−2QwI1

r2
, R2 =

−8QC(I1)bI1

r2(Q+ r2)2
. (4.3.61)

We now eliminate first derivative terms from equations (4.3.58) and (4.3.59). We write
bI1 = u1v1 and wI1 = u2v2 and choose u1, u2 such that first derivative terms cancel out.
We get

u1 =
Q+ r2

r
3
2

, u2 =
1

r
3
2

(4.3.62)

and equations for v1, v2 become

d2v1

dr2
+A1v1 = −2A3v2 ,

d2v2

dr2
+A2v2 = −8C(I1)A3v1 (4.3.63)

where

A1 =
8Q

(Q+ r2)2
− 3 + 4C(I1)

4r2
, A2 = − 8Q2

r2(Q+ r2)2
− 3 + 4C(I1)

4r2
, A3 =

Q

r2(Q+ r2)
.

(4.3.64)
Writing this in the matrix form we have

d2

dr2

(
v1

v2

)
+

(
A1 2A3

8C(I1)A3 A2

)(
v1

v2

)
= 0. (4.3.65)

Diagonalising this matrix and solving the second order uncoupled ordinary differential
equations for normalisable solutions, we get

bI1 =
1

4l

1

r2l
, (4.3.66)

wI1 =
1

r2l(r2 +Q)
. (4.3.67)

The perturbation solution decaying at infinity therefore takes the form

w =
E

(Q+ r2)r2l
YR, (4.3.68)

Bab = Bε̃abc∂
cYR, (4.3.69)

Bµν =
1√

Q+ r2
εµνρ∂

ρB YR, (4.3.70)

B =
1

4l

E
r2l
. (4.3.71)
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Here all quantities related to the sphere are with respect to the unit sphere. Writing out
all the components explicitly, the solution looks as follows:

w =
E

(Q+ r2)r2l
YR, (4.3.72)

Bθψ =
1

4l

E
r2l

cot θ ∂φYR, (4.3.73)

Bθφ = − 1

4l

E
r2l

tan θ ∂ψYR, (4.3.74)

Bψφ =
1

4l

E
r2l

sin θ cos θ ∂θYR, (4.3.75)

Bty = − 1

2(Q+ r2)2

E
r2l−2

YR, (4.3.76)

Btr = − 1

4l

1

r2l+1
(∂yE)YR, (4.3.77)

Byr = − 1

4l

1

r2l+1
(∂tE)YR. (4.3.78)

4.3.2.3 Matching

We now want to see that the solutions that we have found for the inner and outer regions
join onto each other smoothly in the overlap of the two regions,

ε
√
Q� r �

√
Q. (4.3.79)

We can choose to do the matching at any value of r in the above range. We choose the
matching radial coordinate to be the geometric mean of the two ends

r ∼
√
ε
√
Q. (4.3.80)

In this region, the scalar w in both the inner (4.3.41) and the outer (4.3.72) regions has
the same leading order behaviour,

w ' EYR

Qr2l
. (4.3.81)

We see that the scalar does indeed match. To compare the NS-NS 2-form, we can construct
the field strength H = dB and compare the behaviour in the two regions in a given
orthonormal frame. More simply we notice that from the inner region point of view

1

(r2 + a′2)
≈ 1

r2
, (4.3.82)

and from the the outer region point of view

1

(Q+ r2)
≈ 1

Q
, (4.3.83)

near the matching surface. We find that components Bθψ, Bθφ, Bψφ, Bty match readily.
The components that do not match Btr, Byr and all components generated by spectral
flow in the inner region, namely Btθ, Btψ, Byθ, Btφ are seen to be higher order terms.
These terms will agree once inner region and outer region calculations are corrected by
higher order terms.
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4.4 Discussion

In this chapter we have constructed ‘hair’ on non-extremal two-charge bound states of
Jejjala et al [18]. Our perturbation is ‘extremal’ as it is of the form eicu. To the best of our
knowledge this is the first example of a hair mode on a non-extremal smooth geometry,
and also the first example beyond JMaRT of a non-extremal fuzzball with identified CFT
interpretation. We have constructed the perturbation by a matching procedure. In the
inner region our background is simply m units of both left and right spectral flows on the
NS-NS vacuum. To construct our perturbation we have taken an appropriate state in the
chiral primary multiplet on top of the NS-NS vacuum (global AdS3× S3) and have applied
left and right spectral flows to get a perturbation over the R-R state of interest. Such a
perturbation in our linearised analysis can be matched on to a normalisable solution in
the outer region. We have carried out the matching procedure to the leading order. We
find it quite remarkable that we are able to add such a hair on the non-extremal D1-D5
bound states.

By altering the above construction slightly one can construct another class of hair
modes as follows. Instead of lowering |ψ〉NS with J−L,R one can first apply even units (say,

2p) of spectral flows on |ψ〉NS to get an excited state in the NS-NS sector |ψ〉(2p)NS . Then
one can apply J−L,R as above, and finally apply 2(m− p) + 1 units of spectral flows to get
the background state corresponding to the 2-charge JMaRT. By such a procedure one will
get different values for hR

P and h̄R
P . By demanding h̄R

P = 0 one can construct a different
class of hair, which can also be matched to a decaying solution in the outer region. Other
variations on this procedure are also possible. It can be interesting to work out these
solutions explicitly.

The JMaRT solutions are well known to suffer from ergoregion instability [84]. The
reader may wonder how have we managed to add hair on an unstable geometry. The
answer lies in the fact that we work in a sector completely different from the sector in
which the instability of the geometry is analysed in [84]. We added extremal perturbation
in the Ramond-Ramond axion and NS-NS two-form sector. The full haired solution is
most likely unstable to scalar perturbations. In fact one can easily convince oneself that
it is not possible to add hair modes on the JMaRT solution in the minimally coupled
scalar sector [17]. It is not clear to us if one can add non-extremal perturbation to the
JMaRT solutions in the (w,B) sector, i.e., perturbations with both hR

P and h̄R
P non-zero.

There are several ways in which our study can be extended. It will be interesting
to perform the analysis at higher order in ε like it was done in [17]. This is likely to
be technically intricate. There are two main sources of complications: (i) the spherical
harmonic expansions are significantly more involved compared to the MSS study, and
(ii) features related to non-extremality of the background will appear in the perturbation
analysis at higher orders. We hope to report on these calculations at some point in the
future. As mentioned in the introduction, in the BPS case, it is now understood that the
MSS perturbation is the linearisation of a non-linear solution of IIB supergravity [79].
Perhaps it may be feasible to find the non-linear version of the perturbative solution
constructed in this chapter.

4.5 Appendix: Spherical harmonics on S3

In this appendix we list relevant expressions and properties of spherical harmonics we
needed. For explicit expressions we follow the conventions of [17], but there are typos in
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their expressions that we fix below. The metric on the unit 3-sphere is

ds2 = dθ2 + sin2 θdφ2 + cos2 θdψ2. (4.5.1)

The scalar and vector harmonics satisfy the orthonormality conditions∫
dΩ(Y I1)∗(Y I′1) = δI1,I

′
1 , (4.5.2)∫

dΩ(Y I2
a )∗Y I′2a = δI2,I

′
2 . (4.5.3)

We use the following notation from [17]

Ŷ (l) ≡ Y
(l,l)

(l,l) , (4.5.4)

Y (l) ≡ Y
(l,l)

(l−1,l), (4.5.5)

Y (l+1) ≡ Y
(l+1,l+1)

(l−1,l) , (4.5.6)

Y (l+1,l)
a ≡ Y

(l+1,l)
a(l−1,l), (4.5.7)

Y (l,l+1)
a ≡ Y

(l,l+1)
a(l−1,l), (4.5.8)

Y (l−1,l)
a ≡ Y

(l−1,l)
a(l−1,l), (4.5.9)

Y (l+2,l+1)
a ≡ Y

(l+2,l+1)
a(l−1,l) . (4.5.10)

The above harmonics are,

Ŷ (l) ≡ Y
(l,l)

(l,l) =

√
2l + 1√

2

e−2ilφ

π
sin2l θ (4.5.11)

Y (l) = −
√
l(2l + 1)

π
e−i(2l−1)φ+iψ sin2l−1 θ cos θ (4.5.12)

Y (l+1) =

√
(2l + 1)(2l + 3)

2π
e−i(2l−1)φ+iψ((l − 1) + (l + 1) cos 2θ) sin2l−1 θ cos θ (4.5.13)

Y
(l+1,l)
θ = −e

−i(2l−1)φ+iψ

4π

sin2l−2 θ√
l + 1

((2l2 − l + 1) + (l − 1)(2l + 1) cos 2θ) (4.5.14)

Y
(l+1,l)
φ = i

e−i(2l−1)φ+iψ

4π

sin2l−1 θ cos θ√
l + 1

((2l2 − 5l − 1) + (2l2 + 3l + 1) cos 2θ) (4.5.15)

Y
(l+1,l)
ψ = −ie

−i(2l−1)φ+iψ

4π

sin2l−1 θ cos θ√
l + 1

((2l2 + 3l − 1) + (l + 1)(2l + 1) cos 2θ)

(4.5.16)

Y
(l,l+1)
θ = −e

−i(2l−1)φ+iψ

4π

√
4l(2l + 1)

l + 1
sin2l−2 θ((l − 1) + l cos 2θ) (4.5.17)

Y
(l,l+1)
φ = i

e−i(2l−1)φ+iψ

4π

√
4l(2l + 1)

l + 1
sin2l−1 θ cos θ((l − 2) + (l + 1) cos 2θ) (4.5.18)

Y
(l,l+1)
ψ = i

e−i(2l−1)φ+iψ

4π

√
4l(2l + 1)

l + 1
sin2l−1 θ cos θ(l + (l + 1) cos 2θ) (4.5.19)
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Y
(l−1,l)
θ =

e−i(2l−1)φ+iψ

2π

√
2l − 1 sin2l−2 θ (4.5.20)

Y
(l−1,l)
φ = −ie

−i(2l−1)φ+iψ

2π

√
2l − 1 sin2l−1 θ cos θ (4.5.21)

Y
(l−1,l)
ψ = −ie

−i(2l−1)φ+iψ

2π

√
2l − 1 sin2l−1 θ cos θ (4.5.22)

Y
(l+2,l+1)
θ = − e−i(2l−1)φ+iψ

8π

√
3

l + 2
sin2l−2 θ

[
(l − 1)(2l2 + l + 1)

+
2(4l3 − l + 3) cos 2θ

3
+

(l − 1)(l + 1)(2l + 3) cos 4θ

3

]
(4.5.23)

Y
(l+2,l+1)
φ = i

e−i(2l−1)φ+iψ

4π

√
3

l + 2
sin2l−1 θ cos θ

[
2l3 − 3l2 + 3l + 4

2

1

3
(4l3 − 13l − 9) cos 2θ +

(l + 1)(l + 2)(2l + 3)

6
cos 4θ

]
(4.5.24)

Y
(l+2,l+1)
ψ = − ie

−i(2l−1)φ+iψ

4π

√
3

l + 2
sin2l−1 θ cos θ

[
l(2l2 + 5l − 1)

2

+
1

3
(l + 1)(4l2 + 8l − 3) cos 2θ +

(l + 1)(l + 2)(2l + 3)

6
cos 4θ

]
. (4.5.25)

Raising and lowering the harmonics

The Killing forms for the metric (4.5.1) can be written as, see e.g., appendix A of [85]

ξ1L = cos(ψ + φ)dθ + sin θ cos θ sin(ψ + φ)d(ψ − φ), (4.5.26)

ξ2L = − sin(ψ + φ)dθ + sin θ cos θ cos(ψ + φ)d(ψ − φ), (4.5.27)

ξ3L = cos2 θdψ + sin2 θdφ, (4.5.28)

ξ1R = − sin(ψ − φ)dθ + sin θ cos θ cos(ψ − φ)d(ψ + φ), (4.5.29)

ξ2R = cos(ψ − φ)dθ + sin θ cos θ sin(ψ − φ)d(ψ + φ), (4.5.30)

ξ3R = − cos2 θdψ + sin2 θdφ. (4.5.31)

From these expressions, we can readily obtain the six Killing vectors on S3 (using the
order θ, φ, ψ),

ξµ1L = (cos(φ+ ψ),− cot θ sin(φ+ ψ), tan θ sin(φ+ ψ)), (4.5.32)

ξµ2L = (− sin(φ+ ψ),− cot θ cos(φ+ ψ), tan θ cos(φ+ ψ)), (4.5.33)

ξµ3L = (0, 1, 1), (4.5.34)

ξµ1R = (sin(φ− ψ), cot θ cos(φ− ψ), tan θ cos(φ− ψ)), (4.5.35)

ξµ2R = (cos(φ− ψ),− cot θ sin(φ− ψ),− tan θ sin(φ− ψ)), (4.5.36)

ξµ3R = (0, 1,−1). (4.5.37)

These vectors generate the SU(2)× SU(2) algebra as

[ξaL, ξbL] = 2εabcξcL, [ξaR, ξbR] = 2εabcξcR, [ξaL, ξbR] = 0, (4.5.38)

where a, b, c = 1, 2, 3, and ε is the completely antisymmetric symbol with ε123 = 1. We
can now use these Killing vectors to define the raising and lowering operators on the
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harmonics. Defining

ξ+
L = ξ1L + iξ2L, ξ−L = ξ1L − iξ2L, (4.5.39)

ξ+
R = ξ2R − iξ1R, ξ−R = ξ2R + iξ1R, (4.5.40)

one can check that the harmonics satisfy the following relations (here £ξ denotes the Lie
derivative along the vector ξ),

i

2
£ξ3L Ŷ

(l) = +lŶ (l), (4.5.41)

i

2
£ξ3R Ŷ

(l) = +lŶ (l), (4.5.42)

£ξ+
L
Ŷ (l) = 0, (4.5.43)

£ξ+
R
Ŷ (l) = 0, (4.5.44)

confirming that Ŷ (l)’s indeed correspond to highest weight states. Moreover, one can
check that

£ξ−L
Ŷ (l) = −2

√
2lY (l), (4.5.45)

£ξ+
L
Y (l) = 2

√
2lŶ (l), (4.5.46)

£ξ−L
(£ξ−R

Y
(l+1,l+1)

(l,l+1) ) = −8
√

(l + 1)(2l + 1)Y (l+1), (4.5.47)

£ξ−R
(£ξ−L

Y
(l,l+1)
a(l,l+1)) = −8

√
l(l + 1)Y (l,l+1)

a , (4.5.48)

£ξ+
R

(£ξ+
L
Y (l+2,l+1)
a ) = 8

√
3(l + 1)Y

(l+2,l+1)
a(l,l+1) . (4.5.49)

The pre-factors in these equations are convention dependent, e.g., they depend on the
normalisation in definition (4.5.40). Using these properties we were able to fix typos in
expressions of vectors harmonics in [17].

Other properties of spherical harmonics we need are

∇2Y I1 = − 4l(l + 1)Y I1 , (4.5.50)

∇[a∇b]Y I1 = 0, (4.5.51)

∇aY I1
a = 0. (4.5.52)

The vector harmonics fall into two classes of SU(2)× SU(2) representations: (l, l+ 1) or
(l + 1, l). We have

∇aY I1
b −∇bY

I1
a = ζ(I1)εabcY

I1c, (4.5.53)

where ζ(I1) = +2(l + 1) for the (l, l + 1) representations and ζ(I1) = −2(l + 1) for the
(l + 1, l) representations. We use the convention εθψφ = + sin θ cos θ [17].

Decomposition

For completeness let us recall (see e.g., [86,87]) that a vector field on S3 can be uniquely
decomposed into its longitudinal and transverse parts,

Va = ∇aS + Sa, (4.5.54)

where S is a scalar and Sa is a vector transverse on S3, ∇aSa = 0. The scalar field S and
the transverse vector Sa can be Fourier decomposed on the sphere in terms of spherical
harmonics.
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Since a two-form is dual to a vector on S3, it also admits a decomposition in terms of
scalar and vector spherical harmonics. Let the 2-form be Bab

Bab = εabcV
c. (4.5.55)

Now note that on the one hand,

εabc∇b(εmncBmn) = −2∇bBba, (4.5.56)

and on the other hand from (4.5.55),

εabc∇b(εmncBmn) = εabc∇bV c = εabc∇bSc. (4.5.57)

For non-trivial vector harmonics the quantity εabc∇bSc is non-zero, cf. (4.5.53). Therefore,
in de-Donder gauge when

∇bBba = 0, (4.5.58)

the decomposition of an arbitrary 2-form Bab is solely in terms of derivatives of scalar
harmonics [17,83,88],

Bab =
∑
I1

bI1εab
c∂cY

I1 . (4.5.59)
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5

Oscillating Shells and Oscillating Balls in AdS

Mind you, I’m not saying that it’s all a pure invention.

Eumaeus

5.1 Introduction and summary

In recent times the study of thermalisation in closed quantum systems has received a
surge of activity, see e.g. [89] for a review with more references. In general, a quantum
system perturbed out of equilibrium decoheres and proceeds towards ergodicity. On a
large enough time-scale, the system thermalises and is described by a mixed density
matrix. However, contrary to this expectation, there can be situations where a quantum
system dynamically reconstructs the initial state and keeps repeating this evolution, with
or without damping. This phenomenon is termed quantum revival. In the context of
AdS/CFT correspondence, such possible revival configurations presumably correspond
to periodic or quasi-periodic dynamics resulting from gravity in an asymptotically AdS
space.

In this chapter, we discuss two configurations in AdS space, namely, thin shells and
solid balls, especially when they oscillate. Such configurations probe both questions of
stability of AdS, and of quantum revival. Oscillatory motion in gravitational dynamics
is not new. In global AdS space, a transient oscillatory motion of a thick shell has
been reported in [90, 91]. The thick shell leads to a collapse situation, forming a black
hole at late times. Non-transient or exactly periodic oscillatory configurations in AdS
space have been explored in [92–97]. A connection with quantum revivals has also been
proposed. Similar periodic configurations are also known to arise in other closely related
set-ups [98–102].

It becomes clear from these studies that we need two ingredients for oscillatory dy-
namics in AdS. Firstly, we need to work in global AdS, and secondly, we need a non-
vanishing pressure (or another repulsive force) to sustain oscillations. The necessity of a
non-vanishing pressure is intuitive. To have an oscillation, one needs an interaction that
competes with the attraction of gravity. In earlier works, e.g. in [96,103], oscillatory shells
have been explored, where the shell matter is described by a perfect fluid with a linear
equation of state. In the current chapter, we also consider a polytropic equation of state
for the shell dynamics, and a non-vanishing pressure for the ball dynamics. In both cases,
we conclude that for a range of allowed parameter space, one obtains oscillatory motion.
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Furthermore, reasonable energy conditions, such as the weak and null energy conditions
are obeyed by these configurations.

While a priori there is no reason to rule out such dynamics, it remains unclear to
us what the precise dual field theory descriptions are. One such possibility is certainly
the quantum revivals that have already been pointed out in the literature [97]. We only
list a few features here, and not attempt to elaborate on the identification. First, it is
clear that one point functions are all thermal as seen from the AdS boundary. Non-local
observables, however, do penetrate and capture the dynamical aspects of the geometry.
Towards this we explicitly calculate a two-point function in the geodesic approximation
in oscillatory shell backgrounds and demonstrate that the shell oscillation simply gets
mapped to oscillations of the correlation function, provided the two points are sufficiently
separated at the boundary.

We expect a similar behaviour to appear in the oscillating ball dynamics, though,
this calculation is technically more involved. The technical complication for the ball
dynamics arises from a non-vanishing pressure. The ball itself is described by a simple
FRW geometry, and due to pressure matter leaks outside. The outside is therefore a
Tolman-Oppenheimer-Volkoff (TOV) type solution in AdS. This TOV geometry needs
to be matched onto an AdS Schwarzschild geometry. Thus, a two-point function in the
dual field theory has essentially three characteristic length-scales. The short-distance
behaviour of the correlator is purely thermal. The intermediate-distance behaviour of the
correlator is determined by a geodesic penetrating into the TOV region of the spacetime.
Finally, the long-distance behaviour of the correlator is dynamical since the corresponding
geodesic probes the oscillating FRW region. Thus, the UV modes of the field theory have
a thermal behaviour, which crosses over to a dynamical behaviour towards the IR. This
qualitative picture is in accordance with the top-down thermalisation picture of [104–107]
in the context of AdS/CFT correspondence.

Another intriguing feature of the oscillatory configurations is that the dynamics is con-
fined between two radial scales. One does not immediately arrive at such a configuration
with a natural choice of boundary and initial conditions at the boundary of AdS. Thus,
while the presence of oscillations is rather ubiquitous, our analysis does not shed light on
how one prepares this state from the perspective of the boundary theory. However, given
the results of [97, 108], where a more direct numerical study exhibits similar periodic or
quasi-periodic dynamics arising from a set of initial and boundary conditions, we view
the above shortcoming as a limitation of our approach.

Given the existence of the oscillatory dynamics, there are various avenues to explore
further, for example, how additional parameters affect the oscillatory configurations?
In particular, introducing a charge is potentially interesting since it can compete with
gravitational attraction. Perhaps with a non-vanishing charge, one can obtain oscillating
solutions in low pressure situations. We leave this for future investigations.

The rest of the chapter is organised as follows. In section 5.2 we discuss the basic
framework of junction conditions and the details of the shell dynamics, including the study
of two point function in the geodesics approximation in oscillating shell backgrounds. In
section 5.3 we discuss oscillating FRW balls. Section 5.4 is devoted to a discussion of
the various energy conditions for the oscillating shell and oscillating ball configurations.
Finally, certain details on matching the FRW ball to a TOV-type solution are discussed
in the last section, 5.5, which is intended as an appendix to this chapter.
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5.2 The oscillating shells

In this section we discuss oscillating shell configurations. In section 5.2.1 we start with a
brief review of the analysis of [96] and make some further observations. In section 5.2.2 we
compute the equal time two-point function in the geodesic approximation in oscillating
shell backgrounds.

5.2.1 Shell dynamics

We begin with the formalism to discuss the motion of the shell. The same formalism will
be useful later in studying the dynamics of a ball in the spirit of the Oppenheimer-Snyder
model.

Consider a spherically symmetric thin shell, evolving in a (d + 1)-dimensional back-
ground spacetime M. The shell divides the entire spacetime in two regions: an interior
(empty AdS) denoted byM− and an exterior (AdS Schwarzschild) denoted byM+. The
line elements in the two regions are given by

ds2
± = −f±(r)dt2± + f−1

± (r)dr2 + r2dΩ2
d−1, (5.2.1)

where f−(r) = 1 + r2 and f+(r) = 1 + r2 − m
rd−2 . Here, we have set the AdS length to

unity and m is the mass parameter (proportional to the ADM mass) of the system.
The radial coordinate r is continuous across the shell, ensuring that the area of the (d−

1)-spheres agree on the two sides of the shell. In brief, we choose the following coordinate
patches: U+ ≡ {t+, r, θ1, . . . θd−1} ≡ {xµ+} on M+, and U− ≡ {t−, r, θ1, . . . θd−1} ≡ {xµ−}
on M−. Here µ ranges over all space-time directions. Clearly, Einstein equations (via
the junction conditions) impose non-trivial boundary conditions on U+ ∩ U−, thereby
determining the entire manifold covered by U+ ∪ U−.

We can choose an independent set of coordinates on the shell worldvolume

Ushell ≡ {τ, θ1, ...., θd−1} ≡ {ya}.

In writing this equation, we have chosen a trivial embedding along the angular directions
by making use of the spherical symmetry of the problem. The coordinate τ is chosen
to be the proper time of a co-moving observer on the shell. The basis vectors on the
tangent space of the shell at any point can be pushed forward to spacetime vectors:
espace−time ≡ ϕ∗ (eshell). In explicit coordinates, this map takes the form ∂a = ∂xµ

∂ya ∂µ.
Let the position of the shell be specified by

r = rs(τ) , t± = t±,s(τ). (5.2.2)

Then we get

∂τ = uµ∂µ = ṫ±,s ∂t± + ṙs∂r, (5.2.3)

∂θi = δµθi∂µ, i = 1, . . . , (d− 1). (5.2.4)

Here, the overhead dot denotes derivative w.r.t. τ , and uµ is the four velocity of the shell.
The four velocity is canonically normalised, uµuµ = −1, which yields,

ṫ±,s =

√
f±(rs) + ṙs

2

f±(rs)
=:

β±
f±(rs)

. (5.2.5)

Since the derivatives ṫ± do not match at the location of the shell, t+ is not continuously
related to t−. This will be carefully taken into account when we discuss spacelike geodesics
crossing the shell in the next subsection.
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The induced metric on the shell is:

ds2
shell = habdy

adyb = −dτ2 + r2
sdΩ2

d−1. (5.2.6)

The unit normalised vector normal to the shell in ± coordinates is

nµ,± =
(
−ṙs, ṫ±,s, 0, 0

)
=⇒ nµ± =

(
f−1
± (rs)ṙs, f±(rs)ṫ±,s, 0, 0

)
. (5.2.7)

It satisfies uµnµ,± = 0 and nµ±nµ,± = 1. An overall (positive) sign choice has been made
in writing the above normal vector, so it points from M− to M+.

Einstein equations become a set of matching conditions on U+∩U−. These are known
as the Israel junction conditions [109]. For writing down these conditions, we need to
evaluate the extrinsic curvature and also assign a stress-tensor to the thin-shell matter
field. The extrinsic curvature, defined as Kab = eµaeνb∇µnν , has the following non-zero
components,

Kττ,± = − ˙β±
ṙs
, Kθ1θ1,± = β±rs, (5.2.8)

Kθiθi,± = (Kθ1θ1,±)
hθiθi
r2
s
, i 6= 1. (5.2.9)

Equivalently,

Kτ
τ,± =

β̇±
ṙs
, Kθi

θi,±
=
β±
rs
. (5.2.10)

For simplicity, we can take the stress-tensor of the thin-shell to be of the perfect fluid
form,

Sab = diag(−σ, p, p, . . .︸ ︷︷ ︸
(d−1) terms

), (5.2.11)

where σ and p are the energy density and the pressure of the corresponding matter on
the shell, related via a suitable equation of state.

The two Israel junction conditions are (i) continuity of metric across the shell, and
(ii) jump in the extrinsic curvature is related to the stress-tensor of the thin-shell,

[Kab]− hab [K] = −κSab, or [Ka
b] = −κ

(
Sab −

δabS

d− 1

)
, (5.2.12)

where κ = 8πGd, K ≡ habKab and S ≡ habSab are the traces of the corresponding tensors.
The bracket, denoted by [] represents the jump from M− to M+

[O] ≡ O+ −O− (5.2.13)

for some field O. This definition is tied to our convention of choosing the direction of the
normal vector in (5.2.7).

Together with (5.2.10) and (5.2.11), the junction conditions (5.2.12) become

[β]

rs
= − κσ

d−1 , (5.2.14)

[β̇]

ṙs
= κ

(
p+ σ d−2

d−1

)
. (5.2.15)

Since, f+ ≤ f−, we have β+ ≤ β−, and by virtue of (5.2.14), we conclude σ ≥ 0. The
inequality here is saturated for the trivial junction where the extrinsic curvature has no
jump, and the shell does not exist.
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To make further progress, one needs to input an equation of state. A sufficiently
general choice is the polytropic equation of state: p = α

d−1σ
γ , where γ is the polytropic

exponent. The overall constant α fixes the normalization of e.g. the trace of the shell
energy-momentum tensor. With a polytropic equation of state, equation (5.2.15) takes
the form,

[β̇]

ṙs
= − [β]

rs

(
ασγ−1 + d− 2

)
, (5.2.16)

which can be integrated using (5.2.14) to yield,

− [β] =

[
−(d− 1)γ−2

κγ−1
α r1−γ

s +Mr(d−2)(γ−1)
s

] 1
1−γ

, γ ∈ Z \ {1} , (5.2.17)

where M is a constant of motion.
It is also possible to obtain analytical solutions for equation (5.2.16) with non-integer

values1 of γ, however, those seem valid case-by-case and we were not able to obtain one
compact expression for all possible values of γ. The special case of γ = 1 can be worked
out separately, yielding,

[β] = −Mr2−d−α
s , (5.2.18)

where M is an integration constant2. In this case we have a linear equation of state
p = α

d−1σ. There are two cases of special interest, α = 0 and α = 1. α = 0 corresponds
to pressure-less dust, and α = 1 corresponds to conformal matter for which the trace of
the energy-momentum tensor vanishes.

The total energy of the shell can be defined by

E = σΩd−1r
d−1
s . (5.2.19)

In general, the energy so defined is clearly not conserved as rs and σ change as the shell
moves. However, in the pressure-less case, using (5.2.14) one sees that E is a constant of
motion related to M by a proportionality factor.

We can recast the equations of motion of the shell as the motion of a particle in an
effective potential. This is achieved by substituting the definition β± =

√
f±(rs) + ṙs

2 in
equation (5.2.14). After some simplification we get,

ṙ2
s + Veff (rs) = 0, (5.2.20)

Veff (rs) = f− (rs)− (d−1)2

4σ2r2
s

[
f− (rs)− f+ (rs) + σ2r2

s
(d−1)2

]2

. (5.2.21)

In practice, one uses (5.2.14) to write σ as,

σ = − [β] (d− 1)

κrs
, (5.2.22)

and in turn uses (5.2.17) to substitute for [β] to obtain σ in terms of other parameters.
Substituting such an expression in (5.2.21), gives an equation for the dynamics of the
shell in terms of the paramters {d, α, γ, κ,m,M}. Of these, κ can be set to unity by an
appropriate choice a units. Therefore, the physics depends on parameters {d, α, γ,m,M}.

1This is certainly of physical importance, see e.g., [110].
2For σ to be positive, the constant M in equation (5.2.18) needs to be positive, cf. (5.2.14). For the

polytropic equation of state, the relation between the integration constant M and σ is not direct. Since a
physical interpretation of M is not transparent, one can consider both positive and negative values of M
for the polytropic equation of state. In this chapter we only consider M > 0.
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Figure 5.1: The two limiting cases within which oscillatory shell motion exists. We have
chosen α = 0.3, d = 3, m = 0.1, Mup/m = 0.38 (the top solid curve) and Mlow/m = 0.35
(the bottom dashed curve).

Note that for γ 6= 1, the two terms in (5.2.17) compete with each other, and define a
natural scale for the dynamics,

O

(
(d− 1)γ−2

κγ−1
α r1−γ

cross

)
= O

(
Mr(d−2)(γ−1)

cross

)
, (5.2.23)

where rcross denotes the crossover scale which connects two different dynamical regimes,
described respectively by an r1−γ

s potential and the inverse of it. In general, with various
possibilities, the full dynamics is likely to be very rich and worth exploring. We focus
only on certain sub-classes in this chapter.

Let us start by briefly reviewing the oscillatory solutions that are already discussed
in [96]. This corresponds to setting γ = 1. The effective potential can be rewritten as,

Veff = 1 + r2
s −

m2

4M2
r2α

s −
m

2
r2−d

s − M2

4
r−2(α+d−2)

s , (5.2.24)

where M is now the constant appearing in the first integral of motion in (5.2.18). To find
oscillatory shell dynamics, one can proceed as follows.

We impose Veff = 0 and ∂rsVeff = 0, to find algebraic solutions characterized by

{m (d, α, rs) ,M (d, α, rs)} . (5.2.25)

These values can be viewed as special cases, when two roots of the effective potential
coalesce. See figure 5.1. Evidently, if this is a local minimum, and the effective potential
can be lowered by tuning other parameters in the system, oscillatory shell dynamics will
ensue. Explicit expressions for m (d, α, rs) and M (d, α, rs) are given in reference [96]. For
a fixed value of mass m∗ less than a maximum value,

m∗ ≤ mmax(d, α), (5.2.26)

the equation
m∗ = m (d, α, rs) , (5.2.27)

yields two roots of rs, denoted by rup and rlow. The function M (d, α, rs) evaluated at
these two roots yield two values of M , denoted by Mup and Mlow. Choosing a value of
M such that

Mlow ≤M ≤Mup, (5.2.28)
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Figure 5.2: The limiting cases within which oscillatory shell motion exists. The plot on the left
corresponds to γ = 2, α = −0.4, m = 0.94, M = 0.006 (dashed) and m = 0.1, M = 0.012
(solid). The plot on the right corresponds to γ = 3, α = −0.05, m = 0.5, M = 0.002
(dashed) and m = 0.004, M = 0.026 (solid). The two plots indicate that increasing γ brings
the two limiting cases closer to each other.

for a suitably fixed value of m, the shell undergoes oscillatory motion. The function
mmax(d, α) is such that for fixed m the oscillatory solutions exist only beyond a critical
non-zero value α = αcrit. For d = 4 we have explicitly checked that once we choose
an α > αcrit, the range (Mup −Mlow) increases with increasing α. For α < αcrit only
collapsing solutions exist.

Let us comment on the typicality of such oscillatory configurations with a non-trivial
polytropic exponent. In principle, the above analysis can be carried out for any value of
γ. However, we only discuss explicitly the cases with γ = 2 and γ = 3, which is perhaps
sufficient for the generic story. The algebraic expressions associated with this analysis are
fairly involved and we refrain from presenting them explicitly. Instead, we summarise the
generic finding in figure 5.2 in terms of the features of the effective potential. The main
features are as follows.

In producing figure 5.2, we have chosen a negative value of α for both γ = 2 and γ = 3.
Interestingly, γ = 1 is an exception to this generic observation, for which potential wells
appear on the α > 0 branch. Furthermore, it can be easily seen that as far as satisfying a
reasonable energy condition is concerned, negative values for α are allowed. For example,
ensuring weak energy condition requires σ ≥ 0 and σ + p ≥ 0. For positive σ and for
γ = 1, the weak energy condition only requires α ≥ −(d − 1). As another example, for
γ = 3 weak energy condition only requires α ≥ −d−1

σ2 , which leaves a window for choosing
a negative value of α.

Finally, for general integer values of γ, the oscillatory regime can be characterized by a
3-tuple: (α,M,m). For a fixed value of α, both M and m need to be tuned to obtain the
potential well. In figure 5.2, we have shown the corresponding extremal cases, by tuning
both M and m to the respective values quoted in the figure caption. It is noteworthy
that we have not found an oscillatory configuration along the γ < 0 branch, assuming
that both m > 0 and M > 0.

To add further support to the existence of oscillatory configurations, we have also
explored a few non-integer values of γ. In particular, we here comment on the results
that one obtains for d = 3 and γ = 1

2 or γ = 3
2 . First of all, the analogue of relation
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(5.2.17) in these cases yields,

− [β] = 1
16rs

(√
2rsα−M

)2
, γ = 1

2 , (5.2.29)

− [β] = 4M2rs

(rs±
√

2Mα)
2 , γ = 3

2 . (5.2.30)

Using these relations, one can obtain the corresponding effective potentials. We find that
for γ = 1

2 , oscillatory configurations exist in the α < 0 branch; while, for γ = 3
2 , they

exist on both α > 0 and α < 0 branches, depending on the choice of the sign in the
denominator of (5.2.30).

Let us now briefly comment on the holographic interpretation. Collapsing shells cor-
respond to states in the dual field theory that thermalise. However, it is important to
note that the very concept of thermalisation is often observable dependent, see e.g. the
discussions in [104,105]. In systems that do thermalise, correlations over arbitrarily long
distances eventually settle to the corresponding thermal values. Thus, the dynamics ter-
minates at a particular thermalisation time, depending on the energy-scale at which one
is probing.

The oscillatory configurations, in comparison, are quite unique. Let us say that for
the given set of parameters the dynamics of the shell is confined in the radial range
r = r−s to r = r+

s . Then, local observables, such as the expectation value of energy-
momentum tensor, do not exhibit any imprint of the oscillatory dynamics, and hence are
indistinguishable from usual thermal states. For any non-local boundary operator that
probes bulk region r > r+

s , the system is always static and thermal. For any non-local
boundary operator that probes beyond this bulk region, the system never thermalizes.
We numerically study spacelike geodesics in the next subsection and demonstrate this
explicitly. Thus, we have a dynamical state, for which the thermalization time is either
ttherm = 0 or ttherm = ∞. Presently, we do not have a good understanding of the nature
of this state in the dual field theory.

5.2.2 Geodesics in oscillating shells

To probe the oscillatory dynamics from the perspective of the boundary theory, we com-
pute the equal time two-point function of an operator of large conformal dimension in
the geodesic approximation. Such a two-point function via a saddle point approxima-
tion [111,112] is:

〈O(~x)O(~x′)〉 ∼ e−2∆Σ(~x,~x′). (5.2.31)

Here O and ∆ are the operator and its conformal dimension, respectively. The length of
the bulk spacelike geodesic connecting the points (t, ~x) and (t, ~x′) is denoted by Σ (~x, ~x′).
Our goal here is to capture the imprint of the oscillatory dynamics on this correlation
function.

We study geodesic lengths of spacelike geodesics anchored at a fixed value of boundary
angular separation, ∆ϕ. Since the shell expands and contracts periodically, the geodesics
experience varying conditions near the shell. This is expected to lead to an oscillatory
evolution of the correlation function, which we verify by an explicit calculation. To
calculate the geodesics we follow [103]. A geodesic anchored at two points at the same
time on the boundary must have a turning point in the bulk. The turning point is
characterized by vanishing of the radial and temporal derivatives with respect to the
proper length of the geodesic.

We impose these boundary conditions in the bulk at the turning point (t̄, r̄). Then
we integrate the geodesic equations towards the AdS boundary. The data at the turning
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point map to the data at the boundary. The data we need to extract from such geodesics
include the angular separation, time at the boundary, and the geodesic length, denoted
∆ϕb, tb,Σ. By varying (t̄, r̄) in the bulk and solving the geodesic equations, we generate
a boundary dataset (∆ϕb, tb,Σ).

The affinely parameterised spacelike geodesic equations can be easily integrated both
in the inside and outside regions to give the following first order equations:

f±t
′ = E±, (5.2.32)

r2φ′ = L± , (5.2.33)

(r′)2 = f±

(
1−

L2
±
r2

)
+ E2

±. (5.2.34)

In these equations prime denotes derivatives with respect to the proper distance σ along
the spacelike geodesic. Here E± and L± are the constants of motion. To ensure that the
geodesic smoothly crosses the shell, we need to match the constants of motion appropri-
ately on the two sides of the shell. To this end, we follow the treatment of [103,113].

Figure 5.3: A typical behaviour of renormalised geodesic length for fixed ∆φ = 0.15 as a
function of time t+ when the shell undergoes oscillatory motion. The coordinate t+ is taken
to be zero at the beginning of an oscillation cycle, when the shell is at its lower turning point.
Various parameters are: ` = 1, d = 4, α = 0.992,m = 24.45, and the lower turning of the
shell is taken to be at r−s = 6.90. The rest of the parameters are fixed by these values. In our
conventions the y axis is 1020 times e−L where L is the proper length of the geodesics.

The idea is to construct a coordinate system that is sufficiently smooth in a neigh-
bourhood across the shell, and use it to transform quantities from the inside of the shell
to the outside. The time coordinate for this coordinate system is chosen to be the proper
time of the shell τ . The spatial coordinate is naturally chosen to be the proper distance λ
away from the shell along spacelike geodesics normal to the shell. In terms of our inside
and outside regions, the coordinate transformations,

(t±, r, θi)→ (τ, λ, θi). (5.2.35)

do the work. Using these coordinates one arrives at the equations relating t′− to t′+ and
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Figure 5.4: Renormalised geodesic length for fixed ∆φ = 0.15 as a function time t+ with
different pressure on the shell. Parameter values are same as in Figure 5.3 except α = 0.995.
For different values of α, while keeping the other parameters same, the location of the upper
turning point r+

s of the shell changes. As a result the oscillation period is different. Geodesic
lengths are also different.

relating r′ from the inside to the outside region [113]3

dt−
dσ

∣∣∣∣
r=rs

=
dt+
dσ

∣∣∣∣
r=rs

βs−βs+ − ṙ2
s

f−
+
dr+

dσ

∣∣∣∣
r=rs

ṙs

f−f+
(βs+ − βs−), (5.2.36)

dr−
dσ

∣∣∣∣
r=rs

=
dt+
dσ

∣∣∣∣
r=rs

ṙs(βs+ − βs−) +
dr+

dσ

∣∣∣∣
r=rs

βs−βs+ − ṙ2
s

f+
, (5.2.37)

where βs± =
√
fs± + ṙ2

s . The inside and the outside derivatives of the continuous radial

coordinate r at the location of the shell are denoted as dr+
dσ

∣∣
r=rs

and dr−
dσ

∣∣
r=rs

. Note
that we only need to know the first derivatives of the ± coordinates with respect to
the paramter σ to match the geodesic across the shell. These conditions together with
equations (5.2.32)–(5.2.34) allow us to relate E+ to E−.

We solve equations (5.2.32)–(5.2.34) separately for the inside and the outside and
match them across the shell according to (5.2.36) and (5.2.37). We begin by integrating
a geodesic from its turning point (t̄, r̄) in the inside region. At the turning point,

t′ = 0, (5.2.38)

r′ = 0, (5.2.39)

which fixes the constants of motion to be,

E− = 0, (5.2.40)

L− = r̄. (5.2.41)

We integrate geodesic equations (5.2.32)–(5.2.34) up to the location of the shell rs with
f = f−. At this point, we switch to using the function f+. We also need to use the
constants of motion for the exterior. These are given by

E+ =

√
1− r̄2

r2
s

ṙs√
f−

(
√
f+ + ṙ2

s −
√
f− + ṙ2

s ), (5.2.42)

L+ = r̄, (5.2.43)

3See section 2.2 and appendix B of [113] for details.
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where E+ is deduced using (5.2.36) or (5.2.37) and the geodesic equations. Since the φ
and the r coordinates are continuous the conserved angular momentum does not change
L+ = L−.

In figures 5.3 and 5.4 we have plotted the geodesic lengths for a fixed value of boundary
angular separation ∆ϕ as a function of the boundary time t+. The coordinate t+ is taken
to be zero at the beginning of an oscillation cycle where rs = r−s . We can clearly see that
the geodesic length oscillates with a fixed period. The period precisely corresponds to
the period of the oscillation of the shell. Thus, the two-point function under study in the
oscillating shell background captures features of the oscillations.

We have chosen to plot geodesic lengths as a function of the time t+. One can
straightforwardly relate t+ to the proper time of the shell τ or to t−. We did not find any
qualitative difference between the above graphs and the ones where the x-axis is taken
to be proper time τ on the shell. We want to emphasise that our aim is to illustrate the
qualitative behaviour of spacelike geodesics in oscillating shell backgrounds, as opposed
to a detailed numerical analysis of these equations. At the turning points ṙs vanishes, and
naively there are 1/0 type expressions encountered while doing numerical integrations.
We regulate such nuisances with a simple minded approach. For example, in the specific
example of 1/ṙs, instead of taking the integration from r = r−s we take it from r = r−s + ε
with sufficiently small epsilon (and check that our results to do not depend on epsilon).

5.3 The oscillating balls

In this section we consider the motion of a ball of matter of uniform density and pressure
under its own gravity. The case of pressure-less dust was studied by Oppenheimer and
Snyder [114]. In the context of the AdS/CFT correspondence, references [103,115] studied
similar dynamical situation in AdS background. We consider non-vanishing pressure. We
are specifically interested in exploring the possibility of oscillatory motion of the ball.

5.3.1 Oscillating FRW solutions

The interior of a d-dimensional solid ball can be described by a Friedmann-Robertson-
Walker (FRW) metric with k = +1, i.e. positively curved t = constant slices,

ds2
− = −dt2 +R2(t)

(
dχ2 + sin2 χ dΩ2

d−1

)
, (5.3.1)

sourced by by perfect fluid stress-tensor

Tµν = (σ + p)uµuν + pgµν , uµ = (1, 0, . . . , 0), (5.3.2)

with an equation of state p = wσ. The radial and the time coordinates are denoted by χ
and t, respectively. The function R(t) is the scale factor.

Einstein equations give the Friedmann equation for the scale factor

1 +R2 + Ṙ2 =
2κσ

d(d− 1)
R2, (5.3.3)

where we have used the value of the cosmological constant Λ = −d(d−1)
2`2

and have set the
AdS length ` to unity. The conservation of the energy-momentum tensor gives

σR(w+1)d = constant. (5.3.4)
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Eliminating σ from the Friedmann equation (5.3.3) using the conservation equation (5.3.4)
we get,

1 +R2 + Ṙ2 =
2κσ0R

(w+1)d
0

d(d− 1)R(w+1)d−2
, (5.3.5)

where σ0 is the initial density of the collapsing matter and R0 is the initial scale factor.
We are interested in knowing if oscillatory solutions are possible to equation (5.3.5).

In order to explore this, we rewrite that equation as

Ṙ2 + Veff(R) = 0, (5.3.6)

with the effective potential

Veff(R) = 1 +R2 − c

Rβ
, (5.3.7)

where

c =
2κσ0

d(d− 1)
R

(w+1)d
0 , β = (w + 1)d− 2. (5.3.8)

For oscillatory dynamics, the effective potential (5.3.7) must develop a minimum in
between two roots of equation Veff(R) = 0. Let the roots be at R = R1 and R = R2 and
the minimum be at R = R∗ with R1 < R∗ < R2. Then,

Veff(R∗) < 0, V ′eff(R∗) = 0 and V ′′eff(R∗) > 0. (5.3.9)

It is straightforward to see that

V ′eff(R∗) = 0 =⇒ β = −2

c
R2+β
∗ . (5.3.10)

For physically reasonable initial parameters σ0 > 0 and R0 > 0, thus the parameter c is
positive. Equation (5.3.10) then implies that β < 0, i.e.,

w < −
(
d− 2

d

)
. (5.3.11)

The second derivative of the potential (5.3.7) at R = R∗ is

V ′′eff(R∗) = 2 (β + 2) . (5.3.12)

Requiring V ′′eff(R∗) > 0 gives β > −2 or equivalently w > −1. Thus, within the range

0 > β > −2, −1 < w < −
(
d− 2

d

)
, (5.3.13)

oscillatory ball dynamics is possible. Curiously the pressure p = wσ must always be
negative. We analyse the issue of energy conditions in section 5.4. Next we comment
on whether such an oscillatory FRW solution can be matched to an appropriate exterior
solution.

5.3.2 Matching to an exterior star

In the Oppenheimer-Snyder (OS) model the FRW metric that describes the interior of a
collapsing star is matched to an empty Schwarzschild solution that describes the exterior
of the collapsing star. The FRW metric is supported only by uniform pressure-less dust.
The fact that such a smooth matching can be done is a remarkable fact about the OS
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model. The pressure-less nature of the interior solution is an important ingredient. The
OS model has been generalised to AdS space, see e.g. [115].

Here we are interested in a generalisation of the OS model in AdS with non-zero
pressure. In particular, we are interested in knowing if an oscillatory solution of the
previous subsection can be taken to be the interior of an oscillating configuration in AdS.
This turns out to be a difficult problem to analyse. In section 5.5 we report some progress
on this problem. We construct a matched metric when the equation of state p = p(σ) is
arbitrary, and can be chosen independently for the interior and the exterior of the model.
The distinction between the interior and the exterior is as the two sides of a “shock wave”
across which the metric is continuous. We find that the pressure and energy density suffer
a discontinuity across the shock surface. Such shock waves are the counterparts of fluid
dynamical shock waves on curved backgrounds. A detailed study of such systems was
done by Smoller and Temple [116], who also constructed a flat space generalisation of
the OS model with non-zero pressure. Our analysis in section 5.5 closely follows their
construction.

When we demand that the extrinsic curvature also remains continuous (as in the OS
model, and in contrast to the thin-shell model), the set-up becomes over-constrained.
One way to achieve extrinsic curvature continuity is by not demanding an equation of
state for the interior or for the exterior solution. We can treat pressure and density as
independent dynamical variables, say for the interior solution. By doing so, one can fix
the pressure and density for the interior solution from the exterior solution. This strategy
has its shortcomings, but this is one way in which interior and exterior solutions can be
matched [116]. We illustrate how such a matching is to be done, from a given outside
solution to an appropriate inside solution. For our problem, however, the matching needs
to done the other way, i.e., given an FRW solution of the previous subsection, can we
find an appropriate exterior solution? Unfortunately, we do not know a full answer to
this question. Given the analysis of section 5.5, it seems feasible that some exterior star
solution can be matched to a given interior solution, however, the precise details of such
an analysis are likely to be complicated and are left for future investigations.

5.4 Energy conditions

In this section we analyse various energy conditions for the above discussed oscillating
solutions.

5.4.1 Oscillating shells

In the case of oscillating shells one can consider two independent notions of energy con-
ditions. One is associated with the shell stress-energy tensor (5.2.11) and the other is
associated with the Einstein tensor constructed from the induced metric (5.2.6). Inter-
estingly, these two turn out to have independent characters, as we discuss below.

Energy conditions with Sab

Since the surface stress tensor (5.2.11) is of the perfect fluid form with σ and p given by
(5.2.14), null energy condition is equivalent to the statement that σ+p ≥ 0 and the weak
energy condition is equivalent to the statement that σ ≥ 0, σ + p ≥ 0.
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At the turning points of the oscillating shell where ṙs = 0, we have from equations
(5.2.14),

σ = d−1
κrs

(√
1 + r2

s −
√

1 + r2
s − m

rd−2
s

)
, (5.4.1)

σ + p =
rs+

(d−2)
2

m

rd−1
s
−V
′
eff(rs)

2

κ
√

1+r2
s− m

rd−2
s

− rs−
V ′eff(rs)

2

κ
√

1+r2
s

+ 1
κrs

(√
1 + r2

s −
√

1 + r2
s − m

rd−2
s

)
.(5.4.2)

From these expressions it is clear that σ is positive definite, provided m > 0. The right
hand side of expression (5.4.2) is positive definite provided 2rs > V ′eff(rs). For a given
configuration (i.e., a given set of parameters), a straightforward numerical check can
confirm if this is indeed the case or not. For the cases we have checked, we found that
both weak and null energy conditions are satisfied at the turning points. We also found
that for all the cases that we have checked, σ + p is positive for the entire motion of the
oscillatory shells. Thus, the null and weak energy conditions seem to be satisfied for the
surface stress tensor all along the oscillation of the shell.

Energy conditions with Gab

From the induced metric (5.2.6) we can define an effective stress tensor κTab := Gab =
Rab− 1

2gabR. This stress tensor turns out to be of the perfect fluid form, which allows us
to define an effective energy density and pressure. We find

σeff =
(d− 1)(d− 2)

2κr2
s

(1 + ṙ2
s ), peff = −(d− 2)

κ

(
r̈s

rs
+

(d− 3)(1 + ṙ2
s )

2r2
s

)
, (5.4.3)

as a result

σeff + peff =
(d− 2)

κr2
s

(1 + ṙ2
s − rsr̈s). (5.4.4)

At the bounce ṙ2
s = 0, therefore

σeff + peff =
(d− 2)

κr2
s

(1− rsr̈s). (5.4.5)

We note that σeff + peff > 0 at the bounce provided r̈s < r−1
s , i.e., if the bounce is

sufficiently ‘gentle’. A very similar set of conditions were discussed in [117] in a different
context. From the definition of effective potential (5.2.20), we have r̈s = −1

2V
′

eff(rs).
Therefore,

σeff =
(d− 1)(d− 2)

2κr2
s

(1−Veff(rs)), σeff+peff =
(d− 2)

κr2
s

(
1− Veff(rs) +

1

2
rsV

′
eff(rs)

)
.

(5.4.6)
The energy density σeff so defined is always positive. For a given set of parameters, one
can easily check numerically whether σeff + peff is positive or not. We find that for all the
cases that we have checked σeff + peff > 0 for oscillatory shells. Therefore, null and weak
energy conditions so defined also seem to be satisfied all along the motion of the shell.

5.4.2 Oscillating balls

Now we discuss the energy conditions for the oscillating FRW metrics of section 5.3. The
energy density and pressure can be read off from the Einstein’s equations. We get

σ =
d(d− 1)

2κR2

(
1 +R2 + Ṙ2

)
, σ + p =

(d− 1)

κR2
(1 + Ṙ2 −RR̈). (5.4.7)
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Using the effective potential we once again get expressions very similar to (5.4.6),

σ =
d(d− 1)

2κR2
(1 +R2 − Veff(R)), σ + p =

(d− 1)

κR2

(
1− Veff(R) +

1

2
RV ′eff(R)

)
.

(5.4.8)
These expressions for the potential (5.3.7) become,

σ =
d(d− 1)c

2κRβ+2
, σ + p =

(d− 1)(β + 2)c

κRβ+2
. (5.4.9)

A requirement for oscillations is precisely β + 2 > 0, cf. (5.3.13). Therefore, we note that
both null and weak energy conditions are satisfied all along the motion of the ball. It
is intriguing (and perhaps counterintuitive) that negative pressure is needed to sustain
these oscillations. We note that with zero cosmological constant, accelerated expansion
also requires negative pressure precisely in the range (5.3.13).4

5.5 Oppenheimer-Snyder model with non-zero pressure
in AdS

The OS model requires that the pressure of the collapsing star be identically zero. In
this section we construct a generalisation of the Oppenheimer-Snyder (OS) model in AdS
with non-zero pressure. We first construct a matched metric when the equation of state
p = p(σ) is arbitrary, and can be chosen independently for the interior and the exterior
of the model. The distinction between the interior and the exterior is as the two sides
of a “shock wave” across which the metric is continuous. When we demand that the
extrinsic curvature also remains continuous, the set-up becomes over-constrained. One
way to achieve extrinsic curvature continuity is by not demanding an equation of state for
the interior Friedmann-Robertson-Walker (FRW) solution. That is, to treat pressure and
density as independent dynamical variables. Doing this has its shortcoming, but this is
one way in which exterior solution can be matched to an interior solution with pressure.5

We find that the pressure and energy density suffer a discontinuity across the shock
surface. Such “shock waves” are the counterparts of fluid dynamical shock waves on curved
backgrounds. A detailed study of such systems was done by Smoller and Temple [116],
who also constructed a flat space generalisation (i.e., with Λ = 0) of the OS model with
non-zero pressure. Our analysis below closely follows their construction. We work in four
spacetime dimensions. This appendix is a preliminary study; it serves to illustrate how
such a matching is to be done, from a given outside solution to an appropriate inside
solution. We do not address several physics issues e.g. energy conditions for the inside
solution, or if the matching can be done the other way – given an inside solution can it
be matched to an appropriate outside solution?

Interior solution: FRW in AdS

As in the OS model, the inside metric is taken to be the Friedmann-Robertson-Walker
(FRW) solution

ds2 = −dt2 +R2(t)

(
1

1− kr2
dr2 + r2dΩ2

)
, (5.5.1)

4We thank Jorge Rocha and Vitor Cardoso for this observation.
5Another approach could be to introduce a surface stress-tensor at the interface, as in the thin-shell

model. We do not pursue this idea here.
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with the perfect fluid stress tensor source where p and σ only depend on time t. Einstein’s
equations give

σ̇ = − 3
Ṙ

R
(p+ σ), (5.5.2)

Ṙ2 + k =
8π

3
σR2 − R2

`2
, (5.5.3)

R̈

R
= − 4π

3
(σ + 3p)− 1

`2
. (5.5.4)

Equation (5.5.2) is equivalent to

d

dR
(σR3) = −3pR2. (5.5.5)

When pressure is zero this equation tells that the “mass” M = 4π
3 σR

3 contained inside
the star remains constant as the star evolves in time. With non-zero pressure we see that
this is not the case. There is exchange of matter between the interior and the exterior,
which needs to be carefully taken into account while matching the two solutions.

Exterior solution: TOV equations in AdS

The non-zero pressure for the interior solution also requires non-zero pressure for the
exterior solution. This is so, because in the presence of pressure, matter can flow across
the shock surface. Thus the exterior geometry is a spherically symmetric “star” with
non-zero pressure and energy density, as opposed to the vacuum Schwarzschild solution
in the OS model. Such configurations are described by the Tolman-Oppenheimer-Volkoff
(TOV) equations. Therefore, our next aim is to get the TOV equations in AdS space.
Let us start with the metric (see also [118])

ds̄2 = −B(r̄)dt̄2 +A(r̄)−1dr̄2 + r̄2dΩ2. (5.5.6)

Typically this set-up is used for describing the “interior of a star” but in our case it
describes the “exterior of the ball”. It is supported by the perfect fluid stress tensor

T̄µν = p̄gµν + (p̄+ σ̄)ūµūν , (5.5.7)

with some equation of state
p̄ = p̄(σ̄), (5.5.8)

and where fluid is taken to be not moving, i.e.,

ūµ = (
√
B(r̄), 0, 0, 0). (5.5.9)

The above equations are all written in barred notation so that they can be distin-
guished from the interior unbarred notation when we do the matching. We take the
function A(r̄) to be of the form

A(r̄) =

(
1− 2M(r̄)

r̄
+
r̄2

`2

)
, (5.5.10)

where we have set Newton’s constant and the speed of light to unity, but the AdS length
is kept explicitly for clarity. The function M(r̄) is so far undetermined. It is akin to the
ADM mass. Einstein’s equations in four-dimensions,

Rµν −
1

2
Rgµν −

3

`2
gµν = 8πT̄µν , (5.5.11)
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give the following ordinary differential equations,

dM(r̄)

dr̄
= 4πr̄2σ̄, (5.5.12)

B′(r̄)

B(r̄)
= − 2p̄′(r̄)

p̄+ σ̄
, (5.5.13)

−r̄2 d

dr̄
p̄ = M(r̄)σ̄

(
1 +

p̄

σ̄

)(
1 +

r̄3

M(r̄)

(
4πp̄+

1

`2

))(
1− 2M

r
+
r2

`2

)−1

. (5.5.14)

These equations are the generalisation of text book TOV equations with non-zero cos-
mological constant. In the limit `→∞ they reduce to the standard TOV equations, see
e.g. [119].

A slightly better presentation is possible if we work with the following variables [118]

B(r̄) = A(r̄)e2χ(r̄). (5.5.15)

Then the above equations simplify to

dM(r̄)

dr̄
= 4πr̄2σ̄, (5.5.16)

p′(r̄) = − 1

2

B′(r̄)

B(r̄)
(p̄+ σ̄), (5.5.17)

χ′(r̄) = 4πr̄(p̄+ σ̄)A(r̄)−1. (5.5.18)

Matching

We now do the matching and also find the matching surface. In order to do so, we
construct (t̄, r̄) coordinate system for the FRW metric. To make sure that the areas of
2-spheres agree in the two coordinate systems at the matching surface, we must demand

r̄ = R(t)r. (5.5.19)

We first write FRW metric in (t, r̄) coordinates. From (5.5.19) we have

dr̄ = Rdr + Ṙrdt. (5.5.20)

Using this, the FRW metric (5.5.1) can be written in the (t, r̄) coordinates as

ds2 = −

{
1− Ṙ2r̄2

R2 − kr̄2

}
dt2 +

R2

R2 − kr̄2
dr̄2 − 2RṘr̄

R2 − kr̄2
dtdr̄ + r̄2dΩ2, (5.5.21)

which upon inserting (5.5.3) becomes

ds2 =
1

R2 − kr̄2

{
−R2

(
1− 8π

3
σR2r2 +

r2R2

`2

)
dt2 +R2dr̄2 − 2RṘr̄dr̄dt

}
+ r̄2dΩ2.

(5.5.22)
Our aim is to match the interior metric in (t̄, r̄) coordinates to the TOV metric (5.5.6).

TOV metric does not have any cross-term, therefore, we next define a mapping t = t(t̄, r̄)
to eliminate the cross term dr̄dt in metric (5.5.22).

It is notationally more convenient to consider the general metric of the form

ds̃2 = −C(t, r̄)dt2 +D(t, r̄)dr̄2 + 2E(t, r̄)dtdr̄. (5.5.23)
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Consider a function ψ(t, r̄) that satisfies

∂r̄(ψC) + ∂t(ψE) = 0. (5.5.24)

The coordinate t̄ defined via
dt̄ = ψ(Cdt− Edr̄) (5.5.25)

is an exact differential and also eliminates the cross term in (5.5.23) to give

ds̃2 = −(ψ−2C−1)dt̄2 +

(
D +

E2

C

)
dr̄2. (5.5.26)

Applying this recipe to metric (5.5.22) and comparing dr̄2 term with TOV metric
(5.5.6), we obtain the equation of the shock surface

M(r̄) =
4π

3
σ(t)r̄3. (5.5.27)

This is an equation in the (t, r) coordinates, since r̄ = R(t)r.
The function ψ needs to be determined such that dt̄2 terms from the two sides also

match on the shock surface (5.5.27). This leads to the requirement

1

ψ2R2

1

(R2 − kr̄2)

(
1− 8π

3
σr̄2 +

r̄2

`2

)−1

= B(r̄) (5.5.28)

on the shock surface.
The picture is as follows: the function ψ(t, r̄) is determined by the solution of the first

order linear partial differential equation (5.5.24) where

C =

(
1− 8π

3
σr̄2 +

r̄2

`2

)
R2, (5.5.29)

E = −RṘr̄, (5.5.30)

subject to the initial data (5.5.28) on the surface (5.5.27). If this problem can be solved,
the two metrics can be matched continuously.

Jump in density

From equation (5.5.12), we have that the mass function M(r̄) for the TOV metric is given
by

M(r̄0) =

∫ r̄0

0
4πσ̄(r̄)r̄2dr̄. (5.5.31)

In writing this equation we are imagining that the TOV metric is continued to r̄ values
less than that of the shock surface. The quantity M(r̄) represents the total mass that is
generating the TOV solution outside the shock wave. For a physically reasonable model
of a star dσ

dr̄ < 0, therefore,

M(r̄0) >
4π

3
σ̄(r̄0)r̄3

0. (5.5.32)

Compare this equation with (5.5.27). This allows us to conclude that at the shock surface

σ > σ̄, [σ] ≡ σ̄ − σ < 0, (5.5.33)

i.e., density inside is greater than the density outside.

83



Shock speed

Differentiating (5.5.27) with respect to t, we find the shock speed

˙̄r =
σ̇r̄

3[σ]
. (5.5.34)

Since [σ] < 0, the shock speed is negative if σ̇ > 0. We also note that σ̇ is indeed positive
for a collapsing situation as Ṙ < 0, cf. (5.5.2).

Continuity of extrinsic curvature

Smoller and Temple [116] also show that in the present set-up, the continuity of the
extrinsic curvature is equivalent to the statement that the normal-normal component of
the external stress-tensor has no jump,

[T ]µνnµnν = 0. (5.5.35)

Explicitly, we have for the inside

Tµνnµnν = p(n · n) + (p+ σ)(u · n)2, (5.5.36)

= p(n · n) + (p+ σ)n2
0, (5.5.37)

where we have used the fact that uµ = (1, 0, 0, 0) for the FRW set-up. Similarly, we have
for the outside

T̄µν n̄µn̄ν = p̄(n̄ · n̄) + (p̄+ σ̄)(ū · n̄)2, (5.5.38)

= p̄(n̄ · n̄) +
1

B(r̄)
(p̄+ σ̄)n̄2

0. (5.5.39)

Therefore the jump condition (5.5.35) becomes

p̄(n̄ · n̄)− p(n · n) +
1

B(r̄)
(σ̄ + p̄)n̄2

0 − (σ + p)n2
0 = 0. (5.5.40)

We note that nµ and n̄µ are components of the same vector nµ. More explicitly, we write
the shock surface as

ϕ(t, r) = r − r(t) = 0. (5.5.41)

with the normal dϕ = nµdx
µ. This gives n0 = −ṙ. To obtain components in the barred

coordinates, we rewrite the shock surface as

ϕ(t̄, r̄) =
r̄

R(t(t̄, r̄))
− r(t(t̄, r̄)) = 0, (5.5.42)

which gives n̄0 = − ˙̄r
R
∂t
∂t̄ , where we have used the fact that r̄ = rR(t). Equation (5.5.25)

then yields,

n̄0 = −
˙̄r

ψCR
. (5.5.43)

Inserting equation (5.5.28) into expression (5.5.43) gives

n̄2
0 =

B

AR2
(1− kr2) ˙̄r2. (5.5.44)

Using these various elements, the jump condition (5.5.40) becomes,

(σ + p̄)ṙ2 − (σ̄ + p̄)
1− kr2

AR2
˙̄r2 + (p− p̄)1− kr2

R2
= 0. (5.5.45)
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This equation is an additional constraint that must be satisfied on the shock surface.
It is a complicated relation between p, p̄, σ, σ̄, R on the shock surface r = r(t). In the OS
limit, where σ̄ = p̄ = 0 it reduces to

σṙ2 + p
1− kr2

R2
= 0. (5.5.46)

Under the assumption that grr of the FRW metric is positive, i.e., 1−kr2

R2 > 0 and σ > 0,
we conclude that the only way this constraint can be satisfied is when

p = 0, ṙ = 0. (5.5.47)

This means that the FRW interior must be pressure free and the shock surface is r =
constant, which are both features of the OS model.

Inside solution, given the outside

Now it seems that we have an over-constrained situation. Given an equation of state
p̄ = p̄(σ̄), we can in principle integrate TOV equations to find the exterior solution on
and outside the shock surface. For this solution to be matched to an interior FRW
solution, we need to know R(t), σ(t), and p(t). Given an equation of state for the interior
solution, we need to know only two functions, say, R(t), σ(t). These two functions can be
determined by the two Friedmann equations (5.5.2)–(5.5.3). Then, how to ensure that the
constraint (5.5.45) is satisfied? It seems that we have three equations for two variables.

The picture that Smoller and Temple proposed for this problem is to view pressure in
the FRW metric as an independent dynamical variable, rather than fixed by an equation
of state. The idea then is to determine p from equation (5.5.2). Substituting this p
in (5.5.45) to get an equation only involving σ(t) and R(t). Solution of that equation
together with (5.5.3) completely specifies the FRW metric inside.

More explicitly, it proceeds as follows. Rewriting (5.5.2), we have

p = −σ − σ̇R

3Ṙ
. (5.5.48)

Using (5.5.34) into this equation we get

p = −σ̄ − [σ]
Rṙ

rṘ
, (5.5.49)

which gives the variable p(t) in terms of the unknowns R(t) and σ(t) on the shock surface
r(t). Substituting (5.5.49) in (5.5.45) gives the constraint equation (5.5.35) in its most
useful form,

αṙ2 + βṙ + γ = 0, (5.5.50)

with

α =
σ + p̄

1− kr2
− σ̄ + p̄

A
, (5.5.51)

β = − 2Ṙr

AR
(σ̄ + p̄) +

1

r̄Ṙ
(σ − σ̄), (5.5.52)

γ = −

(
1 +

Ṙ2r2

A

)(
σ̄ + p̄

R2

)
. (5.5.53)
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All functions appearing in (5.5.50) and (5.5.3) are expressed in terms of unknowns
r(t)6 and R(t). The solution to these equations determines the shock surface and FRW
scale factor, and from these two quantities we know σ(t) via (5.5.27) and p(t) via (5.5.49).
Hence the full interior FRW metric is determined. The matched FRW solution is such
that the metric and the extrinsic curvature are continuous across the shock.

Shortcomings

As mentioned in the beginning of this discussion, a priori the above analysis does not
ensure any physical condition for the interior solution. Since p(t) and σ(t) are explicitly
known at the end of the procedure, one can always check if it is physically reasonable or
not, i.e., whether some energy condition is satisfied or not. Moreover, the way this con-
struction is set-up, it allows us to match a given exterior TOV solution to an appropriate
interior FRW solution. It is not at all obvious if the logic can be implemented the other
way round, namely, given an FRW solution (possible oscillating), can one find an appro-
priate TOV solution where the metric and extrinsic curvature are matched continuously?
We leave this investigation for future studies.

6Equivalently, σ(t), cf. (5.5.27).
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