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Abstract

We study the GIT quotient of the minimal Schubert variety in the Grassmannian G, .
admitting semistable points for the action of maximal torus T, with respect to the T-linearized
line bundle £(nw,), and show that this is smooth when gcd(r,n) = 1. When n = 7 and
r =3 we study the GIT quotients of all Richardson varieties in the minimal Schubert variety.
This builds on previous work by Kumar [Kumo8], Kannan and Sardar [KPogb], Kannan and
Pattanayak [KPoga], and recent work of Kannan et al. [KPPU18]. It is known that the GIT

quotient of G, is projectively normal. We give a different combinatorial proof.

Let r < n be positive integers and further suppose r and n are coprime. We study the
GIT quotient of Schubert varieties X(w) in the Grassmannian G, admitting semistable
points for the action of T with respect to the T-linearized line bundle £. We give necessary

and sufficient combinatorial conditions for the GIT quotient T\X(w)$*(£) to be smooth.
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Chapter 1

Introduction

The study of moduli spaces is fundamental for many classification problems related to
algebraic geometry. One of the main tools to study moduli spaces is Geometric Invariant
Theory (GIT), developed by David Mumford in 1960’s. GIT helps us in constructing quotients
that preserve algebraic geometric structures. The GIT quotients of the Grassmannian variety
and its subvarieties lead to many interesting geometric problems. In this thesis we study the

GIT quotient of the Grassmannian variety and its subvarieties.

1.1 Background and History

Let G be a simply connected semi-simple algebraic group over C. Let T be a maximal torus
of G. Let B be a Borel subgroup of G containing T. We denote by B~ the Borel subgroup of G
opposite to B determined by T. Let Q be a parabolic subgroup of G containing B. Then G/Q
is a projective variety (see [Jano7]). Let £ be a T-linearized ample line bundle on G/Q. A
point p € G/Q is said to be semistable with respect to the T-linearized line bundle £ if there
is a T-invariant section of a positive power of £ which does not vanish at p. We denote by
(G/Q)5°(£) the set of all semistable points with respect to £. A point in (G/Q)$*(£) is said to
be stable if its T-orbit is closed in (G/Q)$*(£) and its stabilizer in T is finite. Let (G/Q)%(£)
denote the set of all stable points with respect to £. These definitions are motivated by the
question of understanding the GIT quotient of G/Q with respect to the T-linearized bundle
L.

Let X(T) denote the group of characters of T. In the root system R of (G, T) let R* denote
the set of positive roots with respect to B. Let S ={«;,..., a1} C RT be the set of simple roots
and let {w, ..., w} be the fundamental weights. Let U (respectively, U~) be the unipotent
radical of B (respectively, B~). For each « € R", let Uy (respectively, U_ ) be the additive



one-dimensional subgroup of U (respectively, U™) corresponding to the root « (respectively,

—«) normalized by T.

Let Ng(T) denote the normalizer of T in G. The Weyl group W of G is defined to be
the quotient Ng(T)/T, and for every « € R there is a corresponding reflection s, € W. W is
generated by s, « running over simple roots in S. This also defines a length function 1 and
the Bruhat order on W.

For a subset I C S let W! = {w € Ww(a) > 0,« € I} and W be the subgroup of W

IWI, with

generated by s, « € I. Then every w € W can be uniquely expressed as w = w
wl € Wl and w; € Wy. For w € W, let n,, € Ng(T) be a representative of w. We denote by
Py the parabolic subgroup of G generated by B and n,,, w € W;. Then W; is the Weyl group
of the parabolic subgroup P;. Sometimes we use the notation WP (respectively, Wp,) instead
of Wl(respectively, Wi). When I = S\ {«,}, we denote the corresponding maximal parabolic

subgroup of G by Py .

The quotient space G/P is a homogenous space for the left action of G. The T-fixed points
in G/P are e,, = wP/P with w € WP. The B-orbit C,, of e,, is called a Bruhat cell, and it is an
affine space of dimension l(w). The closure of C,, in G/P is the Schubert variety X(w). The
opposite Bruhat cell C" is the B~ orbit of e,,, and its closure, denoted by X, is the opposite
Schubert variety. A Richardson variety in G/P is defined to be the intersection X(w)NnX",
and it is denoted as X},,. For a T-linearized line bundle £ on a Schubert variety (respectively,
Richardson variety) in G/P we define the notion of semistable and stable points as before.
We use the notation X(w)5*(£) (respectively, (X}, )5°(£)) to denote the semistable points and
X(W)3(£L) (respectively, (X3,)3(£)) to denote the stable points for the T-linearized line bundle

£ on the Schubert variety (respectively, Richardson variety).

Every character A of P defines a G-linearized line bundle on G/P. We denote the line
bundle by £(A). Furthermore, £(A) is generated by global sections if and only if A is a

dominant weight (see [Janoy, Part II, Proposition 2.6]).

When G =SL(n,C) and P =Py, G/P is the Grassmannian parametrizing r-dimensional
subspaces of C™. We denote it by G, .. The Grassmannian G, comes with the Pliicker
embedding G, — P(A" C") sending each r-dimensional subspace to its r-th exterior wedge
product (see [Fulgy]). The pull back of O(1) from the projective space to G, , is an ample
generator of the Picard group of G, and corresponds to the T-linearized line bundle £(w-).
Gelfand and MacPherson [GM82] considered the GIT quotient of the Grassmannian and
showed that the GIT quotient of n generic points in IP™~! by the diagonal action of PGL(r,C)
is isomorphic to the GIT quotient of G, with respect to the T-linearized line bundle £(nw-.).
They showed that the torus action gives rise to a moment map from G, to R", with the

property that the image of each orbit is a convex polyhedron. This was extended by Gelfand



et al. in [GGMS87]. In their paper the authors proposed three natural ways to stratify the
Grassmannian - the first stratification is motivated by the equivalence of the torus quotient
with the configuration of points in P™~', the second is motivated by the moment map
above, and the third is motivated by the geometry of intersections of Schubert cells in the
Grassmannian. The authors show that no matter which definition is used to stratify the

Grassmannian, the strata are the same.

In this case, there is an isomorphism between W and S, the group of permutations on n
symbols, with sy, 1 <1< n—1mapping to the transposition (i,i+1). We sometimes use the
one line permutation notation (w(1),w(2),...,w(n)) to denote w € W. Wp = S; x S;,_+, s0
the minimal length coset representatives of W' can be identified with {w € Wiw(1) < w(2) <
o <w(r),wir+1) <w(r+2) <...<wn)} Let I(r,n) = {(i1,1z,.i:)[1 <11 <iz--- <ip <nh

Then there is a natural identification of W¥ with I(r,n) sending w to (w(1),w(2),...,w(r)).

Hausmann and Knutson [HK97] used the stratification from [GGMS87] to study the GIT
quotient of G, and related the resulting GIT quotient to the moduli space of polygons in
R3.

Using the Hilbert-Mumford criterion, Skorobogatov [Skog3] gave combinatorial condi-
tions determining when a point in G, ,, is semistable with respect to the T-linearized bundle
L(wy). As a corollary he showed that when r and n are coprime semistability is the same as

stability.

Independently, for a general G, Kannan (see [Kang8] and [Kangg]) gave a description
of parabolic subgroups Q of G for which there exists an ample line bundle £ on G/Q such
that (G/Q)3°(£) is the same as (G/Q)3(£). In particular, in the case when G = SL(n,C) and
Q = P4,, Kannan showed that (G, )} (£(wy)) is the same as (G, )5 (£(w.)) if and only if r

and n are coprime.

In the type A case when G = SL(n,C) and Q is a parabolic subgroup, Howard [Howos]
considered the problem of determining which line bundles on G/Q descend to ample line
bundles of the GIT quotient of G/Q by T. For a line bundle which descends to an ample line
bundle on the quotient, by the Gelfand-MacPherson correspondence, the smallest power of
the descent bundle that is very ample would give an upper bound on the degree in which
the ring of invariants of n-points spanning projective space P™~! is generated. Howard
showed that when £(A) is a very ample line bundle on G/Q (so the character of T extends to
Q and to no larger subgroup of G) and H°(G/Q, £(A))T is non-zero, the line bundle descends
to the quotient (see [Howos, Proposition 2.3, Theorem 2.3]). He extended these results to
the case when the T-linearization of £(A) is twisted by p, a character of T. He proved that
the line bundle £(A) twisted by u descends to the GIT quotient provided the p-weight space

of H°(G/Q, £(A)) is non-zero, and this is so when A — p is in the root lattice and p is in the



convex hull of the Weyl orbit of A. This was extended to other algebraic groups by Kumar
[Kumo8, Theorem 3.10]. It is known due to the work of Kumar [Kumo8] that the line bundle
L(nw,) descends to the GIT quotient of G, ,, with respect to the maximal torus T consisting
of diagonal matrices in SL(n, C). Thus, the line bundle £(nw,) gives an embedding of the

quotient variety T\(G;n)$*(£(nw-)) in a projective space Proj(D 4, HO(G/P, L(nw,)®4)T).

1.2 Our results and organisation of the thesis

We discuss the preliminaries and background required for the thesis in Chapter 2. In §2.1,
we recall the basic definitions from Geometric Invariant Theory. We recall some basic facts
about finite dimensional representations of SL(n,C) in §2.2. In chapter 3, we introduce the
core objects of interest which is the Grassmannian variety and its two important classes of
subvarieites namely the Schubert variety and the Richardson variety. We study the Standard
monomial theory of Grassmannian in §3.2. In §3.3 we recall Deodhar decomposition of a
Richardson variety which we need when computing the GIT quotient of certain Richardson

varieties. And in §3.4 we discuss the singular locus of Schubert varieties in the Grassmannian.

In Chapter 4 we move to study the GIT quotient of a minimal dimensional Schubert
variety in the Grassmannian. We can study many projective varieties like projective spaces,
rational normal scrolls by realising them as the GIT quotient of a minimal dimensional
Schubert variety in the Grassmannian. This also helps to understand conditions under which

a torus quotient of a Schubert variety is smooth. This is discussed in Chapter 6.

Kannan, Sardar and Pattanayak (see [KPoga], [KPPU18],[KPogb]) studied the GIT quo-
tients of minimal dimensional Schubert varieties in the Grassmannian admitting semistable
points. We know from [KPogb] that there is a unique minimal Schubert Variety X(w, ) in
Grn admitting semistable points with respect to the line bundle £(nw-.). In this thesis we
give an explicit calculation of w, . Using our methods, we also find the smallest Richardson

variety in G, admitting semistable points. We obtain:

Proposition 1.1 (4.4). Let r and n be coprime. Then wyn, = (a1, ayz,...,a,) where a; is the smallest

integer such that a; -v >1i-n.

An understanding of the GIT quotient in the case gcd(r,n) # 1 is difficult since stability
is different from semistability. So we assume that ged(r,n) = 1. Under this assumption
Skorobogotov (see [Skog3]) and Kannan(see [Kang8]) showed that the quotient variety
T\(Grn)}*(£) is smooth. We study the smoothness for minimal dimensional Schubert

varieties admitting semistable points under the same hypothesis. In this thesis we show



Theorem 1.2. (4.1.1) Let r and n be coprime. Then the GIT quotient T\X(wy )3 (L(nwy)) is

smooth.

Kannan and Pattanayak [KPoga] extended the results of [KPogb] to the cases when G is
of Dynkin type B, C,D and when P is a maximal parabolic subgroup of G. Then G/P4, has
an ample line bundle £(w,). Kannan and Pattanayak gave a combinatorial description of all
minimal Schubert varieties in G/B admitting semistable points with respect to £(A) for any

regular dominant character A of B.

The geometry of the GIT quotient of T\X(w; )5 (£(nw;)) is not well understood. In
this thesis we study this geometry using Deodhar decompositions of Richardson varieties in

X(ws3,7) by computing the various Deodhar strata and analyzing their quotients. We show:
Theorem 1.3. (4.2) The polarized variety T\X(w3 7)5° (L (7w3)) is projectively normal.
We give an explicit description of the coordinate ring R of T\X(w3 7)$*(£(7w3)) in terms

of generators and relations. Let J be the two sided ideal generated by the following relations

in the polynomial ring C[Y;,Y>,...,Y7].

YiYs =Y2Y3 —Y2Y7 + Y Y7, (1.1a)
Y1Ys =Y —Y3Ys, (1.1b)
Y1Ys = Y3Y4 —Y4Y7, (1.10)
Y,Ys5 = Y3Y4 —Y3Y7, (1.1d)
Y,Ye = Y7 —Y4Y7, (1.1€)
Y3Ys = Y4Ys. (1.1f)

We show that the diamond lemma of ring theory holds for this reduction system (see [Bery8]).
We show:

Theorem 1.4. (4.17) C[Y1,Y2,...,Y7]/T ~R.
By employing Deodhar decomposition, we obtain the following varieties as quotients of
Richardson varieties.
(1) Letv =s3s483. Then T\\(X}’Vw)?rs( L(7ws3)) is a point.

(i1) Letv =s;s3. Then T\\(X‘V’VSJ)-SFS( £(7w3)) is isomorphic to IP! and the descent of £(7w3)
is O(1).

(ii1) Letv = s4s3. Then T\\(X‘V’Vsj)-srs( £(7w3)) is isomorphic to P! and the descent of £(7w3)
to the GIT quotient is O(2).



(iv) Let v = s3. Then T\(XY,, )$*( £(7w3)) is isomorphic to P! x P! and the descent of the
line bundle to the GIT quotient is O(2) X O(1).

Using projective normality 4.2 we finally show:

Theorem 1.5. (4.3) The polarized variety T\\(X';f}w)?rs( L(7w3)) is a rational normal scroll.
We also prove results of a general nature which apply to the GIT quotient of X(wy »)

using standard monomial theory.

Proposition 1.6. (4.1.1) Let r and n be coprime. Let vy be such that X‘V'J;’fn is the smallest
Richardson variety in X(wy ) admitting semistable points. Then vy = (1,a1,...,a,_1) with a;
defined as the smallest integer satisfying a;r > i-n (as in Proposition 4.4).

Consider the Weyl group element ¢y = Wrnvy ) -

Proposition 1.7. (4.1.1) ¢, is a Coxeter element.

Theorem 1.8. (4.8) T\\(XXJ;T,;)-SFS( L(nwy)) is a point.

Let I, , denote the unique semistandard Young tableau with v, ,, appearing as the first
column and w, , appearing as the last column. The explicit construction of such a tableau

has been discussed in the proof of 4.4.

Theorem 1.9. (4.9) Let v € W3\ be such that v < vy . Then, T\(X,, )$*( L(nw,)) is
isomorphic to P’ if and only if v = sqVrn where s = (ai_1,a;) for somei =2,...,v—1. The
descent of L(nw:) to TN\(XW,, )5 ( £L(nwy)) is Op1(ny) where ny is the number of times a; — 1

appears in the i-th row of the tableau Ty .

Recall that the line bundle £(nw,) gives an embedding of the quotient variety
T\(Gr,n)$*(£(nw;)) in a projective space Proj(@450H(G/P, L(nw,)®4)T). However, in
general it is still unknown whether this embedding gives rise to a projectively normal
embedding and appears to be a surprisingly difficult question. The main hindrance is
in understanding whether the ring R = @4, H%(G/P, L(nw,)®)T is generated in least
degree. The least degree generators of the ring R for even n and r = 2 have been studied
by Howard, Milson, Snowden and Vakil (see, [HMSVo5], [Kemg3]) using graph theoretic
methods. Recently, A.Nayek, S.K Pattanayak and S.Jindal gave another proof of the projec-
tive normality of T\(G2n)$*(£L(nw;)) using graph theoretic methods (see, [NP]20]). In this
thesis, Chapter 5 we have shown that the ring R is generated in least degree, for odd n and
T = 2, using the combinatorics of Young tableaux obtained from standard monomial theory
and straightening relations of Pliicker coordinates. More precisely, in Chapter 5 we prove

the following theorem.



Theorem 1.10 (5.1). Let n be odd. Then T\(G2,n)5° (£L(nwy)) is projectively normal.
We also obtain the following corollaries for Schubert varieties and Richardson varieties
in GZ,n-

Corollary 1.11. The GIT quotient of a Schubert variety in G, is projectively normal with respect

to the descent line bundle.

Corollary 1.12. The GIT quotient of a Richardson variety in G v, is projectively normal with respect

to the descent line bundle.

In chapter 6, we use 4.1.1 and give a combinatorial criterion for when the GIT quotient

of a Schubert variety in the Grassmannian, T\X(w)3*(£) is smooth. We show:
Theorem 1.13. (6.3)Let w = (by,by,...,by) € I(r,n) with by > a; forall 1T < i < r. Let
X(v1),...,X(vx), be the k components in the singular locus of X(w). Then the following are
equivalent

(1) T\X(W)$*(£L(nwy)) is smooth.

(2) For all i, we have vi % Wy n.

(3) Whenever b; > bj_1 + 2 we have a; > bj_1 + 1.

In other words the GIT quotient is smooth precisely when the semistable locus does not

intersect the singular locus, and there is a simple combinatorial criterion describing when

this happens.






Chapter 2

Preliminaries

2.1 Preliminaries on GIT

We briefly review the definitions and preliminaries which we will be needing in this thesis
here. For the basics of algebraic groups we direct the reader to [Humi2b], [Janoy]. We have
mostly followed [LRo7, Chapter 9] and [New?78] for basics regarding Geometric Invariant
Theory (GIT).

Definition 2.1. An action of an algebraic group on a variety X is a morphism
0:GxX—=X

such that for all g, g’ € G,x € X, o(g, 0(g’,x)) = 0(gg’,x) and o(e, x) = x. where e denotes the
identity of G.

For x € X, we denote the orbit O(x) of x the subset {gx| g € G}. The stabiliser Gy of x is
the closed subgroup {g € G|gx = x}.

Let RG = {r € R|g.r = r for all g € G} denote the ring of invariants. We recall from [New78,

Theorem 3.4] that R€ is finitely generated for a reductive algebraic group G.
Definition 2.2. Let G be a group acting on an algebraic variety X. A pair (Y, ¢) is called an
categorical quotient if it satisfies the following

(i) Y is an algebraic variety.

(ii) ¢ is a morphism of varieties from X to Y.

(iii) ¢ is G-invariant, i.e ¢ is constant on the G-orbits.



(iv) Whenever we have f: X — Z which is constant on the G-orbits, there exists a unique
g:Y — Z such that f = go ¢.

Let G be a reductive group acting on an affine variety X. Let R = C[X] denote the ring
of regular functions on X. We will denote X as Spec(R) and Y = Spec(R®). Then there is an

action of G on R as
(9.f)(x) =f(g~ " x)

for all g € G,f € R and x € X. It can be checked that X//G = Y defined as above is a

categorical quotient.

To define the notion of quotients to non-affine varieties we need to introduce the notion

of good quotients and a geometric quotient. We recall the definitions from [LRoy, Chapter 9]
Definition 2.3. Let G be a group acting on an algebraic variety X. A pair (Y, ¢) is called an
good quotient if it satisfies the following:

(i) ¢ :X — Yis a surjective morphism.

(ii) ¢ is G-invariant.

(iii) ¢ is an affine morphism i.e the inverse image of an open affine set is again affine open

set.
(iv) If W c X is G-stable and closed, then ¢(W) is closed.
(v) If W;, W, are two disjoint G-stable closed subsets of X, then $(W;) N d(W2) = 0.

(vi) Given open set U C Y, the map
¢*: CU — Clop~" ()¢

is an isomorphism.

Definition 2.4. Let G be a group acting on an algebraic variety X. A pair (Y, ¢) is called an

geometric quotient if it is a good quotient and Y is the orbit space X/G.

Let G be as above acting on a projective variety X in IP™. Let : £ — X be an ample line
bundle.

Definition 2.5. We say £ is G- linearised if there is a G-action
O:GxL—=L

on £ such that
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(i) m: L — X is G-equivariant. That is the following diagram commutes :

GxL —— L

|

GxX — X

(ii) For x € X let £+ denote the fiber of x. Then the action is linear on fibers, i.e for g € G

and x € X the map @, : L, — Ly is linear.

We can now define the notion of semistable and stable points with respect to a G-
linearised line bundle £. Since we will be only interested in projective varieties we will

restrict our attention to them. Recall from [MFKo4], [New78].

Definition 2.6. Let X be a projective variety. Let G be a reductive group acting on X and £
be a G-linearised line bundle on X. A point x € X is called semistable if for some positive

integer r, there exist G-invariant section f of £" such that f(x) # 0 and X is affine.

Definition 2.7. A semistable point x is called stable if the action of G on X is closed and dim
O(x) = dim G.

We will denote by X (L) (respectively, X§ (£)) the semistable (respectively, stable) locus

of X with respect to the G-linearised line bundle £.

Once we have a linearisation on £ we automatically get a linearisation on £®™: Denote
by HO(X, £L®™)C the space of G-invariant sections of £L®". Let s denote a section of £L&™.
Then the action of G on H°(X, £L®") is defined by

—1

(g-s)(x) = g.s(g™ " x).

Then the GIT (Geometric Invariant Theory) quotient of X with respect to the G-linearised
line bundle £ is given by

G\\(X*%)g(£) = Proj(H HO(X, £L¥™)€).

n>0

We now recall the definition of projective normality of a variety from [Har13]. Let X be
a projective variety and ¢ : X C P™ be an embedding. Let S(X) denote the homogeneous
coordinate ring of X (see §2 [Har13]). Let £ = ¢*O(1). Let S'(X) = @n>oHO (X, LOM).

Definition 2.8. A projective variety X C IP™ is projectively normal with respect to the given

embedding if S(X) is normal.
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Recall from [Har13, Exercise 5.14], X is projectively normal for an embedding given by
line bundle £ if and only if X is normal and S’(X) is generated in degree one as a C- algebra.
This equivalent characterisation is the one which we will use when we show projective
normality of GIT quotient of a Grassmannian G, (see 5), and that of a minimal dimensional

Schubert varieties (see 4) in Gz 7.

We will need another geometric property which is intrinsic of the variety called smooth-
ness in Chapter 6 where we study the GIT quotients of Schubert varieties of a Grassmannian
Grn for r and n coprime and classify the Schubert varities that admits smooth quotients.

We recall the definition from [Har13, §5].

Definition 2.9. Let X be any variety. X is nonsingular or smooth at a point p € X if the local
ring O, x is a regular local ring. We say that the variety X is nonsingular or smooth if it is

smooth at every point. X is singular if it is not a smooth variety.

2.2 Preliminaries on representation theory of SL(n,C)

We briefly recall some basics from G = SL(n, C) representation theory. Most of the facts
presented here follows from the general fact that SL(n,C) is a semisimple algebraic group.
However, since in this thesis we will not be dealing with generalities, we present it only for
SL(n,C). There are many references for the same. To cite a few are [Humi2b], [Humziz2a],

[Jano7], [LRo7]. The reference which is most useful in our context is [LRo7].

Let G = SL(n,C) be the group of complex n x n matrices with determinant 1. Let T
denote the group of diagonal matrices in G. Let B the subgroup of upper triangular matrices
in G and B~ the subgroup of lower triangular matrices in G. The unipotent subgroup U is the
subgroup of B with diagonal entries 1, and U™ is the unipotent subgroup of B~ with diagonal
entries 1. Let § denote the category of linear algebraic groups. Let X(T) = Homg(T,C*)
denote the group of characters and Y(T) = Homg(C*, T) denote the set of cocharacters. Let
A e X(T) and p € Y(T). For t € C*. We have Ao pu(t) = t™ for some integer m. Let m = (A, ).
We recall that

() X(MxY(T) = Z

(A1) = (A )
is a perfect pairing (see, [Hum12b]). So Y(T) ~ Homz(X(T), Z).

We know that the Lie algebra g of G is sl(n) which is the vector space formed by traceless

n x n complex matrix. The Lie bracket is given by

X, Y =XY—-YX

12



Analogously, let h denote the subalgebra of diagonal matrices, b the subalgebra of upper
triangular matrices in g and b~ the subalgebra of lower triangular matrices in g. The nilpotent
subalgebra n is the subgroup of b with diagonal entries 0, and n™ is the subalgebra of b~
with diagonal entries 0. For i # j, let E;; denote the matrix with ij-th entry 1 and other

entries are zero. Let h = diag(hy, hy,...,hn) € . Then
[h, Ei5] = (hi —hy)Ey.
Define
€i— €. h —C
h— h,i — hj .
Let
R={ei—gl1<i<n,1<j<n,i#]j}
R ={e;i—gll <i<j<ny;
S={ei—ei1I <i<n—-1}
Let V ={(x1,%x2,...,xn—1) 2_xi = 0}. Vis an—1 dimensional subspace of R™ which gets
identified with X(T) ® R. We know there is a standard inner product in V given by (.,.)

(see [Hum12a, §9.1]). Define a reflection relative to a nonzero vector « € V to be the linear

transformation given by
2(v, ®)
(o, o)

Soc(v) =VvV—

We can check R satisfies the following properties.

e Ris finite, spans V and doesnot contain 0.
e If € R, the only multiples of « € R are +«.

e For each « € R, R is stable under s4.

e For o, B €R, (B, ) = 2((5':‘)) is an integer.

R is called the set of roots. The subset S forms a basis of V and every element of R is either is
nonnegative integral linear combination of S or a nonpositive integral linear combination of
elements of S. So S is called a set of simple roots. The set R* is the set of elements of R which

are nonnegative Z linear combinations of elements of S. So R" is called the set of positive

2(wi, o)

roots. Let wy, w3, ..., wn_7 be the dual basis relative to the inner product in V: (5,05) = 815,
1, ifi=j, . . . .

where 65 = . The weight w; is called a fundamental weight relative to S. The
0, ifi]
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fundamental weight w; is given by

1
(e14+€2+...+¢€n).

wi:€1+€2+...+ei—ﬁ

Note that e¢; — ¢; may be considered as a character of T which sends diag(ty,ts,...tn)
in T to titj_‘. The fundamental weight w; will denote the character of T which sends
diag(ty, t2,...tn) in T to tq.t7.... t5.

We recall the Cartan decomposition of g,
=bh @( @ ga)
aeR

where gy = {x € gl[h,x] = «(h)x for all h € h}.

We know the Weyl group W for a general reductive group G with respect to T is defined as
Ng(T)/T where Ng(T) is the normaliser of the maximal torus. In our setup i.e G = SL(n,C),
N¢(T) gets identified with the set of monomial matrices in G i.e an element of Ng(T) is a
matrix X in G such that in each row and column of X there is exactly one non-zero element.

So the Weyl group W gets identified with the symmetric group in n letters S,.

For each simple root «; we have a morphism ¢; : SL(2,C) — G, with ¢; sending
M € SL(2,C) to the n x n matrix having M in rows and columns 1i,i+ 1, with the other

diagonal entries being 1 and the remaining entries zero. We use the following notation:

1 m 1o\ t 0 . 0 —1
xi(m) = ¢y , Yilp) = s ;oo (t) =4 ] S =di -
0 1 p 0t 10

(2.1)

To each root « = €; — €; we can associate a one dimensional unipotent subgroup U
called the root subgroup with entries are I +cE;, ¢ € C, E;; denote the elementary matrix.

Let G4 denote the additive group C. There is a isomorphism
0y :Gq — Uy

such that forall t € T, x € G, t04(x)t™" = 04(x(t)x). (see, [LW9go, §2.3]).

Recall [Hum12b, Theorem 28.3] the Bruhat decomposition for G is given by

G= |_| BwB.
wew

Definition 2.10. A parabolic subgroup Q of G is a closed subgroup of G such that G/Q is a

projective variety.
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A subgroup Q is parabolic if and only if it contains a Borel subgroup of G.(see, [Hum12b,
Corollary 21.3 B]). For each subset I C S, let W1 be the subgroup of W generated by s, with
o€ L. Let

P; = |_| BwB.
weWg

Clearly Py is a parabolic subgroup of G. Conversely, let Q be a parabolic subgroup of G
containing B. We can associate a subset of I of S such that Q = Py (see, [Hum12b, Theorem
29.3]). Since we have the Borel fixed, we will alternatively write W instead of Wt and the
set I as Sq. WX = W/Wq, will be called the set of minimal representatives of W/Wq and is
defined as :

WQ = {we Ww(x) >0 forall a € So.}

For w € W let e,, o denote the coset wQ in W/Wgq. Then the set of T-fixed points in G/Q
for the left multiplication action of G is precisely {e., olw € WQJ}.

Definition 2.11. For w € WQ, the Zariski closure of Be,,q in G/Q is called the Schubert
variety in G/Q associated to wWgq and is denoted by X¢q (w).

So the Schubert varieties are indexed by the set of minimal representatives of W/Wg,.

We now recall the extended version of Bruhat decomposition (see, [LWgo]).

G/Q= || Bewo

wewQ

and
Xoly) = | ] Bew,q-

weWRQ,e,, g€Xq(y)
Definition 2.12. For w € W® the length of w is defined to be the minimum 1 such that there
is an expression w = s, S« - - - S, Where sq, is a simple reflection for every i. We denote
the length of w by 1(w). An expression w = Sori, Sou, -+ Saxy, for which k = 1(w) is called a
reduced expression for w. Recall from [LRo7, §3.3] that the length of a word w € WQ can also
be determined as l(w) = dim Xq (w).

There is a partial order on WQ called the Bruhat order induced by the partial order on

the set of Schubert varieties given by inclusion: For wy,w, € WQ,w; < w3 if and only if

Xq(w1) C Xq(w2) (see, [LRo7, §3.3]).

For a A € X(T) we can associate a line bundle as follows: Let X = G/Band : G — X
denote the projection map. Let A € X(T). A can be extended to a character of B by declaring
it 1 in the unipotent radical. So now we have A : B — GL(C,). Note C, as a vector space

is C and to distinguish it as a B-representation we write C, . Let £, denote the line
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bundle whose total space is given by E = S*€  where the equivalence ~ is defined by
(gb,A(b~"x)) ~ (g,x),g € G,b € B,x € Cy. Since G = SL(n,C). By Chevalley’s Theorem (see,
[LW9o, §2.8]) the map

L:X(T) — Pic(G/B) (2.2)

7\I—>[;)\

is an isomorphism of abelian groups.

We know a basis of X(T) is given by the fundamental weights w;,1 < i < n—1. For
A = ) 1<icn @iw; the line bundle in the image is given by £ = ®1<i<nL?§?i. Note
ai = (A, oy). We say A regular dominant if a; > 0 for all i. Recall from [Janoy, Prop 4.4, Part II]

L, is ample if and only if A is regular dominant.
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Chapter 3

The Grassmannian

3.1 Preliminaries on Grassmannian

In this chapter we briefly introduce the Grassmannian variety and two important classes
of subvarieties of the Grassmannian namely Schubert varieties and Richardson varieties.
In §3.2 we then describe the standard monomial theory for the Schubert varieties in the
Grassmannian. In §3.3 we recall the Deodhar decompositions of the Richardson varieties and
then briefly mention the standard monomial theory for Richardson varieties. And finally in
§3.4 we discuss the singular loci of Schubert varieties in the Grassmannian. We continue to

use the notations from §2.2.
Definition 3.1. Let 1 < r < n. The Grassmannian variety is the space of all r- dimensional
subspaces of a n- dimensional complex vector space W and is denoted by G ..

For V € G, fix a basis {vy,...v;} of V and define the map

P:Grn — P(AW)

Vi vi Ava...Ave.

Suppose {uy,...u,} be another basis of V. Let M denote the r x r matrix that takes
{vi,...vr} to {usy,...u;}. Then we know vi Av, ... Av, =det(M)u; Auy ... Au,. So the map
P is well defined and is called the Pliicker map. We recall from [LRoy, Theorem 4.1.2.1] that

the map P is injective, and hence gives an embedding which is called the Pliicker embedding.

Define the set

I(r,n) :={(i1,i2, ..., )T <1 <iz....<ip <nh
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Define a partial order < on I(r,n) as i <j if and only if iy <j forall 1 <t < r. This

order is called the Bruhat order on I(r,n).

Let {ey, e2,...en} denote the standard basis of W. We know

{ei = 61] N\ eiz VAN eik}TGI(k/n)

forms a basis of A\"W. The Pliicker coordinates pg, are the basis of (A" W)* dual to

1 ifi=j;
pjlei) = -

{eT}Te I(kmn)- That is

0 otherwise.

Let V be a r dimensional subspace of W, let g € G. Then gV = {gvlv € V} is again a r-
dimensional subspace of W. This defines a transitive action of G on G, .. Let U be the

*

subspace spanned by {ej, ...e.}. The stabiliser of U is the subgroup P = i .50 Gy
n—rr X

becomes a homogeneous space G/P. Note from 2.2 that P is a maximal parabolic subgroup
that corresponds to the subset S\ {«,} . Then the subgroup Wp gets identified with S, x S,,_+.

And the set of minimal length coset representatives of W/Wp are
WP ={(w1,...,Wn) €Snlwi <Ws <+ <WpWrpq < -+ < Wnh

So we note that W gets identified with the set I, : w = (w1,...wn) = (W1,...wy).

Sometimes we would like view the elements (wq,w>,...,w;) as a column of numbers. In

which case we denote it by [wq,wy, ..., wy].

The T-fixed points are given by e,, for w € I(r,n). The B-orbit through e,, is the Schubert
cell and its Zariski closure in G/P is the Schubert variety corresponding to w and is denoted

by X(w). For w = (i,12,...,1,) we have
X(w)={U¢e Gr,n‘dim(umvit) >t,1<t<d),

where V; is the subspace of V spanned by {e, e;,...,e;}. Once we have the above definition
the Bruhat order can be also given as v < w if and only if X(v) C X(w). Note that G, is the

Schubert variety X(wf), where w§ =(n—r+1,n—r+2,...,n).

We recall that given (by,...,b,) € I(r,n), one reduced expression for the Weyl group
element in WP corresponding to this is (sp,—1---81)...(Sp,—1---sy) where a bracket is

assumed to be empty is if b; — 1 is less than i.
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3.2 Standard monomial theory for the Grassmannian

In this section, we will describe the standard monomial theory for Schubert varieties in
Grassmannian. We know that the Picard group of the Grassmannian Pic(G, ) is a rank one,
free abelian group generated by the line bundle £, = P*(O(1)) (see 2.2). This line bundle
also gives an embedding of a Schubert variety X(w) in the Grassmannian. Let H®(X(w), £, )
be the global section for the line bundle £,,. Let C[X(w)] be the homogeneous coordinate
ring of X(w) for this projective embedding i.e C[X(w)] = P40 HO(X(W),L((%?). Standard
monomial theory explicitly constructs a nice basis for the space H°(X(w), L‘?ﬁ,‘f). Lett € I(r,n),

and p- be a Pliicker coordinate.
Definition 3.2. A monomial p. of degree d is an expression of the form p,p+, ...p,-
We associate to each monomial p; = p+, - --pr, a Young tableau T. of shape (d,d,...,d)
T
T umes

whose i-th column is filled with t; = [ti(1), Ti(2), ..., Ti(r)](see [Ses, Chapter 1]).

Definition 3.3. A monomial p.,pr, ...pr, is said to be standard if
T <T2... < 1g.
Such a monomial is said to be standard on X(w) if in addition we have

Tg < w.

In our convention we say a Young tableau Y is semistandard if the rows of Y are weakly
increasing and the columns are strictly increasing. Note that the tableau T, associated with

the monomial pr = pr, - - - pr, is semistandard if and only if p- is a standard monomial.
Recall from [LRo7],

Theorem 3.4. [LRoy, Theorem 4.3.3.2] Standard monomials on X(w) of degree d forms a basis of
HO(X(w), £E).

Each standard monomial (more generally any monomial p+,p«,...p<,) is a T-weight
vector. Let a(i) denote the number of times integer i appears in the tableau. Then we have
diag(ty, t2,...,tn) PP P =1 i tfmpT1 Py
Remark 3.5. Let i, : HO (G, £54) — HO(X(w), £&4) denote the restriction map. We recall
from [LRo7, §4.3.4] that n&, is surjective and the kernel of 7|, has a basis given by {p~It £ w}
The Schubert variety X(w) as a closed subvariety of G, ., can also be defined as the vanishing

of pr, T ﬁ w,T € I(r,n). Using 3.4 we can conclude that the kernel of nd has a basis
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given standard monomials p,p<, ... pr, With 11 <72... <714 and 14 ﬁ w. We can give a
similar description for Schubert subvarieties of Schubert varieties in the Grassmannian: Let
v € I(r,n) be such that v < w in the Bruhat order, so that X(v) is a closed subvariety of X(w).
Denote 7, |, : HO(X(w), £&4) — HO(X(v), £&4) the restriction map. Then nd, | is a surjection
and the kernel of nlw has a basis given by {p«|t £ v, T < w}. The Schubert variety X(v) as a
closed subvariety of X(w) can also defined as the vanishing of p., T £ v,T < w,t € I(r,n).
Using 3.4 we can conclude that the kernel of n, , has a basis given standard monomials

PtiPr -+ Prg With 1) <12... <Ttgand 1q £ v, T < w.

We recall the degree lexicographic order on rectangular r x m Young tableau. Recall that
as per this order a monomial p = pr, ...px,, corresponding to a r x m tableau is bigger than
a monomial q = qy, ...q, _,corresponding to another r x m’ tableau if m > m’ or, if m = m’,
then for the smallest i such that t; # p; it is the case that t; > in the usual lexicographic

order on words of length r. We denote this by p >1ex q Or q <tex P

Let T = (i1,12,...,1r) and = (j1,j2,...,jr). We say the Pliicker coordinates p. and p,
are not comparable or T and u are not comparable iff there is a t > 1 and a s > t such that
it < jt and ig > js or thereisat > 1 and a s > t such that iy > j; and 15 < js. We now
recall the straightening procedure which is used to describe the product p.p,, as a linear

combination of standard monomials.

Following notations from [HL18, §2.3]. Let (ay, az,...a;) T denote the tuple (ay,...,a,)
arranged in increasing order. Let T = (i,12,...,1:) and u = (j1,j2,...,jr) be two noncompa-
rable words such that T <i¢x p. Let t be smallest integer such that iy > ji. Let Sh(t, u) be
the set of all permutations o of {i¢,it41,...,1r,1,j2,...,jt} With o(it) < o(ig41) <--- < o(iy)
and o(j7) < 0(j2) < ... < o(ji). Let o(t) = (i1,12,...,1t_1,0(it), 0(it11),...0(ir)) 1T and

o(u) = (o(j1),0(G2),...0(+t),jt+1,...jr) T. Then we have,

PPu= ) EPo(r)Po(w)- (3.1)
oeSh(T,u)

The sign of the permutation can be easily deduced by noting the sign of the shuffle permuta-

tion. For this thesis we will not need the sign so we ignore.
We will crucially use the fact which follows from [Ses, Lemma 1.3.5] that in equation 3.1
P1Pu >lex Po(t)Po(p)/

for all o.

Example 3.6. We will explain the above definitions and notations in a simple example of

G2,4, the Grassmannian variety of planes in C*. The homogeneous coordinate ring C[G3,4] is
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generated as an algebra by the following Pliicker coordinates: p (1 2),P(1,3),P(2,3),P(1,4), P(2,4)

and p(3 4). The straightening law here is :

Pa4)-P23) =P1,3)-P24) —P(1,2)-P(3,4)

which in terms of tableau can also be described as:

1|2 1|2 1

413] |3]4] |24

The degree d part of C[G;,4] is HO(Ga4, L‘ff,‘zi) has a basis consisting of standard monomials of
degree d in p.. For example, the two semistandard Young tableau appearing as summands
in the right hand side of the above expression corresponds to degree 2 standard monomials.
However the monomial appearing in the left hand side of the above equation is not standard

monomial.

Example 3.7. We can consider the Gz, and consider the monomials pr and p, where
T = (1,4,5) and p = (2,3,6). We have T <iex 1 however they are incomparable, if we

straighten we obtain:

1|2 1|2 1 1|4 1|2 1|3
3/1=|3|41||2 -2 - 5|t 2
6 6 516 316 6 416

3.3 Deodhar decomposition to compute quotients of Richardson

varieties

In chapter 4 we will study the GIT quotients of Richardson varieties in the Grassmannian. In
Section 4.1 we proved some results on quotients of Richardson varieties. A natural strategy
to understand the GIT quotient is to take a stratification of a Richardson variety, understand
what the GIT quotient of each strata is, and also understand how the GIT quotients of these
strata patch up. Such a stratification of the open cell of a Richardson variety was given
by Deodhar [Deo85]. This was to be our starting point. Working with small examples we
believed that the restriction of a T-invariant section to the open cell would be a homogenous
polynomial and that this would lead us to discover the equations defining the GIT quotient of
a Richardson variety. However we soon realized that sections may not restrict to homogenous
polynomials on the open cell, that the issue is more subtle. We have necessary conditions
which guarantee when sections restrict to homogenous polynomials on the open cell. This

is Lemma 4.23. To state the Lemma and also the proof we need to introduce the Deodhar
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decomposition and some more notation and theorems about Deodhar decomposition of
Richardson varieties on the Grassmannian. We do that in the next Subsection 3.3.1. We use
the Deodhar decomposition to study the GIT quotients of Richardson varieties in X(w3 7) in
Section 4.3. Although all these results follow from the results in Section 4.1 we prove them
again since this can be done by explicit calculations. Finally we show that the GIT quotient
of X(ws3,7) is a rational normal scroll. We were unable to complete this proof using only
information about the GIT quotients of Richardson varieties in X(wj3 7). Instead we show

that the equations defining the GIT quotient is a determinantal variety.

3.3.1 Deodhar decomposition

In [Deo85] Deodhar considered the intersection in G/B of the open cell in a Schubert variety
with the open cell of an opposite Schubert variety. For v,w € W, define the Richardson
strata’

RY, = (BWB/B) N (B~vB/B)

Note that this is not the same as the definition of a Richardson variety (see for example
[BLo3]). Recall that for v,w € W a Richardson variety X}, in G/B is defined to be the
intersection of X(w) N X". Since both X(w) and XV contain the intersection of (BWwB/B) N
(B~vB/B) it is clear that R}, C X},. And so Richardson strata is empty if v £ w and the
closure of RY, is X},. Let X3J, and X3, be two Richardson varieties. Then X3, C Xj2, if and

only if v <vi < wj <w; in the Bruhat order.

In [Deo85] Deodhar gave a refined decomposition of a Richardson strata in G/B into
disjoint locally closed subvarieties of a Schubert variety. We follow the notation from Marsh
and Reitsch[MRo4], and Kodama and Williams [KW13]. The definitions and examples are

taken verbatim from [KW13] since it is their notation and set up that we use in our proofs.

Fix a reduced decomposition w = s;, sy, - - - s;,,. We define a subexpression v of w to be
a word obtained from the reduced expression w by replacing some of the factors with 1.
For example, consider a reduced expression in S4, say s3s2s1s3s2s3. Then s3s>1s3s,1 is a
subexpression of s3s;s1s35253 . Given a subexpression v, we set v(y) to be the product of
the leftmost k factors of v, if k > 1, and set v(o) = 1. The following definition was given in

[MRo4] and was inspired from Deodhar’s paper [Deo85].

this terminology is not standard. What we have called strata is sometimes called a Richardson variety
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Definition 3.8. Given a subexpression v of a reduced expression w = sy, sy, - - - si,, , we define

]3 = {k € {]/ ceey m}|v(k—]) < V(k)}
Vo= kel mivae ) = vig)
]‘., = {k S {1, ey m}Iv(k_” > V(k)}

The expression v is called non-decreasing if v(;_;) < v(;) forallj =1,...,m, and in this

case J§ = 0.
The following definition is from [Deo85, Definition 2.3].

Definition 3.9. (Distinguished subexpressions). A subexpression v of w is called distinguished
if we have

Vi) <V_nsiy; Vie{l,...,m}

In other words, if right multiplication by 8i; decreases the length of v(;_;), then in a

distinguished subexpression we must have v(j; = v(;_1)si, .

We write v < w if v is a distinguished subexpression of w.

Definition 3.10. (Positive distinguished subexpressions). We call a subexpression v of w a

positive distinguished subexpression (or a PDS for short) if v(;_1) < v(j_1ysy;, forall j € {1,..., m}.

Reitsch and Marsh [MRo4] proved

Lemma 3.11. Given v < w and a reduced expression W = s, - - - si, for w, there is a unique PDS

vt forvinw.

We now describe the Deodhar decomposition of the Richardson strata. Marsh and
Rietsch [MRo4] gave explicit parameterizations for each Deodhar component, identifying
each one with a subset in the group. Much of this appears implicitly in Deodhar’s paper,
but we refer to [MRo4] for our exposition because these statements are made explicit there

and the authors make references to Deodhar’s paper wherever needed.

Definition 3.12. [MRog, Definition 5.1] Let w = si, - - - s;,, be a reduced expression for w,

and let v be a distinguished subexpression. Define a subset Gy, in G by

gr = x4y, (my)sy, ifLeJy,
Ghw={9=9192"" gm| g1 = Y, (p1) ifle]; }
gi = Sq, lflel\o'
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From[MRo4, Theorem 4,2] there is an isomorphism from Vs €l to Gy,

Definition 3.13. (Deodhar Component) The Deodhar component Ry, is the image of Gy,
under the map Gy, C U"vBNBwB — G/B, sending g to gB.

Then from [Deo85, Theorem 1.1] one has [Deo85, Corollary 1.2], also from Deodhar.

Theorem 3.14. R}, =| |, R\ the union taken over all distinguished subexpressions v such that

V(m) = v. The component RY, is open in RY,.

Naturally when one is talking of the Deodhar decomposition of a Richardson strata
in G/P,, one can take the projections of the components in G/B into G/P. In [KW13,
Proposition 4.16] the authors show that the Deodhar components of a Richardson strata in
G/Pg, are independent of w and only depends upon w. This follows from the observation
that any two reduced decompositions w and w’ of w are related by a sequence of commuting

transpositions sis; = s;s;.

Let X}, be a Richardson variety in Grassamnnian G, for v,w € I(r,n). We note that for
X}, to be non-empty we need that v < w. We now recall the standard monomial theory for
Richardson varieties in Grassmannian. In [KLoz], Lakshmibai and Kreiman have obtained
a standard monomial basis for the Richardson varieties in Grassmannian. Then using the
basis they obtain a basis for the tangent space and a criteria for smoothness for X}, at any
T-fixed point e;. Using the recursive formula, they show that the multiplicity of X}, at e is
the product of multiplicity of XV at e; and the multiplicity of X,, at er and generalised the
Rosenthal-Zelevinsky determinantal formula for multiplicities at T-fixed points of Schubert
varietes to the case of Richardson varieties. A geometric construction of a standard monomial
basis for the homogeneous coordinate ring associated with any ample line bundle on any
flag varieties which is compatible with the Schubert varieties and Richardson varieties has
been carried out by Lakshmibai and Brion in [BLo3]. Lakshmibai and Littelmann in [LLo3]
gave a geometric interpretation of the standard monomial theory. They constructed nice
filtrations of the vanishing ideal of the boundary of the varieties above. They establish a
relation between equivariant K-theory and standard monomial theory, in particular, the
computation of the coefficients of the classes of structure sheaves appearing in the product
of the class of the structure sheaf of a Schubert variety with the class of a line bundle.
In this thesis we only deal with the standard monomial basis for Richardson varieties in

Grassmannian. We recall the following definition:

Definition 3.15. A monomial p+,pr, ...Ppr, is said to be standard on X3, if

v T <T2... < Tg S w.
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The standard monomial theorem for Richardson varieties is also along the lines of

standard monomial theorem for the Schubert varieties. We recall,

Theorem 3.16. [KLoz, Theorem 4.2.1] Standard monomials on X, of degree d forms a basis of
HO(XY,, £8).

Remark 3.17. As in 3.5 we also have a similar remark for the Richardson varieties in the
Grassmannian: Let (7},)(d) : HO(Grn, £§%) — HO(XY,, £§%) denote the restriction map. We
recall from [KLo2, §3] that (71},)(d) is surjective and the kernel of (7}, )(1) has a basis given
by {p<lw # T or T # v}. The Richardson variety X}, as a closed subvariety of G, can also be

defined as the vanishing of pr, w ? Tor t 2 v,t € I(r,n).

3.4 Singular locus of Schubert varieties in Grassmannian

The singular loci of Schubert varieties in miniscule G/P were determined by Lakshmibai and
Weyman [LWgo]. There is another description of the singular locus of Schubert varieties
X(w) in terms of the stabiliser parabolic subgroup of X(w), due to Brion and Polo [BP99].
They proved the following theorem.

Theorem 3.18. Let w € I(r,n). Let P,, ={g € GlgX(w) = X(w)}, the stabilizer of X(w) in G. The
smooth locus of the Schubert variety X(w) is X(W)gm = PwwP/P C X(w) C Gy .
We recall the following proposition from [LMS74].

Proposition 3.19. Let w = (by,by,...,b;) € I(r,n). Define
J'w):={el,...n=1|3Fmwithj =bm,j+1 % bmi1}

Let J(w) :={1,2,...,n—=1}\J'(w). Then P,, = Py where ] = {o;]j € J(w)}.

We need some more notation to describe the work in [LWqo]. Let w = (by,by,..., b;).
Associate to w the increasing sequence w = (b4, b,,...,by) where b; = b; —1, s0 0 < by <
b, < ... < by < n—r. Clearly we have a bijective correspondence between I(r,n) and
non-decreasing r length sequences in 0 < b, <b, < ... <b; < n—r. An increasing sequence
gives us a Young diagram, Y(w), in an r x n —r rectangle with the i-th row having b; boxes>.

We call this the Young diagram corresponding to the Schubert variety X(w).

Recall the following Theorem from [LWgo]>.

2 rows are numbered 1,...,r from bottom to top.
3the notation we use is different from theirs, they work with non-increasing sequences
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Theorem 3.20 (Theorem 5.3 [LW9go]). Let X(w) be a Schubert variety in the Grassmannian. Let
w=(p«9,...,px%) = (Pr,---P1---, Pk - - Px) e the non-zero parts of the increasing sequence w
(S —— —_—

q1 times qy times
with 1 < py < Pz... < px < n—r. The singular locus X(w) consists of k — 1 components. The com-

ponents are given by the Schubert varieties corresponding to the Young diagrams Y(wq),...Y(Wi_4),
where the sequences wy; are given by

qi+1

- 1 )
Wi = (P1q1/- . -1Pi71ql ]I (Pl _1) /pi+1ql+] /pi+2ql+2/- . -/Prqr)r

for1 <i<r—1land 1 < p; < Pise-

An inner corner in a Young diagram is a box that, if it is removed, still gives us the
Young diagram of an non-decreasing sequence. So an easy to remember description of the
irreducible components of the singular locus of X(w) is as follows :- they are the Schubert
varieties in correspondence with Young diagram Y(w;) obtained from Y(w) by removing the

hook from the i-th inner box to the i + 1-st inner box.

Example 3.21. We continue with the G4 as in 3.6. We note that the Schu-
bert varieties are also indexed by the set 1(2,4). So the Schubert varieties are

X((1,2)),X((1,3)),X((2,3)),X((1,4)),X((2,4)) and X((3,4)). The Young diagram associated

to the word (2,4) is L_| . So the Schubert variety X((2,4)) is not smooth. However, the

Young diagram associated to the other words are rectangular, hence they all are smooth. So

the only Schubert variety which is not smooth inside G; 4 is X((2,4)).

Example 3.22. We give another example which describes the singular locus of a Schubert
variety. Let us consider the Schubert variety X((3,4,7,9)) in Gs,9. The Young diagram

corresponding to this Schubert variety looks like

The singular locus obtained by removing the hooks has Schubert varieties

X((3,4,6,7)),X((2,3,4,9)), whose Young diagrams are given by the following tableaux
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Chapter 4

Minimal dimensional Schubert

varities admitting semistable points

In this chapter we will study the Minimal dimensional Schubert varieties in the Grassman-
nian admitting semistable points. The geometry and the combinatorics of these varieties has
been studied by [KPogb]. The conditions of Schubert varieties admitting semistable point is
one of the crucial tool used in the study of these varieties (see [Kang8], [Kangg]). They also
help in classification of Schubert varieties for which the torus quotient is a smooth quotient.
We will deal with this in detail in Chapter 6. The main reference for this chapter is [BSKS2o0].
Then we move on to the study of Richardson varieties in minimal dimensional Schubert
varieties admitting semistable point. The conditions of Richardson varieties admitting
semistable points is explored in [KPPU18] where they mainly studied the GIT quotient of
Richardson varieties in Grassmannian. Using Deodhar decomposition we will explicitly
study Richardson varieties in a minimal dimensional Schubert variety admitting semistable

points.

We will use the conventions as setup in Chapter 3 : We will denote G, , the Grassmannian
variety of r dimensional subspaces of C™. The set of minimal length coset representatives of
W/Wp are

P
WP ={(w1,...,Wn) €Snlwi <wz <o <Wr;wrpg < --- < Wy

Note also we will use the fact that W¥ gets identified with the set I, : w = (wq,...wn) —

(w1, ...wy).

Also recall that we associated with each monomial pr = p«, - - - pr, a Young tableau T,
of shape (d,d,...,d) whose i-th column is filled with t; = [1i(1),ti(2),...,Ti(7)]. Let a(i)
—_———

T times
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denote the number of times integer i appears in the tableau. Then we have

diag(ti,t2,..., th) Py Pr, - Py = Ht?mpm “ Py
i

Let HO(X(w), £(w;)®)T denote set of T-fixed points of H°(X(w), £L(w,)®4). Also note

that the elements of H°(X(w), £(w,)®4) are also called the zero weight vectors.

Lemma 4.1. If a monomial p- is a zero weight vector in H®(X(w), £(w,)®9), then all a(i)’s appear

the same number of times in the Young tableau T.

Proof. Since G = SL(n,C) and diag(ty,t2,...,th).Pr,Pr, Py = ]_[itiampT1 -+ Pr,. For
the monomial to have weight zero we need [ [; tf W) — 1. Since t1---tn = 1, a standard
monomial is a zero weight vector iff all a(i)’s appear the same number of times in the Young

tableau. O

We recall some lemmas and propositions which have appeared earlier. We state them

nevertheless since they are required in the rest of the paper. Some of these are folklore.
The following lemma appears in [Kumo8], [Kang8].

Lemma 4.2. Let v and n be coprime. Let v # 0 be a zero weight vector in H®(X(w), £(w;)®9). Then

n divides d.

Proof. Since 0 is a weight, dw, is in the root lattice. So n divides d. O

Remark 4.3. The lemma 4.2 can also be deduced directly from lemma 4. A semistandard

basis H®(X(w), £(w,)®4) is indexed by semistandard tableau of shape (d,d, ..., d). Since r
|

T times
and n are coprime the necessary condition that all entries appear equal number of times in

the tableau with d columns is n divides d.

Recall from [KPogb], that there is a unique minimal Schubert Variety X(w; ) in Gyn
admitting semistable points with respect to the line bundle £(nw;). For completeness we

explicitly calculate wy .
Proposition 4.4. Let r and n be coprime. Then wy = (a1, ay,...,a,) where a; is the smallest

integer such that a; -r >1i-n.

Proof. Clearly w,, > id since X(id) is a point. Let « be a simple root with sow,n <
y wr, P p ,

Win. Note, sqwrn € WSMard Recall from 3.5 we have a surjection 77}

Wrn,SaWrn °
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HO(X(Wyn), L(nwy)) — HO(X(saWrn), £L(nw;)). Let K denote its kernel. So we have a

short exact sequence

0 — K = HY(X(wyn), L(nwy)) = HO(X(saqWrn), £L(nw;)) — 0.

From the minimality of w, , we get KT — HO(X(Wyn), L(naw, )T

an isomorphism. Recall
from 3.5 that the kernel of 7, |, has a basis given standard monomials p,p-, ...pr, with
T < T2... < Tp and Ty £ SqWrn, Tn < Wyn. This forces 1, = wyn. Now if we choose a
standard monomial p; = p, - - pr, in HO(X(wy ), £L(nw,))T then we have T, = w, n,, since

the elements in the kernel are precisely those with a term p,,, ..

To construct such a standard monomial, we need a filling of the associated tableau T,
with rn boxes such that each i, 1 < i < n appears exactly r-times and the last column is
as small as possible in the Bruhat order. Clearly, the filling which results in the smallest
element in the Bruhat order appearing as the last column is the one in which the tableau
is filled from left to right and top to bottom with numbers 1,2,...,n, in order, with each
appearing exactly r times - so the first entry of the last column is the least integer a; such
that ra; > n and, in general, the i-th entry in the last column is the smallest integer a; such

that r - a; > in, completing the proof. O

The tableau constructed in the proof of Proposition 4.4 will be used repeatedly in the

paper. We denote it by I ,,. The figure below gives I'3 5.

1|11 |2]|2]|2 3
Bs=(3|44(4|5]|5
6|6 8|8

4.1 GIT quotients of Richardson varieties in X(w; )

The results in this section pertain to GIT quotients of Richardson varieties in G/Py with

respect to the T-linearized line bundle £(nw;,).

4.1.1  GIT quotients of Richardson varieties

Theorem 4.5. Let v and n be coprime. Then the GIT quotient T\X(wy n)5° (£ (nw,)) is smooth.

Proof. X(wy ) is the minimal Schubert variety admitting semistable points with respect to
L(nwy). So X(wr )5 (L(nwy)) NBwPg, /Py, = ¢ for all w < wy . From the Bruhat decom-

position it follows that X(w, )5 (£L(nw,)) € BwynPg, /Pg,.. Thus, X(w, )5 (L(nw;)) is a
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smooth open subset of X(w, ). Since r and n are coprime we have X(w; )$*(£L(nw,)) =
X(Wrn)5(L(nwy)) (see [Kani4]). Let Gqqa = G/Z(G) be the adjoint group of G. Let
m: G — Gqq be the natural homomorphism and T,q = 7(T). Note that £L(nw,) is also
Taa-linearized. Therefore, X(wrn)$ (Lnwy)) = X(wr )3 (L(nwy)) = X(wrn)3 (L(nwy)) =
X(wrn)§,, (£(nw;)). Hence for any point x € X(wy )5 (£(nw,)) the orbit Tqq.x is closed in
X(Wrn)$ (L(nw;)) and the stabiliser of x is finite. By [Kan14, Lemma 3.2] and the proof
of example 3.3 in that paper, the stabiliser of every point of X(w; )5 (£L(nw,)) in Tqq is
trivial. Therefore the GIT quotient T\X(w;,)5*(£(nw;)) is a geometric quotient. Since

X(Wrn )5 (L(nwy)) is smooth, T\X(w; 1 )5° (£ (nw,)) is also smooth. ]

Recall that a Richardson variety X}, in G, is the intersection of the Schubert variety

X(w) in Gy, with the opposite Schubert variety X" in Gy ».

In [KPPU18, Proposition 3.1] the authors give a characterisation of the smallest Richard-
son variety in G, admitting semistable points. From the proof of Proposition 4.4 we obtain

an explicit characterization.

Proposition 4.6. Let r and n be coprime. Let vy be such that XXJ;‘fn is the smallest Richardson
variety in X(wy ) admitting semistable points. Then vy n = (1, a1, ..., ar_1) with the a; defined as

the smallest integer satisfying air > i-n (as in Proposition 4.4).

Proof. Let vyn = (by,...,by). Since X, has a semistable point, HO(X\y,, £(nw-))T is non-
zero. Now HO(XXJ;?n,L(nwr)) has a standard monomial basis p-, ...pr, witht) <712+ < 1py
(see [BLo3]). We identify this basis with semistandard Young tableau having columns
T1,72,...,Tn as before. It follows from this identification that there is a semistandard Young
tableau with r rows and n-columns in which each integer 1 < k < n appears exactly r times.
From Proposition 4.4 and [BLo3, Proposition 6] we have t,, = w, and v, < T7. Since
every semistandard Young tableau has each integer in {1, ..., n} appearing r times and the
tirst entry of Ty is always 1, by must be 1. Since r,n are coprime, from the definition of
ap it is immediate that all a;’s cannot be in the first row. For the same reason the a;’s
cannot all appear in the first i rows. So a; must appears in a row j where j > i. Hence
bi < ai_1. Note that the first column of the Young tableau I ,, from Proposition 4.4 is
v=(1,a1,...,ar_1). From [BLo3, Proposition 6], the T-invariant I’ ,, is non-zero on X;’Vm.

Hencevin =v={(1,a,...,a;-1).

—1

Consider the Weyl group element ¢y n = Wy nvyp, -

Claim 4.7. ¢y is a Coxeter element.
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Proof. We have a reduced expression wyn = (Sq;—1-51)(Say—1---52) - (Sq,—1 - -sr) and

Vi = (Say—1---52)(Sa,—1---83) -~ (Saq,_;—1---s¢) . Then
WrnVin = (Say—1-81)(Say—1"Sa;)(Saz—1 " *Say) * (Sa,—1Sa, ;)-

This is a Coxeter element.

We now consider the GIT quotients of Richardson varieties in X,,,, .

Theorem 4.8. T\ (Xyv)$°( £(nw,)) is a point.

Proof. Since dimXy", = L Wrn) —l(vrn) = Ucrm) =n—1=dimT and (Xi07")$* (L (nw,)) =
(XW)$(£(nwy)), so the dimension of the GIT quotient is 0. Since T\(XW*)$*( £(nwy))
is irreducible, T\\(XWV,J;*,‘H)-SFS( L(nw,)) is a point. Alternatively, there is a unique standard
monomial p+,px, ...Ppr, of weight zero with vy =[1,ay,a;,...,ar—1]l and 7, = [ay,a2,...,a,]

(the corresponding Young tableau being T ). O

Theorem 4.9. Let ve W3\ be such that v < vy . Then, T\(X}, )§*( L(nw,)) is isomorphic
to P! if and only if v = sqVvrn where sq = (ay —1,a4) for some i =1,2,...,v—1. The descent of
L(nw:) to T\(X},, )$°( £(nwy)) is Opr (n4) where n; is the number of times a; — 1 appears in the
i-th row of the tableau Ty .

Proof. We start with the only if part. Since X, 18 normal, (X0, )5 (L(nw,)) is normal and
hence T\\(X‘V,\,m)%s( L(nw,)) is normal. Since dim(T\\(X“er/n)isrs( L(nwy))) =1, the GIT quo-
tient T\\(X"Wm )5 ( £L(nw;)) is a smooth, rational projective curve. Hence T\\(Xva )7 (L(nwy))

is isomorphic to P'.

If T™N(X, )F( Lnwy)) is isomorphic to P! we get 1(v) = L(vyn) —1. Also v < vyp
and v € WS\l S0 v = (sp,---si)---(sp,---s;) for some i, 1 < i < r, and for some
1 < by < bjp1--- < by < n—1 (see the discussion preceding Lemma 4.2). Since v, n =
(Say—1-+-52)(Say—1---83) -+ (Sa, y—1---S¢), V= SqVrn ONly when s, = (a3 —1,ai), 1 <1<

r—1.

We start with a zero weight standard monomial basis for HO(Xva,L(an)). Letv =
SaVrn With s = (a; — 1, a;) for some fixed i. We have v;, = (1,a1,...,ai,...,a,—1) and
v=(1,ay,...,a:—1,...,a,—1). The i+ 1-st entry of v, » is a; and that of vis a; —1 and
the rest of the entries are equal. We need to count the number of semistandard tableau
of shape n,n,...,n (r rows) with first column v. Because the tableau is semistandard, the
positions of all integers other than a; — 1 and a; are fixed. So the number of such tableaux

depends only on the number of a; — 1 in the i-th row. a; —1 appears n; times in the i-th row
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of I n. It is easy to see that for every j in {0,--- ,n;} there is a semistandard tableau with
a; — 1 appearing j times and a; appearing n; —j times in row i. So we have n; + 1 linearly
independent sections of the descent line bundle on the GIT quotient. This completes the

proof.

4.2 Projective normality of the GIT quotient of X(ws37)

In this section we will work with G = SL(7,C). We use the same notation as before. We study
the GIT quotient of the Schubert variety X(ws3 7) with respect to T-linearized line bundle
L(7w3). From [Kumo8, Theorem 3.10] we know that this line bundle descends to the line
bundle £(7w3) on the GIT quotient T\ X(w3 7)5*(£(7w3)).

Theorem 4.10. The polarized variety T\X(w3 7)5°(£L(7w3)) is projectively normal.

Remark 4.11. Let S(m) = H°(X(w37), £(7w3)®™) be the global sections of the line bundle
L(7w3) on X(wj37) and let R(m) = H(X(w37), £L(7w3)®™)T denote the invariant subspace
with respect to action of T. The GIT quotient is precisely Proj(®mR(m)) (see [Dolo3, Propo-
sition 8.1]). Since the polarized variety (X(w3s,7), £(7w3)) is projectively normal, we have a
surjective map S(1)®™ — S(m) (see [LRoy]) and an induced map ¢ : R(1)®™ — R(m). Now
the GIT quotient is smooth and it is normal. Therefore to show projective normality of the

GIT quotient all we need to show is that ¢ is surjective.

From Lemma 4.4 we get w37 = [3,5,7]. As before we identify the standard monomial
basis of H°(X(w3,7), £(7mw;3))T with semistandard Young tableaux. These tableaux have
3 rows and 7m columns with each integer from {1,...,7} appearing exactly 3m times -

furthermore the last column is (3,5, 7].

To aid in the proof of projective normality we list the semistandard Young tableau basis
of R(1) and we also write down a semistandard tableau of shape [14,14,14] from R(2) which
will play a role in the proof. Henceforth, we will use the notation y; for both the tableau y;

it defines and also the standard monomial associated it to. Set

1|1 |1(22]|2 1|1 (1(2]|2]|2 1 (1 (1|2]|2
Y1=,3(34|4|4|5|5,Y2=|3|3|4[4|5|5|5[-Ys3=|2|3|4]|4
5[6]6]6 717 4161667 [7]|7 5[6]6]6 7
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Ya=2]3[4|4 rYs=1212|4 |4 r Y6 =| 2 4|4
4166|6777 5(6|6[6 7|7 416(6|6(7|7
1(1(|1]2)|2 3 1|1 (1|1 |1|1|2]|2|2|3[3]3 3

Y7 =244 [4|5|5|5| 2=[2|2|2|4|4|4|4]|4
3166|617 7 3/5(6|6[6|6|6]6 7177 7

We first make some simple observations.

Observation 4.12. Every semistandard tableau basis element of H°(X(wj37), £L(7mw3))T begins
with one of the following columns - [1,2,3],(1,2,411,2,5],(1,3,4],(1,3,5], and ends with the column
;3,5,7.

Proof. We already noted above that the last column of every semistandard tableau basis
element of H°(X(w3 7), £(7mw3)) T is [3,5,7].

Clearly, semistandardness forces that in the first row the leftmost 3m entries are filled
with 1, and that in the last row the rightmost 6m entries are filled with 3m 6’s followed by
3m 7’s. So clearly the last entry of the first column cannot be 6 or 7 otherwise we will have
more 6’s or 7’s than permitted. The second entry of the first column cannot be 5, otherwise
the entire second row will have only 5’s, a contradiction to the number of 5’s present. The
second entry of the first column cannot be 4 for a similar reason - in that case the second
row will only have 4’s and 5's forcing at least one of them to occur more than 3m times, a

contradiction. This completes the proof. O

Observation 4.13. No semistandard tableau basis element of H°(X(w37), £(7mw3))" has the
following columns: (1,2,7],1,3,7], 1,4,71,01,5,6],01,5,71, 2,3,4], 12,3,5], [2,3,6], [2,3,7],
(2,4,5],2,5,6],03,4,6], [3,5,6]. The only columns containing a 6 are columns (1,2,6], [1,3,6], [1,4, 6]
and 2,4, 6). There are exactly m columns with (2,4,6] and at least m columns with [1,4,6). The only
columns containing a 7 are [2,4,7, [2,5,71, [3,4,7] and [3,5,7) and there are at least 2m occurrences
of columns (2,5,7] and [3,5,7].

Proof. If there is a column with [1,x,7], x among 2, 3,4,5,6, standardness forces that the
entries in the first row to the left of this column are all 1’s and the entries in the third row to
its right are all 7. Then no matter where this column appears either the number of 1’s or the

number of 7’s is incorrect.

It follows from the previous paragraph that all the 6’s must be in the bottom row. If there

is a column with [1,5, 6], then standardness forces the subsequent columns to all have a 5
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in the second row and the columns preceding it to have a 1 in the topmost row. Then no

matter where this column appears either the number of 1’s or the number of 5’s is not 3m.

If [2,3,4] occurs it is necessarily in column 3m + 1 appearing immediately after the
occurrence of all the columns containing 1 because it is lexicographically least among
columns beginning with 2. But the entry in the bottom row position in column 3m + 1 cannot

be a 4 since that position is occupied by 6.

The same argument shows that (2, 3,5], (2,4, 5] cannot occur. If 2,3, 6] or [2,3,7] is present,
the first row to the right of this column and the second row to the left of this column contain

only 2,3’s yielding a total of 7m entries with 2 and 3, a contradiction.

If [2,5,6] is present all columns to the right of this column will have a 5 in the second
row by standardness. But then all the 3m columns containing 7 will be of the type [x,5,7],

for some x. But then the number of 5’s is at least 3m + 1, a contradiction.

If the column [3,4, 6] is present then the top row to its right is filled with 3’s. So every
column containing 7 in the bottom has 3 as its topmost element. So the number of 3’s is at

least 3m + 1, a contradiction.

Now suppose the column [3,5,6] is present. If it is in the left half of the tableau,
standardness will forces the number of 5’s to be more than what is allowed. If it is in the
right half of the tableau then all entries in the second row to the right of this column are
filled with 5’s. So all the columns containing 7 in fact contain both 5 and 7. Again, the

number of 5’s is more than 3m + 1, a contradiction.

The above argument shows that the column appearing immediately after all the columns
containing a 1 is column (2,4, 6]. It appears before the 3m columns containing a 7. Since the
tableau has no lexicographically larger column containing a 6, this column repeats till the

appearance of a 7. So it occurs exactly m times.

Now the remaining 2m columns containing a 6 in the last row occur to the left of column
number 3m + 1 which has a (2,4, 6]. Suppose there are less than m columns with [1,4, 6] in
the tableau. Since [1,4, 6] appears to left of the column numbered 3m + 1, all the entries in
the second row to the left of first column labeled [1,4, 6] must have 2 or 3. So there are at
least 2m + 1 2’s and 3’s in the second row. Now there are at least 4m locations in the first
row to the right of last 1 which have only 2 or 3. So the total number of 2’s and 3s is at least
6m+ 1, a contradiction. So we conclude that at least m rows to the left of column numbered

3m -+ 1 contain (1,4, 6].

We cannot have a 5 in the first row. Since we can have a 5 in the third row only in
positions {1, 2, ..., m}, and the only columns having a 5 in the second row are [2,5,7] and
[3,5,7] it follows that we need at least 3m — m columns with [2,5,7] and [3,5, 7]. O
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Lemma 4.14. Let m > 2. Every semistandard basis element of R(m) is a product of a y; and an

element of R(m — 1), or is a product of z and an element of R(m — 2).

Proof. Let f be a semistandard basis element of R(m). The proof follows a case by case

analysis.

a The first column of f is [1,2,3]. By Observation 4.13 above we have at least m columns
with [1,4, 6] and exactly m columns labeled (2,4, 6]. Furthermore we can have at most
m—1 5’s in the last row of f. So we have at least 2m + 1 columns in f with [2,5,7]
and [3,5,7], since these are the only columns containing 5 in the second row. The
last column of f is a [3,5,7]. If the remaining 2m, columns were all [2,5,7], using
Observation 4.13, the total number of 2’s is at least m + 1 4+ 2m, a contradiction. (the m
2’s from columns with (2,4, 6], and one from the first column having (1,2, 3]. It follows

that there are at least two columns with (3,5, 7].

1. Suppose f has at least one column with [2,5,7]. Then we have one [1,2,3], at
least two [1,4, 6]’s and one [2,4,6], one [2,5,7] and two [3,5,7]’s. So the tableau y;
appears as a subtableau. The complement of this subtableau in f is an element of

R(m—1). So f is a product of y7 and an element from R(m — 1) as required.

2. fhasno [2,5,7]. So we have at least 2m + 1 columns in f having [3,5,7]’s. Now the
remaining 7’s can be made up from [3,5,7]’s or (2,4,7]’s or [3,4,7]’s. These cannot
all come from [3,5,7] and [3,4,7] since the number of 3’s in that case would be
more than 3m 4+ 1. So there is at least one [2,4,7]. Note that there are also at most
m—112,4,71's, (3,4,7]'s, and additional [3,5,7]’s in from column numbers 4m + 1
to 5m— 1. Now the number of 2’s in row 1 is at most m+ m —1 (from the columns
with (2,4, 6], and at most m — 1 columns with [2,4,7]). So we need at least m + 1
2’s in the second row. In this case then the second row of columns 1 to column
m+ 1 contains only 2. In particular 1,2, 6] is present in f. Since there are at most
3m —1 5’s in the second row of f (since we know there is a [2,4,7]), there is at
least one 5 in the bottom row of f in position {1,2,..., m}, forcing a [1,2,5] in f.
Now the total number of 4’s and 5’s is 6m. The total number of 4’s and 5’s in the
last row is at most m — 1. We have m 4’s from the [2,4, 6]. The total number of 4’s
and 5’s from the columns containing [2,4,7], [3,4,7] and [3,5,7] is at most 3m . All
of these can account for a total of 5m —1 4’s and 5’s coming from these columns.
Since we can have no more 5’s in the second row, the deficit m 4+ 1 needed must
be made from 4’s in the second row, in fact occurring in columns numbered m + 2
to 3m. So we have at least 3 columns in f with [1,4,6]’s.

Taking stock, in f we have one [1,2,3], a [1,2,5], a [1,2, 6], 3 columns with [1,4, 6],
2 columns with [2,4,6], one [2,4,7] and at least 5 [3,5,7]’s. So we see that the
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tableau indexing the basis vector z is a subtableau of f, and the complement of
this subtableau in f is an element of R(m —2). f is a product of z and an element

from R(m —2).

b The first column of f is [1,2,4]. In this case there are at most m — 1 5’s in the last row of

f and so there should be at least 2m + 1 columns in f with [2,5,7] and [3,5, 7].

Notice that the 3m 6’s cannot all come from columns with [1,4, 6] and [2,4, 6] alone. If
that were the case we will have 3m 4’s from these columns, and an additional 4 from
the first column, a contradiction. So at least one of the columns in f with a 6 has to be
(1,2,6] or [1,3,6].

1. Suppose a [1,2,6] is present in f. Then it has to be in column m + 1 of f. Then we
have 2’s in the second row of f in columns 1 to columns m + 1 by semistandardness.
From Observation 4.13 we have m 2’s from the columns with (2,4, 6], so we
can have at most m — 1 columns with [2,5,7]. This means there are at least
2m+1—(m—1) = m+2 columns with [3,5, 7], so we have at least 4 columns with
[3,5,7]. But this means we have a [1,2,4],a [1,2,6], a [1,4,6], a [2,4,6], and three

[3,5,7], i.e. the tableau indexing the basis element ys is a subtableau in this case.

2. Now suppose we do not have a [1,2, 6] in f but have a [1, 3, 6]. We claim a (2,5, 7]
must appear. Notice that we can have at most m —1 [2,4,7]’s since we already
have 2m + 1 7’s. Now there are at most m 2’s in the second row of f. But this
means we have at most m+m—1+m < 3m 2’s in f, a contradiction. So we may
assume we have at least one [2,5,7] in f. We claim that we have at least 2 [3,5,7]’s
in f, for otherwise we have 2m [2,5,7]’s. But we have more 2’s than allowed since
we have m 2’s from the [2,4, 6] and a 2 also from the [1,2,4]. So we conclude we
have a [1,2,4],11,3,6],11,4,6],12,4,6],12,5,71,13,5,71,13,5,7]. So y4 is a subtableau

and we are done in this case.

¢ If the first column in f is [1, 2, 5]. If there are no [1, 2, 6] or [1, 3, 6] in f then column m + 1
must be [1,4, 6] and the first m elements in the third row must be all 5’s. But then the
second and third row together have more than 6m 4’s and 5’s, a contradiction. So

either [1,2,6] or [1,3,6], or both, are present in f.

1. Suppose first that f has a [1,2,6]. Then the second row of f has at least m +1 2s,
and since we already have m 2’s from the (2,4, 6]’s we can have at most m — 1
[2,5,71’s. This forces at least m + 1 columns of f to be [3,5,7]’s.

If f has a column with [3,4,7] we see the tableau indexing ys is present as a
subtableau of f. If f has no [3,4,7] - we count the number of 4’s - we have m
from columns (2,4, 6]. We can have at most 2m — 1 columns with(1, 4, 6] since 2’s

occupies positions 1 up to m+ 1 in the second row. To make up the requisite 4’s
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we need to have at least one [2,4,7]. But then the number of 3’s in the first row of
the tableau from [3,5,7] is at most 3m — 1, so to make up the requisite 3’s, there
must be a [1,3,6]. In which case we see that the tableau indexing y3 is present as

a subtableau of f.

2. Suppose we only have a [1,3,6] in f and no [1,2,6]. Now the total number of
columns in f with [1,2,5] and [1,3,5] is m. We have exactly 2m [2,5,7]'s and
[3,5,7]'s put together. If f has no (2,4, 7], the remaining m 7’s come from [3,4,7].
But then the tableau cannot have a [2,5,7] otherwise semistandardness will be
violated. So we only have 2m columns of f with [3,5,7]. However this means
we have 3m + 1 3’s, a contradiction. So we may assume that we have a [2,4,7].
We show then that there are at least two [3,5,7]’s, so the tableau indexing y3 is a
subtableau. If we have only one [3,5,7] we would have 2m —1 [2,5,7]’s. But we
already have one (2,4,7], one [1,2,5] and m [2,4,6]’s, a contradiction to the number

of allowed 2’s.

d If the first column of f is [1,3,5]. Then all the 2’s occur in the first row of f and in
columns 3m + 1 to 6m and there are m 3’s in the last m columns of the first row. Since
there are no 3’s in the last row, the remaining 2m 3’s must occur in the second row.
Since 6 occurs in the last row in positions m + 1 to 4m, and a 1 occurs in the first row
in columns 1 to 3m, it follows that [1,3, 6] is a column in f. Now all the 4’s occur in
the second row, starting at position 2m + 1 and ending at position 5m, after which we
only have 5’s in the second row. Since the 2’s in the first row of f occur in positions
3m+1 to 6m and the 7’s occur in the bottom row in position 4m + 1 to 7m it follows
that there is a column containing (2,4,7] and a column containing [2,5,7]. So y; is a
subtableau of f.

e In case the first column is [1, 3,4], all the 2’s occur in the first row, and so we have m
3’s in the first row appearing in the columns [3,4,7] and [3,5,7]. So f has at least m
columns with [2,5,7]. Now there are 2m 3’s in the second row and these must occur in
positions 1 to 2m. Since the last row has 6 in columns m + 1 to 4m and the first row
has a 1 in columns 1 to 3m, it follows that there is a column with filling [1, 3, 6] in the
given tableau. It follows that the tableau indexing y, is a subtableau of f. We are done

by induction.

O]

Remark 4.15. Let vy = [2,5,7], 72 =3,4,7], v3 =(2,4,7], ta = 3,5,7], 15 = 12,3,7], 176 = 14,5, 7].
Consider the product of the Pliicker coordinates p+,pr,. The straightening law gives us
PuiPt = PPt — PrsPrg- On the Schubert variety X(ws37), pr, = 0. So, on X(w3 7), pr,Pr, =

PrsPr,- As aresult ysyy; = z.
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Theorem 4.16. The ring R = ®m>oHO (X(w3 7), L(7mw3)) T is generated in degree 1.

Proof. We continue to use the notation yy,...,y1,z for the semistandard tableau basis ele-

ments and the monomials they index.

The proof is by induction on m, the base case m = 1 being obvious. Now assume m > 2.
Given any semistandard basis element of H°(X(ws3 7), £(7mw3))T, Lemma 4.14 shows that it
can be written as a product of one of the y;’s and a semistandard basis element of R(m — 1),
or as a product of z in R(2), and a semistandard basis element of R(m — 2). Because of
Remark 4.15 we have z = ysy7. So we can replace z by ysyy. It follows by induction that

every basis element of R(m) is in the algebra generated by the y;’s. O

It follows that there is a surjective ring homomorphism @ : C[Y;,Y>,...,Y7] — R, sending

Yi to Yi.

Now let J be the two sided ideal generated by the following relations in C[Yy,Y>,...,Y7].

YiYs =Y2Y3 —Y2Y7 + Y Y7, (4.1a)
Y1Ys = Y3 —Y3Y7, (4.1b)
Y1Ye = Y3Y4 —Y4Y7, (4.10)
Y2Ys =Y3Y4 —Y3Y7, (4.1d)
Y2Ye =Yz —Y4Y7, (4.1€)
Y3Ye = YaVs. (4.1)

Theorem 4.17. The map ® induces an isomorphism ® : C[Y1,Y2,...,Y7]1/J ~R.

Proof. By explicit calculations one can check that the above relations hold with Y; replaced
by yi; they are in the kernel of ®. We omit these calculations. To complete the proof we
show we can use the above relations as a reduction system. The process consists of replacing
a monomial M in the Y;’s which is divisible by a term L; on the left hand side of one of the
reduction rules L; = R;, by (M/L;)R;. Here R; is the right hand side of L; = R;.

We show that the diamond lemma of ring theory holds for this reduction system (see
[Ber78]). What this implies is that any monomial in the Y;’s reduces, after applying these
reductions (in any order, when multiple reduction rules apply) to a unique expression in the
Yi’s, in which no term is divisible by a term appearing on the left hand side of the above

reduction system.

We prove that the diamond lemma holds for this reduction system by looking at the
reduction of the minimal overlapping ambiguities Y1Y2Ys,Y1Y2Ye, Y1Y3Ys and Y,Y3Ys. We
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show in each case that the final expression is unambiguous. It follows that any relation
among Y;’s is in the two sided ideal J generated by the above relations. This proves that the

map ® constructed above is injective.
To complete the proof we look at the reductions of overlapping ambiguities.

Y1Y2Y5 - using rule (4.1b) above we get YZ(Y§ —Y3Y7) = Y2Y§ —Y5Y3Y7, which cannot be
reduced further. On the other hand using rule (4.1d) above we get Y;(Y3Ys — Y3Y7). Now
this can be further reduced using rule (4.1a) and we get Y3Y1Y7 +Y3Y2Y3 — Y3Y, Y7 —Y1Y3Y7,

and this is equal to Y2Y§ —Y,Y3Y7. The reduction is unique in this case.

Likewise, one can show that Y;Y,Ys reduces to the unique expression Y,Y3Ys —Y,2Y4Y7,
Y2Ys5Ys reduces to Y7Ys — Y4Ys5Y; and Y2Y3Yg reduces to Y3V — YZY4Y7, completing the
proof. O

4.3 Quotients of Deodhar components in X(ws3 ;)

Let us fix a reduced decomposition ws, = s,5154535655525453 for the Weyl group element
w37 with X(w3 7) being the minimal Schubert variety in G3 7 admitting semistable points. In
this section we describe the GIT quotients of Richardson varieties in X(w3 7) by computing
the various Deodhar strata in this Schubert variety and analyzing their quotients. Note that
4.19 (respectively, 4.20 and 4.21) can also be obtained as a special case of 4.8 (respectively,

4.9). It will be useful to recall Definition 3.12 and the notation developed in Subsection 3.3.1.
We begin with a corollary to Theorem 4.10.

Corollary 4.18. The GIT quotient of Richardson varieties in X(ws3,7) is projectively normal with

respect to the descent of the T-linearized line bundle L(7w3).

Proof. Let XJ,, , be a Richardson variety in X(wj3,7). From the proof of [BLo3, Proposition 1 ]
it follows that HO(X(w3,7), £(w3)®™) — HO(XY,. _, £(w3)®™) is surjective. Since T is linearly

w377/
reductive it follows that the map HO(X(w37), £(w3)®™)T — HO(XY,. , L(w3)®™)T is also

w37/
surjective. From Theorem 4.10 we know that the polarized variety T\ X(w3 7)$*(£(7w3)) is
projectively normal. Since T\ (X}, 3/7)%5( £L(7w3)) is normal it follows that the GIT quotient of

X, 18 projectively normal with respect to the descent line bundle. O

Lemma 4.19. Let v =v3 7 = s2s483. Then T\(XH,, )5 (£(7w3)) is a point.

Proof. The only torus-invariant section of H°(X(ws3 7), £(7w3)) which is non-zero on X, , 18
the section y;. Consider the Deodhar component of X}, . corresponding to the subexpression

v = 111111s,54s3. From Definition 3.12, every matrix in G"W37 is a product of matrices

39



Y2(p1)y1(p2)ya(p3)yz(Pa)ys(ps)ys(pe)s2sas3. We use Equation 2.1, § 2.2 to obtain each term
of the product. Multiplying these terms we get

1 0 0 0o 0 0 0
p» 0 0 1 0 0 0
pipz 1 0 p1 0 0 O
0O ps 0O 0 1 0 0

0 pspsa 1 0 p3 O O

0O 0 ps 0 0 1 0

0 0 psps 0O 0 ps 1

The corresponding point in G3 7 is the three dimensional subspace spanned by the first three
columns of the above matrix. Denote this submatrix by M. The Pliicker coordinates of the
embedding of M in projective space are the determinants of the the 3 x 3 submatrices of M.
The section y; evaluated on such a matrix M in Gy, is the product of the 3 x 3 determinants
of M whose rows are indexed by the columns in y;. For the above matrix this evaluates to
P1Pap3papEpe. Using the reduced expression for wj,, note that the weight of this monomial

is oy +40 + 204 + 503 + 3xg + 605 ]

Lemma 4.20. Let v = s;s3. Then T\\(XX\W)%S( L(7w3)) is isomorphic to P! and the descent of
L(7w3) is O(1).

Proof. On the open Deodhar component corresponding to the reduced subexpression v =
11111s;,1s3 the only non-zero T-invariant standard monomials of shape 7w3 are y1, y,. Using
a calculation as in the proof of Lemma 4.19 we see that these are algebraically independent.

The lemma follows now from Corollary 4.18. O

Lemma 4.21. Let v = s4s3. Then T\(X%,, )5 ( £(7w3)) is isomorphic to P! and the descent of
L(7w3) to the GIT quotient is O(2).

Proof. The three non-zero sections on the open Deodhar cell Gy, corresponding to the
subexpression v = 1111111s4s3 are y1,Y3, ys. Let p = p1p3p3papipeps. Let X = (p1+7p7), Y =
p1. Calculating as in the proof of Lemma 4.19, one checks that on the open Deodhar cell
Gy, U evaluates to pX?, y3 to pXY and ys to pY?. So p is nowhere vanishing on the

Deodhar cell. The lemma follows from Corollary 4.18. O]

Lemma 4.22. Let v = s3. Then T\(X},, )$*( £(7w3)) is isomorphic to P' x P! and the descent of
the line bundle to the GIT quotient is O(2) K O(1).
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Proof. We use the distinguished subexpression v =11111111s3. Let A = p3,B = p3 + ps. Let
X = (p1+7p7),Y = p1. Note that p3 and ps are algebraically independent and so A,B are

algebraically independent. Since p; and p7 are algebraically independent so are X, Y.

Let p = p1p3p3pipipépops. Calculating as in the proof of Lemma 4.19, we see that y;
evaluates to pBX? on Gw,,- The section ys evaluates to pBY?, y3 evaluates to pXYB, y;

evaluates to pAX?, ys evaluates to pAY? and y4 evaluates to pXYA.

So upto a multiple of p, the sections y2,y4,Ye,Y1,Y3,Ys can be respectively written as
(X2A,XYA,Y?A,X?B,XYB,Y?B). Using Corollary 4.18 it follows that the GIT quotient is
isomorphic to P' x IP' embedded as 0(2) X O(1). O

In the next lemma we give conditions guaranteeing when a section of the line bundle

L(nw;) on X, restricts to a homogenous polynomial on the Richardson strata in X3,,.

Lemma 4.23. Let u € W,v € WM} e such that w = uwv € WM™ and 1(uv) = L(u) + 1(v).

. such that w =

T

Fix a reduced expression w = sy, --- sy, and a reduced expression v = sy, - -sq
Siy * - Siy.Siy., - Si,, 15 a reduced expression for w. Consider v.=1---1sy_ , ---s;,, a distinguished
subexpression of w. R, is the unique open Deodhar component of RY,. The restriction of any section
s € HO(XY, L(nw,)) to RY, isa homogeneous polynomial in p1,py,--- ,px having degree equal to
the height of v(nw;).

Proof. Note that v is the unique positive distinguished subexpression for v in w and so R},

is the unique open Deodhar component of RY,.

Matrices in Gy, are of the form vy, (p1)yi,(p2) ... Yi, (Px)Sir., - - Si,.- From this iden-
tification we see that the section s restricted to this Deodhar component is sjzy =
Y mamp] .. pp* wherem = (my,...,my). If am # 0 then wt(s) = wt(p]™ ...pp") = v(nw;).

In particular, deg(p7"' ...x ) is equal to the height of v(nw-)) . O

Finally we prove the main theorem of this section.

Theorem 4.24. The polarized variety T\X(ws3,7)5*(£(7w3)) is a rational normal scroll.

Proof. The relations (4.1a)-(4.1f) given before Theorem 4.17 describe the homogenous ideal
defining the polarized variety. These defining relations can be written succinctly in a matrix

form

Y Ys Y. Y
rank ! 3 2 <1
Y3 — Y7 Y5 Y6 Y4 - Y7

For example the minor corresponding to the first two columns above gives us Y;Ys =

Y2 —Y3Y7, which is (4.1b), and the minor corresponding to columns 1 and 3 gives relation
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(4.1c) shown there. The polarized variety is defined by the vanishing of 2 x 2 determinants
of a generic 4 x 2 matrix. Such a variety is called a determinantal variety and it is known

that it is a rational normal scroll (see [Reig6]). O
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Chapter 5

Projective normality of the GIT
quotient of G

In this chapter we study the GIT quotient of G, ,, with respect to the T-linearized line bundle
L(nwy) for n odd. The main reference for this chapter is [BSKS20]. It is also one of the
most important example in geometric invariant theory (see [MFKog4]). The quotient can
be thought of as the configuration space of n ordered points in the projective space. It is
not clear to us whether this result extends to GIT quotients of higher rank Grassmannians.
To the best of our knowledge this question is open. As mentioned earlier, this line bundle
descends to the quotient, and it is well known that the polarized variety T\(G2n)5* (£(nw>))
is projectively normal (see [HMSVo5, Theorem 3.7], [Kemg3]). Recently another proof of
projective normality of T\(G2)5°(£(nw;)) using graph theoretic methods has also been
given by A.Nayek, S.K Pattanayak, S.Jindal (see, [NPJ20]). We give an alternate combinatorial
proof in the G, , case. The main ingredient we use for the study of this quotient is Standard
monomial theory. We believe that it is this kind of combinatorics which will be required to

settle the general question. The main result we prove in this chapter is

Theorem 5.1. (5.1) T\(G2,n)5° (£L(nw3)) is projectively normal.

5.1 Projective normality of T\\(G2,)}*(£(nw;))

We follow the strategy outlined in Remark 4.11. Defining R(m) to be H° (G2, £(nw,)®™)T

we show that R(1)®™ — R(m) is surjective.

Let pr = pr,Pr, - Pt P€ a standard monomial in R(m) and let T be the tableau

associated to this monomial.
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Denote the columns of T; by C;,Cy,- -, Cinn with Ci = [aj, bi]. Our idea is to extract
from the tableau T; a semistandard Young subtableau T,, with each integer 1,2,...,n
appearing exactly 2 times. Then the monomial p,, corresponding to this subtableau would
be a zero weight vector in R(1), and the monomial corresponding to the remaining columns
in T; would be a monomial py, € R(m —1). If we were to succeed in doing this, we could
write p. as a product of p, and py, and we would be done by induction on m. Since we
were unable to do this directly we use straightening laws on tableaux to show that p. can be

written as a sum of products of elements in R(1).

—

Let pu = Pr;Prmst -+ Prmnmyr @A Py = PPy Py P Prmss - Prmn- Here p indi-
cates that the corresponding term is omitted. Clearly pr = pup~.

Let T, and T, denote the corresponding tableaux.

Definition 5.2. An integer 1 is defected if i appears an odd number of times in T,,. Denote

the set of defected integers by D.
Lemma 5.3. All integers in{1,2,...,n}occur in Ty.
Proof. Every integer j has to appear at least m times in one of the rows of T.. Since T

is semistandard j appears consecutively in that row, so there is a column C; with i = 1

(mod m) containing j. O

Lemma 5.4. There are even number of defected integers.

Proof. T, has 2n boxes and all the integers appear in T,. Each integer which is not defected

appears twice. The number of times a defected integer appears is odd, so there are an even

number of defected integers. O
Before we prove the next lemma we set up some notation and make some observations.

Let f; (respectively, 1;) be such that C¢, (respectively, Cy,) is the column in which i appears
for the first (respectively, last) time in the bottom row of T, . Similarly define f' and 1' with

respect to occurrences of i in the top row.
Observation 5.5. f; = x+ 1 (mod m) if and only if f* = m—x+1 (mod m). In particular

fi = 1 (mod m) if and only if f* = 1 (mod m), and in this case i appears at least 2 times in T.

Proof. Each integer less than i appears 2m times and occurs in the top row in columns before
column f' and in the bottom row in columns before column f;. The total number of positions

for numbers from 1 to i —1 is therefore a multiple of m. If f; is am + 1+ x, then the number
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of boxes to the left of this column in the bottom row is am + x. So f' must bm+m —x+ 1

for some b so that the number of positions for integers 1 to i — 1 is bm + m — x as needed.

The last statement follows since Ty is constructed by taking only columns numbered 1

(mod m) in T, O

We know that the number of defected integers is an even number, say 21, for 1 <1< [5].

Let D = {i],iz, s ,121} denote this set with 1 <ip--- <Aipr.

Lemma 5.6. Let 1 <j < 2L In Ty, ij appears 3 times if j is odd and i; appears once if j is even.

Proof. We show that two consecutive defected integers cannot appear in T, 3 times and they

cannot appear once. Then we show that the first integer which is defected appears 3 times.

Let us assume that some integer i; which is defected appears 3 times. W.l.o.g we may
assume that it appears 2 times in the top row and appears once in the bottom row. Assume
that the next defected integer i;, 1 also appears 3 times. We prove it in the case when i,
appears 2 times in the top row and once in the bottom row. The proof in the other case is

similar.

Assume that the positions of i; (respectively, i;,1) in T, which contribute to its two
occurrences in the top row of T, are (a—T1T)m+1,am+1 (respectively, bm+1,(b+1)m+1).
Likewise, assume that the positions of i;, (respectively, i;,1) in T, contributing to the bottom
row in Ty, are cm + 1 (respectively, dm + 1). Clearly ¢ < a—1and d < b. Let x be the number
of ij to the right of position am + 1 in the top row of T; and z be the number of i; to the
right of cm 4 1 in the bottom row of T.. Similarly let y denote the number of i;,; to the left
of position bm + 1 in the top row and w be the number of i;; to the left of position dm + 1

in the bottom row of T,. Clearly x+z<m—-2andy+w <m-—2.

Now i1 =1ij+ 1 is not possible. Because the number of i;,; in the top row is then at
least 2m — x and the number of i;; in the bottom row is at least m — z, a contradiction to

the number of ij 7 in T; since x +z < m—2.

So let us assume that i;,1 > i; + 1. Now there are ij;1 —1i; — 1 integers in between
i; and 147 which are not defected. Hence in T, each of these integers occurs in exactly
two positions which are in positions 1 (mod m). Hence the number of positions which
are 1 (mod m) between the positions am + 1,bm + 1 and between cm + 1, dm + 1 is exactly
2(ij41 —1; —1). But this count is also equal to (b—a—1)+(d—c—1). Henceb+d—a—c—2 =
2(ij41 —1;—1). Or b+d—a—c = 2(ij41 —1ij). The total number of positions available for
integers in the range i; + 1 to i1 is exactly bm —am —x -y —1+dm—cm—z—w—1 which
ism(b+d—a—c—2)—(x+y+z+w). Since each integer in this range appears exactly

2m times, and since b +d —a—c = 2((ij4+1 — ) it follows that x +y 4z +w is 0 modulo
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2m. Since x+z < m—2 and y+w < m—2 this is only possible if x,y,z,w are all zero.
Then the positions am 4 1+1 to bm and cm +1+1 to dm are available for the integers
4+ 1,...,4j41 — 1. This is (b +d — a —c)m — 2 positions in all, which is also 2(ij1 —1ij)m —2
positions. But this is more positions than are required, since we have i;,1 —1i; — 1 numbers
each occurring 2m times - we require only 2m(ij —1ij; — 1) positions. We conclude that if i;

appears 3 times i;, 1 cannot appear 3 times.

Now we show that if i; appears with defect one then i;, appears with defect three.
Without loss of generality, assume that i; appears in the top row in a column numbered 1

(mod m). So we know that i; appears less than m times in the bottom row.

Assume that Y is am +x+ 1 for some 1 < x < m—1. Then fi; is bm+m—x+1 for
some b. Now since i; does not occur in a column numbered 1 (mod m) in the bottom row,
it follows that the number of i; in the bottom is at most x, so the number of i; in the top
row is at least 2m — x. But since there is only one occurrence of i; in a column numbered 1
(mod m), there are at most 2m — x occurrences of i; in the top row. It follows that the top
row has exactly 2m — x occurrences of i; and the bottom row has exactly x occurrences of
ij. So 1 = li, =0 (mod m). Hence each integers between i; and 1i;..1 which is not defected
starts at a position which is 1 (mod m) on the top and ends at a 0 (mod m) position in

the top and bottom rows (if it occurs in them). So fy, , is forced to be 1 (mod m) and this

+1
implies that f'+! is also 1 (mod m) by Observation 5.5. Since it is defected it occurs once

more in a column numbered 1 (mod m).

To complete the proof we show that the first defected integer occurs 3 times. Suppose
that i; occurs only once in Ty,. Then it occurs strictly more than m times in the top or bottom
row of T;. W.Lo.g it occurs strictly more then m times in the top row of T, and say it occurs
in column am + 1. Suppose i; makes its first appearance in T, in column (a—1)m+ 1 +j for
0 <j < m—1. Since it occurs only once in a column numbered 1 (mod m), the total number
of occurrences of i; in the top row of T is at most 2m —j. So it occurs in the bottom row of
T as well. Now suppose its first occurrence in the bottom row of Tr is in column bm +1+k,
for 0 < k < m— 1. Since all integers less than i; occur 2m times in T, it follows that j +k =0
(mod m). But j+k < 2m and so j +k = m. Now each integer less than i is not defected
and so appears twice in T; in columns numbered 1 (mod m). The number of such columns
available is a — 1 + b and since this has to be even, a + b must be odd. But then the total
number of positions available for integers less than iy in Ty is (a — 14 b)m+j + k which is
(a+b)m, an odd multiple of m. But each integer less than i; appears 2m times in T; so,

together, they occupy an even number of positions, a contradiction. O

Lemma 5.7. If j is odd, i; appears in the top row and in the bottom row of T,,.



Proof. From Lemma 5.6 i; appears three times in T,. If all of them appear consecutively in

T, then the number of i; in T; would be greater than 2m, a contradiction. O

Notation 5.8. Let T¥ be the subtableau of T, having m columns starting with C(_ 1)1 and

ending with Cyy,. We denote the first column of T¥ by T¥[1] and the last column as T¥[m].

For j odd, define 1(j) to be that k for which (k—1)m+1 < 1;; < km. So Té(j) is the
subtableau containing the last occurrence of i; in the bottom i.e containing Cy,, as one of
its m columns. For j even let f(j) be that k for which (k—1)m +1 < fi;, <km. So T;m is the
subtableau containing the first occurrence of i; in the bottom row i.e containing Cy, as one

of its m columns.

For j  odd, let  Si; denote  the  subtableau  with  columns
Té(j)[H,T;m[m],Tll(j)H “],Té(i)“ ml, ..., T;UH)[l]CfiH]. Note that this tableau con-
tains an even number of columns since Tlf(jJr1 '[1] is different from Cfiw - by definition

ij41 appears only once in T, and so its first occurrence cannot be in a column numbered 1

(mod m) in T by Observation 5.5.

We denote by S ;[k] the 2 x 2 subtableau of S; containing columns 2k —1 and 2k. To
simplify notation we mostly omit the t and just denote this by S;[k] when 7 is clear from the
P14

r| s

context. Let S [kl =

We set S+ ;[kl(1) =p, S<;[kl(2) = q, S<;[kl(3) =7 and S;[k](4) =s.

Example 5.9. We illustrate the above notation using the monomial in H°(G3,13, £(13w32)®%)T

given by the following semistandard tableau T-.

1111|222 |2[3(3(|3[3|4|7|7|8|/ 89| 9|9 ]|10|10]|10]|11]11 |12

4|1414|5|5|5|5|6|6|6|6|7|7|8|8|9|10|11|11|12|12 |12 |13 |13 | 13|13

For this tableau we have,

1|1|2(2(|3|3[4|7| 8|9 |10]|10] 11
T =

4|14|5|5|6|6|7|8|10]11|12]|13 |13

1|1](2(2(3|3|7|8| 9|9 |10]11]12
T, =

4|5|5(6|6|7[8|9|11]|12] 12|13 |13

D =1{4,9,10,12} and 14 = 3,f9 = 16,110 = 17,f12 = 20. We have (1) = 2,f(2) = §,1(3) =
9,1(4) = 10. Furthermore,

5*11222233334778 8|1 9|99
T,1 =
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For the above example

1 1 2 2 2
Seall] = , Swil2= , SeilBl= , Seal =212
415 5|5 5 6|6
8
Sealsl =243, soqel =T, s =,
6|7 8 8|9
8
Seall] = N Y v
10 11 11 12

We will use the degree lexicographic order on rectangular 2 x m Young tableau. Recall
that as per this order a monomial p = p«, ...px,, corresponding to a 2 x m tableau is bigger
than a monomial q = q, ...qy, , corresponding to another 2 x m’ tableau if m > m’ or,
if m = m/, then for the smallest 1 such that t; # y; it is the case that t; > p; in the usual

lexicographic order on words of length 2.

Now we fix a j which is odd and look at the subtableau S; defined above for this j.

Suppose S; has 2t columns.

Lemma 5.10. For 1 < k < t we have S;[k](4) = Sjlk +11(3). If there exists a k such that
i)’ < Sj [k](]) < i]ur] then S)[k](Z) = S]'[k‘f— ]](”

Proof. We prove the first statement by contradiction. Suppose S;[k](4) # Sj[k + 1](3) for some
k. Then fg [ 41)3) = 1 (mod m). So we have 5/**1(3) =1 (mod m) from Observation 5.5.
If the number of times S;[k + 1](3) appears in row 1 or row 2 is not m then S;[k + 1](3) would
occur 3 times in Ty, a contradiction to the fact that S;[k + 1](3) is not defected. So S;[k +11(3)
appears m times in row 1 and m times in row 2. As we iterate over k, this is true of all the
Sjlk +1](3)’s - they appear m times in the bottom row starting with a column numbered
1 (mod m) and also m times in the top row starting with a column numbered 1 (mod m).
When k = f(j +1) — 1 this means fi, ., =1 (mod m) and, as argued above, fit1 =1 (mod m).
Since ij,1 is defected it has to occur 3 times which is a contradiction to lemma 5.6, since j is
odd.

The proof of the second statement is similar and is omitted. O

Lemma 5.11. Let j be odd and suppose that Sj has 2t; columns for some t;. Then for 1 < k < tj we
have S;[k](3) > S;[k](2).

Proof. We prove the lemma for j = 1. We first show this for k = 1. Assume S;[1](3) < S;[1](2).
Consider the tableau T,,. The column [$;[1](1),S;[1](3)] is a column numbered 1 (mod m) in

T: and so this column appears in Ty,. If $1[1](3) < $1[1](2), then all occurrences of $;[1](3) in
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T, appear in this column and to the left. The total number of positions in the boxes to the
left of this column (including this column) in T, is an even number. But $;(1](3) appears 3
times in these boxes since i; has defect 3, and each other integer appears an even number of

times since they are not defected. This is a contradiction.

Now we show this for k > 1. Note that the column [S;[k](1),S1[k](3)] occurs in Ty since
it is a column numbered 1 (mod m) in T.. If S;[k](3) > S;[kl(2) then all occurrences of
S1[kI(3) in Ty are in this column and to its left. This is true for S;[k|(1) too. Since S;[k|(1)
and S;[k](3) are not defected, they appear twice. The total number of positions to the left of
(and including this ) column [S; [k](1),S1[kl(3)] in T, is even. This is a contradiction since 1

appears 3 times and all the other numbers appear twice.

For j odd and bigger than 1, the proof is similar. Recall that the first column of S ; is
column Té(j) (1] and this appears in T,. The only point to note is that in T, the columns
strictly to left of the column T;(j '[1] contain all occurrences of the previous iy, k < j and the
sum of the occurrences of these iy, k < j is even. So too is the sum of occurrences of the
remaining integers since they are not defected. The argument then proceeds as in the j =1

case. 0

Proposition 5.12. The map R(1)®™ — R(m.) is surjective.

Proof. The proof is by induction. For p. in R(m), we show that there exists p,, € R(1) and
pv € Rlm—1) and py € R(m) such that pr = pvpy +2_; py With py; < pr in lexicographic

order. An induction based on degree lexicographic order on monomials completes the proof.

The base case - the lexicographically smallest monomial p. in R(m), is the one corre-
sponding to the semistandard Young tableau filled with [1,2] in the first 2m columns and
then [3,4] and so on. Fix 0 < j < m—1. Consider the monomial p., associated to the
subtableau of this tableau consisting of columns 1+j, m+1+j,2m+14+j,...,(n—1)m+14+j.
This is a zero weight vector in R(1). The product of px; is the lexicographically smallest

monomial pr in R(m).

In general starting with pr we construct p, and py as given before Definition 5.2, by
taking for T, the subtableau with columns 1,m+1,...,(n —1)m+1. If p, is a zero weight
vector (i.e in the corresponding tableau no integer is defected) we are done. The monomial
P is the product of a zero weight vector in R(1) and an element in R(m — 1) and we are done

by induction on degree.

Otherwise, proceeding as above we have defected integers {i1, 12, ...,121}. Corresponding
to the integer i; in {iy,13,...,121-1}, we have subtableaux S; and Lemma 5.11 holds. For j

odd let the number of columns in S; be 2t;.
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Case 1 : Suppose for all j and 1 < k < t; it is the case that S;[k](3) > S;[k](2).

In this case we do the following operation : We swap S;[kl(3) and S;[kl(4) and keep
S;[kI(1), S;[k](2) fixed for all j odd and for all 1 < k < t;. We get a new Young tableau, call
it S{. We modify the original tableau corresponding to p- by replacing the columns which

were previously used to get S; by the corresponding columns of S{. We do this for every j.

Denote the new monomial computed by this tableau by p. and denote by p,,' the mono-
mial obtained from this tableau by selecting columns numbered 1, m+1,2m+1,...,(n—
1)m+1. It is clear that Ty is semistandard. Furthermore for every j odd, one of the i;’s which
appeared in a column numbered 1 (mod m) in T, appears now in a column numbered 0
(mod m), and so its count in TL’ is one less than in Ty So i; is not defected in T&r . For this
same j the last exchange is done between S;[t;](3) and S;[t;](4) and this is ij,1. So this ij,1
now occurs in a column numbered 1 (mod m) in T/, and so the count of i, in Ty is one
more than in Ty,. So ij41 is not defected in T,,. From Lemma 5.10, S;[k](4) = S;[k + 1](3) for
all k, so the counts of the remaining integers in T,/ are the same as their count in Ty, so these
continue to be not defected. This is true for every j. So no integer is defected in T, and the
corresponding monomial is a zero weight vector in R(1). So p’ is a product of a zero weight

monomial in R(1) and an element of R(m —1).

To finish the proof in this case we compare p, with p.s. Let us denote the set of columns
of T not in any S; by Q and the monomial computed by them as y. If S; has 2t; columns
the monomial computed by it is a product of the t; monomials computed by the 2 x 2

subtableaux S;[k], ps; () == P(s;1k1(1),8;[k1(3)P(8;[K1(2),5; k] (4))- We have

j=1k=t;

P=Y 'ﬂ;:1”k:1)PSj[k]z (5.1)
j=1 k=t;

pr =Y T Th ' psip- (5.2)

From the straightening laws the following relation holds between the tableaux S;[k] and

plr
r|s s|r q|s

(5.3)

Recall that in the equation above S;[k] is the tableau on the left hand side of the equation
and S;[k] is the first tableau on the right hand side.

Plugging this into Equation 5.1 above we see that p- is the sum of p.» and sums of
products of monomials obtained from p- by replacing at least one of the terms ps, ) in
its expression by pj[kl, the monomial computed by the second tableau on the right hand

side of Equation 5.3. However from the hypothesis of this case r > q. So the second
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tableau on the right is lexicographically smaller than the tableau S;[k]. So the 2 x mn tableau
corresponding to each additional term obtained by plugging Equation 5.3 into Equation 5.1
is lexicographically smaller than T-. It is possible that this tableau is not semistandard and
needs to be straightened into a sum of semistandard tableaux. But each such tableau T.~,
will be lexicographically smaller than the (non semistandard) tableau we started with (see,
[Ses, Lemma 1.3.5]). We proved above that p. is the product of p,,» € R(1) and a monomial

Py’ € Rlm —1). We have
Pr =PuPy + ZPLg/r
S

with the sum being over tableaux which are smaller than T in lexicographic order. By
induction on lexicographic order each of these is in the image of R(1)®™. By induction on

degree p,- is in the image of R(1)®(m~1). So we are done.

Case 2 : For j in which the conditions of Case 1 hold we do exactly as in that case. Let j
be such that S;[k](3) = S;[k](2) for some 1 < k < t;. For each such j we do the following. First
note that for such a j, i; appears in Sj as S;[k](1) for some 1 < k < t;, since it has defect 3.
Let z be the set of all elements i; < z < ij,1 with z = S;[k](3) in some subtableau S;[k] with
S;[kl(3) = S5[k](2). Order this set as {z1,z2,--- ,ze} such that {; <zy <z <z3-- <ze <ijq1,
and let k; denote the index for which z; = S;[kil(3) = S;[kil(2) - clearly z, # z; for s # t and
ze <1ij41 and k; > k. Let x4, y; denote S;[k;i](1) and S;[kil(4). For k < k; < t; it follows from
Lemma 5.10 that Sj[ki — 11(4) = zi, Sjlki +11(1) = z4, Sjlki —11(2) = x; and S;[k; +11(3) = ys.

We have two subcases.

i eis odd: In this case we first swap S;[lJ(1) and S;(1)(2) for all k < 1 < k; — 1. Then swap
the two columns in Sy,. And swap S;[l(3) and S;[l(4) for all k; +1 <1<k, —1. Do
nothing with S;[k;]. Instead start with z, which appears in S;[k> + 1](1) and S; [k, + 1](2)
and repeat these steps. Since e is odd, the last set of swaps will happen in the bottom

row starting from y. = Sjlke +11(3) up to i1 = S;[t;1(4).

ii eis even: In this case we swap S;[l](3) and S;(1)(4) for all T <1< kj —1. Do nothing
with Sj[k¢]. Instead swap S;[U(1) and S;[l](2) for all k1 +1 <1< ko — 1 and then swap
the two columns of S;[k;]. And repeat the procedure from the y, which appears as
Sk,+1[U(3). Since e is even it can be checked that the last swaps will happen in the

bottom row from ye = Sjlke 4+ 11(3) to i1 = S;lt;](4).

After these round of swaps, we can use straightening as we did in case 1 above, to
complete the proof. The last set of swaps take place in the bottom row starting with an
element occurring in a 1 (mod m) position and ending with the first occurrence of i, in
the bottom row - this is true in both cases. In both cases the first set of swaps start with

ij occurring in a 1 (mod m) position and end with an element occurring in a position 0
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(mod m). It can be checked that if we form tableau S;; as we did in Case 1 above, the
number of i; has reduced and the number of i;,; has increased. The number of occurrences
of the intermediate numbers does not change because of the column swaps performed.
Furthermore, the other set of swaps between elements in the top row and elements in the
bottom row in an S;[l] take place in those 1 wherein S;[l](3) > S;[ll(2). One checks as in
Case 1 above that straightening introduces new zero weight tableaux, but all of them are

lexicographically smaller than the tableau we start with. This completes the proof.

O]

Example 5.13. We continue with the example in 5.9. We reproduce T. below. For the
subtableau S.,; of T; we perform the operations suggested in Case 2 above, and for the

subtableau S, we perform the operations as in Case 1. So we can write the monomial given
by

1|1|1|1|2|2]|2|2[3]|3]|3 71718 8 9|9 ]| 9 |10]|10|10] 11| 11 |12
414|4|5|5|5|5|6[6|6|6]|7 8|89 |10 |11 |11 | 12| 12| 12|13 |13 |13 | 13
as a sum of the monomials given by the following two tableaux,
1|1 |1|1|2]|2 2133 3 7!8/7, 8| 9| 9|9 |10|10|10]| 11|11 |12
414|5/4|5|5|6]5 6|7 8|98 |11 |10 | 12|11 |12 | 12|13 |13 |13 | 13
1|1|1|1|2|2]2][2|3[3[3]3 7!7/8|8|10| 9 | 9 |10|10|10| 11|11 |12

4|14/4|5|5|5|5|6|6|6|6|7|7|8|8|9|9|11|11|12|12|12|13 |13 | 13|13

The first term of the sum can be written as a product of two zero weight vectors. The odd

numbered columns give rise to the zero weight vector represented by the tableau

1|1(22|3(3[4|8|8]| 9 |10|10]11

415|566 |7|7|9|11|12]| 12| 13| 13

The even numbered columns give rise to the zero weight vector represented by the tableau

1|1|2|2(3[3|7|7]| 9|9 |10]11]12
4|14|5|5|6|6|8|8|10]11|12]|13 |13

The tableau corresponding to the second summand is nonstandard but lexicographically

smaller than T.

Theorem 5.14. T\(G2,n)5°(L(nw;)) is projectively normal.

Proof. Now T\\(G2,n)5°(£(nw>)) is normal. Ry-generation follows from Proposition 5.1. The

theorem follows. O
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Corollary 5.15. The GIT quotient of a Schubert variety in G, is projectively normal with respect

to the descent line bundle.

Proof. T is a linearly reductive group. For a Schubert variety X(w) in G(2,n) the map
HO(G2n, £(nw2)®™)T — HO(X(w), £L(nw;)®™)T is surjective. Since X(w)$*(£(nw,)) is nor-
mal the corollary follows. O

We have an analogue of Corollary 4.18. The proof is similar and is omitted.

Corollary 5.16. The GIT quotient of a Richardson variety in G v, is projectively normal with respect

to the descent line bundle.
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Chapter 6

Smooth torus quotients of Schubert

varieties in the Grassmannian

We denote £ for £(nw,) throughout in this chapter. We study the GIT quotients T\ X(w)$*(£)
of Schubert varieties in the Grassmannian G, ,, where r and n are coprime and give a combi-
natorial criteria to describe the Schubert varieties whose quotients are smooth. Skorobogotov
(see [Skog3]) and Kannan(see [Kang8]) has studied the quotient variety T\ (G;n)5°(£) is
smooth and shown that T\\(G,)5*(£) is smooth when r and n are coprime. Our current
exposer builds on ideas from [Kanig4, §3]. The main reference for this chapter is [BKS19].

The main result of this chapter is:

Theorem 6.1. Let w. = (a1, ay,...,ay) be such that X(wy ) denote the unique minimal Schubert
variety admitting semistable point. Let w = (by,by,...,by) € I(r,n) with by > a; forall 1 <i <.
Let X(v1),...,X(vk) be the k components in the singular locus of X(w). Then the following are
equivalent

(1) T\X(w)$*(£L) is smooth.

(2) For all i, we have vi % Wy n.

(3) Whenever b; > bj_1 +2 we have a; > bj_1 + 1.

We note that 6.1 is a generalisation of 4.5.
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6.1 Smoothness of GIT quotients

In this section we first give a criterion for the GIT quotient to be smooth. We then prove the
main theorem by showing that if the combinatorial conditions in the statement of the main

theorem hold this criterion is met. We assume that r and n coprime.

Proposition 6.2. Let w € I(r,n). T\X(w)$*(£) is smooth if and only if X(w)** C X(W)gm.

Proof. Assume that X(w)** C X(w)sm. Since gcd(r,n) = 1, it follows from [Skog3, Corollary
2.5] and [Kang8, Theorem 3.3] that X(w)®% = X(w)5. So the stablizer of all semistable
points x € X(w)** is finite. The proof now follows along the lines described in [Kani4].
Suppose x € BvP/P for some v. Let RT(v~!) denote the set of all positive roots made

1

negative by v-'. And choose a subset B1,...,x of positive roots in Rt(v1) such that

x =1up, (t1) ..., up, (tx)vP/P with ug,(t;) in the root subgroup Ug,, t; # 0 forj=1,...,k. The

isotropy group T is N;=ker(p;). Since this is finite, it follows from [Kani4, Example 3.3]

that Ty = Z(G), the center of G. Working with the adjoint group we may assume that the

stablizer is trivial. So T\X(w)$*(£) is smooth.

For the converse, first note that since we are in the case gcd(r,n) = 1 the quotient is a
geometric quotient i.e. it is an orbit space. But then restricted to X(w)** the quotient is a
T-bundle. So smooth points go to smooth points in the quotient and singular points go to
singular points. Since the quotient is smooth it follows that each point x € X(w)** is smooth
in X(w)*%. Since Oy x (w)ss = Oy x(w), it follows that X(w)®* C X(W)sm. O

We prove the main theorem.

Theorem 6.3. Let w = (by,by,...,by) € I(r,n) with by > a; forall 1 <i<r. Let X(vq),...,X(vk)

be the k components in the singular locus of X(w). Then the following are equivalent
(1) T\X(w)$*(£L) is smooth.

(2) For all i, we have vi % Wy n.

(3) Whenever bj > bj_1 +2 we have a; > bj;_1 +1.

Proof. Since b; > a; for all i we have that X(w)3*(£) is non empty. From Proposition 6.2,

T\X(w)$5(£) is smooth if and only if w; % wy for all i. Hence the equivalence of (1) and

2).

We prove the equivalence of (2),(3). The components of the singular locus of X(w) are
Schubert varieties X(w;) in correspondence with diagrams obtained from Y(w) by removing
hooks. There is a hook at row j of Y(w) if and only if b; > b;_; 4 2. We denote the Schubert
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variety obtained from w by removing the hook at row j by X(wj). Let the word corresponding
to it in I(r,n) be (by,b5,...,b)). Now X(w) contains X(w; ). Let t be the smallest integer

less than j such that by 1 = by + 1 for all t < k < j. By definition of w; we have

by T<p<t—1,
b — bpy—1 t<p<j—1,
p .

b1 p=j,

by j+1<p<r.

Now X(w) contains X(wy ) so b, > ap for 1 < p < r. So X(wj) does not contain X(w )
if and only if a, > b{)—H = by, forsome t <p <j—1orif a5 > bj’+1 =bj_1+1. Now
b, =b, 1+ 1forallt<p<j—1,and a, > ap_1 +1. It follows that if for some t <p <j—1,
ap > by then apy1 > ap+1> b, +1=">b,,7, and so we conclude that a;_; > b;_;. Then

aj > aj—1+1 > bj_1 + 1, completing the proof.

An alternate proof of the equivalence of (2), (3) is as follows. First assume that for all j for
which b; > b;_; +2 we have a; > b;_1 + 1. Now let u € WP be such that w, , <u < w. Let
the one line notation for u be (b, b5,...,b;). Then a; < b{ < b; for all 1 < i< r. Define u; =

Sb/SbI41 -+ Sby—1 for 1 <i<r. Clearly u=uj(sp,—1---s1)ua(Sp,—1---52) - Ur(Sp,—1 - Sr).

For every 1 < i < 1, the index of the least simple reflection less than u; in the Bruhat
order is s,; and the index of the largest simple reflection less than u;_; in the Bruhat order is
sp,_;—1. Take any 1 <i < v for which by > b;_; +2. By our hypothesis we have b/ > b;_; +1,
so sp, , £ wi and u; € P, from Proposition 3.19. Further u; and u;_; commute. For each
1 < i< r for which by =b;_1 +1, u; € P, from Proposition 3.19. Clearly u; € P,,. So for
all i, u; € Py,. Itis easy to check that u = u,u,_7 ... upu;wP/P. Therefore, by Theorem 2.2,
X(v) € X(W)sm-

Now assume that bj > bj_; +2 but a; < bj_;. il follows from the definition of J'(w)
in Proposition 3.19 that b;_; € J’(w). Let t be the smallest integer less than j such that

by =bi+1forall t <k <j. Then w has a reduced expression of the form
/
W =W'Sp, _1...5tSb —1-++5t41 ceeSby_ =1 8j—1Sbj—1 .- SjW .

Now consider the Weyl group element

" /
U=WSp—2..-5tSby1—2---St+1 ...Sb]._lfz...sj,1sbj_1,1 S SW

Clearly u < w and u is obtained from w by left multiplying with the reduced word

Sb;_1Sbj_14+1+++Sb;—25b;—1+++Sby ,—15by 1 —1Sby—1-
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In the one line notation u = (by,...,by_1,by —1,...,b;_1 —1,bj_1,bj11,...,b;). Note that
J'(w) € J'(w), so Py, C Py and therefore P,, stabilises X(u). Since u < w, w is not element
of X(u). And so wP/P ¢ P,,uP/P. Hence uP/P ¢ P,,wP/P. Therefore, by Theorem 3.18, X(u)
is in the singular locus of X(w). However, if a; < bj_1, it can be easily seen that u > w; ,

implying that X(u) contains a semistable point, a contradiction. O

6.2 Examples and non-examples

We illustrate the proof of the main theorem with a simple example.

Example 6.4. Consider the Schubert variety corresponding to w = (3,5,7,9) in 1(4,9). The
Young diagram associated to w is given by the increasing sequence w = (2, 3,4,5). Fill this
diagram starting with s; at the leftmost box in row 1i, and filling the boxes to the right of this
entry in row i with si;1,si42,..., in order, all the way to the last box in row i. We get the

filling

$4|85|86(S7 58|
S3|S4|S5]|S6
S21S83|S4
S1[S2

Reading the entries in the Young diagram from right to left in each row, and bottom to top
yields s751545352865554535857565554, the element in WP corresponding to the Schubert vari-
ety (3,5,7,9). According to Theorem 3.20 the singular locus of this Schubert variety has three
irreducible components given by the sequences (1,1,4,5),(2,2,2,5) and (2,3,3,3). The corre-
sponding Schubert varieties are given by the tuples (2,3,7,9), (3,4,5,9) and (3,5, 6,7), respec-
tively. The Weyl group elements corresponding to these varieties are s15,565554535857565554,
$251535254535857565554 and $251545352555453565554 respectively. Note that these words can
be obtained by removing the hooks occupied by s;s3s4, s4s55¢ and sgs7sg, respectively, and
reading the entries left in the resulting Young diagrams from bottom to top, and right to left

in each row - exactly as we did for w.

Let us show for example that the Schubert variety corresponding to the Weyl group
element v = s15,565554535857565554 is not in the smooth locus by showing that it does not
satisfy the hypothesis of Theorem 3.18. The stabilizer of X(w) is the parabolic subgroup
corresponding to the subset of simple reflections {«[sqw < w}. In this case it can be
checked that this is the parabolic subgroup corresponding to {1, a2, x4, &6, xg} which is
Pg, NPy NPg,. However v is obtained from w by multiplying on the left with s3s4s>.
And this element is not in Py, NPy, NPy,. It can be similarly shown that the other two

components are also not in the smooth locus - the Weyl group elements corresponding to
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them are obtained from w by multiplying on the left with s4s¢s5 and sgsgs7 respectively and

these elements are clearly not in Py, NPy, NP, .

We conclude with examples of Schubert varieties in G40 whose GIT quotients are singular,

and examples of Schubert varieties whose GIT quotients are smooth.

Example 6.5. We know from 4.4 that wa o = (3,5,7,9). A reduced expression for the word
VV45>iS

§251584S8382565554835857S6S584.

The Young diagram Y(wy,¢) corresponding to wy o is

Recall from Theorem 3.1 [BSKS20] we have T\X(w)3*(£) is smooth.

Example 6.6. Let us consider the word w = (5,7,8,9). A reduced expression for w is
§483525156555848382S756555483S8S7565584.

The Young diagram Y(w) is

The singular locus X(w), obtained by removing the only hook corresponds the following

tableau:

Here w' = (4,5,8,9). Since w > Wi 9, X(w/) contains semistable points and hence the

quotient space T\ X(w)5*(£) is not smooth (using 6.3).
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Example 6.7. Consider the word w = (3,5, 8, 9). A reduced expression for w is
$281S4S38257565554S3585756S8584.

The Young diagram Y(w) is

The singular locus obtained by removing the hooks has Schubert varieties X(w1), X(w3),

whose Young diagrams are given by the following tableaux.

Here wy = (2,3,8,9) and w, = (3,4,5,9). Note for i = 1,2 w; % wy9, so neither X(w;) nor
X(w3) contain semistable points. Hence the quotient space T\X(w)3*(£) is smooth (using

Theorem 4.17).
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