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Abstract

In the first part of the thesis, we consider various type-IIA supergravity solutions that origi-

nated by applying non-Abelian T-duality on well-known type-IIB supergravity backgrounds.

Abelian T-duality is an exact symmetry of the string theory of all orders of α′ . However,

non-Abelian T-duality works as a solution-generating technique at the supergravity level. We

present the non-Abelian T-dual supergravity solutions originating from AdS5× S5 geometry,

Klebanov-Witten geometry, Klebanov-Tseytlin background and the D1−D5 system, where

T-duality acts on an appropriate non-Abelian isometry group SU(2).

We study the Penrose limits in these T-dual backgrounds. In most cases, the Penrose

limits lead to pp-wave geometries in the neighbourhood of appropriate null geodesics. The

quantization of closed string on the resulting pp-wave has also been discussed. We also study

the supersymmetry analysis of these type-IIA pp-wave geometries and draw some comments

on the dual gauge theory.

In the remaining part of the thesis, we discuss some aspects of Double Field Theory

(DFT). Double Field Theory is constructed to incorporate T-duality as a manifested sym-

metry of string theory. In the thesis, we explore the Heterotic version of it. We introduce the

relaxed version of the generalized Kerr-Schild ansatz (GKSA) to study perturbations of the

fundamental fields in the theory. We also discuss the classical double copy correspondence

in this framework.
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Chapter 1

Introduction

Duality plays a significant role in understanding a large class of Physical systems. The notion

of duality in Physics is quite familiar since the 1800’s through Maxwell’s equations. The

Maxwell’s equations describe the duality between the electric field and the magnetic field. In

mid-seventies ’t Hooft proposed a duality between a gauge theory and string theory [1]. The

gauge theory consists of SU(N) gauge group with large N . The perturbations of the theory

is governed by the expansion parameter λ(= g2
YMN), known as the ’t Hooft parameter. The

perturbation of the SU(N) gauge theory is a double expansion of the parameters λ and

1/N2 [1]. In the proposal of ’t Hooft, there exists a precise correspondence between these

parameters in gauge theory with the expansion parameter gs ∼ 1/N and the world-sheet

expansion parameter α′ ∼ 1/
√
λ in string theory [1].

The precise duality between gauge theory and string theory came out from the seminal

work by Maldacena through his AdS/CFT conjecture [2]. The conjecture states a duality

between gravity in Anti de-sitter (AdS) spacetime and operators in a Conformal Field Theory

(CFT) that resides at the boundary of the AdS spacetime. Conformal Field Theory is a very

special kind of Quantum Field Theory that exhibits conformal symmetry [3]. The original

conjecture of AdS/CFT correspondence establishes the relation between type-IIB string

theory in AdS5 × S5 and the N = 4 supersymmetric Yang-Mills (SYM) theory in four

spacetime dimensions [2]. Moreover, this correspondence has been generalized to a very wide

range of physical systems, the simplest ones among them consist of type-IIB string theory

in other spacetimes in the form AdS5×X5 ; where X5 is a five-dimensional internal manifold

[4,5,6]. The correspondence in the low energy limit is known as gauge/gravity duality which

relates supergravity (the low energy excitation of string theory) with strongly coupled gauge

theory. This is one of the most interesting and useful aspects of the correspondence.

Symmetry plays a key role in any physical theory to understand the fundamental nature

of the theory. In string theory there exists several dualities: S-duality and T-duality. The

former relates the theory at various orders of the string-coupling. T-Duality relates low energy

effective actions of various string theories among each other [7,8]. For the closed string case,

T-duality exchanges the momentum and winding modes of the closed string compactified

in the circles with radius R and α′/R respectively. It also connects the type-IIB and

1



2 CHAPTER 1. INTRODUCTION

the type-IIA versions of the superstring theories. The familiar description of T-duality

concerns U(1)-isometry and it is known as the Abelian T-duality. Abelian T-duality is an

exact symmetry of the full string theory [9, 10]. A non-trivial generalization of this Abelian

T-duality exists for the non-Abelian isometric groups [11]. However, this non-Abelian T-

duality is not a symmetry of the full string theory. It is an elegant solution-generating

technique at the supergravity level. Initially, this duality was formulated in the NS-NS

sector of the supergravity theory. For quite some time it was not known how to incorporate

the Ramond-Ramond sector in the context of non-Abelian T-Duality. The remarkable works

by Sfetsos and Thompson gave insights along this line [12]. For a decade, these techniques

have been applied to known supergravity backgrounds to construct several new supergravity

backgrounds [13,14,15,16,17,18,19,20]. These new T-dual backgrounds give various insights

in the context of AdS/CFT correspondence to construct new CFT duals [21,22,23,24,25,26,

27,28].

For several supergravity backgrounds, the Penrose limits lead to pp-wave geometry. String

theory on the pp-wave wave background has been analysed in detail for more than a decade

for its interesting features [29,30,31,32,33]. These pp-wave solutions originated by applying

Penrose limits in supergravity backgrounds and M-theory backgrounds [34, 35, 36]. The

most interesting feature of the pp-wave geometries is that they provide exact string theory

backgrounds to all orders in α′ as well as gs [37, 38]. It was a path-breaking work by

Berenstein, Maldacena and Nastase (BMN) that shed new insights to do stringy calculations

from gauge theory perspective [35]. In this work, BMN showed that pp-waves in the gravity

side correspond to operators with large R-charge in N = 4 SYM in four dimensions [35].

Here the pp-wave originated by considering Penrose limits in AdS5×S5 background. In later

works, the Penrose limits and pp-wave geometries have been studied for other supergravity

backgrounds as well [39, 40, 41, 42]. The corresponding BMN sector has also been discussed.

Recently, the Penrose limits in non-Abelian T-dual of AdS5 × S5 background have been

studied in detail [26]. The Penrose limits along non-singular null geodesic lead to pp-wave

geometry in the T-dual background. The closed string quantization and the BMN sector in

the dual gauge theory have been discussed in detail for the above case. The work in [26]

is the main motivation for this thesis. In the core part of the thesis, we generalised the

ideas of [26] in other non-Abelian T-dual supergravity backgrounds. In the thesis first, we

review the Penrose limits and pp-waves in the non-Abelian T-dual geometry of AdS5 × S5

background and then we consider the non-Abelian T-dual corresponding to the compaction

of string theory on Klebanov-Witten background, Klebanov-Tseytlin background and the

D1 −D5 system. The Klebanov-Witten background arises upon placing a large number of

D3 branes on a conifold singularity [5]. The corresponding dual gauge theory is N = 1 super

Yang-Mills theory in four spacetime dimensions [6]. The Penrose limits in this background

and the BMN operators in the dual gauge theory have been studied in detail in [39, 40, 41].

The non-Abelian T-duality along SU(2) isometry of this background has been analysed

in [15, 23]. The T-dual geometry is a solution in type-IIA supergravity. In our work [43]

and in this thesis we consider this T-dual background and examine the Penrose limits. We

also make comments on gauge theory dual of the resulting pp-wave geometries. Adding M
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fractional D3-branes together with N regular D3-branes at conifold singularity leads to

N = 1 supersymmetric SU(N + M) × SU(N) gauge theory in four spacetime dimensions.

Due to the presence of fractional branes, the theory is no longer conformal and the gravity

dual is a modification of the Klebanov-Witten background and is known Klebanov-Tseytlin

background [44]. This background admits an SU(2)-isometry which is used for non-Abelian

T-dualization. The resulting solution is a massive type-IIA supergravity background with

N = 1 supersymmetry [15, 23]. In one of our works as well in this thesis we consider the

non-Abelian T-dual background and investigate the Penrose limits. We show that the T-

dual geometry admits pp-wave solution around suitable null geodesics [45]. The non-Abelian

T-dual solutions that we considered here all are N = 1 supersymmetric. Along this line of

investigation, we consider the non-Abelian T-dual of the near horizon geometry D1 − D5

system. The near horizon geometry is described by AdS3×S3×T 4 background. The Penrose

limits in this background as well as its Abelian T-dual background have been studied in [42].

The non-Abelian T-dualization of this background along an SU(2) isometry has been first

carried out in [12] and studied in detail in [46]. The non-Abelian T-dual background is a

massive type-IIA supergravity solution with N = 1 supersymmetry. In our work [47] we

consider this non-Abelian T-dual background and examine variation Penrose limits in it. We

show that the T-dual background admits pp-wave solution around some non-singular null

geodesic [47]. We make some comments on the probable field theory duals.

In the remaining part of the thesis, we discuss some aspects of Double Field Theory

(DFT). Abelian T-duality is an exact symmetry of string theory [9,10]. In low energy limit,

the theory can be written in a duality invariant fashion before compactification with the

framework of Double Field Theory (DFT) [48, 49]. It is shown that non-Abelian T-duality

can be described in the language of double field theory [50]. Among the different formulations

of string theory, heterotic double field theory focuses on the low energy limit of heterotic

string and its embedding into the double geometry [51]. The standard construction is built

on the D -dimensional metric tensor, two-form and a non-Abelian gauge field. The underline

symmetry group of heterotic double field theory is O(D,D+K); where K is the gauge group

for the gauge field.

The Kerr-Schild formalism is a powerful tool to construct exact solutions in general rela-

tivity [52]. In beginning, it was formulated for the perturbations around the Minkowski space

and later it has been generalized to any on-shell spacetime geometry. However, the standard

Kerr-Schild (KS) formalism does not describe the entire NS-NS sector of the closed string.

Recently the remarkable work by Lee establishes that it is possible to generalized the con-

ventional Kerr-Schild formalism to the double field theory and supergravities by introducing

a pair of null vectors [53]. The classical double copy structure of this generalized Kerr-Schild

formalism describes the entire NS-NS sector of massless string [53]. But this formalism also

does not consider the Ramond-Ramond sector of massless string. Then a subsequent devel-

opment by Cho and Lee introduced a generalized Kerr-Schild ansatz (GKSA) in the context

of heterotic double field theory and supergravity to incorporate the Ramond-Ramond sec-

tor [54]. Here, the pair of null vectors are represented by a pair of null O(d, d+G) generalized

tangent vectors. In the picture of GKSA, the null condition can be partially relaxed in a
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consistent way [54]. The classical double copy structure of GKSA describes the heterotic

supergravity [54]. However, to study perturbations of the gauge field within this framework

was still lacking [55,56].

In our work [57] and in this thesis we shed some insights into the study of gauge field

perturbation in heterotic double field theory. We present a formulation of heterotic double

field theory where the fundamental fields are in O(D,D) representations [57]. We obtain

the theory by splitting an O(D,D + K) duality invariant DFT. Within this framework,

we explore the perturbative properties of heterotic DFT. We use a relaxed version of the

generalized Kerr-Schild ansatz which is known as relaxed generalized Kerr-Schild ansatz

(R-GKSA). The R-GKSA was first introduced in [58] to study the classical double copy

correspondence of point charge. The R-GKSA in our context consists of the perturbation of

the generalized background metric up to quadratic order considering a single null vector and

the gauge field is linearly perturbed before parametrization [57]. We also study the classical

double copy correspondence at the DFT level in our picture.

The thesis is organized as follows.

• In Chapter 2 we discuss the basic notion of T-duality. Starting from the duality of

string compactification on circles of radius R and α′/R we discuss the Buscher formulation

of T-duality for the generic background which admits U(1) isometry together with back-

ground fields. This construction is known as the Abelian T-duality. In the same chapter,

we discuss the generalisation of Abelian T-duality for non-Abelian isometries, where in most

cases the symmetry group is SU(2). We discuss the construction of the NS-NS sector and

RR-sector of dualization in detail. To give some examples we consider some supergrav-

ity solutions that originate by applying Abelian and non-Abelian T-duality on well-known

type-IIB supergravity backgrounds: AdS5 × S5 geometry, Klebanov-Witten background,

Klebanov-Tseytlin background and the near horizon geometry of D1−D5 system.

• In Chapter 3 we discuss the AdS/CFT correspondence. First, we revisit Maldacena’s

work for the AdS5 × S5 background and its correspondence with N = 4 supersymmetric

Yang-Mills theory that resides at the boundary of AdS5 followed by the work of Klebanov

and Witten for the AdS5 × T 1,1 geometry. Together with the above, the Penrose limits of

the type-IIB supergravity backgrounds have also been discussed. Starting from the seminal

work by BMN for the AdS5 × S5 background, the Penrose limits in the Klebanov-Witten

background, Klebanov-Tseytlin background and the Penrose limits of near horizon geometry

of D1 − D5 system have been discussed. For all the above cases, Penrose limits lead to

pp-wave geometry. Field theory duals of the corresponding pp-wave geometries have also

been discussed.

• In Chapter 4 we review the recent work on Penrose limits in T-dual backgrounds origi-

nated from the AdS5×S5 geometry. We discuss the pp-wave geometries both in the Abelian

as well as the non-Abelian case with corresponding field theory duals. The supersymmetry

discussion of the pp-wave geometry is also provided.
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• Chapter 5 is the core part of this thesis. In this chapter, we discussed the Penrose limits

in the non-Abelian T-dual of the Klebanov-Witten and Klebanov-Tseytlin background. We

discuss various null geodesics in the non-Abelian T-dual geometry, some of them lead to

pp-wave geometries. The closed string quantization and the supersymmetry analysis of these

pp-wave geometries have been discussed. We briefly mention the dual field theory for these

pp-wave geometries.

• Finally in Chapter 6 we consider the T-dual backgrounds originated from the near

horizon geometry of D1 − D5 system. The near horizon geometry is described by the

background AdS3 × S3 × T 4 . We discuss the Penrose limits and pp-waves in the T-dual

backgrounds. The supersymmetry analysis states that the pp-wave geometry preserves 16

supercharges in the non-Abelian case. The corresponding field theory discussion is also

provided.

• In Chapter 7 we first review the basic notation of Double Field Theory and the Kerr-

Schild ansatz in this context. We discuss both in metric formalism as well as in frame

formulation. We introduce the double Yang-Mills formulation of heterotic DFT and explore

the relaxed version of generalized Kerr-Schild ansatz to study perturbations of the funda-

mental fields in the theory. We also discuss the classical double copy correspondence in this

framework.

• Finally we summarise the result and discuss some future directions in Chapter 8.



Chapter 2

Abelian and non-Abelian T-duality

In this chapter we will first introduce the nuts and bolts of the familiar T-duality along with

the extended version of it. For the perturbation of closed bosonic strings, T-duality is the

simplest version of string duality. The familiar notation of T-duality, it relates the string

theories with a large spacetime radius R and with a small spacetime radius α′/R . In the

following we will review the basics of this T-duality together with some examples.

2.1 Abelian T-duality

In this section we will consider the closed bosonic string and show how T-duality acts on

it. Consider the bosonic string compactified in Minkowski spacetime with 26 spacetime

dimensions. Out of 26 spacetime directions, one direction is a circle S1 with radius R .

Here the string propagates in the space defined by R24,1 × S1 . Let X25 be the compactified

coordinate which satisfies the periodic boundary condition

X25(σ + π, τ) = X25(σ, τ) + 2πRW , (2.1)

where (σ, τ) are the worldsheet coordinates and W is known as the winding number that

measures the number of times the closed string winds around the compact direction S1 .

Considering the familiar left mover and right mover decomposition of the mode expansion of

the closed string modes, from (2.1) we have

X25(σ, τ) = X25
L (τ + σ) +X25

R (τ − σ) , (2.2)

with the leading order expansion

X25
R (τ − σ) =

1

2

(
x25 − x̃25

)
+
(
α′
κ

R
−WR

)
(τ − σ) + ...... ,

X25
L (τ + σ) =

1

2

(
x25 + x̃25

)
+
(
α′
κ

R
+WR

)
(τ + σ) + ...... . (2.3)

Here κ is the Kaluza-Klein excitation number and it originates from the quantized momentum

associated with direction X25 . Because X25 is identified with the circle S1 , hence the

associated momentum is quantized with the expression p25 = κ/R .

6
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Now the mass spectrum of the closed string is given by

M2 =
( κ
R

)2

+
(WR

α′

)2

+
2

α′

[(
NL +NR

)
− 2

]
, (2.4)

where NL,R denotes the number of left-moving and right-moving modes respectively and they

satisfy the level matching condition NR −NL = Wκ . The expression of the mass spectrum

(2.4) is invariant under the exchange of R ↔ α′/R followed by W ↔ κ . This duality

symmetry is known as T-duality for closed bosonic string. Under T-duality the closed string

momentum modes become the winding modes and vice versa. In terms of the mode expansion

the T-duality acts as

X25
R → −X25

R ; X25
L → X25

L . (2.5)

In the case of superstring, the T-duality acts in the fermionic sector as well. The action of

the T-duality is as follows

X9
R → −X9

R ; X9
L → X9

L , (2.6)

where X9 is the compactified coordinate in the ten-dimensional type-II theories. Together

with the bosonic modes the fermonic modes exchange as

ψ9
R → −ψ9

R ; ψ9
L → ψ9

L . (2.7)

It is shown that under this transformation the chirality of the theory changes from type-IIB

to type-IIA and vice versa.

Now in the following we will examine T-duality in the presence of background fields in

the NS-NS sector as well as in the RR sector. In the NS-NS sector we have the background

metric gµν , NS-NS two form Bµν and the background dilaton Φ. The RR sector is contained

with p-forms gauge field. Here the background metric gµν admits at least one U(1) isometric

direction along which the T-duality acts. In this case the construction is the following three

steps procedure known as the Buscher Rules [7, 8]. First consider a sigma model action in

this background which supports the U(1)-isometry. Then gauge the isometry and impose a

constraint by introducing a set of Lagrange multipliers such that the field strength will remain

zero. This leads to state that the degrees of freedom of the system will remain unchanged

during dualization.

Now the duality picture is the following. If we solve the equation of motions of the

Lagrange multipliers and substitute in the original action we recover the original sigma model

action. In order to construct the T-dual sigma model, instead of the Lagrange multipliers

we integrate out the gauge fields and gauge fix the remaining part. Then the Lagrange

multipliers become the coordinates in the dual sigma model.

Consider the worldsheet action of the string together with the background fields as follows

S = − 1

4πα′

∫
d2σ

[
√
−hhαβgµν∂αXµ∂βX

ν − εαβBµν∂αX
µ∂βX

ν

]
, (2.8)
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where, hαβ is the metric on the worldsheet and consider the background has manifest U(1)-

isometry along X9 direction. Following Buscher rules, we introduce a Lagrange multiplier

X̃9 and then the worldsheet action in (2.8) takes the form

4πα′S =

∫
d2σ

[
√
−hhαβ

(
− g99VαVβ − 2gµ9Vα∂βX

µ − gµν∂αXµ∂βX
ν

)

+εαβ
(
B9µVα∂βX

µ +Bµν∂αX
µ∂βX

ν

)
+ X̃9εαβ∂αVβ

]
. (2.9)

Solving the Lagrange multiplier X̃9 in (2.9) we have εαβ∂αVβ = 0. Upon solving this we find

Vα = ∂αX
9 . Substituting the solution in (2.9) one recovers the original sigma model action

(2.8). Instead of that, upon solving Vα to integrate the Lagrange multiplier X̃9 we find the

dual sigma model action as

S̃ = − 1

4πα′

∫
d2σ

[
√
−hhαβ g̃µν∂αXµ∂βX

ν − εαβB̃µν∂αX
µ∂βX

ν

]
, (2.10)

where the T-dual fields are given by

g̃99 =
1

g99

; g̃9µ =
B9µ

g99

; g̃µν = gµν +
B9µB9ν − g9µg9ν

g99

,

B̃9µ =
g9µ

g99

; B̃µν = Bµν +
g9µB9ν −B9µg9ν

g99

,

e2
(

Φ−Φ̃
)

= g99 . (2.11)

To construct the T-dual dilaton Φ̃, we considered the invariance of the quantity
√
−ge−2Φ →√

−g̃e−2Φ̃ in T-duality. The transformation rules in (2.11) is known as Buscher Rules of T-

duality.

Now we shall consider the action of T-duality on the RR p-forms. One can construct the

T-dual RR forms by various approaches: spacetime perspective, worldsheet perspective and

the bispinor formulation. In the following we will discuss the bispinor formulation introduced

in [59]. Consider the bispinor in type-IIB theory as

P =
eΦ

2

4∑
n=0

��F 2n+1 . (2.12)

Similarly in type-IIA theory we have

P̃ =
eΦ

2

5∑
n=0

��F 2n , (2.13)

where ��F = 1
p!

Γµ1....µpF
µ1....µp
p . Now the dual fluxes can be obtained from

P̃ = P. Ω−1 , (2.14)
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where the Ω is given by

Ω =
1
√
g99

Γ11Γ9 . (2.15)

At the end of this chapter we consider some of the well-known supergravity backgrounds and

study the application of T-duality on it.

2.2 Non-Abelian T-duality

In the previous section we showed how T-duality works on the background that admits

an U(1)-isometry. The procedures are described in three steps are known as the Buscher

Rules. Now Buscher’s formulation can be extended to the supergravity background where

the corresponding isometric group is non-Abelian [11]. The procedure follows the same steps

as in the Abelian case, although the gauge field we introduce here is a non-Abelian group

valued quantity. However, unlike its Abelian counterpart, the non-Abelian T-duality is not a

symmetry of the full string theory. The non-Abelian T-duality works as a solution generating

technique at the supergravity level and maps one supergravity solution to another. Also, in

this case, during dualization the isometry of the seed background is partially lost but it can

be recovered as a non-local symmetry in the corresponding sigma model. Initially, the non-

Abelian T-duality was formulated for purely NS-NS backgrounds. In a remarkable work, the

authors in [12] incorporated the RR sector in non-Abelian T-duality. The new supergravity

backgrounds correspond to new CFT duals and give new insights into the context of the

AdS/CFT correspondence. One interesting example is the dualization of an SU(2) subgroup

of the AdS5 × S5 geometry. The T-dual background is a solution in type-IIA supergravity

and its M-lift is very close to Giaotto-Maldacena geometry that arises from M5-branes on

Riemann surfaces. Now in the following we will discuss the Buscher Rules in non-Abelian

T-duality where the corresponding isometry group is SU(2).

First we write the background metric in the form

ds2 = Gµν(x)dxµdxν + 2Gµi(x)dxµLi + gij(x)LiLj , (2.16)

where the index µ runs from 1,2,..7 and describes the spectator part denoted by the coordi-

nate xµ . In the above, Li; i = 1, 2, 3 are the SU(2) left invariant Maurer-Cartan one forms

and are expressed in terms of the SU(2) Euler angles θ, φ and ψ . Together with metric, we

have the same decomposition of the NS-NS two-form gauge field given by

B2 = Bµν(x)dxµ ∧ dxν +Bµi(x)dxµ ∧ Li +
1

2
bij(x)Li ∧ Lj . (2.17)

In addition to the metric and NS-NS two-form we have background dilaton Φ depends on

the spectator directions, Φ = Φ(x).

Now we assign the frames associated with the metric (2.16) as follows

eA = eAµdx
µ ; A = 1, 2, ...., 7

ea = κajL
j + λaµdx

µ ; a = 1, 2, 3 . (2.18)
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Imposing the metric in the form

ds2 = ηABe
AeB + eaea , (2.19)

and then from (2.16)-(2.19) we find

Gµν = ηABe
A
µ e

B
ν +Kµν ; κai λ

a
µ = Gµi ; κai κ

a
j = gij , (2.20)

where we define λaµλ
a
ν = Kµν . Now in the following we will consider the construction of the

NS-NS sector of the T-dual background. We will follow the worldsheet formulation introduced

in [15,23]. The Lagrangian density for the bosonic sector takes the form

L0 = Qµν∂+X
µ∂−X

ν +Qµi∂+X
µLi− +QiµL

i
+∂−X

µ + EijL
i
+L

j
− , (2.21)

where ∂± are the conventional worldsheet derivatives and Li± = −i T r
(
tig−1∂±g

)
; ti are the

generators of the isometry group SU(2). The Q ’s are defined as

Qµν = Gµν +Bµν ; Qµi = Gµi +Bµi ; Qiµ = Giµi +Biµ ; Eij = gij + bij . (2.22)

Now we replace the ordinary derivative ∂± by the covariant derivatives in the expression of

Li±

∂±g −→ D±g = ∂±g − A±g . (2.23)

In addition we add the Lagrangian multiplier term given by

i T r
(
vF±

)
; F± = ∂+A− − ∂−A+ −

[
A+ , A−

]
. (2.24)

Equation of motion of the Lagrangian multipliers drives back to the original Lagrangian L0 ,

whereas integrating out the gauge fields and gauge fixing the group part (here we consider

g = I) we obtain the T-dual Lagrangian

L̂ = Qµν∂+X
µ∂−X

ν +
(
∂+vi + ∂+X

µQµi

)
M−1

ij

(
∂−vj −Qjµ∂−X

µ
)
, (2.25)

where Mij = gij+fijkvk and fijk are the structure constants of the corresponding Lie-Algebra.

From (2.25) the dual Q ’s read as

Q̂µν = Qµν −QµiM
−1
ij Qjν , Q̂µi = QµjM

−1
ji ,

Q̂iµ = −M−1
ij Qjµ , Êij = M−1

ij . (2.26)

Now the symmetric combination of Q ’s generate the components of the T-dual metric and

the antisymmetric part leads to NS-NS two-form in the T-dual geometry

Ĝµν = Gµν −
1

2

(
QµiM

−1
ij Qjν +QνiM

−1
ij Qjν

)
,

Ĝµi =
1

2

(
QµjM

−1
ji −QjµM

−1
ij

)
, ĝij =

1

2

(
M−1

ij +M−1
ji

)
,

B̂µν = Bµν −
1

2

(
QµiM

−1
ij Qjν −QνiM

−1
ij Qjν

)
,

B̂µi =
1

2

(
QµjM

−1
ji +QjµM

−1
ij

)
, b̂ij =

1

2

(
M−1

ij +M−1
ji

)
. (2.27)
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Considering the above metric components the line element of the T-dual geometry is given

by

dŝ2 = Ĝµνdx
µdxν +

√
2Ĝµidx

µdvi +
1

2
ĝijdv

idvj . (2.28)

Similarly for the NS-NS two-form we have

B̂2 = B̂µνdx
µ ∧ dxν +

1√
2
B̂µidx

µ ∧ dvi +
1

4
b̂ijdv

i ∧ dvj . (2.29)

In addition the dual dilaton takes the form

e2(Φ−Φ̂) = det M . (2.30)

This completes the discussion about the NS-NS sector. Now we will turn our focus on the

construction of T-duality in the RR sector. It is straightforward to see from (2.21) and (2.25)

that the left and right movers transform differently under the T-dual transformations

L̂i+ = −(M−1)ji
(
∂+vj +Qµj∂+X

µ
)

; L̂i− = M−1
ij

(
∂−vj +Qjµ∂−X

µ
)
. (2.31)

These lead to two different frames êa+ and êa− in the T-dual background. Both the frames

describe the same geometry hence they must be related by a Lorentz transformation

êa+ = Λa
b ê

b
− . (2.32)

The Lorentz transformation Λ acts on the spinor representation of the Lorentz group as

Ω−1ΓaΩ = Λa
bΓ

b . (2.33)

In this case also we consider the bi-spinor formalism (2.12)-(2.14) as we discussed in the

Abelian part to construct the RR-form in the T-dual theory. In the original background we

write the RR field strengths in basis of eA and ea as

Fp = G(0)
p +Ga

p−1 ∧ ea +
1

2
Gab
p−2 ∧ ea ∧ eb +G

(3)
p−3 ∧ e1 ∧ e2 ∧ e3 . (2.34)

Similarly the T-dual RR strength takes the form

F̂p = Ĝ(0)
p + Ĝa

p−1 ∧ e′a +
1

2
Ĝab
p−2 ∧ ea ∧ e′b + Ĝ

(3)
p−3 ∧ e′1 ∧ e′2 ∧ e′3 , (2.35)

where

Ĝ
(0)
p = eΦ−Φ̂

(
− A0G

(3)
p + AaG

a
p

)
,

Ĝa
p−1 = eΦ−Φ̂

(
− A0

2
εabcGbc

p−1 + AbG
ab
p−1 + AaG

(0)
p−1

)
,

Ĝab
p−2 = eΦ−Φ̂

[
εabc
(
AcG

(3)
p−2 + A0G

c
p−2

)
−
(
AaG

b
p−2 − AbGa

p−2

)]
,

Ĝ
(3)
p−3 = eΦ−Φ̂

(
Aa
2
εabcGbc

p−3 + A0G
(0)
p−3

)
. (2.36)
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The coefficients in the above transformation are given by

A0 =

√
det g√

det g +
(
κai y

i
)2

; Aa =
κai y

i√
det g +

(
κai y

i
)2

. (2.37)

where yi = bi + vi and bi arises from the bij as bij = εijkbk .

In the next section we consider some well-known supergravity solutions and study their

T-dual backgrounds.

2.3 Abelian and non-Abelian T-dual supergravity back-

grounds

Finally, in this section we will consider some of the type-IIB supergravity backgrounds and

apply the Abelian as well as non-Abelian T-duality to these backgrounds. The Abelian T-

duality acts on a U(1)-isometry of the type-IIB backgrounds. The resulting backgrounds

are the solutions in type-IIA supergravity. The background we consider in the following also

admits non-Abelian isometries. We consider an SU(2) subgroup for the dualization. The

T-dual backgrounds solve supergravity equations in type-IIA supergravity. In the following

we will review the T-dual background presented in [12,15,21,23,27,42,46].

T-dual backgrounds with AdS5 factor

First we will consider the type-IIB supergravity backgrounds of the form AdS5 × X5 ,

where X5 is some five-dimensional Einstein manifold. We start our discussion with AdS5×S5

geometry. The geometry describes the near horizon geometry of a stack of N D3-branes

placed on top of each other [2, 4]. The corresponding metric of the geometry is given by

ds2 = 4L2ds2(AdS5) + 4L2dΩ2
2(α, β) + L2 cos2 α

(
dθ2 + dφ2 + dψ2 + 2 cos θdφdψ

)
, (2.38)

where

ds2(AdS5) = − cosh2 ρdt2 + dρ2 + sinh2 ρdΩ2
3 ,

dΩ2
2(α, β) = dα2 + sin2 αdβ2 . (2.39)

The RR sector of the background is described by the self dual five-form field strength as

F5 =
2

gsL
(1 + ?10) Vol(AdS5) . (2.40)

The metric in (2.38) has manifest U(1)-isometries along β, φ directions as well as in the fibre

direction ψ in the transverse S5 manifold. The Abelian T-duality along the ψ -direction has

been studied in detail in [21]. The T-dual background is specified by the metric

ds2
ATD = 4L2ds2(AdS5) + 4L2dΩ2

2(α, β) +
dψ2

L2 cos2 α
+ L2 cos2 α dΩ2

2

(
χ, ξ
)
, (2.41)
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where we still denote the T-dual coordinate as ψ and the remaining S2 coordinates as(
χ, ξ
)
. In the T-dual geometry, the range of the ψ -coordinate becomes (0, π). In the above

we consider α′ = 1 for convenience. Now we focus on the remaining background fields of the

T-dual geometry.

The background fields in NS-NS sector takes the form

B2 = ψ sinχdχ ∧ dξ ,

e−2Φ =
L2 cos2 α

gs
. (2.42)

The Ramond-Ramond sector of the T-dual background is supported by the four-form field

strength

F4 =
8L4

gs
cos3 α sinα sinχdα ∧ dβ ∧ dχ ∧ dξ . (2.43)

The metric component gψψ in (2.41) is singular at α = π/2 and also the background dilaton

(2.42) blows up. Hence the T-dual background is no longer maximally supersymmetric. It

turns out that the above background (2.41)-(2.43) preserves 16 supercharges and solves the

equations of motion of type-IIA supergravity [21].

Now we will turn our attention to the non-Abelian T-dual solution originated from (2.38).

The non-Abelian T-duality on SU(2) subgroup of the internal manifold S5 has been carried

out first in [12] and then studied in detail in [21,25]. The T-dual background is described by

the metric

ds2
NATD = 4L2ds2(AdS5) + 4L2dΩ2

2(α, β) +
dρ2

L2 cos2 α
+

L2ρ2 cos2 α

ρ2 + L4 cos4 α
dΩ2

2(χ, ξ) . (2.44)

In addition, the NS-NS sector of the background is contained by two-form and dilaton as

B2 =
ρ3 cos2 α

ρ2 + L4 cos4 α
sinχdχ ∧ dξ ,

e−2Φ =
L2 cos2 α

g2
s

(
ρ2 + L4 cos4 α

)
. (2.45)

The RR sector of the background is described by two-form and four-form field strengths

F2 =
8L4

gs
sinα cos3 αdα ∧ dβ ,

F4 =
8L4

gs

ρ3 cos3 α

ρ2 + L4 cos4 α
sinα sinχdα ∧ dβ ∧ dχ ∧ dξ . (2.46)

As in the Abelian T-dual background, the metric of the non-Abelian T-dual background

(2.44) is singular at α = π
2

where the gρρ -component and dilaton blow up. It is shown in [21]

that the background (2.44)-(2.46) is a solution in type-IIA supergravity and preserves 16

supercharges.
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Now we shall consider the Klebanov-Witten background and the geometries that origi-

nated from it by applying Abelian and non-Abelian T-duality. This type-IIB background

corresponds to the near horizon limit of parallel D3 branes at conical singularities [5,6]. The

metric of the background has the following form

ds2 = L2ds2
AdS5

+ L2ds2
T 1,1 , (2.47)

where the AdS5 metric is given in (2.39) and metric of the T 1,1 is given by

ds2
T 1,1 = λ2

1 dΩ2
2

(
θ1, φ1

)
+ λ2

2 dΩ2
2

(
θ2, φ2

)
+ λ2

(
dψ + cos θ1dφ1 + cos θ2dφ2

)2
. (2.48)

In (2.47), L is the size of AdS5 and the λi ’s are constant parameters with the numerical

values λ1 = λ2 = 1√
6

and λ = 1
3
. The RR sector of the background is described by the self

dual five-form field strengths

F5 =
4

gsL

[
Vol(AdS5)− L5Vol(T 1,1)

]
. (2.49)

The background (2.47)-(2.49) has U(1) isometries along φ1, φ2 and ψ directions in the trans-

verse T 1,1 part. Also, the metric is symmetric under the exchange of the two azimuthal

coordinates (φ1, φ2) followed by (θ1, θ2). First we will consider Abelian T-duality along the

φ2 -direction. The geometry of the dual background is given by the metric [27]

ds2
ATD = L2ds2

AdS5
+L2λ2

1

[
dΩ2

2

(
θ1, φ1

)
+dθ2

2 +
λ2 sin2 θ2

P (θ2)

(
dψ+cos θ1dφ1

)2
+

dφ2
2

λ2
1P (θ2)

]
. (2.50)

where P (θ2) = λ2 cos2 θ2 + λ2
2 sin2 θ2 . The background dilaton and the NS-NS two-form

admits by the T-dual background are given by

e−2Φ̂ =
L2

g2
s

P (θ2) ; B̂2 = −L
2λ2 cos θ2

P (θ2)

(
dφ2 ∧ dψ + cos θ1dφ2 ∧ dφ1

)
. (2.51)

The RR four form F4 for the T-dual background has the following expression

F̂4 =
4L4λλ4

1

gs
sin θ1 sin θ2 dθ1 ∧ dφ1 ∧ dθ2 ∧ dψ . (2.52)

Now we will focus on the other isometry direction ψ of the geometry given in (2.48). By

applying standard rules of T-duality we have the following dual background

ds2
ATD = L2ds2

AdS5
+ L2

[
λ2

1dΩ2
2

(
θ1, φ1

)
+ λ2

2dΩ2
2

(
θ2, φ2

)
+

1

λ2
dψ2

]
. (2.53)

In the metric (2.53) we rescaled the ψ -coordinate as ψ → L2

α′
ψ to get L2 as a common factor

in the metric and as like in the previous case here also we set α′ = 1 for convenience. In the

dual solution the NS-NS sector contains constant dilaton together with the two-form field

e−2Φ̂ =
λ2L2

g2
s

; B̂2 = −L2

[
cos θ1dφ1 + cos θ2dφ2

]
∧ dψ , (2.54)
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The NS-NS three-form flux corresponding to the two-form B̂2 takes the form

Ĥ3 = L2

[
sin θ1dθ1 ∧ dφ1 + sin θ2dθ2 ∧ dφ2

]
∧ dψ . (2.55)

The RR sector of the dual background described by a non-vanishing four-form flux as

F̂4 =
4L4λλ2

1λ
2
2

gs
sin θ1 sin θ2 dφ1 ∧ dθ1 ∧ dφ2 ∧ dθ2 . (2.56)

Now in the following we will consider the non-Abelian T-dual background originating from

the geometry (2.47)-(2.49). The non-Abelian T-duality on an SU(2) subgroup of the sym-

metry group of the internal manifold T 1,1 was first carried out in [15] and studied extensively

in [23,27]. The geometry of the T-dual solution is specified by the metric [15,16,17,18,23,24]

dŝ2 = L2ds2
AdS5

+ L2dŝ2
T 1,1 , (2.57)

where

dŝ2
T 1,1 = λ2

1dΩ2
2

(
θ1, φ1

)
+
λ2

2λ
2

∆
x2

1σ
2
3̂
+

1

∆

[(
x2

1+λ2λ2
2

)
dx2

1+
(
x2

2+λ4
2

)
dx2

2+2x1x2dx1dx2

]
, (2.58)

and

∆ = λ2
2x

2
1 + λ2(x2

2 + λ4
2) , σ3̂ = dψ + cos θ1dφ1 . (2.59)

In the dual metric we rescaled the coordinates x1 and x2 to get an overall L2 factor. The

dual background is supported by a NS-NS two-form along with the dilaton as follows

B̂2 = −λ
2L2

∆

[
x1x2dx1 +

(
x2

2 + λ4
2

)
dx2

]
∧ σ3̂ ; e−2Φ̂ =

8L6

g2
s

∆ . (2.60)

The NS-NS three form flux for the B̂2 is given by

Ĥ3 =
λ2L2

∆2

[
λ2

2x
3
1 + λ2x1

(
x2

2 + λ4
2

)
− 2λ2x1x

2
2 + 2λ2

2x1

(
x2

2 + λ4
2

)]
dx1 ∧ dx2 ∧ σ3̂

− λ2L2

∆

[
x1x2dx1 +

(
x2

2 + λ4
2

)
dx2

]
sin θ1dθ1 ∧ dφ1 . (2.61)

The RR sector of the background is described by the two-form and four-form field strengths

F̂2 =
8
√

2

gs
λλ4

1L
4 sin θ1dφ1 ∧ dθ1 ,

F̂4 = −8
√

2

gs
L6λλ4

1

x1

∆
sin θ1dφ1 ∧ dθ1 ∧ σ3̂ ∧

(
λ2

1x1dx2 − λ2x2dx1

)
. (2.62)
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Unlike the AdS5 × S5 case, it is shown that this T-dual background (2.57)-(2.62) preserves

N = 1 supersymmetry and solves the equations of motion in type-IIA supergravity [15,23].

Now we consider the Klebanov-Tseytlin background. This background arises upon placing

a stack of N regular and M fractional branes at a conifold singularity. The corresponding

gauge theory is governed by N = 1 supersymmetric SU(N + M) × SU(N) gauge theory

introduced in [44]. The geometry of the background is given by the metric

ds2 = H(r)−
1
2 ηµνdx

µdxν +H(r)
1
2

(
dr2 + r2ds2

T 1,1

)
, (2.63)

where ηµν is the metric denoting the stranded (3+1)-dimensional Minkowski space and T 1,1

metric is given in (2.48). The expression of the warp factor H(r) is given by [60]

H(r) =
1

r4

[
R4 + 2L4

(
ln

(
r

r0

)
+

1

4

)]
. (2.64)

In addition to the metric, the background NS-NS two-form field B2 has the expression

B2 =
T (r)

6
√

2

(
sin θ1dθ1 ∧ dφ1 − sin θ2dθ2 ∧ dφ2

)
. (2.65)

The corresponding NS-NS three form takes the form

H3 =
L2

3r

(
sin θ1dr ∧ dθ1 ∧ dφ1 − sin θ2dr ∧ dθ2 ∧ dφ2

)
. (2.66)

Due to the presence of fractional branes, in the RR sector we have three-form field

strengths F3 along with the five form field strengths F5 as

F3 =
P

18
√

2

(
dψ + cos θ1dφ1 + cos θ2dφ2

)
∧
(

sin θ1dθ1 ∧ dφ1 − sin θ2dθ2 ∧ dφ2

)
,

F5 =
(
1 + ?10

)
K(r)Vol

(
T 1,1

)
. (2.67)

Here, ?10 denotes the Hodge dual with respect to the background metric (2.63). In the above

we follow the notations [44]

P =
L2

gs
2
√

2 ,

T (r) = 2
√

2L2 ln

(
r

r0

)
,

K(r) =
r4

30
H(r)

[
1− L4

2r4H(r)

]
. (2.68)

It turns out that the constant P is proportional to the number M of fractional D3 branes

present in the type-IIB background.
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Now in the following we consider the non-Abelian T-dual of the background (2.63)-(2.68).

The non-Abelian T-duality acts on an SU(2) isometry of the background metric and has

been studied in [15,23]. The metric of the T-dual geometry is given by

dŝ2
NATD = H(r)−

1
2 ηµνdx

µdxν +H(r)
1
2

(
dr2 +

1

6
r2dΩ2

2(θ1, φ1)
)

+
1

2r2∆ H(r)
1
2

[
12r4H(r)v2

2σ
2
3̂

+ 12
(
r4H(r) + 27v2

2

)
dv2

2

+ 9
(

2r4H(r) + V2
)
dv2

3 + 108Vv2 dv2dv3

]
, (2.69)

where, σ3̂ has the expression

σ3̂ = dψ + cos θ1dφ1 , (2.70)

together with the functions ∆ and V takes the form

∆ = 2r4H(r) + V2 + 54v2
2 , V = 6v3 + 2

√
2L2 ln

(
r

r0

)
. (2.71)

The NS-NS sector of the background is described by the following NS-NS two-form B̂2 and

dilaton Φ̂

B̂2 =
L2

3
ln

(
r

r0

)
sin θ1dθ1 ∧ dφ1 +

3
√

2

∆
Vv2σ3̂ ∧ dv2 +

1√
2∆

(
2r4H(r) + V2

)
σ3̂ ∧ dv3 ,

e−2Φ̂ =
1

81g2
s

r2H(r)
1
2 ∆ . (2.72)

The field strengths corresponding to the RR sector are given by

F̂0 = −L2 2
√

2

9gs
,

F̂2 =
1

162
√

2 gs

[
r4

5
H(r)

(
1− L4

2r4H(r)

)
+ L2 6

√
2

(
6v3 + 2

√
2L2 ln

( r
r0

))]
sin θ1dθ1 ∧ dφ1

− L2 4

3gs

6v3 + 2
√

2L2 ln
(
r
r0

)
∆

v2 σ3̂ ∧ dv2 + L2 12

gs

v2
2

∆
σ3̂ ∧ dv3 ,

F̂4 =
v2

18∆ gs
sin θ1dθ1 ∧ dφ1 ∧ dψ ∧

[(
− 18
√

2L2

(
6v3 + 2

√
2L2 ln

( r
r0

))

−3r4

5
H(r)

(
1− L4

2r4H(r)

))
v2dv3 + 2

(
− 2
√

2L2r4H(r) +
r4

30

(
6v3

+2
√

2L2 ln
( r
r0

))
H(r)

(
1− L4

2r4H(r)

)
− 54
√

2L2v2
2

)
dv2

]
. (2.73)
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The presence of F̂0 in the RR sector indicates that the T-dual background is a solution

(2.69)-(2.73) in massive type-IIA supergravity. As like the Klebanov-Witten case, here also

the non-Abelian T-dual solution preserves N = 1 supersymmetry [15,23].

non-Abelian T-dual backgrounds with AdS3 factor

Finally we turn on our interest in a background that contains an AdS3 factor. We consider

the type-IIB supergravity on the background with AdS3×CY2×S3 geometry. The geometry

describes the near horizon limit of a stake intersecting D1 −D5 branes configuration. The

metric of the corresponding background is given by

ds2 = 4L2ds2
(
AdS3

)
+ L2ds2

(
CY2

)
+ 4L2ds2

(
S3
)
. (2.74)

where

ds2
(
AdS3

)
= − cosh2 rdt2 + dr2 + sinh2 r dχ2 ,

ds2
(
S3
)

= dα2 + dβ2 + dγ2 + 2 cosαdβdγ . (2.75)

Together with the above ds2(CY2) represents the metric of a Calabi-Yau twofold, i.e. it can

be a K3 or a T 4 .

In the above, the parameter L describes the size of the internal manifold CY2 . For the

case of T 4 , the metric is given by

ds2
(
T 4
)

=
4∑
i=1

dz2
i . i = 1, 2, 3, 4 . (2.76)

In addition to the background metric, the above type-IIB background is supported by the

dilaton field e2Φ = 1 in the NS-NS sector and the RR sector is described by three-form field

strengths as

F3 = 8L2 Vol
(
S3
)
. (2.77)

The presence of the S3 factor in the metric (2.74) indicates that the background admits

an SO(4) R-symmetry. The non-Abelian T-duality along an SU(2) subgroup of it is studied

in [12], where CY2 = T 4 . The T-dual metric reads

dŝ2
NATD = 4L2ds2

(
AdS3

)
+ L2ds2

(
T 4
)

+
dρ2

4L2
+

L2ρ2

4L4 + ρ2
dΩ2

2

(
θ, φ) , (2.78)

Together with the metric the NS-NS sector of the background is contained with a dilaton

and two-form gauge field

e−2Φ̂ =
1

4g2
s

(
4L6 + L2ρ2

)
, B̂2 = − ρ3

2
(
4L4 + ρ2

) sin θdθ ∧ dφ . (2.79)
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The RR sector is described by the following zero form, two-form and four-field strengths

F̂0 =
L2

gs
, F̂2 = − L2ρ3

2gs
(
4L4 + ρ2

) sin θdθ ∧ dφ , F̂4 = −L
6

gs
Vol
(
T 4
)
. (2.80)

The T-dual geometry describes a massive type-IIA supergravity on AdS3 × T 4 ×M3 . It

turns out that the background (2.78)-(2.80) preserves only half the supersymmetry of the

original background [12,46].



Chapter 3

Gauge-Gravity duality, Penrose limits,

PP-wave and BMN correspondence

In this chapter first we will review the revolutionary AdS/CFT correspondence and then we

will discuss some aspects of this correspondence in the Penrose limits. The AdS/CFT cor-

respondence draws a clear picture between a gravitational theory with certain gauge theory.

In the following we will discuss some aspects of this correspondence.

3.1 Gauge-Gravity duality

The AdS/CFT correspondence was introduced by Maldacena in his groundbreaking work

in [2]. It provides a correspondence between a certain Quantum Field Theory and a theory

of gravity. The original correspondence states that type-IIB string theory on AdS5 × S5

is equivalent to SU(N) super Yang-Mills theory in four spacetime dimensions that resides

at the boundary of AdS5 . Here the Yang-Mills theory is N = 4 supersymmetric with large

colour group N . In the correspondence the ’t Hooft coupling holds fixed; λ = gSN = fixed,

where gs is the type-IIB string coupling. The correspondence relates a strongly coupled

gauge theory with a weakly coupled gravity theory in AdS spacetime. On the string theory

side, we have two expansion parameters α and gs . On the other hand, the gauge theory

contains two parameters N and the t’Hooft expansion parameter λ . They are related among

each other as

gs ↔
1

N
; α′ ↔ λ . (3.1)

There are various description exists to study the AdS/CFT correspondence. In the following

we will discuss the correspondence in the Dp-brane scenario.

In the string theory Dp-branes are defined as hypersurfaces where the open string end.

Dp-branes are extended objects in p + 1 spacetime dimensions. Due to the existence of

the Dp-branes, string theory inhibits a non-perturbative expansion. The motion and the

20
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deformation of the Dp-brane is parametrized by the scalar fields φi ; i = 1, .., 9 − p , which

reside on the world-volume of the Dp-brane. The associate’s action is known as the Born-

Infeld action and is given by the expression

SBI = −TDp
∫
dp+1x− det

√(
gµν + 2πα′Fµν

)
(3.2)

where Fµν is the field strength of the gauge field Aµ , and gµν is the induced metric on the

worldvolume geometry. Considering the flat space background the induced metric takes the

form

gµν = ηµν +
(
2πα′

)2
∂µφ

i∂νφ
i . (3.3)

Now one can expand the action in powers of Fµν and ∂µφ
i . In the leading order we have

S = −TDp

(
1

4
FµνF

µν +
1

2
∂µφ

i∂νφ
i + ...

)
. (3.4)

Now by rewriting the TDp as 1/g2
YM , it turns out that the first term in the above equation

describes an U(N) gauge theory. The above analysis states that the N Dp-branes have a

SU(N) gauge theory description in p+ 1 dimensions. The closed strings in the bulk give us

supergravity.

Now we consider another set-up governed by this Dp-brane. Consider a stack of N D3-

branes take place on top of each other. The classical ten-dimensional supergravity solution

obtained from this system is given by

ds2 = H(r)−
1
2

(
− dt2 + dx2

1,2,3

)
+H(r)

1
2

(
dr2 + r2dΩ2

5

)
, (3.5)

where

H(r) = 1 +
L4

r4
; L4 ∼ N , (3.6)

and dΩ2
5 is the metric of the five-dimensional round sphere.

Together with the metric, the background contains a five-form field strengths given by

F5 =
(

1 + ?
)
dH(r)−1 ∧ dt ∧ dx1 ∧ dx2 ∧ dx3 . (3.7)

Considering the near horizon limit i.e. r << L , the H(r) becomes H(r) ∼ L4/r4 . Then the

metric in (3.5) takes the form

ds2 =
r2

L2

(
− dt2 + dx2

1,2,3

)
+
L2

r2
dr2 + L2dΩ2

5 . (3.8)

The above geometry describes the AdS5 × S5 background in Poincare coordinates.
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Considering the asymptotic limit, r >> L of the metric (3.5) we have

ds2 =
(
− dt2 + dx2

1,2,3

)
+ dr2 + r2dΩ2

5 , (3.9)

The above is just the metric of flat Minkowski space in ten spacetime dimensions.

Hence at the near horizon limit the geometry (3.5) describes the AdS5 × S5 background

and at asymptotic limit it is just the geometry of the flat ten-dimensional space. Now we

have two description of the Dp-brane picture. First one corresponds to the system that

is decoupled into supergravity of the bulk and N = 4 super Yang-Mills. The second one

corresponds to a system in bulk supergravity together with the near horizon geometry that

describes type-IIB string theory in AdS5 × S5 . In both the descriptions the bulk part is

common; this lead to state that the N = 4 super Yang-Mills theory is equivalent to the

gravity theory on AdS5 × S5 with the following identification of the couplings of the two

theories

gs = g2
YM ;

L4

α′2
= g2

YMN ≡ λ . (3.10)

Moreover, there is some consistency present in the symmetry description in both sides of the

correspondence. Considering the hyperboloid coordinates the global AdS can be written

−(X−1)2 − (X0)2 + (X1)2 + ...+ (Xd−1)2 = −L2 , (3.11)

where L is the size of the AdS space. It is straightforward to see that the isometry of the

AdS5 geometry is SO(2, 4). In addition to AdS5 , we have the S5 part that admits an SO(6)

isometry. Hence the background exhibits a global SO(2, 4)×SO(6) symmetry. Now the field

theory shows the same global isometry as follows. In four-dimensional the conformal group is

SO(2, 4). Together with in N = 4 super Yang-Mills theory we have six scalars φi ; i = 1, ..., 6

that admit an SO(6) isometry. This SO(6) isometry rotates the φi s. Hence the field theory

also exhibits a global SO(2, 4)× SO(6) symmetry.

Now in the following we will discuss the mapping of the fundamental observables on both

sides of the correspondence. Let O be an operator in the boundary super Yang-Mills theory

and the field φ is in the bulk of AdS . The field φ takes the value φ0 at the boundary of

AdS . Then the correspondence states that

ZO

[
φ0

]
CFT

=

∫
D
[
super Yang-Mills fields

]
e−Ssuper Yang-Mills fields+

∫
d4xO(x)φ0(x)

= Zclassical

[
φ0

]
AdS

= eSSUGRA

[
φ[φ0]
]

(3.12)

where large-N and large-λ limit are taken into account. From (3.12) one can calculate the

correlation functions for the conformal operators in boundary gauge theory [4]

〈O(x1)....O(xn)〉 =
δn

δφ0(x1)...δφ0(xn)
ZO

[
φ0

]
φ0=0

. (3.13)
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This correspondence has been generalized for the various AdS spaces with a compact

manifold. In general the correspondence states that string theory in the bulk of any AdSd+1

spacetime is equivalent to a conformal gauge theory with d dimension which resides at the

boundary of the AdSd+1 spacetime.

String theory on AdSd+1 ←→ Conformal gauge theory CFTd on ∂AdSd+1 . (3.14)

The correspondence is also generalized for the cases where the compact manifold is some X5

rather than S5 . Namely in those cases the correspondence is known as gauge / gravity duality.

One simplest example of such geometry is AdS5×T 1,1 . The background arises upon placing

N D3 branes at conifold singularity [6]. The corresponding gauge theory was introduced by

Klebanov and Witten in [6]. The metric of T 1,1 admits an SU(2)× SU(2)× U(1) isometry

that is also present in the dual N = 1 SYM theory.

In the various literature the correspondence has been investigated for the AdSd back-

grounds where d = 2, 3, 4, 5, 6, 7. However, the direct proof of this correspondence is still

lacking. For the T-dual backgrounds we discussed in the last chapter, the corresponding

gauge theories have been discussed in [21,22,23,24,25,26,27,28].

3.2 Penrose limits, PP-wave and BMN correspondence

Penrose limits have been studied in great detail for a large class of supergravity backgrounds

for more than a decade [32,34]. Supergravity backgrounds for which the Penrose limits lead

to pp-wave geometries play a significant role to construct interacting string states through

AdS/CFT correspondence [35, 36]. The most interesting feature of the PP-wave geometries

is that they provide exact backgrounds to all orders in α′ and gs in string theory including

the Ramond-Ramond sector of the closed string [37, 38]. PP-wave geometries are obtained

by considering the Penrose limit along appropriate null geodesic [33]. Those null geodesic are

singularity free. The Penrose limits, PP-wave together with BMN sector in the dual gauge

theory have been studied in various type-IIB supergravity solutions [39, 40, 41, 42]. In the

following sections we will review some of them.

We will start our discussion by considering the pioneering work by Berenstein, Maldacena

and Nastase in the maximally supersymmetric background AdS5×S5 . For this background,

it the work by BMN has opened up new insights in stringy calculations in gauge theories [35].

We have presented the geometry of the AdS5×S5 background together with the background

fields in (2.38)-(2.40). The gauge theory dual of the type-IIB string modes in the above

background has one-to-one correspondence with a set of operators in N = 4 super Yang-Mills

theory that resides at the boundary of the AdS5 -spacetime [2, 4]. Now in the following we

will review the work by BMN [35]. Consider the motion of a particle with very high speed

along ψ -direction and sitting at the equator of S5 manifold: α = π
2
, θ = 0. In addition,

the null geodesic resides at the origin of the AdS5 background i.e. ρ = 0 . We expand the
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background metric (2.38) in the vicinity of this null geodesic with the following form

ρ =
r

L
; α =

π

2
+
y

L
; x+ =

1

2

(
t+ β

)
; x− =

L2

2

(
t− β

)
, (3.15)

and subsequently take the L→∞ limit. In this limit, the leading order terms provide

ds2
pp = 4dx+dx− − µ2

(
r̄2

4 + ȳ2
4

)
dx+2 + dr̄2

4 + dȳ2
4 . (3.16)

In this limit the self-dual five-form field strength in (2.40) takes the form

F+1234 = F+5678 = µ . (3.17)

Here the r̄4 and ȳ4 parametrizes the transverse R8 geometry in the metric (3.16) and the

parameter µ is introduced by rescaling the x± coordinates: x+ → µx+ and x− → x−

µ
.

The BMN proposal [35] states that the Penrose limit on the gravity side restricts the

dual gauge theory to a certain sector that carries large U(1) R-symmetry charge. The dual

gauge theory corresponding to AdS5×S5 background is governed by N = 4 supersymmetric

Yang-Mills theory in four spacetime dimensions on R × S3 . The gauge theory dual for the

pp-wave geometry (3.16)-(3.17) is the set of operators with large U(1)R -symmetry charge J

in N = 4 supersymmetric Yang-Mills theory together with large-N limit [35]. This large R

sector in the dual gauge theory is known as the ‘BMN’ sector of the super-Yang-Mills theory:

pp-wave in gravity side ←→ BMN operators in the dual gauge theory . (3.18)

In the BMN proposal J
(

= i∂ψ
)

is the angular momentum operator that rotates the (1-2)

plane of transverse R6 . In addition to the angular momentum operator J , we have energy

operator E in the theory which is the same as the conformal dimension ∆ of the operators

in R4 and it is given by E = i∂t = ∆ . In the Penrose limits, the operators ∆ and J take

the form

p−

µ
= ∆− J = fixed , α′µp+ =

∆ + J√
4g2

YMN
= fixed ,

g2
YM = fixed ,

J2

N
= fixed , N →∞ , J →∞ . (3.19)

Here p− is the light-cone Hamiltonian in string theory and the BMN proposal it measures

the difference between conformal dimension (∆) and the R-charge (J ) of the operators in

dual N = 4 SYM gauge theory.

The BMN correspondence states that the interacting string states give rise to the Hilbert

space of N = 4 SYM generated by the BMN operators acting on the CFT vacuum state.

The string theory vacuum state has correspondence with the BMN operator acting on the

CFT vacuum state

|0, p+〉string vacuum state ←→ N Tr
(
ZJ
)
|0〉CFT vacuum state , (3.20)
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where N is the normalization factor and Z is a chiral multiplet in N = 4 SYM with

R-charge J [Z] = 1. For the excited string states, BMN proposed that the corresponding

field theory operators are nearly BPS: ∆ − J ∼ O(1). The state described in (3.20) has

∆ − J = 0. The first excited string state is defined by ∆ − J = 1. The corresponding

states in the gauge theory are obtained by acting the BMN operators on the CFT vacuum

state. On the field theory side there are eight bosonic modes together with eight fermionic

modes corresponding to the first excited string state ∆−J = 1. These bosonic and fermionic

modes in the dual N = 4 SYM are obtained as follows. In the gauge theory, there are four

scalars (φi ; i = 1, 2, 3, 4) in the directions not rotated by J . We also have derivatives of

the field Z as DiZ = ∂iZ + [Ai, Z] , where i = 1, 2, 3, 4; orientated along R4 . Together with

the above bosonic operators, there are eight fermionic operators χa
J= 1

2

with J = 1
2

and other

eight with J = −1
2

of the sixteen component gaugino χ in the super Yang-Mills theory. The

eight components of the gaugino transform in the spinor representation of SO(4) × SO(4),

which is also the symmetry of the background metric (3.16).

Now in the following we will discuss the Penrose limits and PP-waves in Klebanov-

Witten background. The background provides one of the earliest and interesting examples

of AdS/CFT correspondence. The dual gauge theory of the type-IIB string in this back-

ground is N = 1 SYM in four spacetime dimensions [5, 6]. The background metric and the

background gauge fields are given in (2.47)-(2.49). The Penrose limits of this background

have been studied in detail in [39,40,41]. The corresponding BMN operators have also been

presented in the literature. In the following we will review the work in [40].

Consider the motion of a particle with a very high speed along the direction given by(
ψ + φ1 + φ2

)
in the T 1,1 geometry. The geodesic resides at the origin of AdS5 i.e. ρ = 0

together with θi = 0. Before considering the Penrose limits we rewrite the coordinates of

T 1,1 as

x̃+ =
1

2

[
t+

1

3

(
ψ + φ1 + φ2

)]
,

x̃− =
1

2

[
t− 1

3

(
ψ + φ1 + φ2

)]
,

Φ1 = φ1 −
1

2

[
t+

1

3

(
ψ + φ1 + φ2

)]
,

Φ2 = φ2 −
1

2

[
t+

1

3

(
ψ + φ1 + φ2

)]
(3.21)

and

x+ = x̃+ , x− = L2x̃− , ρ =
r

L
and θi =

√
6
ri
L
. (3.22)

In the large L limit, the leading order of the expansion provides

ds2 = −4dx+dx− − µ2
(
r2 + r2

1 + r2
2

)
dx+2 + dr2 + r2dΩ2

3

+dr2
1 + r2

1dΦ2
1 + dr2

2 + r2
2dΦ2

2 . (3.23)
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Here we introduce the parameter µ via rescaling the x± coordinates as x+ → µx+ and

x− → x−

µ
. In the above metric the

(
ri,Φi

)
; i = 1, 2 part parametrizes an R2 space. The

transverse part of (3.23) defines an R8 space. Parametrized the transverse R8 space by the

coordinates z̄i; i = 1, 2, ..., 8 the metric in (3.23) takes the form

ds2 = −4dx+dx− − µ2z̄2dx+2 + dz̄2
i , (3.24)

where z̄2 =
∑8

i=1 z̄
2
i .

The expression of five-form field strength in this limit is given as

F+1234 = F+5678 ∼ µ . (3.25)

The above pp-wave background (3.24)-(3.25) provides an exactly solvable string theory in-

cluding fields in RR sector [61,62].

The gravity dual for the above PP-wave background is described in [40]. The conifold is

described by a quadric in C4 as
∑4

i=1 w
2
i = 0 . It can also be written as

det W = 0 ; Z1Z2 − Z3Z4 = 0 ,

W =
1√
2

(
w3 + iw4 w1 − iw2

w1 + iw2 −w3 + iw4

)
≡
(
Z1 Z3

Z4 Z2

)
. (3.26)

The above quadric equation exhibits an SO(4) isometry that can be written as SU(2)A ×
SU(2)B together with an U(1) symmetry: wi → eiαwi . This U(1) symmetry is identified

with U(1) R-symmetry in the dual gauge theory.

Now we will discuss the BMN sector in the gauge theory corresponding to the pp-wave

geometry studied in (3.23)-(3.25). In the Klebanov-Witten theory the lowest components of

chiral operators are identified with the conifold coordinates as

Z1 = A+B+ ; Z2 = A−B− ; Z3 = A+B− ; Z4 = A−B+ . (3.27)

Here the fields A± and B± form doublets under SU(2)A and SU(2)B respectively and carry

U(1) R-charge of 1/2. In the BMN correspondence, the light-cone Hamiltonian of the string

is identified with ∆− J of the operators in the field theory, where J = −i∂ψ is the angular

momentum operator [35]. For the Klebanov-Witten background, the angular momentum

operator J takes the form

J = −i

[
1

2
∂ψ + ∂φ1 + ∂φ2

]
. (3.28)

In the following table we represent the fields in the dual SU(N) × SU(N) gauge theory

together with their gauge transformation. In the table, U(1)A and U(1)B are identified with

the T3 generators of SU(2)A and SU(2)B respectively and J is given by J = 1
2
U(1)R +

U(1)A + U(1)B .
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SUL(N) SUR(N) UA(1) UB(1) UR(1) J ∆ ∆− J
(A+ψ

A
+) N N̄ 1/2 0 (1/2, -1/2) (3/4, 1/4) (3/4, 5/4) (0, 1)

(A−ψ
A
−) N N̄ -1/2 0 (1/2, -1/2) (-1/4, -3/4) (3/4, 5/4) (1, 2)

(B+ψ
B
+) N̄ N 0 1/2 (1/2, -1/2) (3/4, 1/4) (3/4, 5/4) (0, 1)

(B−ψ
B
−) N̄ N 0 -1/2 (1/2, -1/2) (-1/4, -3/4) (3/4, 5/4) (1, 2)

Z ≡ A+B+ adj
⊕

1 adj
⊕

1 1/2 1/2 1 3/2 3/2 0

φ1 ≡ A+B− adj
⊕

1 adj
⊕

1 1/2 - 1/2 1 1/2 3/2 1

φ2 ≡ A−B+ adj
⊕

1 adj
⊕

1 -1/2 1/2 1 1/2 3/2 1

ψ1 ≡ A+ψ
B
+ adj

⊕
1 adj

⊕
1 1/2 - 1/2 0 1 2 1

ψ2 ≡ B+ψ
A
+ adj

⊕
1 adj

⊕
1 -1/2 1/2 0 1 2 1

From the above table, it is straightforward to see that the BMN operator corresponds to the

ground state of the string is Z
(
≡ A+B+

)
with proper normalization factor as

|0, p+〉string vacuum state ←→
1

√
JN

J
2

Tr
[(
A+B+

)J]
. (3.29)

The operator Z carries ∆−J = 0. The bosonic operators correspond to ∆−J = 1 are given

by DiZ together with φ1 and φ2 . In the fermionic sector we have ψ1 and ψ2 associated

with ∆− J = 1. These states correspond to higher energy string states.

The BMN correspondence in the Klebanov-Witten geometry is:

∆− J = 0 −→ Z ←→ ground state of string ,

∆− J = 1 −→ {DiZ , φ1 , φ2 , ψ1 , ψ2} ←→ first excited state of string .(3.30)

There are two operators which are missing in the bosonic sector. They are associated with

non-chiral operators build out by basic bosonic fields as described in [63].

Now we will turn our attention to the non-conformal Klebanov-Tseytlin background [44].

The type-IIB metric together with the background fields are given in (2.63)-(2.68). The

Penrose limits in the background have been studied in detail in [40]. However, unlike the

AdS5×S5 case and the Klebanov-Witten background here the Penrose limits do not lead to

the PP-wave background. In the following we will discuss the work of [40].

To inspect the Penrose limits, we consider the motion of a particle along the geodesic given

by
(
ψ + φ1 + φ2

)
in the transverse space T 1,1 and we concentrate the region around θi = 0.

Consider the motion of a massless particle in the (r, ψ) plane that resides at θ1 = 0 = θ2 .

The Lagrangian that describes the system is given by

L = − r2√
1 + P ln

(
r
r0

) ṫ2 +
1

r2

√
1 + P ln

( r
r0

)
ṙ2 +

√
1 + P ln

( r
r0

)
ψ̇2 . (3.31)
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The Lagrangian (3.31) does not depend on the generalized coordinates t and ψ explicitly.

Hence, the conjugate momenta associated with t and ψ coordinates will be conserved. De-

noting them as E and µ respectively we get

ṫ =
E

r2

√
1 + P ln

( r
r0

)
and ψ̇ =

µ√
1 + P ln

(
r
r0

) . (3.32)

The null geodesic condition i.e. L = 0 leads to

ṙ2 +
µ2r2

1 + P ln
(
r
r0

) = E2 . (3.33)

Following [40], consider the following expansion

∂u = ṙ∂r + ṫ∂t + ψ̇∂ψ , ∂v = − 1

E
∂t , ∂x = µ∂t + E∂ψ (3.34)

and set E = 1 for convenience.

Now rescale the coordinates of the background geometry as

u→ u ; v → v

L2
; θi =

√
6
ri
L

; x→ x

L
(3.35)

and subsequently take L→∞ limit. In the expansion, leading order of the metric provides

ds2 = 2dudv +
r2√

1 + P ln
(
r
r0

) dx2
3 +

√
1 + P ln

( r
r0

) [
1− µ2r2

1 + P ln
(
r
r0

)]dx2

+

√
1 + P ln

( r
r0

)[
dr2

1 + r2
1dφ

2
1 + dr2

2 + r2
2dφ

2
2

]
− µ2√

1 + P ln
(
r
r0

)(r2
1 + r2

2

)
du2. (3.36)

Together with the above metric the NS-NS sector and the RR sector fields in this limit take

the form

B2 ∼ P ln
( r
r0

)(
dr1 ∧ r1dφ1 − dr2 ∧ r2dφ2

)
,

F3 ∼ Pψ̇ du ∧
(
dr1 ∧ r1dφ1 − dr2 ∧ r2dφ2

)
,

F5 ∼
(

1 + ?
)(

1 + P ln
( r
r0

))
ψ̇ du ∧ dr1 ∧ r1dφ1 ∧ dr2 ∧ r2dφ2 . (3.37)

It is shown that the above background leads to pp-wave geometry by setting P = 0 [40]. As

mentioned earlier, P measures the number of fractional D3-brane. Hence P = 0 leads to the

removal of fractional D3-brane and restoring the undeformed Klebanov-Witten background.

This analysis showed that the Klebanov-Tsyetlin background does not provide PP-wave

geometry [40].
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Finally we will discuss the Penrose limits in the AdS3 background. Due to the lack of

an explicit expression for the metric of K3, we consider the geometry to be AdS3× S3× T 4

with the metric

ds2
AdS3×S3×T 4 = R2ds2

(
AdS3

)
+R2ds2

(
S3
)

+R2ds2
(
T 4
)
, (3.38)

where

ds2
(
AdS3

)
= − cosh2 ρdt2 + dρ2 + sinh2 ρ dϕ2 ,

ds2
(
S3
)

= dθ2 + cos2 θdψ2 + sin2 θdχ2 ,

ds2
(
T 4
)

=
ς

R2

(
dx2

1 + dx2
2 + dx2

3 + dx2
4

)
. (3.39)

Here R is the size of the manifold S3 and ς is the size of the four-dimensional torus T 4 . In

addition, the RR sector of the type-IIB background is described by the following three-form

field strength

F3 = Vol
(
S3
)
. (3.40)

The Penrose limits of the background have been studied in [42]. In the following we review

the work of [42]. First we redefine background coordinates in the following way(
ψ̃

x̃1/R

)
=

(
cosα − sinα

sinα cosα

)
=

(
ψ

x1/R

)
. (3.41)

Now we consider the motion of a particle with a very high speed along the direction ψ̃ .

The null geodesic resides at the origin of AdS3 i.e. ρ = 0 and at θ = 0. We expand the

background by defining the coordinates

t = x+ +
x−

R2
; ψ̃ = x+ − x−

R2
; ρ =

z

R
; θ =

y

R
(3.42)

and subsequently take R→∞ limit while keeping l2 ≡ R2
(
ς − 1

)
finite. The leading order

of the expansion of background metric provides

ds2 = −4dx+dx− −
(
z2 + y2 cos2 α + l2 sin2 α

)
dx+2 + dz2 + dy2 + z2ϕ2 + y2dχ2

+
(

sin2 α + ς cos2 α
)
dx̃2

1 + ς
(
dx2

2 + dx2
3 + dx2

4

)
, (3.43)

In the limit the RR three-form takes the form

F3 = 2N5 dx
+ ∧

( z

R2
dz ∧ dϕ+ cosα

y

R2
dy ∧ dχ

)
, (3.44)

where N5 is the D5-brane charge and we consider α′ = gs = 1 for convenience.

The supersymmetry analysis for this PP-wave geometry has also been worked out in [42].

It is shown that the background preserves 16 supercharges.



Chapter 4

Penrose limits in non-Abelian T-dual

of AdS5× S5 background

This chapter is one of the most important chapters in this thesis. Here we will describe some

of the recent works on pp-wave geometries in the T-dual backgrounds. The Penrose limits

in Abelian and non-Abelian T-duals of AdS5 × S5 geometries have been studied in detail

in [26]. The Penrose limits around the smooth null geodesic lead to pp-wave geometries

both in Abelian as well as the non-Abelian case. The authors in [26] considered the closed

string quantization in these PP-wave backgrounds and the corresponding BMN sector has

been constructed. The supersymmetry discussion of these pp-wave geometries has also been

carried out in the literature. In the following two sections we will review the work of [26] in

detail. First we will discuss the Penrose limits in the Abelian T-dual background followed

by the non-Abelian T-dual geometry.

4.1 Penrose limits in Abelian T-dual background

In this section we will discuss the Penrose limits in the Abelian T-dual geometry of string

theory on AdS5×S5 background. The Abelian T-duality acts on the U(1)-fibre direction of

the transverse S5 manifold. Before considering the Penrose limits, we first recall the T-dual

background as follows.

The background metric of the T-dual geometry is given by

ds2
ATD = 4L2ds2(AdS5) + 4L2dΩ2

2(α, β) +
L2

cos2 α
dψ2 + L2 cos2 α dΩ2

2

(
χ, ξ
)
. (4.1)

Here we rescaled the T-dual coordinate ψ as ψ → L2ψ to get L2 common factor in the metric

and we consider α′ = 1 for convenience. After rescaling the ψ -coordinate the background

fields in the NS-NS sector take the form

B2 = L2ψ sinχdχ ∧ dξ ; e−2Φ =
L2 cos2 α

gs
. (4.2)

30
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Similarly, the RR field strength becomes

F4 =
8L4

gs
cos3 α sinα sinχdα ∧ dβ ∧ dχ ∧ dξ . (4.3)

Now we consider the Penrose limits in the T-dual solution mentioned above. Denoting

the spacetime coordinates as {xµ} , the geodesic equation is expressed as

d2xµ

du2
+ Γµνρ

dxν

du

dxρ

du
= 0 . (4.4)

Here u is the affine parameter along the geodesic. We will consider the motion of a parti-

cle along various U(1)-isometry directions in the T-dual background. Denote xλ one such

isometry direction and the velocity and acceleration along any direction xµ, µ 6= λ zero, we

have

dxµ

du
= 0 =

d2xµ

du2
, for µ 6= λ . (4.5)

Substituting the above in (4.4), the geodesic equation for motion along an isometry direction

provides

∂µgλλ = 0 . (4.6)

In additon to the above condition, we need to impose ds2 = 0 to obtain null geodesics for

our purpose.

The T-dual background (4.1) has isometry along ξ , β and ψ directions. For motion

along ξ direction, the geodesic condition (4.6) leads to α = {0, π
2
, π} = χ . For the values

χ = {0, π} the gξξ -component of the metric vanishes so we ruled out these values. The same

is true for α = π
2

. So we have two smooth null geodesic: one resides at {α = 0, χ = π
2
} and

the second one at {α = π, χ = π
2
} . Both null geodesics lead to the same pp-wave geometry

as discussed in [26]. We will expand the background metric around {α = 0, χ = π
2
} with

the following expansion

r =
r̄

2L
, α =

x

2L
, ψ =

y

L
, χ =

π

2
+
y

L
, t = x+ , ξ = 2x+ +

x−

L2
. (4.7)

We keep the β coordinate unchanged and rescale the string coupling gs as gs = Lg̃s in order

to get finite dilaton at Penrose limits. Substituting the expansion into the background metric

(4.1), the leading order geometry provides

ds2 = 4dx+dx− + dr̄2 + r̄2dΩ2
3 + dx2 + x2dβ2 + dz2 + dy2 −

(
r̄2 + x2 + 4z2

)
dx+2 . (4.8)

In the Penrose limits, the background fields in the NS-NS sector and the RR sector take the

form

B2 = 2y dz ∧ dx+ ; e−2Φ =
1

g̃s
,

and F4 =
4x

g̃s
dx ∧ dβ ∧ dz ∧ dx+ . (4.9)
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The metric in (4.8) is in Brinkmann form with R = 0 and satisfies the type-IIA equation

of motions as described in Appendix (A). So the geometry is indeed a pp-wave solution in

type-IIA supergravity.

Now we will consider the other isometric directions of the T-dual geometry. First consider

the direction β . By imposing the geodesic condition (4.6) we have α = {0, π
2
, π} . However,

all of them give singular values for the T-dual geometry (4.1). Hence, motion along the

β -direction does not lead to PP-wave geometries.

In the Abelian T-dual geometry finally we consider the null geodesic that carries non-zero

angular momentum. For this we consider motion along ψ and ξ directions. The geodesic

equation now implies that α = 0, χ = π/2. Consider the Lagrangian for a massless particle

moving along this geodesic

L =
1

2
gµνẊ

µẊν . (4.10)

Here we choose u to be the affine parameter and the dots denote derivative with respect to

it. Substituting the explicit expression in the T-dual metric (4.1) in the above Lagrangian

we have

L =
L2

2

(
− 4ṫ2 + ψ̇2 + ξ̇2

)
. (4.11)

The Lagrangian does depend on the generalized coordinates t, ξ and ψ conjugate momenta

corresponding to the generalized coordinates t, φ1 and ψ . The corresponding momentum

will be conserved. By choosing the affine parameter u suitably we have

∂L
∂ṫ

= −4L2ṫ = −L2 ,
∂L
∂ξ̇

= L2ξ̇ = −JL2 . (4.12)

Here we fixed the energy L2pt appropriately and J is the conserved angular momentum

along the ξ direction. The conserved angular momentum along the generalized coordinate

ψ is fixed by considering the geodesic to be null, i.e., we set L = 0. We have

ψ̇2 =
1

4

(
1− 4J2

)
−→ ψ =

1

2

√
1− 4J2 u . (4.13)

Here we set the additive constant to zero. From the above expression we find that J must

be bounded by

0 ≤ J ≤ 1

2
. (4.14)

Now we expand the background metric around the null geodesic r = α = 0, χ = π/2 and

carries angular momentum J . First we redefine the coordinates

r =
r̄

2L
, α =

x

2L
, χ =

π

2
+
z

L
, (4.15)
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together with

dt = c1du, dξ = c2du+ c3
dw

L
, dψ = c4du+ c5

dw

L
+ c6

dv

L2
, (4.16)

and subsequently take L→∞ limit.

The null geodesic condition sets the constant coefficients c1, c2 and c4 as

c1 =
1

4
, c2 = −J , c4 =

1

2

√
1− 4J2 . (4.17)

In the expansion of the metric there will be some O(L) terms that can be removed by setting

c2c3+c4c5 = 0. Normalizing the coefficient of dw2 to unity provides c2
3+c2

5 = 1. Imposing the

coefficients of light-cone terms in the metric as 2dudv we obtain c4c6 = 1. These conditions

solve to obtain the remaining coefficients c3, c5 and c6 as

c3 =
√

1− 4J2 , c5 = 2J , c6 =
2√

1− 4J2
. (4.18)

The resulting PP-wave metric in this case has the expression

ds2
pp = 2dudv + dr̄2 + r̄2dΩ2

3 + dz2 + dx2 + x2dβ2

+ dw2 −
[
r̄2

16
+

8J2 − 1

16
x2 + J2z2

]
du2. (4.19)

In the Penrose limits, the background fields in the NS-NS sector are found to be

e−2Φ =
1

g̃2
s

, B2 =
u

2
dz ∧ dw . (4.20)

The RR sector field strength at Penrose limits becomes

F4 =
2Jx

g̃s
du ∧ dz ∧ dx ∧ dβ . (4.21)

Now we shall consider the closed string quantization moving in the above pp-wave back-

ground (4.19)-(4.21). Consider the world-sheet action

S = − 1

4πα′

∫
dτdσ

[
√
ggαβGµν∂αX

µ∂βX
ν + εαβBµν∂αX

µ∂βX
ν + α′

√
g R(2)Φ

]
, (4.22)

In the action, {α, β} denote the worldsheet coordinates (τ, σ) and {µ, ν} denote the space-

time coordinates. Gµν is the metric of the background, Bµν is the NS-NS two-form and Φ is

the dilaton. We fixed the convention as ετσ = −εστ = 1 and gauge fix the worldsheet metric

gαβ such that
√
ggαβ = ηαβ , with −ηττ = ησσ = 1. We assigned the string coordinates as

U = u, V = v,
(
X1, X2, X3, X4

)
∈ r̄,Ω3,

(
X5, X6

)
∈ x, β, and

(
X7, X8

)
∈ z, w . (4.23)
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In quantization, we consider the light cone gauge U = τ with p+ = 1 . Then worldsheet

action for the pp wave background (4.19) takes the form

S = − 1

4πα′

∫
dτdσ

[
8∑
i=1

∂X i. ∂X i +
1

16

4∑
i=1

(X i)2 +
8J2 − 1

16

6∑
i=5

(X i)2

+J2(X7)2 −
(
k̃1X

7∂σX
8 − k̃2X

8∂σX
7
)]

, (4.24)

where in the action we choose the gauge fixed of NS-NS two-form as

B2 =
1

2

(
k̃2w du ∧ dz − k̃1z du ∧ dw

)
with

(
k̃1 + k̃2

)
= 1 . (4.25)

The equations of motion the transverse coordinates X i ; i = 1, ..., 8 generated from the

action (4.24) are given by

�X i − 1

16
X i = 0 ; i = 1, 2, 3, 4 ,

�X i − 8J2 − 1

16
X i = 0 ; i = 5, 6 ,

�X7 − J2X7 +
1

2
∂σX

8 = 0 ,

�X8 − 1

2
∂σX

7 = 0 . (4.26)

Consider an ansatz of the form X i ∼ e−iωt+inσ , the frequencies of the transverse modes are

given by

ω2
n,i = n2 +

1

16
; i = 1, 2, 3, 4 ,

ω2
n,i = n2 +

8J2 − 1

16
; i = 5, 6 ,

ω2
n,± = n2 +

J2

2
± 1

2

√
n2 + J4 . (4.27)

These modes have a correspondence with the set of operators (BMN operators) in the dual

gauge theory. In the dual field theory section we shall discuss the corresponding BMN

operators.

4.2 Penrose limits in non-Abelian T-dual background

In this section we turn on our interest in the Penrose limits in non-Abelian T-dual of AdS5×S5

geometry. The non-Abelian T-duality acts on an SU(2) subgroup of the S5 manifold. Before

discussing the Penrose limits we first recall the T-dual solution as presented in [21].
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The metric is given by

ds2
NATD = 4L2ds2(AdS5) + 4L2dΩ2

2(α, β) +
L2dρ2

cos2 α
+
L2ρ2 cos2 α

ρ2 + cos4 α
dΩ2

2(χ, ξ) , (4.28)

here we rescale the T-dual coordinate ρ as ρ→ L2ρ to get L2 common factor in the metric

and we set α′ = 1 for convenience.

The background is supported by a two-form and a non-zero dilaton in the NS-NS sector

B2 =
L2ρ3 cos2 α

ρ2 + cos4 α
sinχdχ ∧ dξ ,

e−2Φ =
L6 cos2 α

g2
s

(
ρ2 + cos4 α

)
. (4.29)

The RR sector of the background consists of a two-form and a four-form field strengths

F2 =
8L4

gs
sinα cos3 αdα ∧ dβ ,

F4 =
8L6

gs

ρ3 cos3 α

ρ2 + cos4 α
sinα sinχdα ∧ dβ ∧ dχ ∧ dξ . (4.30)

Now we discuss the Penrose limits in T-dual geometry (4.28)-(4.30). The background has

an U(1)-isometry along β as well as ξ directions. For motion along β -direction the geodesic

condition (4.6) leads to α = π/2, however, for α = π/2 the background metric (4.28) is

singular and does not lead to pp-wave geometry [26]. Considering the other U(1)-isometric

direction ξ , the geodesic condition provides

ρ = 0 , α =
π

2
,

χ = {0, π
2
, π} ,

α = {0, π
2
, π} , χ = {0, π} or cos4 α = ρ2 . (4.31)

From the above values, α = π
2

together χ = {0, π} are ruled out as the first one corresponds

to a singular point in the T-dual geometry and for χ = {0, π} the metric component gξξ
vanishes. Hence, motion along the ξ -direction does not provide any smooth null geodesic to

examine the Penrose limits.

As in the Abelian case, we finally consider the geodesic that carries angular momentum.

Such a geodesic exists for motion along ρ and ξ directions. The geodesic equation now

implies that α = 0, χ = π/2. Now consider the Lagrangian of a massless particle moving

along this geodesic

L =
L2

2

(
− 4ṫ2 + ρ̇2 +

ρ2

ρ2 + 1
ξ̇2
)
, (4.32)
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as also mentioned earlier the dot is referred to derivative with respect to the affine parameter

u . In the above Lagrangian t and ξ are cyclic coordinates. The corresponding momenta will

be conserved. By choosing the affine parameter u suitably we have

∂L
∂ṫ

= −4L2ṫ = −L2 ;
∂L
∂ξ̇

= L2 ρ2

ρ2 + 1
ξ̇ = −JL2 , (4.33)

where J is the conserved angular momentum along the ξ direction. The null geodesic

condition i.e. L = 0 gives the solution of ρ̇2

ρ̇2 =
1

4
− ρ2

ρ2 + 1
J2 . (4.34)

Now we expand the background metric (4.28) around the null geodesic r = α = 0, χ = π/2

and carries angular momentum J by proposing the following expansion

r =
r̄

2L
, α =

x

2L
, χ =

π

2
+

z

2L
, (4.35)

together with

dt = c1du ,

dξ = c2du+
(

1 + 4Jc2

)dw
L

+
(
c2 −

3

4J

)dv
L2

,

dρ = c3

(
du+

4J

L
dw +

dv

L2

)
. (4.36)

and subsequently take L → ∞ limit. We redefine the string coupling gs as gs = L3g̃s in

order to get finite dilaton at Penrose limits.

The null geodesic condition determines the coefficients ci ’s of the above expansion as

c1 =
1

4
, c2 = −ρ

2 + 1

ρ2
J , c3 =

√
1

4
− ρ2 + 1

ρ2
J2 . (4.37)

The leading order expansion of the background provides

ds2 = 2dudv + dr̄2 + r̄2dΩ2
3 + dx2 + x2dβ2 +

ρ2

ρ2 + 1
dz2 +

[
ρ2

ρ2 + 1
− 4J2

]
dw2

−
[
r̄2

16
+

8J2 − 1

16
x2 +

ρ2 + 1

ρ2
J2z2

]
du2. (4.38)

The metric is not yet in the Brinkmann form, we shall transform it into Brinkmann form

later. The NS-NS two-form and the dilaton for the background are given by

B2 =
ρ3

ρ2 + 1
dz ∧ dw ; e−2Φ =

ρ2 + 1

g̃2
s

. (4.39)

In Penrose limits only RR four-form field strength survives

F4 =
2Jxρ

g̃s
du ∧ dz ∧ dx ∧ dβ . (4.40)
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In order to bring the above pp-wave background (4.38)-(4.40) in Brinkmann form, we follow

the formalism presented in [26]. Following [26], consider a line element of the form

ds2 = 2dudv +
∑
i

Ai(u) dx2
i . (4.41)

Now, replace the transverse coordinates xi and one light-cone coordinate v as

xi →
xi√
Ai

, v → v +
1

4

∑
i

Ȧi
Ai

x2
i . (4.42)

The line element in (4.41) now takes the Brinkmann form

ds2 = 2dudv +
∑
i

dx2
i +

(∑
i

Fi(u) x2
i

)
du2 , (4.43)

where the functions Fi are given by

Fi =
1

4

Ȧ2
i

A2
i

+
1

2

d

du

(
Ȧi
Ai

)
. (4.44)

For the pp-wave metric (4.38) we have

Az =
ρ2

1 + ρ2
, Aw =

ρ2

1 + ρ2
− 4J2 . (4.45)

After making the replacement

z → z√
Az

, w → w√
Aw

and

v → v +
1

4

[
Ȧz
Az

z2 +
Ȧw
Aw

w2

]
, (4.46)

we find

ds2 = 2dudv + dr̄2 + r̄2dΩ2
3 + dx2 + x2dβ2 + dz2 + dw2

−

[
r̄2

16
+
x2

16

(
8J2 − 1

)
+

(
ρ2 + 1

)2

ρ4
J2z2 − Fzz2 − Fww2

]
du2 . (4.47)

The functions Fi ’s can be read from the expression (4.44) as:

Fz =
4J2
(

4ρ2 + 1
)

+ 3
(

4J2 − 1
)
ρ4

4ρ4
(
ρ2 + 1

)2 ; Fw = − 3

4
(
ρ2 + 1

)2 . (4.48)
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Together with the metric, the background fields in the NS-NS sector take the following forms

in the Brinkmann representation

e−2Φ =
ρ2 + 1

g̃2
s

; B2 = −1

2

ρ2 + 3

ρ2 + 1

(
k1z du ∧ dw − k2w du ∧ dz

)
, (4.49)

where k1 + k2 = 1. The RR four-form field strengths in Brinkmann representation takes the

form

F4 =
2Jx

√
ρ2 + 1

g̃s
du ∧ dx ∧ dz ∧ dβ . (4.50)

Before going to the dual field theory description, we consider closed string eigenmodes in the

pp-wave background (4.47)-(4.50). We use the same gauge fixing and same notation for the

string coordinates as we discussed in the Abelian T-dual case (4.23).

In this case worldsheet action for the pp wave background (4.47)-(4.50) takes the form

S = − 1

4πα′

∫
dτdσ

[
8∑
i=1

∂X i. ∂X i +
1

16

4∑
i=1

(X i)2 +
8J2 − 1

16

6∑
i=5

(X i)2 +

(
ρ2 + 1

)2

ρ4
J2(X7)2

−Fz(X7)2 − Fw(X8)2 − ρ2 + 3

ρ2 + 1

(
k1X

7∂σX
8 − k2X

8∂σX
7
)]

.(4.51)

The equations of motion of the transverse scalars X i ; i = 1, ..., 8 by varying the action

(4.51) are given by

�X i − 1

16
X i = 0 ; i = 1, 2, 3, 4 ,

�X i − 8J2 − 1

16
X i = 0 ; i = 5, 6 ,

�X7 −

[(
ρ2 + 1

)2

ρ4
J2 − Fz

]
X7 +

1

2

ρ3 + 3

ρ2 + 1
∂σX

8 = 0 ,

�X8 + FwX
8 − 1

2

ρ3 + 3

ρ2 + 1
∂σX

7 = 0 . (4.52)

Considering the solution of the form X i ∼ e−iωt+inσ , the frequencies of some of the modes

are given by

ω2
n,i = n2 +

1

16
; i = 1, 2, 3, 4 ,

ω2
n,i = n2 +

8J2 − 1

16
; i = 5, 6 . (4.53)

Finally, we will discuss the supersymmetry preserved by the pp-wave solution in the non-

Abelian T-dual geometry. The non-Abelian T-dual of AdS5 × S5 background preserves the
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half of the supersymmetries of the original seed background due to the Killing spinors of the

AdS5×S5 background are not fully invariant under the SU(2)L symmetry that is considered

for the dualization [12,21]. In the following we will discuss the supersymmetry the PP-wave

background originated from the non-Abelian T-dual solution.

First we assign the Brinkmann coordinates yi of the PP-wave geometry as

dr̄2 + r̄2dΩ2
3 =

(
dyi
)2

; i = 1, 2, 3, 4 , dx2 + x2dβ2 =
(
dy5
)2

+
(
dy6
)2
,

z = y7 , w = y8 .

(4.54)

In this representation the pp-wave background (4.47)-(4.50) takes the form

ds2 = 2dudv +
8∑
i=1

dy2
i +H du2 ,

Φ = Φ(u) ,

H3 = f1(u) du ∧ dy7 ∧ dy8 ,

F4 = f2(u) du ∧ dy5 ∧ dy6 ∧ dy7 , (4.55)

where we introduced the notation

H =
8∑

i,j=1

Fijy
iyj , Fij = Fji ,

Φ(u) = −1

2
ln

[
ρ2 + 1

g̃2
s

]
,

f1(u) =
1

2

ρ2 + 3

ρ2 + 1
,

f2(u) = −2Jx
√
ρ2 + 1

g̃s
,

(4.56)

and Fij are defined by

F11 = F22 = F33 = F44 = − 1

16
,

F55 = F66 =
1− 8J2

16
,

F77 = Fz −
(1 + ρ2)2

ρ4
J2 , F88 = Fw , (4.57)

all other Fij ’s are zero. Now we introduce the frame {ea} as

e− = du , e+ = dv +
1

2
Hdu , ei = dyi , (4.58)



40CHAPTER 4. PENROSE LIMITS IN NON-ABELIAN T-DUAL OF ADS5× S5 BACKGROUND

then the PP-wave metric (4.55) can be written as

ds2 = 2e+e− +
8∑
i=1

(
ei
)2

= ηabe
aeb , (4.59)

with η+− = η−+ = 1 and ηij = δij . The non-zero components of spin-connections are given

by

ω−i = −ωi− = ω+i = −ωi+ =
1

2
∂iH du . (4.60)

In terms of the frame (4.58), the background fields (4.55) take the form

Φ = Φ(u) ,

H3 = f1(u) e− ∧ e7 ∧ e8 ,

F4 = f2(u) e− ∧ e5 ∧ e6 ∧ e7 . (4.61)

The supersymmetric variations of the dilatino and gravitino in type-IIA supergravity are

given by

δλ =
1

2
��∂Φε −

1

24
��Hσ3ε +

eΦ

8× 24
��F 4σ1ε ,

δψµ = Dµε−
1

8
HµνρΓ

νρσ3ε+
eΦ

8× 24
��F 4σ1Γµε . (4.62)

The conventions we used here presented in Appendix (A). The Killing spinor ε consists of

Majorana-Weyl spinors ε± , such that

ε =

(
ε+
ε−

)
. (4.63)

In type-IIA supergravity, the chirality of the spinor ε satisfies Γ11ε = −σ3ε . Together with

above we define Γ± as

Γ± =
1√
2

(
Γ9 ± Γ0

)
. (4.64)

Now we substitute the background fields in (4.62), and setting the dilatino variation to zero,

we have

Γ−

[
Φ̇− 1

2
f1(u)Γ78σ3 +

eΦ̂

4
f2(u)Γ567σ1

]
ε = 0 . (4.65)

The above holds only Γ−ε = 0, which states the PP-wave solution we studied in (4.47)-(4.50)

preserves 16 supercharges.

Now we consider the spinor condition arising from the variation of the gravitino. First

consider the δψ+ variation. The NS-NS three-form H3 does not have any leg along e+ and
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Γ+ε = Γ−ε = 0. Hence δψ+ = 0 leads to ∂+ε = 0. It provides that the Killing spinor ε is

independent of v , i.e. ε = ε(u, yi).

Now we consider the variation of the transverse components of gravitino δψi , i = 1, ..., 8.

Setting it to zero we have

∂iε = Γ−R ε , (4.66)

where

R =
1

4
f1(u)

(
δi8Γ7 − δi7Γ8

)
σ3 −

eΦ

8
f2(u)Γ567Γiσ1 . (4.67)

As Γ− anticommutes with R and from the dilatino variation we have Γ−ε = 0. Hence,

∂iε = 0 leads to ε = χ(u) with Γ−χ(u) = 0.

Finally, consider the variation δψ− = 0, in this case the covariant derivative D− becomes

D− = ∂− +
1

2
Fijy

jΓ−i . (4.68)

The above gives rise to

∂uχ(u)− 1

4
f1(u)Γ78σ3χ(u)− eΦ

8
f2(u)Γ−Γ+Γ567σ1χ(u) = 0 .

(4.69)

The above equation is the form ∂uχ(u)−A(u)χ(u) = 0, which can be integrated as follows

χ(u) = e
∫
duA(u)χ0 ,

with Γ−χ0 = 0. This concludes that the PP-wave geometry we studied in non-Abelian T-dual

solution preserves 16 supercharges.

4.3 Dual Field theory

We will now discuss the corresponding field theory dual for the pp-wave geometries studied

both in Abelian and non-Abelian T-dual solutions. The gauge theory dual corresponding

to the T-dual background has been discussed in [21]. The dual quiver theory with k nodes

contained with N = 2 vector multiplet and N = 2 bifundamental hypermultiplet. It turns

out that the holographic central charge matches with the field-theoretic central charge [21].

In this section we will discuss the BMN sector of the quiver gauge theory. First we consider

the PP-wave geometries originated from the Abelian T-dual background (4.1)-(4.3).

In the quiver [21], there is an adjoint complex scalar presents at each node i together

with two bifundamental complex scalar fields residing in the next node i.e. i to i + 1. We

denote these scalars as: Xi and the remaining two as Vi and Wi . Among Vi and Wi , one of

them is in the representation of (i, i+ 1) another one in the complex conjugate (i, i+ 1) in
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the corresponding gauge group. Now in the following we shall consider the global symmetries

of the T-dual background in (4.1) and match them with the corresponding symmetries in

the dual gauge theory. In the gauge theory an SU(2)R rotates the Vi and W i . The fields

(Vi,W i) and (V i,Wi) forms a doublet under this SU(2)R . We denote the Cartan generator

J1 for the U(1)-symmetry resides inside the SU(2)R . Together with the above, there is an

U(1)R symmetry that acts only the chiral field Xi and the d2θ as

Xi → eiαXi ; d2θ → e−iαd2θ . (4.70)

In addition, there is an extra U(1) symmetry that rotates the Vi and Wi in opposite directions

one of other by the same amount of phase

Vi → eiαVi ; Wi → e−iαWi . (4.71)

This is not an R-symmetry and we denote the corresponding Cartan generator in this case

is J2 .

Now we will identify the above symmetries in the gravity background studied in (4.1)-

(4.3). It is straightforward to see that the T-dual background metric (4.1) shows the global

SU(2) × U(1) × U(1) isometry. The SU(2) symmetry corresponds to the round 2-sphere

parametrized by
(
χ, ξ
)

in (4.1). Together with the U(1)R symmetry is identified with the

isometry along the β -direction in the T-dual geometry. The extra U(1)-symmetry in the

dual field theory is associated with the shift symmetry along the compact direction ψ in the

T-dual metric (4.1). Following [26], the dual Gravity coordinates can be expressed as field

theory scalars by parametrize the six-dimension space with three complex scalars as

Z1 = L sinα eiβ ; Z2 = L cosα cosχ ei(ξ+ψ) ; Z3 = L cosα sinχ ei(ξ−ψ) . (4.72)

Here L2 =
∑

i |Zi|2 is the size of the space C3 . In this notation, we identify Z1 as the

multiplet X along with Z2 and Z3 as V and W respectively. The SU(2)R acts on the

scalars Z2 and Z3 and the corresponding Cartan U(1)-symmetry charge is J1 . Similarly,

the U(1)R acts on the scalar Z1 giving a phase eiα and the corresponding Cartan generator

denoted by J2 . In addition, the extra U(1) rotates Z2 and Z3 as Z2 → eiαZ2 along with

Z3 → e−iαZ3 . In the following table we represent the multiplets and the corresponding

charge under the symmetry transformation. Here the total angular momentum is given by

J = J1 + kJ2 and the light cone Hamiltonian is identified with the BMN operators given by

the expression H = ∆−
(
J1 + kJ2

)
X V W X V W

∆ 1 1 1 1 1 1

J1 0 1/2 1/2 0 -1/2 -1/2

kJ2 0 1/2 -1/2 0 -1/2 1/2

H = ∆− kJ2 − J1 1 0 1 1 2 1

From the above table it is straightforward to see that H = 0 for Vi , defines the ground

state and Xi together with Wi corresponds to the oscillator modes of the string. Hence, the
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vacuum is contained with only Vi fields and wraps the circular quiver. The vacuum state

has zero winding mode(m = 0) and one unit of momentum (p = 1). The vacuum is given

by the operator

|m = 0 ; p = 1〉 = Ok =
1√
N

Tr
[
V1V2...Vk

]
. (4.73)

The higher energy states are constructed by the action of the derivative operator Da ; a =

0, 1, 2, 3. on vacuum along with the fields Xi and Wi and their conjugates [26]. Now at n = 0

the corresponding frequencies of the closed string (4.27) are given by

ωn=0, a =
1

4
; a = 1, 2, 3, 4 ,

ωn=0, i =

√
8J2 − 1

4
; i = 5, 6 ,

ω2
n=0, + = J ,

ω2
n=0, + = 0 . (4.74)

The H = 1 corresponds ωn=0, a but it does not match with the light cone energy. Same

phenomenon is present in the insertions of X, X̄,W, W̄ the corresponding energy does not

match with H = 1. This is because the term g2
YMN/k is divergent in this case and the same

term is also present in the superpotential as W ∼ gYM Tri+1

[
ViXiWi

]
. Hence, the effective

coupling is large so interaction effects are no longer negligible and change the eigenenergies

of the corresponding states.

In the non-Abelian T-dual case, the frequencies of corresponding pp-wave geometry de-

pend on the radial coordinate (4.52). Interestingly, in the limit of large radial coordinate

ρ the PP-wave geometry in non-Abelian T-dual solution takes the form of PP-wave in the

Abelian T-dual geometry, apart from the expression of dilaton Φ . It turns out that the

eigenenergies for the closed string modes flow in the lightcone time u = 0 to u = ∞ [26].

These flows can be identified with the RG flow between UV to IR of the string modes fre-

quencies. Where the UV corresponds to ρ, u→∞ and the IR limit is identified with u→ 0.

However, in this case, further investigation is needed to precisely find the BMN operators.



Chapter 5

Penrose limits in non-Abelian T-dual

of Klebanov-Witten and

Klebanov-Tseytlin background

This chapter is the core part of the thesis. In this chapter we will present a series of works

where we studied the Penrose limits in non-Abelian T-dual supergravity backgrounds [43,45].

In our work we first considered the Klebanov-Witten background followed by the Klebanov-

Tseytlin background. In the following we will present the Penrose limits in these T-dual

geometries.

5.1 Penrose limits in non-Abelian T-dual of Klebanov-

Witten background

In this section we will discuss the Penrose limits in T-dual geometries originating from

Klebanov-Witten background. First we consider the Abelian T-dual solution and subse-

quently examine the Penrose limits in it. We have presented the T-dual backgrounds in

Chapter 2, where the T-duality acts along φ2 -direction as well as ψ -direction in the T 1,1

geometry. For convenience, we reproduce the geometry here.

First we consider the isometric φ2 , by applying Buscher rules the T-dual background

reads

ds2
ATD = L2ds2

AdS5
+L2λ2

1

[
dΩ2

2

(
θ1, φ1

)
+dθ2

2 +
λ2 sin2 θ2

P (θ2)

(
dψ+ cos θ1dφ1

)2
+

dφ2
2

λ2
1P (θ2)

]
. (5.1)

where P (θ2) = λ2 cos2 θ2 + λ2
2 sin2 θ2 .

The NS-NS sector of the T-dual background is contained with a background dilaton the

44
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two-form gauge field given by

e−2Φ̂ =
L2

g2
s

P (θ2) ; B̂2 = −L
2λ2 cos θ2

P (θ2)

(
dφ2 ∧ dψ + cos θ1dφ2 ∧ dφ1

)
. (5.2)

The RR sector is described by the four-form field strength

F̂4 =
4L4λλ4

1

gs
sin θ1 sin θ2 dθ1 ∧ dφ1 ∧ dθ2 ∧ dψ . (5.3)

Now we will turn our attention to the isometry direction ψ of the geometry given in

(2.48). In this case the T-dual background described by the metric

ds2
ATD = L2ds2

AdS5
+ L2

[
λ2

1dΩ2
2

(
θ1, φ1

)
+ λ2

2dΩ2
2

(
θ2, φ2

)
+

1

λ2
dψ2

]
. (5.4)

In the above metric we rescaled the ψ -coordinate as ψ → L2

α′
ψ to get L2 as a common factor

in the metric. Now recall the background gauge fields for the T-dual background as follows.

The NS-NS sector of the background is supported by a non-vanishing dilaton and a NS-NS

two-form given by

e−2Φ̂ =
λ2L2

g2
s

; B̂2 = −L2

[
cos θ1dφ1 + cos θ2dφ2

]
∧ dψ , (5.5)

The NS-NS three-form flux arises from the two-form B̂2 is given by

Ĥ3 = L2

[
sin θ1dθ1 ∧ dφ1 + sin θ2dθ2 ∧ dφ2

]
∧ dψ . (5.6)

In the RR sector we have a non-vanishing four-form flux

F̂4 =
4L4λλ2

1λ
2
2

gs
sin θ1 sin θ2 dφ1 ∧ dθ1 ∧ dφ2 ∧ dθ2 . (5.7)

We consider the motion of a particle along various U(1)-isometry directions of the T-dual

geometry (5.1) and obtain the corresponding Penrose limits. Consider first the φ1 isometry.

The relevant metric component is

gφ1φ1 = L2
[
λ2

1 sin2 θ1 +
λ2

1λ
2 sin2 θ2

λ2 cos2 θ2 + λ2
2 sin2 θ2

cos2 θ1

]
. (5.8)

Applying the geodesic condition (4.6) we have θ1 = (0, π
2
, π) together with θ2 = (0, π

2
, π).

This leads to four geodesics: {θ1 = 0, θ2 = π/2}, {θ1 = π, θ2 = π/2}, {θ1 = π/2, θ2 = 0}
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and {θ1 = π/2, θ2 = π} . We first consider the geodesic {θ1 = 0, θ2 = π
2
} and propose a large

L expansion around that:

r =
r̄

L
, θ1 =

z

L
, θ2 =

π

2
+
x

L
, t = ax+ , φ1 = bx+ +

x−

L2
, φ2 =

φ2

L
, (5.9)

and keeping the ψ -coordinate unchanged. In the expansion a and b are unknown parameters.

Ignoring the subleading terms in L→∞ limit, the expansion of the T-dual metric provides

ds2 = dr̄2 + r̄2dΩ2
3 + λ2

1dz
2 + λ2

1dx
2 −

[
r̄2a2 + b2z2

(
λ2 − λ2

1

)]
(dx+)2

− λ2
[
bz2dψdx+ − 2dψdx− − 2bdx+dx−

]
− λ4

λ2
2

x2
(
dψ + bdx+

)2
+

1

λ2
2

dφ2
2

− L2
[
a2(dx+)2 − λ2

(
dψ + bdx+

)2
]
. (5.10)

Due to the presence of O(L2) terms the metric diverges in the L→∞ limit . This divergence

occurs because, in this case we have not been able to impose the geodesic to be null. This

amounts to setting

a2(dx+)2 − λ2
(
dψ + bdx+

)2
= 0 .

For the geodesic {θ1 = π, θ2 = π/2} , leads to a divergent metric in the large L expansion.

So it also doesn’t provide any PP-wave geometry.

The remaining two geodesics give rise to PP-wave geometry as follows. Consider the

geodesic {θ1 = π/2, θ2 = 0} with the expansion

r =
r̄

L
, θ1 =

π

2
+
z

L
, θ2 =

x

L
, t = ax+, φ1 = bx+ +

x−

L2
, φ2 =

φ2

L
, (5.11)

while keeping the ψ -coordinate unchanged. Like the earlier case here also a and b are

unknown parameters to be chosen suitable1 in order to obtain

ds2
pp = 2dx+dx−+ dr̄2 + r̄2dΩ2

3 + dz2 + dx2 +x2dψ2 + dφ2
2− 6

(
r̄2 + 6z2− 6x2

)
(dx+)2 . (5.12)

The metric is indeed a pp-wave solution in the standard Brinkmann form. In the limit, the

dilaton has the expression

e−2Φ̂ =
1

g̃2
s

λ2 , (5.13)

together with NS-NS three-form field strength

Ĥ3 = 2
√

6 dz ∧ dφ2 ∧ dx+ . (5.14)

The RR sector of the background is described by two-form and four-form field strengths

F̂2 = 0 , F̂4 =
4
√

6

3g̃s
x dz ∧ dx+ ∧ dx ∧ dψ . (5.15)

1To get the metric in standard form, we set a = 1/λ1, b = 1/λ21 and, in addition, we rescale some of the

coordinates as x→
√

6x, z →
√

6z, φ2 → 1
3φ2 .
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For the remaining geodesic {θ1 = π/2, θ2 = π} also leads to a pp wave geometry which is

identical to (5.12) with the background fields.

The T-dual background (5.1) has also isometry along the φ2 -direction. In the following

we discuss the motion along φ2 -direction and examine Penrose limits. First consider the

metric component gφ2φ2 :

gφ2φ2 =
L2

λ2 cos2 θ2 + λ2
2 sin2 θ2

. (5.16)

The geodesic condition (4.6) leads to θ2 =
(
0, π/2, π

)
. Consider the following expansion

around the geodesic {θ1 = 0, θ2 = 0} with large L limit:

r =
r̄

L
, θ1 =

z

L
, θ2 =

x

L
, t = ax+, φ2 = bx+ +

x−

L2
, (5.17)

keeping φ1 and ψ unchanged. At prior, there is an O(L2) divergent term present in the

metric. In order to remove we need to choose a = λ, b = λ2 . This leads to a null geodesic.

By redefining the x and z coordinates, we find

ds2 = 2dx+dx−+dr̄2 + r̄2dΩ2
3 +dz2 +z2dφ2

1 +dx2 +x2(dψ+dφ1)2− 1

9

(
r̄2 +3x2

)
(dx+)2. (5.18)

Although there are no more diverging terms present in the metric, but the scalar curvature

R for the metric is non-vanishing and hence it does not correspond to a pp-wave geometry.

This is because the metric component gφ1φ1 vanishes for the values {θ1 = 0, θ2 = 0} .
Finally we consider the isometric direction ψ in the T-dual metric. The corresponding

metric component is given by

gψψ = L2 λ2
1λ

2 sin2 θ2

λ2 cos2 θ2 + λ2
2 sin2 θ2

. (5.19)

From the geodesic condition (4.6) we have θ2 =
(
0, π/2, π

)
. We will not consider the values

θ2 = (0, π) as for those values the gψψ -component vanishes. Consider the geodesic θ1 = 0

and θ2 = π
2

with the following expansion:

r =
r̄

L
, θ1 =

x

L
, θ2 =

π

2
+
z

L
, t = ax+, ψ = bx+ +

x−

L2
, φ2 =

φ2

L
, (5.20)

and keeping the φ1 -coordinate unchanged.

In the limit L→∞ limit the leading order terms provide

ds2 = dr̄2 + r̄2dΩ2
3 + λ2

1dx
2 + λ2

1dz
2 +

[(
λ2

1 − λ2
)
x2 − λ4

λ2
2

z2
]
dφ2

1 +
1

λ2
2

dφ2
2

−
[
r̄2a2 +

λ4

λ2
2

b2z2
]
(dx+)2 + λ2

[
2bdx+dx− − b

(
x2 +

λ2

λ2
2

2z2
)
dx+dφ1 + 2dx−dφ1

]
− L2

[
a2(dx+)2 − λ2

(
bdx+ + dφ1

)2
]
. (5.21)
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This metric contains a divergent term of O(L2) that cannot be removed by fixing the param-

eters a and b . This is because, in this case also, there is no null geodesic for any choice of

the parameters a and b . Hence in this case the background does not give PP-wave geometry.

Now we consider the second T-dual background, where T-duality acts along ψ -direction.

The geometry of the background is given by the metric (5.4). The background has U(1)-

isometries along φ1, φ2 and ψ directions. The Motion along the ψ -direction does not give any

non-trivial constraint because the gψψ -component of the metric is constant. As the metric

is symmetric under the exchange of φ1 and φ2 followed by θ1 and θ2 , it will be sufficient to

consider geodesics along one of these directions. For the φ1 isometry direction the geodesic

condition leads to θ1 = (0, π
2
, π). However, for the values θ1 = 0 and π the gφ1φ1 -component

of the metric vanishes. Hence, we have only θ1 = π/2. In order to examine the Penrose

limit, we consider the large L expansion of the T-dual metric (5.4) and retain the leading

terms as:

r =
r̄

L
, θ1 =

π

2
+
z

L
, θ2 =

x

L
, t = ax+, φ1 = bx+ +

x−

L2
, ψ =

y

L
, φ2 = β, (5.22)

and redefine the string coupling as gs = L g̃s to make dilaton finite in Penrose limits. To

get a null geodesic we must impose the condition a = λ1b together with λ2
1b = 1 and make

the co-ordinate redefinitions x+ = u, x− = v, z →
√

6z, x →
√

6x, y → 1
3
y to bring the

PP-wave metric into the standard form:

ds2 = 2dudv + dr̄2 + r̄2dΩ2
3 + dz2 + dx2 + x2dβ2 + dy2 − 6(r̄2 + 6z2)du2. (5.23)

The expressions for the background fields in the NS-NS sector in this limit are given by:

e−2Φ̂ =
λ2

g̃2
s

, (5.24)

and

Ĥ3 = 2
√

6 dz ∧ du ∧ dy . (5.25)

In the Penrose limits the field strengths for the RR fluxes have the expression:

F̂2 = 0, F̂4 =
4
√

6

3g̃s
x du ∧ dz ∧ dβ ∧ dx . (5.26)

As in the AdS5 × S5 case, now we will consider the null geodesic that carries angular

momentum. To find such a geodesic, we consider motion along φ1 and ψ directions. From

the geodesic equation we have θ1 = π/2, θ2 = 0. Considering the Lagrangian of a massless

particle as (4.10) and substituting the explicit expression for the background metric (5.4) we

have

L =
L2

2

(
− ṫ2 +

1

6
φ̇2

1 + 9ψ̇2
)
. (5.27)
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The Lagrangian does not depend on the coordinates t, φ1 and ψ . Hence, the conjugate

momenta corresponding to these generalized coordinates are conserved. We fixed the affine

parameter u as
∂L
∂ṫ

= −L2ṫ = −L2 .

Assigning J be the conserved angular momentum along the φ1 -direction, we have

∂L
∂φ̇1

=
1

6
φ̇1L

2 = −JL2 .

However, the conserved angular momentum associated with the variable ψ can no longer be

arbitrary. It is determined by imposing that the geodesic is null, i.e., we set L = 0 and it

leads to

ψ̇2 =
1

9

(
1− 6J2

)
, (5.28)

can be integrated as

ψ =
1

3

√
1− 6J2 u .

The above expression gives a bound to the angular momentum J :

0 ≤ J ≤ 1√
6
. (5.29)

To obtain the Penrose limit for the null geodesic carrying angular momentum J around

r = 0, θ1 = π
2
, θ2 = 0, first we redefine the background coordinates:

r =
r̄

L
, θ1 =

π

2
+
z

L
, θ2 =

x

L
. (5.30)

and consider the following expansion with L→∞ limit:

dt = c1du, dφ1 = c2du+ c3
dw

L
, dψ = c4du+ c5

dw

L
+ c6

dv

L2
, (5.31)

The null geodesic condition sets the constant coefficients c1, c2 and c4

c1 = 1, c2 = −6J, c4 =
1

3

√
1− 6J2 . (5.32)

In the expansion there is a diverging term O(L) which can be removed upon setting λ2
1c2c3 +

1
λ2 c4c5 = 0. Normalizing the coefficient of dw2 to unity gives the condition λ2

1c
2
3 + 1

λ2 c
2
5 = 1.

By choosing the normalization factor of the light cone term 2dudv to 2, we have c4c6
λ2 = 1.

Solving these conditions provides the remaining coefficients c3, c5 and c6 as

c3 =
√

6(1− 6J2) , c5 = J

√
2

3
, c6 =

1

3

1√
1− 6J2

. (5.33)

Then the resulting PP-wave metric after a rescaling the coordinates: x→
√

6x, z →
√

6z

has the expression

ds2
pp = 2dudv + dr̄2 + r̄2dΩ2

3 + dz2 + dx2 + x2dβ2 + dw2 −
(
r̄2 + 36J2z2

)
du2. (5.34)
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The PP-wave background is supported by the following dilaton and B2 field

e−2Φ̂ =
λ2

g̃2
s

, B̂2 = 2z dw ∧ du+ x2
√

1− 6J2 dβ ∧ du , (5.35)

with the corresponding NS-NS three-form flux

Ĥ3 = 2 dz ∧ dw ∧ du+ 2x
√

1− 6J2 dx ∧ dβ ∧ du . (5.36)

In the Penrose limit we have only four-form field strengths

F̂4 =
4
√

6

3g̃s
Jx du ∧ dz ∧ dx ∧ dβ . (5.37)

Now we show the PP-wave backgrounds we have obtained satisfy the type-IIA supergrav-

ity equations. In the following, we consider the pp-wave background specified by eqs.(5.34)-

(5.37). For type-IIA supergravity, the Bianchi identity and gauge field equation are given in

Appendix (A). In this PP-wave background the Bianchi identities are satisfied trivially. The

equation of motion for B2 is satisfied for our background, because the dilaton is constant,

F2 = 0 and F4 ∧ F4 = 0.

Now the Hodge dual of the three-form NS-NS flux H3 is given by

?H3 = 2
(
dx ∧ dβ +

√
1− 6J2 dz ∧ dω

)
∧ du ∧ dΩ4

, which is a closed differential and the Hodge dual of F4 is given by

?F4 =
4
√

6

3g̃s
J du ∧ dΩ4 ,

which leads to H3 ∧ ?F4 = 0. Also, ?F4 is closed and H3 ∧ F4 = 0.

In order to verify the Einstein’s equations, first note that Φ̂ = const, together with H2 =

F 2
4 = 0 = R . Computation of the Ricci tensor for the background shows that only Ruu is

non-vanishing. Similarly the only H2
uu and (F 2

4 )uu are non-zero. The expression of these are

given by

H2
uu = 16− 48J2 , (F 2

4 )uu = 64J2/g̃2
s , and Ruu = 4 + 36J2 . (5.38)

The above analysis shows that the equation of motion for Ruu component is indeed satisfied.

Now we shall discuss the closed string modes propagating in the PP-wave background. We

will consider the pp-wave solution (5.34) that carries angular momentum J . The PP-wave

solution has been obtained from the geometry by performing an Abelian T-duality along

ψ -isometry of the Klebanov-Witten background. The string world sheet action is given by

(4.22) and we consider the same conventions as described in (4.22).

We assign the string coordinates in the following manner:

U = u, V = v,
(
X1, X2, X3, X4

)
∈ r̄,Ω3,

(
X5, X6

)
∈ x, β,

(
X7, X8

)
∈ z, w , (5.39)
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Then the worldsheet action (4.22) for the PP-wave background (5.34) takes the form

S = − 1

4πα′

∫
dτdσ

[ 8∑
i=1

∂X i. ∂X i +
4∑
i=1

(X i)2 +X8∂σX
7 −X7∂σX

8

−(X5)2
√

1− 6J2 ∂σX
6 + 36J2(X7)2

]
, (5.40)

The equations of motions for the transverse modes originating from the above action are

given by

�X i −X i = 0 ; i = 1, 2, 3, 4 ,

�X5 +
√

1− 6J2 X5 ∂σX
6 = 0 ,

�X6 −
√

1− 6J2 X5 ∂σX
5 = 0 ,

�X7 − 36J2X7 +
1

2
∂σX

8 = 0 ,

�X8 − 1

2
∂σX

7 = 0 . (5.41)

Considering the ansatz X i ∼ e−iωt+inσ , the frequencies of the uncoupled modes are given

by

ω2
n,i = n2 + 1 ; i = 1, 2, 3, 4 . (5.42)

The modes X7 and X8 can be decoupled leads to two fourth-order linear partial differential

equations with corresponding frequencies

ω2
n,i = n2 +

1

2

[
36J2 ±

√
(36J2)2 + n2

]
, i = 7, 8. (5.43)

Defining a complex mode Z as Z = X6 + iX5 , the equations involving X5 and X6 provides

�Z +
1

2

√
1− 6J2

(
Z − Z̄

)
∂σZ = 0 (5.44)

This corresponds to a non-linear complex harmonic oscillator and the exact analytic solutions

cannot be obtained. Although for small value of
√

1− 6J2 one can use perturbation theory

to obtain the frequencies of the corresponding modes.

Now we turn our interest to examining Penrose limits around various null geodesics in

the non-Abelian T-dual geometry. The metric and the background fields of the T-dual back-

ground are given in (2.57)-(2.62). In the T-dual metric we have along U(1)-isometry along
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φ1 and ψ directions. In the following we consider motion along these isometric directions and

examine Penrose limits. First consider motion along the φ1 -direction. The relevant metric

component to examine Penrose limits is

gφ1φ1 = L2

[
λ2

1 sin2 θ1 +
λ2

2λ
2

∆
x2

1 cos2 θ1

]
. (5.45)

This metric component depends on x1, x2 and θ1 directions. From the geodesic condition,

∂µgφ1φ1 = 0 we have x1 = 0, θ1 = π/2 for µ = x1 , and x1 = 0 = x2, θ1 = π/2 for µ = x2 .

Among these values µ = θ1 this gives rise to the values θ1 = (0, π/2, π). However the only

non-singular choice for a geodesic is x1 = 0, x2 = 0 and θ1 = π/2. Now we propose the

following large L expansion around this geodesic:

r =
r̄

L
, x1 =

y1

L
, x2 =

y2

L
, θ1 =

π

2
+
z

L
, t = ax+, φ1 = bx+ +

x−

L2
, (5.46)

and keeping the ψ -coordinate unchanged. In the expansion, the parameters a and b are set

to be 1/λ1 and 1/λ2
1 respectively. We also redefine the light cone coordinates x+ = u, x− = v

and rescale z →
√

6z, y1 → y1/
√

6, y2 → y2/3. The leading order terms in the limit L→∞
provides

ds2 = 2dudv + dr̄2 + r̄2dΩ2
3 + dz2 + dy2

1 + y2
1dψ

2 + dy2
2 − 6

(
r̄2 + 6z2

)
du2. (5.47)

This is a PP-wave solution in the standard Brinkmann form.

In order to keep the dilaton finite in the Penrose limit, we redefine the string coupling as

gs = L3g̃s , (5.48)

then for the above PP-wave background the dilaton takes the form

e−2Φ̂ =
8

g̃2
s

λ2λ4
2 , (5.49)

and the NS-NS two-form becomes

B̂2 = 2
√

6z dy2 ∧ du , (5.50)

which leads to the following NS-NS three-form flux

Ĥ3 = 2
√

6 du ∧ dz ∧ dy2 . (5.51)

At Penrose limit we have only two-form field strength in the RR sector

F̂2 =
8

3
√

3g̃s
du ∧ dz . (5.52)

Now we will consider the other isometric direction ψ in the T-dual metric. In the following

we will show that motion along ψ -direction does not give pp-wave geometry. In this case the

relevant component of the metric is

gψψ = L2 λ
2
2λ

2

∆
x2

1 . (5.53)
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From the geodesic condition we obtain x2 = 0, θ1 = 0. Proposing the following expansion

around the geodesic:

r =
r̄

L
, x2 =

y2

L
, θ1 =

z

L
, t = ax+, ψ = bx+ +

x−

L2
, (5.54)

and keeping x1 and φ1 coordinates unchanged. In the L→∞ limit the dual metric gives

ds2 = −r̄2a2(dx+)2 + dr̄2 + r̄2dΩ2
3 + λ2

1dz
2 + λ2

1z
2dφ2

1

+
λ2

2λ
2∑ [

2bx2
1 dx

+dx− + 2x2
1dx

−dφ1 − bx2
1z

2dx+dφ1 − z2x2
1dφ

2
1

− λ2y2
2x

2
1∑ (
bdx+ + dφ1

)2
]
− 1∑[ 1∑λ2y2

2

(
x2

1 + λ2
2λ

2
)
dx2

1 − λ4
2dy

2
2 − 2x1y2dx1dy2

]
− L2a2(dx+)2 +

L2∑[λ2
2λ

2x2
1

{(
bdx+ + dφ1

)2
+ 2bdx+dφ1

}
+
(
x2

1 + λ2
2λ

2
)
dx2

1

]
(5.55)

where, ∑
= λ2

2x
2
1 + λ2λ4

2 . (5.56)

Here also we have diverging terms and that cannot be removed by any choice of the parameters

a and b . Hence the motion along ψ -isometry does not lead to PP-wave background.

Now we consider the closed string modes propagating in the PP-wave background (5.47),

Here also we use the same worldsheet action and gauge fixing defined in (4.22). For the

PP-wave background (5.47) we assign the string coordinates X i as

U = u, V = v,
(
X1, X2, X3, X4

)
∈ r̄,Ω3,

(
X5, X6

)
∈ y1, ψ,

(
X7, X8

)
∈ z, y2 . (5.57)

Then the worldsheet action for the PP-wave background (5.47) takes the form

S = − 1

4πα′

∫
dτdσ

[
∂X i. ∂X i+6

( 4∑
i=1

(X i)2+6(X7)2
)
−
√

6X7∂σX
8+
√

6X8∂σX
7
]
. (5.58)

The equations of motion for the transverse modes X i varying from the action are given

by

�X i − 6X i = 0 ; i = 1, 2, 3, 4 ,

�X i = 0 ; i = 5, 6 ,

�X7 − 36X7 +

√
6

2
∂σX

8 = 0 ,

�X8 −
√

6

2
∂σX

7 = 0 . (5.59)
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Considering the ansatz of the form X i ∼ e−iωt+inσ . We have

ω2
n,i = n2 + 6 ; i = 1, 2, 3, 4 ,

ω2
n,i = n2 ; i = 5, 6 ,

ω2
n,i = n2 +

1

2

[
36±

√
(36)2 + 6n2

]
; i = 7, 8 . (5.60)

5.1.1 Dual Gauge theory

In this section we shall make comments on possible gauge theory dual for the pp-wave geome-

tries that we have studied in the previous section. The gauge theory dual has been presented

in [23,27]. The construction of dual gauge theory is based on intersecting D4−NS5−NS5′

branes.

In the Abelian T-dual geometry (2.53), there is an underlying SU(2)A×SU(2)B×U(1)R
global symmetry present in the background metric. The chiral fields (A1, A2) form a doublet

under the SU(2)A subgroup of the global symmetry and similarly (B1, B2) form a doublet

corresponds to SU(2)B . U(1)R is the R-symmetry group corresponds to a shift along the

circle coordinate ψ , and all the fields A1, A2, B1, B2 get the same charge under this symmetry.

Denoting J1 and J2 to be the Cartan generators of SU(2)A and SU(2)B respectively and

let J3 be the generator of U(1)R . The Cartan generators J1 and J2 correspond to the shift

in the azimuthal coordinates φ1 and φ2 respectively and J3 corresponds to shift in ψ .

Now we will try to identify the large-R sector of the dual gauge theory. The BMN sector

has been constructed and studied in detail in [40]. First we define the conifold coordinates in

the theory as: Z1 = A1B1, Z2 = A2B2, Z3 = A1B2, Z4 = A2B1 . The light cone Hamiltonian

is given by H = ∆ − (J1 + J2 + J3). From the BMN proposal it can be shown that the

ground state of the string corresponds to the operator Z1 and the first excited state: H = 1,

is described by the operators Z3, Z4 and the covariant derivatives Di acting on Z1 .

In closed string quantization of the PP-wave geometry (5.34) corresponding to the Abelian

T-dual background we find the frequencies (5.42)-(5.43) corresponding to n = 0 modes as 2

ω0,i = 1, i = 1, 2, 3, 4,

ω0,7+,8+ = 6J ,

ω0,7−,8− = 0 . (5.61)

This mismatch of the frequencies is due to large effective interaction which causes the energies

of the states to change. The same phenomenon is also present in the PP-wave background

corresponding to the Abelian T-dual of AdS5 × S5 geometry [26].

2For small value of
√

1− 6J2 it can be shown using perturbation theory that the lowest mode will

correspond to n = 1 and will have a higher frequency than the above modes.
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For the PP-wave geometry originated from non-Abelian T-dual background, the BMN

operators correspond to a class of operators in the quiver theory that we discussed in Chapter

3. The construction of dual field theory is based on the calculations of the brane charge and

the central charge [27]. The authors in [27] show that the holographic entanglement entropy

agrees with the corresponding supergravity dual. However, for the PP-wave geometry, care

must be taken as it originated by zooming a particular region and hence it is globally not

complete [27]. In this case, the holographic entanglement entropy can be obtained by imposing

a hard cutoff on the non-compact directions. But its field theory interpretation is not clear.

It might have correspondence to the entanglement entropy in some excited state in the dual

field theory.

5.2 Penrose limits in non-Abelian T-dual of Klebanov-

Tseytlin background

In this section we will discuss the Penrose limits in non-Abelian T-dual of Klebanov-Tseytlin

background. The T-dual background was presented in Chapter 2. The metric together with

the background fields are given by the expression (2.69)-(2.73). Before going to examine

Penrose limits first we rescale some of the coordinates in T-dual geometry and introduce the

parameter r̃ as

ln r̃ = ln r0 −
1

4
− R4

2L4
,

Then the wrap factor H(r) takes the form

H(r) =
2L4

r4
ln

(
r

r̃

)
. (5.62)
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Now we consider the Minkowski coordinates xµ and rescale as xµ → L2xµ . We also rescale

T-dual coordinates v2,3 as v2,3 → L2v2,3 . Then T-dual metric (2.69) becomes

dŝ2
NATD = L2

[
1√
2

r2√
ln
(
r
r̃

) ηµνdx
µdxν +

√
2

√
ln
(
r
r̃

)
r2

(
dr2 +

1

6
r2dΩ2

2(θ1, φ1)
)]

+
L2

A

[
6
√

2

√
ln
(r
r̃

)
v2

2σ
2
3̂

+
(

6
√

2

√
ln
(r
r̃

)
+

81
√

2√
ln
(
r
r̃

) v2
2

)
dv2

2

+

(
9
√

2

√
ln
(r
r̃

)
+

9

2
√

2

1√
ln
(
r
r̃

) (6v3 + 2
√

2 ln
( r
r0

))2
)
dv2

3

+
27
√

2√
ln
(
r
r̃

) (6v3 + 2
√

2 ln
( r
r0

))
v2dv2dv3

]
. (5.63)

Where A stands for

A = 4 ln
(r
r̃

)
+

(
6v3 + 2

√
2 ln

( r
r0

))2

+ 54v2
2 .

After the rescaling, the NS-NS sector of the T-dual background (2.72) takes the form

B̂2 =
L2

3
ln
( r
r0

)
sin θ1dθ1 ∧ dφ1 +

L2

A

[
3
√

2

(
6v3 + 2

√
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r0
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v2 σ3̂ ∧ dv2

+
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)
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(
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√
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))2)
σ3̂ ∧ dv3

]
,

e−2Φ̂ =
L6

81g2
s

√
2

√
ln
(r
r̃

)
A . (5.64)
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Considering the rescaling, the field strengths in the RR sectors (2.73) become

F̂0 = −L2 2
√

2

9gs
,

F̂2 =
L4

162
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2 gs

[
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5
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sin θ1dθ1 ∧ dφ1
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gsA

4

3

[
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(
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√
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))
v2 σ3̂ ∧ dv2 + 9v2

2 σ3̂ ∧ dv3

]
,

F̂4 =
L6

gsA
v2 sin θ1dθ1 ∧ dφ1 ∧ dψ ∧

[(
−
√
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(
6v3 + 2

√
2 ln
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− 1

15
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(r
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)
+

1

60

)
v2dv3 +

(
− 4
√

2

9
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)
+

1

9

(
1

15
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)
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)(
6v3 + 2

√
2 ln

( r
r0
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−6
√

2v2
2

)
dv2

]
. (5.65)

Now we consider various isometric directions in the T-dual geometry with rescaled coordinates

(5.63). The background admits U(1)-isometry along ψ and φ1 directions. First we turn our

interest to the motion along ψ direction. The geodesics equation for this case is

∂µgψψ = 0 . (5.66)

The relevant component of the metric for the discussion is:

gψψ =
L2

A
6
√

2

√
ln
(r
r̃

)
v2

2 . (5.67)

Now the component gψψ depends on r together with the T-dual coordinates v2 and v3 .

The geodesic condition (5.66), for µ = r , leads to v2 = 0 and for µ = v2, v3 we have

{r = r̃, v2 = 0} . However, for all these values the metric component gψψ vanishes and

leads to singular geometries. Hence, we will not examine Penrose limits for these singular

geometries.

We will now consider the motion along another symmetric direction φ1 . Consider the

relevant metric component as:

gφ1φ1 = L2

√
ln
(r
r̃

) [ 1

3
√

2
sin2 θ1 +

6
√

2

A
v2

2 cos2 θ1

]
. (5.68)

In this case the geodesic condition becomes:

∂µgφ1φ1 = 0 .

For µ = r , the geodesic condition provides {θ1 = (0, π), v2 = 0} . For µ = θ1 , we have

{r = r̃, θ1 = (0, π
2
, π)} . Similarly, for µ = v2, v3 the geodesic condition leads to {r = r̃, θ1 =
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π
2
, v2 = 0} . However, for the values r = r̃ , {θ1 = (0, π), v2 = 0} , the metric component gφ1φ1

vanishes and give singular geometries.

In the following first we will consider Penrose limit around the geodesic θ1 = π
2
, v2 = 0 = v3

and keeping the r -coordinate unchanged, i.e., r = c ; for some constant c 6= r̃ 6= 0. Consider

the following expansion around the above-mentioned geodesic with large L limit:

xi =
yi
L

; i = 1, 2, 3, r = c+
x

L
, θ1 =

π

2
+
z

L
, t = ax+ ,

φ1 = bx+ +
x−

L2
. (5.69)

In addition, we also rescale the T-dual coordinates v2 and v3 as v2 → v2

L
, v3 → v3

L

while keeping the ψ -coordinate unchanged. In the expansion a and b are some unknown

constant parameters. By imposing the null geodesic condition, we have the relation between

the parameters a, b with c as:

a2 =
b2

3c2
ln
(c
r̃

)
. (5.70)

Substituting the above expansion in the T-dual metric (5.63) and keeping the leading order

terms in L→∞ we have

ds2 =
1
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)
2bdx+dx− +
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c2√
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+
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)
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(
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))2

(
dv2
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2dψ

2
)

+
9
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1√
ln
(
c
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) dv2
3

− b2

3
√

2c2

√
ln
(c
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)[ x2

ln
(
c
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) + x2 + c2z2

]
(dx+)2 − L 2b2x

3c
ln
(c
r̃

)
(dx+)2 . (5.71)

The metric contains a divergent term with O(L) and that cannot be removed for any choice

of the parameters present in the metric. Also the null geodesic condition (5.70) inhibits to

set b = 0. Hence, motion along the isometric direction φ1 does not lead to any smooth

geometry.

As in the case of AdS5 × S5 and Klebanov-Witten backgrounds, we consider the null

geodesic that carries nonzero angular momentum. In order to find such a geodesic, we

consider motion in the (r, φ1) plane. We will confine our analysis in the neighbourhood of

θ1 = π
2

and v2 = v3 = 0. Consider the Lagrangian for a massless particle as in (4.10) and

substitute the background metric (5.63) we find

L =
L2

2

(
− 1√

2

r2√
ln
(
r
r̃

) ṫ2 +

√
2

r2

√
ln
(r
r̃

)
ṙ2 +

1

3
√

2

√
ln
(r
r̃

)
φ̇2

1

)
. (5.72)
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Now, in the Lagrangian (5.72) t and φ1 are cyclic coordinates and their corresponding

momenta will be conserved. Let −EL2 be the conserved momentum associated with t .

Then,

E = − 1

L2

∂L
∂ṫ

=
r2√

2 ln
(
r
r̃

) ṫ . (5.73)

Denoting −JL2 be the conserved momentum associated with the cyclic coordinate φ1 we

have

J = − 1

L2

∂L
∂φ̇1

= − 1

3
√

2

√
ln
(r
r̃

)
φ̇1 . (5.74)

The null geodesic condition i.e. L = 0 leads to:

ṙ2 +
3r2

ln
(
r
r̃

)J2 = E2 . (5.75)

Now we will examine the Penrose limit for the above null geodesic carrying angular

momentum J . We expand the T-dual metric around xi = 0, i = 1, 2, 3 , θ1 = π
2

and

v2 = v3 = 0. First we redefine the coordinates in the T-dual geometry as

xi =
yi
L

; i = 1, 2, 3, θ1 =
π

2
+
z

L
, v2 →

v2

L
, v3 →

v3

L
, (5.76)

while keeping the ψ -coordinate unchanged. We redefine the string coupling gs as gs = L3 g̃s ,

in order to keep the dilaton finite at the Penrose limit. Finally, we will consider the following

expansion :

dt = c1du, dr = c2du+ c3
dw

L
, dφ1 = c4du+ c5

dw

L
+ c6

dv

L2
, (5.77)

and subsequently take L→∞ limit. We need to fix the unknown coefficients ci . Imposing

the null geodesic condition determines the coefficients c1, c2 and c4 as follows:

c1 =
E
√

2

r2

√
ln
(r
r̃

)
,

c2 =

[
E2 − 3r2

ln
(
r
r̃

)J2

] 1
2

,

c4 = − 3
√

2√
ln
(
r
r̃

) J . (5.78)

Now we substitute the expansion (5.77) in the T-dual metric (5.63) and consider the

leading terms. At first, the expansion will contain divergent terms of O(L) as well as O(L2).
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Imposing the null geodesic condition automatically cancels the O(L2) terms each other. The

O(L) term can be removed upon setting the coefficients as:

c2c3 +
r2

6
c4c5 = 0 . (5.79)

Considering the value of c2 and c4 from (5.78) and substituting in the above equation one

can express the coefficient c3 in terms of c5 as

c3 =

[
E2 − 3r2

ln
(
r
r̃

)J2

]− 1
2

r2√
2 ln

(
r
r̃

) J c5 . (5.80)

The coefficient c5 can be determined by requiring the background fields to satisfy the Ein-

stein’s equations that we will present later. Finally, we fixed the only remaining coefficient

c6 . This is obtained by choosing the normalization factor of cross-term dudv in the metric

appropriately. Then we have

c6 = − 1

J
. (5.81)

Substituting the above expansion in T-dual metric (5.63), and subsequently taking the

limit L→∞ , we find

ds2 = 2dudv +
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In the following we will show that the above metric is a PP-wave geometry by rewriting it

in the standard Brinkmann form. Now in this limit, the NS-NS sector takes the form

B̂2 =
c5

3
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. (5.83)
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Similarly the field strengths corresponding to the RR sector become

F̂0 = 0 ,

F̂2 =
J

54g̃s
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du ∧ dz ∧ dψ ∧ dv2 . (5.84)

At Penrose limits, the NS-NS three-form field strength Ĥ3 has the expression

Ĥ3 =
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(5.85)

In order to get the above we used dr = c2du and the expression for the coefficient c2 is given

by (5.78).

Now in the following we will represent the metric and the background fields in the standard

Brinkmann form [33]. In order to do that we will follow the same formalism developed in [26]

and presented in (4.41)-(4.44). For the PP-wave metric studied in (5.82) we have
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(5.86)



62 CHAPTER 5. PENROSE LIMITS IN NATD BACKGROUND

Then after making the following replacement

y1 →
y1√
Ay1

, y2 →
y2√
Ay2

, y3 →
y3√
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(5.87)

we have

ds2 = 2dudv + dy2
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3 + dw2 + dz2 + dv2

2 + v2
2 dψ
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+
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(5.88)

where the functions Fi can be read from the expression (4.44).

Now we will consider the background fields in the Brinkmann form. The fields in the

NS-NS sector are given as
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Similarly, the RR field strengths become
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We will now show that these fields satisfy the Bianchi identities and the gauge field

equation of motion in type-IIA supergravity (A). For the background fields in (5.88)-(5.90),

the field strengths Ĥ3, F̂2 and F̂4 are all closed together with F̂0 as well as Ĥ3 ∧ F̂2 are

indeed zero. Hence, the Bianchi identities (A) are indeed satisfied.

The expression of Hodge duals for the above background fields are given by
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The above expressions provide that ?Ĥ3 and e−2Φ̂ ? Ĥ3 are closed. Also, F̂2 ∧ ?F̂4 and
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F̂4∧ F̂4 vanishes. Similarly, both ?F̂2 as well as ?F̂4 are exact in forms. In addition, Ĥ3∧ F̂4

and Ĥ3 ∧ ?F̂4 also vanishes. Hence the gauge field equations (A) in type-IIA supergravity

are also satisfied.

Now to find the undetermined coefficient c5 , we consider the Einstein’s equations in

type-IIA supergravity:

R̂µν + 2DµDνΦ̂ =
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together with the dilation equation

R̂ + 4D2Φ̂− 4(∂Φ̂)2 − 1

12
Ĥ2 = 0 . (5.93)

For the pp-wave geometry (in the Brinkmann form) the only non vanishing component of

Ricci tensor is R̂uu with the equation

R̂uu + 2DuDuΦ̂ =
1

4
Ĥ2
uu + e2Φ̂

[
1

2
(F̂ 2

2 )uu +
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12
(F̂ 2

4 )uu

]
. (5.94)

This equation involves the undetermined coefficient c5 in the expression of Ĥ2
uu . One can

solve this equation to determine the expression for the coefficient c5 .

Before going to discuss the field theory dual, in the following we will discuss the super-

symmetry preserved by the pp-wave background studied in (5.88)-(5.90). As like for the

AdS5 × S5 case, here also we introduce the Brinkmann coordinates X i as

dy2
i =

(
dX i

)2
; i = 1, 2, 3 , w = X4 , z = X5 ,

dv2
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2 dψ
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(
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(5.95)

Then, in these X i -coordinates the PP-wave background (5.88)-(5.90) takes the form

ds2 = 2dudv +
8∑
i=1

dX2
i +H du2 ,

Φ̂ = Φ(u) ,

Ĥ3 = f1(u) du ∧ dX5 ∧ dX4 − f2(u) du ∧ dX6 ∧ dX7 + f3(u) du ∧ dX8 ∧ dX5 ,

F̂2 = f4(u) du ∧ dX5 ,

F̂4 = f5(u) du ∧ dX5 ∧ dX7 ∧ dX6 , (5.96)

where for easy reading we introduce the notation

H = FijX
iXj =

[
FX1(X1)2 + FX2(X2)2 + FX3(X3)2 + FX4(X4)2
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r
r̃

)) 5
4

[
− ln

(r
r̃

)
+

1

2
ln
( r
r0

)( 1

15
ln
(r
r̃

)
− 1
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)]
, (5.97)

where the functions Fij are defined by

F11 = F22 = F33 = FXi ; i = 1, 2, 3 ,

F44 = FX4 , F55 = FX5 − 3
√

2√
ln
(
r
r̃

) J2 , F66 = FX6 , F77 = FX7 , F88 = FX8 .(5.98)

By considering the same frame notation as in (4.58), in this case we have

Φ̂ = Φ(u) ,

Ĥ3 = f1(u) e− ∧ e5 ∧ e4 − f2(u) e− ∧ e6 ∧ e7 + f3(u) e− ∧ e8 ∧ e5 ,

F̂2 = f4(u) e− ∧ e5 ,

F̂4 = f5(u) e− ∧ e5 ∧ e7 ∧ e6 . (5.99)

Here the supersymmetric variations of the dilatino and gravitino are given by

δλ̂ =
1

2
��∂Φ̂ε̂− 1

24
��̂Hσ3ε̂ +

1

8
eΦ̂

[
3

2
��̂F 2 (iσ2) +

1

24
��̂F 4σ1

]
ε̂ ,

δψ̂µ = Dµε̂−
1

8
ĤµνρΓ

νρσ3ε̂+
1

8
eΦ̂

[
1

2
��̂F 2 (iσ2) +

1

24
��̂F 4σ1

]
Γµε̂ , (5.100)

Here we use the same convention as in AdS5 × S5 case.
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First considering the dilatino variation to zero we obtain

Γ−

[
˙̂
Φ− 1

2

(
f1(u)Γ54 − f2(u)Γ67 + f3(u)Γ85

)
σ3 +

eΦ̂

4

(
3f4(u)Γ5 (iσ2) + f5(u)Γ576σ1

)]
ε̂ = 0 .

(5.101)

The above condition gives us Γ−ε̂ = 0. This states that the pp-wave background (5.96) pre-

serves 16 supercharges subject to gravitino variation. We now consider the supersymmetric

variation of gravitino. As the NS-NS three-form Ĥ3 does not have any leg along e+ and

Γ+ε̂ = Γ−ε̂ = 0, the variation δψ̂+ = 0 leads to ∂+ε̂ = 0. Hence we find that the Killing

spinor ε̂ is independent of v , i.e. ε̂ = ε̂(u,X i).

Finally we consider the variation δψ̂i ; i = 1, ..., 8. Set it to 0, we obtain

∂iε̂ = Γ−R ε̂ , (5.102)

where R is given by

R =
1

4

(
f1(u)

(
δi4Γ5 − δi5Γ4

)
− f2(u)

(
δi7Γ6 − δi6Γ7

)
+ f3(u)

(
δi5Γ8 − δi8Γ5

))
σ3

−e
Φ̂

8

(
f4(u)Γ5

(
iσ2

)
+ f5(u)Γ576σ1

)
Γi . (5.103)

Now, Γ− anticommutes with R and we also have Γ−ε̂ = 0. Then ∂iε̂ = 0 leads to ε̂ = χ(u)

with Γ−χ(u) = 0. Finally, the condition δψ̂− = 0 gives rise to

∂uχ(u)− 1

4

(
f1(u)Γ54 − f2(u)Γ67 + f3(u)Γ85

)
σ3χ(u)− eΦ̂

4

(
f4(u)Γ5

(
iσ2

)
+ f5(u)Γ576σ1

)
χ(u) = 0 .

(5.104)

The above can be written in the simple form ∂uχ(u)−M(u)χ(u) = 0, which can be integrated

to give rise

χ(u) = e
∫
duM(u)χ0 .

Hence, the supersymmetry discussion shows that the PP-wave background (5.88)-(5.90) pre-

serves 16 supercharges.

5.2.1 Gauge theory duals

In this section we will discuss the dual gauge theory for the pp-wave background studied

in (5.88)-(5.90). The dual gauge theory for the non-Abelian T-dual of Klebanov-Tseytlin

background has been discussed in [23]. The construction of the gauge theory is based on

the D -brane charges present in the dual background. It turns out that in the dual theory

the Seiberg duality is present much like as its seed background [23]. Here we will consider
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the Maxwell and Page charges for PP-wave background. We have shown that the RR field

strengths for the PP-wave background in Brinkmann coordinates are given by

F̂0 = 0 ,

F̂2 =
2(− 3

4
)

9
√

3 g̃s

J(
ln
(
r
r̃

)) 3
4

[
2

5
ln
(r
r̃

)
+ 24 ln

( r
r0

)
− 1

10

]
du ∧ dz ,

F̂4 =
2

7
4

3
√

3 g̃s

J(
ln
(
r
r̃

)) 5
4

v2

[
− ln

(r
r̃

)

+
1

2
ln
( r
r0

)( 1

15
ln
(r
r̃

)
− 1

60

)]
du ∧ dz ∧ dψ ∧ dv2 . (5.105)

In type-IIA theory, the Maxwell and page charge for various brane is given by

Q̂Max, D6 =
1√
2π2

∫
F̂2 ,

Q̂Max, D8 =
√

2

∫
F̂0 , (5.106)

and

Q̂Page, D6 =
1√
2π2

∫
F̂2 − B̂2F̂0 ,

Q̂Page, D8 =
√

2

∫
F̂0 . (5.107)

Now from (5.105) it is very straightforward to see the D8 charges are all zero. Also, the

Maxwell for D6-branes is the same as the Page charge of it. The Maxwell and Page charges

for D2-branes also vanish. We have

Q̂Max, D2 =
1

2k2
10TD2

∫
c6

F̂6 ,

Q̂Page, D2 =
1

2k2
10TD2

∫
c6

[
F̂6 − B̂2 ∧ F̂4 +

1

2
B̂2 ∧ B̂2 ∧ F̂2

−1

6
F̂0B̂2 ∧ B̂2 ∧ B̂2

]
. (5.108)

Keeping v2 as fixed, F̂4 and F̂6 are zero together with F̂0 as well as B̂2 ∧ F̂2 vanish for the

PP-wave background. Hence, from (5.107), we find that there is no longer any cascading

due to the large gauge transformation of B̂2 . This leads that the quiver theory dual to the

PP-wave geometry (5.88)-(5.90) correspond to the end point of the cascade.



Chapter 6

Penrose limits in non-Abelian T-dual

of AdS3 background

In this chapter we will discuss the Penrose limits in T-dual of AdS3 backgrounds. We will

consider both Abelian as well as non-Abelian T-dual of AdS3×S3×T 4 geometry and examine

the Penrose limits. The Penrose limits in Abelian T-dual geometry have been discussed

in [42]. The supersymmetry discussion of the PP-wave geometry is also provided and it

states that the resulting background preserves 16 supercharges. In our work [47], we consider

the non-Abelian T-dual background described in [46] as well as in Chapter 2 in the thesis

and inspect Penrose limits in the dualized geometry. In the following first we will revisit the

work in [42] subsequently discuss our work [47] for the non-Abelian T-dual solution.

6.1 Penrose limits in Abelian T-dual background

In this section we will discuss the Penrose limits in the Abelian T-dual of AdS3 × S3 × T 4

background. The T-dual geometry together with the background fields are presented in

Chapter 2 in the thesis. The Abelian T-duality acts along the fibre direction in S3 as

discussed in [42]. In the following we will examine the Penrose limits in the resulting geometry.

First recall the T-dual geometry as presented in Chapter 2 in the thesis. The metric of

the geometry is given by

ds2 = R2
(
− cosh2 ρ dt2 + dρ2 + sinh2 ρ dϕ2

)
+
R2

4

(
cos2 θ̄dψ̄2 + dθ̄2

)
+

4α′2

R2
dχ̄2 + ς

(
dx2

6 + dx2
7 + dx2

8 + dx2
9

)
(6.1)

The NS-NS sector of the background is described by a non-zero dilaton and NS-NS three-form

flux as

eΦ′ =
2R

glsN5

,

H3 = −α′ cos θ̄ dψ̄ ∧ dθ̄ ∧ dχ̄ . (6.2)

68



6.2. PENROSE LIMITS IN NON-ABELIAN T-DUAL BACKGROUND 69

The RR sector of the background is described by a two-form field strengths together with a

four-form field strengths

F2 = −1

4
glsN5 cos θ̄ dψ̄ ∧ dθ̄ ,

F4 = −2glsα
′N5 cosh ρ sinh ρ dt ∧ dρ ∧ dϕ ∧ dχ̄ . (6.3)

Now we inspect the Penrose limits in the background (6.1)-(6.3). To find the null geodesic

consider the motion of a particle with very speed along ψ̄ -direction in the dual background.

The null geodesic resides at θ̄ = 0 and at the origin of AdS3 geometry, ρ = 0 . Consider the

following expansion around the null geodesic ρ = θ̄ = 0:

t = x+ +
x−

R2
;
ψ̄

2
= x+ − x−

R2
; ρ =

z

R
;
θ̄

2
=
x̄4

2
; χ̄ =

Rx̄5

2α′
; ς

1
2xi = x̄i , (6.4)

and subsequently take R →∞ limit. In the leading order of the expansion the background

metric provides

ds2 = −4dx+dx− −
(
x̄2

2 + x̄2
3 + x̄2

2 + 4x̄2
4

)
dx+2 +

9∑
i=2

dx̄2
i . (6.5)

In the limit, the background dilaton vanishes and the NS-NS three-form flux takes the form

H3 = 2dx+ ∧ dx̄5 ∧ dx̄4 . (6.6)

The supersymmetry analysis for the above background is carried out in [42]. The vanishing

of transverse components of the gravitino projection states that the Killing Spinor ε is linear

in both along one light-cone direction x+ and the transverse coordinates x̄i . Subject to

dilatino variation and the periodicity condition of the light-cone coordinate x+ , it is shown

that the PP-wave geometry (6.5)-(6.6) preserves 16 supercharges [42].

6.2 Penrose limits in non-Abelian T-dual background

We will now turn our attention to the Penrose limits for the non-Abelian T-dual background.

First we recall the T-dual geometry along with the background fields as

dŝ2
NATD = 4L2ds2

(
AdS3

)
+ L2ds2

(
T 4
)

+
L2

4
dρ2 +

L2ρ2

4 + ρ2
dΩ2

2

(
θ, φ) , (6.7)

In the above metric we rescaled the ρ-coordinate as ρ → L2ρ to get L2 common factor in

the metric.

Due to the rescaling of the radial coordinate in the T- dual metric, the NS-NS sector of

the background takes form

e−2Φ̂ =
L6

4g2
s

(
4 + ρ2

)
, B̂2 = − L2ρ3

2
(
4 + ρ2

) sin θdθ ∧ dφ , (6.8)



70CHAPTER 6. PENROSE LIMITS IN NON-ABELIAN T-DUAL OF ADS3 BACKGROUND

similarly the field strengths in the RR sector become

F̂0 =
L2

gs
, F̂2 = − L4ρ3

2gs
(
4 + ρ2

) sin θdθ ∧ dφ , F̂4 = −L
6

gs
Vol
(
T 4
)
. (6.9)

In the following we will consider the motion of a particle of various isometric directions in

the T-dual geometry (6.7) and examine Penrose limits. It is straightforward to see that zi ’s

along the T 4 manifold are the symmetric directions. However, the geodesic condition (4.6)

for them is trivially satisfied. Hence we will not consider motion along the T 4 directions.

Now we turn our focus to the other symmetric direction in the T-dual geometry. The

background has U(1)-isometry along φ-direction. The relevant component of the metric is

given by

gφφ =
L2ρ2

4 + ρ2
sin2 θ . (6.10)

The metric component has a nontrivial dependence on ρ and θ coordinates. The geodesic

equation (4.6) for µ = ρ gives ρ = 0 and θ = {0, π} . Similarly for µ = θ , we get ρ = 0

and θ = {0, π
2
, π} . Among these values, we will not consider ρ = 0 and θ = {0, π} as for

these values the gφφ component vanishes. This leads us to the only possibility of considering

the motion of a particle carrying nonzero angular momentum in the (ρ, φ) plane. To find

such a geodesic we confine our discussion to the neighbourhood of r = 0 = zi and θ = π
2

.

Considering the same Lagrangian for a massless particle as in (4.10) and substituting the

background metric (6.7) we obtained

L =
L2

2

(
− 4ṫ2 +

1

4
ρ̇2 +

ρ2

4 + ρ2
φ̇2

)
. (6.11)

The above Lagrangian does not depend on the coordinates t and φ . Hence the corresponding

generalized momenta will be conserved. First consider the momentum conjugate to t as

∂L
∂ṫ

= −4L2ṫ . (6.12)

Thus, we have ṫ = const. Set the affine parameter u appropriately we have ṫ = 1. Now

consider the equation of motion of the generalized coordinate φ

∂L
∂φ̇

= L2 ρ2

4 + ρ2
φ̇ = const . (6.13)

Let J be the angular momentum associated with the motion along φ-direction we have

J = − ρ2

4 + ρ2
φ̇ . (6.14)

Imposing the geodesics to be null i.e. L = 0, we obtain the equation for ρ-coordinate as

ρ̇2 = 4

(
4− 4 + ρ2

ρ2
J2

)
. (6.15)
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This equation can be solved exactly and we obtain in a simple form

ρ2 =
4J2 + 4

(
J2 − 4

)2(
u+ cρ

)2

4− J2
, (6.16)

here cρ is the integration constant. One can set it to zero by redefining the parameter u .

Now in the following we obtain the Penrose limit for the above null geodesic around

r = 0 = zi and θ = π
2

with carrying angular momentum J . Before going to Penrose

expansion, we redefine the background coordinates as

r =
r̄

L
, zi =

yi
L

; i = 1, 2, 3, 4 , θ =
π

2
+
x

L
. (6.17)

We also rescale the string coupling as gs = L3g̃s , in order to keep the dilaton finite in this

limit. Finally, we consider the following expansion

dt = c1du , dφ = c2du+ c3
dw

L
+ c4

dv

L2
, dρ = c5du+ c6

dw

L
, (6.18)

and subsequently take L→∞ limit.

Now we will solve the coefficients ci in the above expansion. The null geodesic condition

determines three of the coefficients as follows

c1 = 1 , c2 = −4 + ρ2

ρ2
J , c5 = 2

[
4−

(
4 + ρ2

)
ρ2

J2

] 1
2

. (6.19)

Now we substitute the expansion (6.18) in the T-dual metric (6.7) and take the L→∞
limit. In the expansion, at first it contains diverging terms of order O(L2). By imposing

the null geodesic condition, they cancel each other. The expansion also contains the order of

O(L) terms. Those can be ruled away upon setting the coefficients ci as

c5c6 +
4ρ2

4 + ρ2
c2c3 = 0 . (6.20)

Now substitute the values of c2 and c5 from (6.19) in above we find

c3

c6

=
1

2J

[
4−

(
4 + ρ2

)
ρ2

J2

] 1
2

. (6.21)

Later we will show that the coefficient c3 can be determined from Einstein’s equations in

type-IIA supergravity. The only leftover coefficient c4 is fixed by considering the appropriate

normalization for the cross-term dudv and it leads to c4 = − 1
J

.

Now substitute the above results in the background metric (6.7) the leading terms provide

ds2 = 2dudv + 4dr̄2 + 4r̄2dχ2 + dy2
1 + dy2

2 + dy2
3 + dy2

4 +

(
c2

6

4
+

ρ2

4 + ρ2
c2

3

)
dw2

+
ρ2

4 + ρ2
dx2 −

(
4r̄2 +

4 + ρ2

ρ2
J2x2

)
du2 . (6.22)
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Now we will consider the Penrose limit for the remaining background fields in the NS-NS

sector as well as in the RR sector. In this limit the NS-NS two-form B̂2 and the dilaton takes

the form

B̂2 =
c3ρ

3

2
(
4 + ρ2

) dw ∧ dx ,
e−2Φ̂ =

1

4g̃2
s

(
4 + ρ2

)
. (6.23)

The NS-NS three-form field strength corresponding to the two-form B̂2 in this limit becomes

Ĥ3 = ρ

√
4ρ2 −

(
4 + ρ2

)
J2(

4 + ρ2
)2

[(
12 + ρ2

)
c3 + ρ

(
4 + ρ2

)
c′3

]
du ∧ dw ∧ dx , (6.24)

In the above we have used dρ = c5du and c5 is given by (6.19). In the Penrose limits, the

only RR two-form field strength is non-vanishing and given by the expression

F̂2 =
Jρ

2g̃s
dx ∧ du . (6.25)

The metric in (6.22) is not in the standard Brinkmann form [33]. In the following we will

transform it into the Brinkmann form by following [26] and also presented in (4.41)-(4.44).

For the pp-wave geometry in (6.22) we have the following Ai ’s

Ar̄ = 4 , Aw =
c2

6

4
+

ρ2

4 + ρ2
c2

3 , Ax =
ρ2

4 + ρ2
. (6.26)

Now we redefine the coordinates in (6.22) as

r̄ → r̄√
Ar̄

, w → w√
Aw

, x→ x√
Ax

and

v → v +
1

4

[
Ȧw
Aw

w2 +
Ȧx
Ax

x2

]
, (6.27)

then we get

ds2 = 2dudv + dr̄2 + r̄2dχ2 + dy2
1 + dy2

2 + dy2
3 + dy2

4 + dw2 + dx2

−

[
r̄2 +

(
(4 + ρ2)2

ρ4
J2 − Fx

)
x2 − Fww2

]
du2 , (6.28)

where functions Fi are determined using the expression (4.44).

Now we will express the background fields in the Brinkmann coordinates. The NS-NS

fields take the form

e−2Φ̂ =
1

4g̃2
s

(
4 + ρ2

)
,

Ĥ3 =

√
4ρ2 −

(
4 + ρ2

)
J2(

4 + ρ2
) 3

2

[(
12 + ρ2

)
c3 + ρ

(
4 + ρ2

)
c′3

][
c2

6

4
+

ρ2

4 + ρ2
c2

3

]− 1
2

du ∧ dw ∧ dx . (6.29)
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Similarly, the RR two-form RR field strength in Brinkmann coordinates becomes

F̂2 =
J

2g̃s

√
4 + ρ2 dx ∧ du . (6.30)

Now in the following we show that the above background indeed satisfies the equation of

motions and Bianchi identities in type-IIA supergravity. The background fields (6.29)-

(6.30) for the PP-wave geometry show that the NS-NS three form field strength Ĥ3 together

with F̂2 are closed. Also we have F̂0 = 0 = F̂4 . Thus the Bianchi identities (A) are trivially

satisfied.

Now consider the Hodge duals of the field strengths Ĥ3 and F̂2 as follows:

? Ĥ3 =

√
4ρ2 −

(
4 + ρ2

)
J2(

4 + ρ2
) 3

2

[(
12 + ρ2

)
c3 + ρ

(
4 + ρ2

)
c′3

][
c2

6

4
+

ρ2

4 + ρ2
c2

3

]− 1
2

du ∧ dΩ2 ∧ dy1 ∧ dy2 ∧ dy3 ∧ dy4 ,

? F̂2 =
J

2g̃s

√
4 + ρ2 du ∧ dΩ2 ∧ dy1 ∧ dy2 ∧ dy3 ∧ dy4 ∧ dw . (6.31)

Using the above expression it can be shown ?Ĥ3 ,
(
e−2Φ̂ ? Ĥ3

)
as well as ? F̂2 are all closed.

Hence, the gauge field equations (A) are satisfied indeed. In order to fixed the undetermined

coefficient c3 we consider the Einstein’s equations for type IIA supergravity:

R̂µν + 2DµDνΦ̂ =
1

4
Ĥ2
µν + e2Φ̂

[
1

2
(F̂ 2

2 )µν +
1

12
(F̂ 2

4 )µν −
1

4
gµν

(
F̂ 2

0 +
1

2
F̂ 2

2 +
1

4!
F̂ 2

4

)]
. (6.32)

together with the dilaton equation

R̂ + 4D2Φ̂− 4(∂Φ̂)2 − 1

12
Ĥ2 = 0 . (6.33)

In the Brinkmann form the only non-vanishing component of the Ricci tensor of PP-wave

geometry is R̂uu and it follows the equation

R̂uu + 2DuDuΦ̂ =
1

4
Ĥ2
uu +

1

2
e2Φ̂
(
F̂ 2

2

)
uu
. (6.34)

This indeed provides a nontrivial constraint involving the coefficient c3 due to the presence

of Ĥ2
uu and the coefficient c3 can be determined by solving this equation.

Now we will discuss the number of supersymmetries preserved by the pp-wave background

studied in (6.28)-(6.30). As like the earlier case, first we introduce the Brinkmann coordinates

X i as follows

dr̄2 + r̄2dχ2 =
(
dX i

)2
; i = 1, 2 , yi = X i ; i = 3, 4, 5, 6 ,

w = X7 , x = X8 .

(6.35)
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In these X i coordinates, the PP-wave background in (6.28)-(6.30) becomes

ds2 = 2dudv +
8∑
i=1

dX2
i +H du2 ,

Φ̂ = Φ(u) ,

Ĥ3 = f1(u) du ∧ dX7 ∧ dX8 ,

F̂2 = f2(u) dX8 ∧ du . (6.36)

where we have introduced the notations

Φ(u) =
1

2
ln

[
4g̃2

s

4 + ρ2

]
,

H =
8∑

i,j=1

FijX
iXj ; Fij = Fji ,

f1(u) =

√
4ρ2 −

(
4 + ρ2

)
J2(

4 + ρ2
) 3

2

[(
12 + ρ2

)
c3 + ρ

(
4 + ρ2

)
c′3

][
c2

6

4
+

ρ2

4 + ρ2
c2

3

]− 1
2

,

f2(u) =
J

2g̃s

√
4 + ρ2 . (6.37)

The functions Fij are given by the expressions

F11 = F22 = −1 ,

F77 = Fw , F88 = Fx −
(4 + ρ2)2

ρ4
J2 . (6.38)

Assigning the same frame notation as in (4.58), here we obtained

Φ̂ = Φ(u) ,

Ĥ3 = f1(u) e− ∧ e7 ∧ e8 ,

F̂2 = f2(u) e8 ∧ e− . (6.39)

Let us now focus on the supersymmetric variations for the dilatino and gravitino as

δλ̂ =
1

2
��∂Φ̂ε̂− 1

24
��̂Hσ3ε̂ +

3

16
eΦ̂

��̂F 2 (iσ2) ε̂ ,

δψ̂µ = Dµε̂−
1

8
ĤµνρΓ

νρσ3ε̂+
1

16
eΦ̂

��̂F 2 (iσ2) Γµε̂ . (6.40)

Considering the same convention as like in AdS5 × S5 case and setting the dialton variation

to zero we find

Γ−

[
˙̂
Φ− 1

2
f1(u)Γ78σ3 −

3eΦ̂

4
f2(u)Γ8 (iσ2)

]
ε̂ = 0 .

(6.41)
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The above leads to the solution Γ−ε̂ = 0. This states that the pp-wave solution (6.36) we

studied here preserves 16 supercharges. We will now proceed to solve the spinor conditions

for the gravitino variation. We need to solve δψ̂µ = 0 for µ = +,−, i . Now from the

NS-NS three form flux, we have Ĥ+µν = 0 for all µ, ν . Considering this and together with

the condition Γ+ε̂ = Γ−ε̂ = 0, the variation δψ̂+ = 0 provides that the Killing spinor ε̂ is

independent of the light cone coordinate v , i.e., ∂+ε̂ = 0. Thus, we have ε̂ = ε̂(u,X i).

Now we consider the variations δψ̂i , i = 1, ..., 8. Set it to zero, we find

∂iε̂ = Γ−R ε̂ , (6.42)

where the notation R is given by

R =
1

4
f1(u)

(
δi8Γ7 − δi7Γ8

)
σ3 +

eΦ̂

8
f2(u)Γ8

(
iσ2

)
Γi . (6.43)

Now it can be shown that Γ− anticommutes with R and we also have Γ−ε̂ = 0. Then the

above provides ε̂ = χ(u) for some χ(u) such that Γ−χ(u) = 0.

Finally solving the condition δψ̂− = 0 we find

∂uχ(u)− 1

4
f1(u)Γ78σ3χ(u) +

eΦ̂

4
f2(u)Γ8

(
iσ2

)
χ(u) = 0 . (6.44)

Introducing the matrix M(u) as

M(u) =
1

4

(
f1(u)Γ78σ3 − eΦ̂f2(u)Γ8

(
iσ2

))
(6.45)

the above will take simplified form

∂uχ(u)−M(u)χ(u) = 0 . (6.46)

This equation can be integrated and lead to χ(u) = e
∫
duM(u)χ0. Hence, the supersymmetry

analysis shows that the PP-wave background (6.36)-(6.38) preserves 16 supercharges.

6.3 Field theory dual

The dual field theory corresponds to the non-Abelian T-dual background has been studied

in [46]. The dual field theory is based on the intersecting branes and the holographic central

charge matches with the field-theoretic central charge discussed in [46]. The BMN operators

corresponding to PP-wave background belong to a class of operator resides in the quiver

gauge theory. In the following we will consider the brane charges for the PP-wave background

discussed in (6.28)-(6.30). In type IIA supergravity the expressions of Page charges of various
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D-branes are given by [25]

Q̂page,D6 =
1

2κ2
10TD6

∫
C2

F̂2 − F̂0B̂2 ,

Q̂page,D4 =
1

2κ2
10TD4

∫
C4

F̂4 − B̂2 ∧ F̂2 +
1

2
F̂0B̂2 ∧ B̂2 ,

Q̂page,D2 =
1

2κ2
10TD2

∫
C6

F̂6 − B̂2 ∧ F̂4 +
1

2
B̂2 ∧ B̂2 ∧ F̂2 −

1

6
F̂0B̂2 ∧ B̂2 ∧ B̂2 ,

Q̂page,D8 =
1

2κ2
10TD8

∫
F̂0 , (6.47)

and the Maxwell charges are given by [23]

Q̂Max,D6 =
1√
2π2

∫
C2

F̂2 ,

Q̂Max,D4 =
1√
2π2

∫
C4

F̂4 ,

Q̂Max,D2 =
1√
2π2

∫
C6

F̂6 ,

Q̂Max,D8 =
√

2

∫
F̂0 . (6.48)

Here Cn is the n-cycle admits by the corresponding geometry. The background also carries

NS5 branes with charge

Q̂NS5 =
1

4πα′

∫
C3

Ĥ3 . (6.49)

Substituting the values of the field strengths for the PP-wave solution in (6.28)-(6.30), we

find the non-vanishing charges

Q̂page,D6 = Q̂Max,D6 =
1

2κ2
10TD6

∫
C2

F̂2 ,

Q̂NS5 =
1

4πα′

∫
C3

Ĥ3 , (6.50)

This indicates that at the Penrose limit we have only D6 and NS5 branes. Hence, The

BMN operators corresponding to the holographic dual of the pp-wave geometry will reside

in this quiver theory governed by intersecting configuration of D6 and NS5 branes.



Chapter 7

Heterotic Double Field Theory,

Generalized Kerr-Schild and its

double Yang-Mills formulation

In this Chapter we will discuss our work [57] on the Heterotic version of the Double Field

Theory (DFT). First we will review the basic construction of Heterotic Double Field Theory

and then we will study the Kerr-Schild ansatz in this context. It has been quite well known for

a long time that the Abelian T-duality is an exact symmetry of string theory of all order of the

expansion parameter α′ [9]. However, this symmetry does not manifest from the spacetime

action of any versions of the superstring theories. In the framework of Double Field Theory,

the low energy version of string theories namely known as supergravity limit can be written

in a duality invariant fashion [48,49,64,65,66,67]. In our work and in this thesis we consider

the low energy limit of the heterotic string and its formulation in the framework of double

field theory. The canonical approach to study heterotic DFT was discussed in detail in [51].

It is shown that the construction is based on the D -dimensional metric tensor g , NS-NS

two form field B2 field and a non-Abelian gauge field A i.e. H = H(g,B2, A) [68]. Here

H is known as generalized metric which is a multiplet of the corresponding symmetry group

in the theory. In addition to the H , the theory is contained with the generalized dilaton

d and these are the fundamental fields of heterotic DFT. The frame formalism of heterotic

DFT was introduced in [69], where the associated generalized frame has field dependence

E = H(g,B2, A)

In DFT, the generalized metric formulation and generalized frame formulation are not

always equivalent [70]. As like in general relativity, the generalized frame contains extra

degrees of freedom leads to a gauge fixing procedure that some components of this frame field

are fixed and extra conditions appear if/when, for instance, one desires to work considering

perturbations around a background. One simple and powerful proposal to explore this idea

is the generalized Kerr-Schild ansatz (GKSA). For the case of ordinary DFT, GKSA was

introduced in [53] and its heterotic version was discussed in [54]. In both cases, the ansatz

describes a linear perturbation around H or E by considering a pair of null vectors together

77
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with an arbitrary perturbation for the generalized dilaton d . Upon parametrization at the

supergravity level, the ansatz gives rise to the perturbations around the background go along

with the NS-NS two-form gauge field Bo and the background gauge field, Ao as follows

gµν = goµν −
κ

1 + 1
2
κl.l̄

l(µl̄ν) (7.1)

bµν = boµν −
κ

1 + 1
2
κl.l̄

l[µ(l̄ν] −
1√
2
jiAν]

i) (7.2)

Aµi = Aoµi +
1√
2

κ

1 + 1
2
κl.l̄

lµji , (7.3)

where κ is the order parameter of the expansion, l is a null vector and l̄ and j satisfy the

condition

l̄2 + j2 = 0 . (7.4)

Both l and l̄ are pair of null geodesics and together with j satisfy geodesic equations.

The above relations simplify the dynamics partially and can be easily imposed at the DFT

level [54]. Interestingly, the perturbations in (7.1)-(7.3), along with the perturbation of the

background dilaton, integrate a family of theories that can be described using the GKSA.

Such like the charged black string discussed in [71] and the charged dilaton black hole geom-

etry discussed in [72], both of them studied in detail by considering the generalized metric

formalism [54]. The case j = 0 and l = l̄ is described by the ordinary Kerr-Schild ansatz [73].

However, the family of theories that can be studied using the GKSA in the generalized

frame formalism of DFT is slightly smaller than the theories that can be described in the

generalized metric formulation, since the gauge fixing condition forces j = 0, and then

both l and l̄ are null vectors. In the following first we rewrite the heterotic DFT in a

double Yang-Mills forms by following [74]. We write the O(D,D+K) multiplets in heterotic

DFT in terms of O(D,D) multiplets. The advantage of this formulation is that it in a

generalized gauge field at the DFT level and one can study the perturbations of this field

before parametrization, irrespective of the fundamental fields of the theory. In order to study

perturbations we consider the relaxed version of GKSA introduced in [58]. At the very end,

we discuss the double copy correspondence in this formulation.

7.1 Review of Heterotic Double Field Theory and Gen-

eralized Kerr-Schild Ansatz

In this section we discuss the basic notions of Heterotic Double Field Theory and its double

Yang-Mills formulation. The Heterotic DFT is defined on double spacetime coordinates:

XM ; where M = 0, . . . , D− 1 +K , and K is the dimension of the corresponding heterotic

gauge group. The XM transforms under the fundamental representation of the underlying

symmetry group G = O(D,D + K). The theory is invariant under a global G symmetry
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which reads

δGVM = VNh
N
M , (7.5)

VM is a generic G-multiplet and h ∈ O(D,D+K) is the G-parameter. The invariant metric

of G is ηMN ∈ G . The G-invariance constraint the hMN as

hMN = −hNM . (7.6)

In the theory the Infinitesimal generalized diffeomorphisms are governed by the generalized

version of the Lie derivative and the transformation takes the form

L̂ξVM = ξN∂NVM + (∂Mξ
N − ∂N ξM)VN + fMNPξ

NV P + t∂Mξ
M , (7.7)

here VM is an arbitrary generalized tensor in the theory, t is a weight constant of the tensor

and fMNP is the generalized structure constants that satisfy the anti-symmetric conditions

fMNP = f[MNP] , f[MN
RfP]R

Q = 0 . (7.8)

The strong constraint is given by

∂MA ∂MB = 0 , (7.9)

∂M(∂MA) = 0 , (7.10)

fMNP∂MB = 0 . (7.11)

These conditions indeed to ensure the closure of the generalized diffeomorphisms. Here A

and B are generic fields or parameters that appear in the heterotic DFT.

For a vector field VN , the covariant derivative takes the form

∇MVN = ∂MVN − ΓMN
PVP , (7.12)

where ΓMNP is a generalized affine connection. The metric compatibility in this framework

is given by the expression

∇MHNP = 0 , ∇MηNP = 0 , (7.13)

which gives rise

Γ[MNP] = 0 , (7.14)

the above determines some projections of the generalized affine connection [75].

The theory is also invariant under the local double Lorentz H = O(D− 1, 1)L×O(1, D−
1 +K)R symmetry governed by the generalized parameter ΓAB where A = (A,A) splitting

into O(D − 1, 1)L and O(1, D − 1 + K)R vector indices, A = A = 0, . . . , D − 1 and A =

(A, i) = 0, . . . , D − 1 +K , i.e.,

δHVA = VBΓBA , (7.15)



80CHAPTER 7. HETEROTIC DOUBLE FIELD THEORY, GKSA AND ITS DOUBLE YM

where H is a generic vector. The H-invariance of ηAB leads to ΓAB = −ΓBA .

In terms of generalized frame picture, the fundamental fields of the theory contained a

generalized frame EMA and a generalized background dilaton d . The frame-formulation of

DFT leads to the existence of two constant, symmetric and invertible H-invariant metrics

ηAB and HAB . The first one is used to raise and lower the indices that are rotated by H and

the latter one is constrained according to

HACHCB = δBA . (7.16)

In addition, the generalized frame is constrained to relate the metrics ηAB and ηMN and

defines a generalized metric HMN from HAB

ηAB = EMAηMNENB , HMN = EMAHABENB . (7.17)

As the generalized metric HMN is also an element of O(D,D +K), it satisfies

HMPηPQHQN = ηMN . (7.18)

The projector operators in DFT take the form

PMN =
1

2
(ηMN −HMN ) and PMN =

1

2
(ηMN +HMN ) . (7.19)

The action of a flat covariant derivative acting on a generic vector VB is given by

DAVB = EAVB + ωAB
CVC , (7.20)

where EA =
√

2EMA∂M and ωAB
C is the generalized spin connection that follows

ωABC = −ωACB and ωABC = ωABC = 0 . (7.21)

However unlike general relativity, in DFT we cannot fully determine a generalized spin

connection, ωABC . Only the totally antisymmetric and trace parts of ωABC can be represented

in terms of generalized frame and the generalized dilaton, i.e.

ω[ABC] = −E[AENBENC] −
√

2

3
fMNPEMAENBEPC ≡ −

1

3
FABC , (7.22)

ωBA
B = −

√
2e2d∂M(EMAe−2d) = −FA . (7.23)

The generalized metric formulation, the O(D,D + K) invariant DFT action takes the

form

S =

∫
d2D+KXe−2dL , (7.24)
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where,

L =
1

8
HMN∂MHKL∂NHKL −

1

2
HMN∂NHKL∂LHMK

+4HMN∂Md∂Nd− 2∂MHMN∂Nd−
1

2
fMNKHNPHKQ∂PHMQ

− 1

12
fMKPf

N
LQHMNHKLHPQ

−1

4
fMNKf

N
MLHKL −

1

6
fMNKfMNK . (7.25)

Up to some total derivative, the same Lagrangian (7.25) can be written in terms of

generalized fluxes as

2EAFA + FAFA −
1

6
FABCFABC −

1

2
FABCFABC . (7.26)

The equations of motion from the varying the action we obtained

R =
1

8
HMN∂MHKL∂NHKL −

1

2
HMN∂NHKL∂LHMK + 4HMN∂M∂Nd

+4∂MHMN∂Nd− 4HMN∂Md∂Nd− ∂M∂NHMN −
1

2
fMNKHNPHKQ∂PHMQ

− 1

12
fMKPf

N
LQHMNHKLHPQ −

1

4
fMNKf

N
MLHKL

−1

6
fMNKfMNK = 0 , (7.27)

along with generalized Ricci tensor

RMN = PM
PKPQP

Q
N + PM

PKPQPQN = 0 , (7.28)

where

KMN =
1

8
∂MHKL∂NHKL −

1

4
(∂L − 2∂Ld)

(
HLK∂KHMN

)
+ 2∂M∂Nd

−1

2
∂(MHKL∂LHN )K +

1

2
(∂L − 2∂Ld)

(
HKL∂(MHN )K +HK(M∂KHLN )

)
+

1

2
f(ML

KHLP∂PHN )K −
1

2
f(ML

KHLP∂N )HPK −
1

4
fML

KfNK
L

+
1

2
e2d∂P(e−2dHLPHQ(M)fN )L

Q − 1

4
fMK

PfNL
QHKLHPQ . (7.29)

This completes the discussion on the basic construction of heterotic DFT. In this formu-

lation there is no signature of the gauge field as it is encoded in the generalized metric (or

in frame) and the gauge symmetry is embedded in the generalized diffeomorphisms.
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7.2 Heterotic Kerr-Schild ansatz in metric formulation

Now we introduce Kerr-Schild ansatz in the context of Heterotic DFT. First we will discuss

the metric formulation of it. The formulation of the GKSA for heterotic DFT describes exact

and linear perturbation of the generalized background metric [54]

HMN = HoMN + κ(KMKN +KMKN ) , (7.30)

where KM = PMNKN and KM = PMNKN are a pair of generalized null vectors satisfy

ηMNKMKN = 0 ,

(7.31)

ηMNKMKN = 0 . (7.32)

According to (7.30), the corresponding DFT projectors are perturbed as follows,

PMN = PoMN −
1

2
κ(KMKN +KMKN )

PMN = PMN +
1

2
κ(KMKN +KMKN ) . (7.33)

In addition, the generalized background dilaton can be perturbed with a generic κ expansion

given by

d = do + κf , f =
∞∑
n=0

κnfn . (7.34)

Following the ordinary Kerr-Schild ansatz [73], the generalized vectors KM , KM and f

obey some conditions to produce finite deformations in the DFT action and EOM’s. Following

the original construction of the GKSA [53] we impose the following,

KP∂PKM +KP∂MK
P −KP∂PK

M
= 0 ,

KP∂PK
M

+KP∂MKP −K
P
∂PKM = 0 , (7.35)

and

KM∂Mf = KM∂Mf = 0 . (7.36)

Using (7.14), and change ∂ → ∇ in (7.35) we have ,

KP∇PKM +KP∇MK
P −KP∇PK

M
= 0 ,

KP∇PK
M

+KP∇MKP −K
P∇PKM = 0 . (7.37)

In order to read heterotic supergravity, we parametrized the generalized metric as

HMN =

 gµνo −gµρo Coρν −gµρo Aoρi
−gνρo Coρµ goµν + CoρµCoσνg

ρσ
o + Aoµ

iκijAoν
j Coρµg

ρσ
o Aoσi + Aoµ

jκji
−gνρo Aoρi Coρνg

ρσ
o Aoσi + Aoν

jκij κij + Aoρig
ρσ
o Aoσj

 , (7.38)
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where Coµν = boµν+ 1
2
Aoµ

iAoνi and µ = 0, . . . , D−1, i = 1, . . . , K , while the parametrization

of the generalized background dilaton is given by

e−2do =
√
−goe−2φo . (7.39)

In addition, the generalized vectors KM and KM can be parametrized as

KM =
1√
2

 lµ

−lµ − Coρµlρ
−Aoρilρ

 , K̄M =
1√
2

 l̄µ

l̄µ − Coρµl̄ρ −
√

2Aoµij
i

−Aoρil̄ρ +
√

2ji

 , (7.40)

with l and l satisfy,

lµl
µ = 0 , (7.41)

lµl
µ

+ jiji = 0 . (7.42)

These satisfy geodesic conditions, which are inherited from generalized conditions at the DFT

level.

Finally, the perturbations of the heterotic supergravity field are given by

gµν = goµν −
κ

1 + 1
2
κl.l̄

l(µl̄ν) (7.43)

bµν = boµν −
κ

1 + 1
2
κl.l̄

l[µ(l̄ν] −
1√
2
jiAν]

i) (7.44)

Aµi = Aoµi +
1√
2

κ

1 + 1
2
κl.l̄

lµji (7.45)

φ = φo + κf , (7.46)

where we keep the same notation for the perturbation of the standard dilaton. While the

ordinary Kerr-Schild ansatz is based on linear perturbations on the metric tensor, the gen-

eralized Kerr-Schild ansatz contains a tower of perturbations due to l.l 6= 0. Moreover, only

l is a null vector when the gauge sector is taken into account.

In the next part we discuss about an obstruction when the generalized frame formulation

is used. Here, the background gauge field Aoµi cannot be perturbed when one considers

heterotic DFT written in terms of a fundamental O(D,D +K) covariant frame.

7.2.1 Heterotic Kerr-Schild ansatz in frame formulation

The generalized Kerr-Schild ansatz for the DFT frame is given by,

EMA = EoMA +
1

2
κEoNAKMK

N
,

EMA = EoMA −
1

2
κEoNAKMKN . (7.47)
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In the frame formulation of DFT, by imposing conditions (7.35) and (7.36) we have [56]

KAEAK
C

+KAKBFABC = 0 ,

KAEAKC +KAKBFABC = 0 , (7.48)

and

KAEAf = KAEAf = 0 , (7.49)

where KA = EMAKM and KA = EMAKM .

Using these identifications, conditions (7.48) and (7.49) can be written as

KADAK
B

= KADAKB = 0 ,

KADAf = KADAf = 0 , (7.50)

where DA is a background Lorentz covariant derivative.

The parametrization of the generalized background frame takes the form

EMA =
1√
2

−eoµa − Coρµeρoa eµo a −Aoρieρoa ,
eoµa − Coρµeρoa eµo a −Aoρieρoa√

2Aoµie
i
i 0

√
2eii

 , (7.51)

and we impose the standard gauge fixing for the double Lorentz group,

eoµaη
abeoνb = eoµaη

abeoνb = goµν , (7.52)

with ηab the ten dimensional flat metric, a, b = 0, . . . , D − 1.

Since Eµī cannot be perturbed, we are forced to impose ji = 0 from the very beginning.

Then, the parametrization of the generalized vector fields is

KM =
1√
2

 lµ

−lµ − Coρµlρ
−Aoiρlρ

 , KM =
1√
2

 l̄µ

l̄µ − Coρµl̄ρ
−Aoiρl̄ρ

 (7.53)

In this framework, both l and l are null vectors in order to preserve the condition

Eµī = 0 . (7.54)

Then, it is possible to recover perturbations for the supergravity fields but part of the per-

turbations of the b-field and the full perturbation for the gauge field are missed.

In the next section we rewrite heterotic DFT in terms of O(D,D) fundamental fields in

order to present a double Yang-Mills formulation of this theory. The leading order terms of

the construction are closely related to the construction given in [74].
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7.3 Double Yang-Mills formulation

We start by considering the splitting of heterotic DFT. We parametrize the O(D,D + K)

generalized frame in terms of O(D,D) multiplets, i.e.,

EMA =

(
EMA EMᾱ

EαA Eαᾱ
)

=

(
(χ

1
2 )M

NEN
A −AMβeβ

α

AMαEM
A (�

1
2 )α

βeβ
α

)
, (7.55)

where eα
α satisfies

eα
ακαβeβ

β = καβ , (7.56)

eαακαβe
β
β = καβ . (7.57)

Where χMN and �αβ are defined as follows

χMN = ηMN − AMαANα , �αβ = καβ − AMαA
M
β , (7.58)

and we also impose

EMAAMα = 0 (7.59)

which requires a gauge fixing. Similarly, the projectors PMN , PMN and PAB , PAB are

decomposed as

PMN =

PMN 0 0

0 0 0

0 0 0

 , PMN =

0 0 0

0 PMN 0

0 0 καβ

 , (7.60)

PAB =

PAB 0 0

0 0 0

0 0 0

 , PAB =

0 0 0

0 PAB 0

0 0 καβ

 . (7.61)

In [76], the ansatz (7.55) was used to obtain α′ -corrections. There, the authors consid-

ered that the AMα is not a fundamental field and, consequently, they identified it with some

projections of the DFT fluxes. Here we follow a different philosophy. We consider AMα as a

fundamental field and we construct a double Yang-Mills action. Moreover, the parametriza-

tion of this field gives rise to the ordinary Yang-Mills connection Aµi . As we previously

mentioned,
{
EMA, AMα, d

}
are now the fundamental fields of this alternative formulation

of heterotic DFT. Similarly, the symmetry rules given by ξ̂M and ΓAB must be decomposed

in a consistent way.

The symmetry transformations of the O(D,D +K) fields are given by

δEMA = ξ̂N∂NEMA + (∂Mξ̂
P − ∂P ξ̂M)EPA + fMNP ξ̂

NEPA + EMBΓBA , (7.62)

δd = ξ̂N∂Nd−
1

2
∂Mξ̂

M , (7.63)
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where fMNP only takes values when MNP = αβγ . The ∂M derivative is split according

to ∂M = (∂M , 0) and the O(D,D) strong constraint is

∂MA∂
MB = 0 , (7.64)

∂M(∂MB) = 0 . (7.65)

The generalized diffeomorphisms parameter is split accordingly

ξ̂M = (ξ̂M , λα) , (7.66)

with λα a gauge parameter.

Some of the components of the double Lorentz parameter, ΓAB , require a gauge fixing to

ensure δEαA = 0 and δei
i = 0. From the former we find,

Γβ
A = (�−1/2)αβe

β
β(∂Pλα)EP

A . (7.67)

Similarly, we can now demand δEαα = δ(�
1
2 )α

βeβ
α , and then δeα

α = 0. The previous

condition is satisfied if

Γβα = (�−1/2)αβe
β

[β

(
− ξ̂P∂PEαα] + ∂PλαEPα] − fαδγλδEγα]

)
. (7.68)

Equations (7.67) and (7.68) are the gauge fixing conditions that we need to write heterotic

DFT in terms of fields which are in representations of O(D,D).

7.3.1 Transformation rules

First we define the field

CMα = −AMβ(�−
1
2 )βα (7.69)

which is constrained by EM
ACMα = 0. In addition we also define

∆αβ = καβ + CMαC
M
β (7.70)

ΘMN = ηMN + CM
αCNα . (7.71)

with satisfy

∆αβ = (�−1)αβ , ΘMN = (χ−1)MN . (7.72)

There relations are useful to write the action principle in terms of AMα or in terms of CMα .

Considering the transformation of δEMA = δEMA and rewriting in terms of the CMα field

we obtain,

δEMA = Lξ̂EMA + EM
BΛBA + CM

γ∂PλγEPA , (7.73)
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where we have identified as

ΓAB = ΛAB . (7.74)

Now we turn on the frame projection δEMA ,

δEMA = δ(χ
1
2 )M

NEN
A + (χ

1
2 )M

NδEN
A . (7.75)

By using the previous results we find,

δENA = Lξ̂ENA + EN
BΓBA − (Θ

1
2 )MN

(
∂Mλ

αCR
β(∆

1
2 )βα + δΛ(Θ−

1
2 )M

R
)
ERA . (7.76)

The above expressed needs a parameter redefinition to express it in a generalized Green-

Schwarz form. We define

QN
R = (Θ

1
2 )MN

(
∂Mλ

αCR
β(∆

1
2 )βα + δΛ(Θ−

1
2 )M

R
)
ERA , (7.77)

and SMN = PM
P∂Pλ

αCNα −QMN , in order to identify the following

ΓAB = ΛAB − EM
ASMNE

N
B . (7.78)

Then in terms of the previous parameter, the transformation of this component takes the

form,

δENA = Lξ̂ENA + EN
BΛBA − ∂NλαCR

αERA . (7.79)

Together with the transformation of CMα reads

δCM
γ = Lξ̂CM

γ + ∂Mλ
γ − (�−1)γα∂Mλα + CM

α∂PλαCP
γ − CMαfαβ

γλβ . (7.80)

7.3.2 Flux formulation

Now in this section we will write the Fluxes in the terms of O(D,D) multiplets. The

O(D,D+K) invariant fluxes [77] can be written in terms of O(D,D) multiplets by following

(7.55) as

FABC = 3
√

2(χ
1
2 )MPE

P
[A

(
∂M((χ

1
2 )NQEQB)(χ

1
2 )NRE

R
C] + ∂MAB

αAC]α

)
+
√

2fαβγAAαABβACγ , (7.81)

FABC =
√

2EM
A∂M((χ

1
2 )NQEQB)(χ

1
2 )NRE

R
C + 2

√
2(χ

1
2 )MPE

P
[C∂M(EN

A)(χ
1
2 )NRE

R
B]

+2
√

2EM
A∂M(A[B

α)AC]α , (7.82)

FαBC = −
√

2AM [αe
α
α∂M((χ

1
2 )NQEQB)(χ

1
2 )NRE

R
C + 2

√
2(χ

1
2 )MPE

P
[C∂M((�

1
2 )αβe

β
α)AB]

α

+
√

2AMβe
β
α∂MAB

αACα +
√

2fαβγ(�
1
2 )αδeδαABβACγ , (7.83)

FA =
√

2∂M((χ
1
2 )MPEPA)− 2

√
2(χ

1
2 )MPEPA∂Md . (7.84)

where ABα = AMαE
M
B . The remaining projections can be decomposed in the same way.
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7.3.3 Action principle

Now we will write the components of the O(D,D + K) generalized metric in terms of the

following O(D,D) multiples {HMN , AMα} (similarly to the decomposition given in [78]). In

our conventions,

HMN = HMN + 2AMαAN
α = HMN + 2ηMN − 2(Θ−1)MN , (7.85)

HMβ = −2(χ
1
2 )M

PAPβ = 2CMβ , (7.86)

HαN = −2(χ
1
2 )N

QAQα = 2CNα , (7.87)

Hαβ = καβ − 2AMαAMβ = −καβ + 2(∆−1)αβ . (7.88)

Then the decomposed DFT Lagrangian takes the form

L =
1

8
HMN∂MHKL∂NHKL +

1

4
HMN∂MHKα∂NHKα +

1

8
HMN∂MHαβ∂NHαβ

−1

2
HMN∂NHKL∂LHMK −

1

2
HMN∂NHβK∂KHMβ −

1

2
HαK∂KHMN∂NHαM

−1

2
HαK∂KHβN∂NHαβ + 4HMN∂Md∂Nd− 2∂MHMN∂Nd−

1

2
fαβγHβMHγN∂MHαN

−1

2
fαβγHβMHγλ∂MHαλ −

1

12
fαβγf

λ
µρHαλHβµHγρ − 1

4
fαβγf

β
αλH

γλ − 1

6
fαβγfαβγ ,

(7.89)

and the double Yang-Mills action principle leads the following form,

S =

∫
d2DXe−2d

(1

8
(HMN − 2(Θ−1)MN)∂M(HKL − 2(Θ−1)KL)∂N(HKL − 2(Θ−1)KL)

+(HMN − 2(Θ−1)MN)∂MC
Kα∂NCKα +

1

2
(HMN − 2(Θ−1)MN)∂M(∆−1)αβ∂N(∆−1)αβ

−1

2
(HMN + 2ηMN − 2(Θ−1)MN)∂N(HKL − 2(Θ−1)KL)∂L(HMK − 2(Θ−1)MK)

−2(HMN + 2ηMN − 2(Θ−1)MN)∂NC
Kβ∂KCMβ − 2CKα∂K(HMN − 2(Θ−1)MN)∂NCMα

−4CKα∂KC
Nβ∂N(∆−1)αβ + 4(HMN − 2(Θ−1)MN)∂Md∂Nd− 2∂M(HMN − 2(Θ−1)MN)∂Nd

−4fαβγC
MβCNγ∂MCNα − 2fαβγC

Mβ(−κγλ + 2(∆−1)γλ)∂M(∆−1)αλ

− 1

12
fαβγf

λ
µρ(−καλ + 2(∆−1)αλ)(−κβµ + 2(∆−1)βµ)(−κγρ + 2(∆−1)γρ)

−1

4
fαβγf

β
αλ(−κ

γλ + 2(∆−1)γλ)− 1

6
fαβγfαβγ

)
. (7.90)

The dynamics of the above system can be figure out by varying the previous Lagrangian or

splitting the equations of motion from the O(D,D + K) perspective. Following the second

one the equation of motion for the O(D,D) dilaton reads

R = 0 , (7.91)

which is equivalent to L = 0. The equation of motion for the O(D,D) metric is given by

KMN − (HM
P + 2δM

P − 2(Θ−1)M
P )KQP (HQ

N + 2δQN − 2(Θ−1)QN)

−4CM
αKαQ(HQ

N + 2δQN − 2(Θ−1)QN)− 4CM
αKαβCNβ = 0 , (7.92)
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in addition, the equation of motion for the gauge field is given by

KMα − 2(HM
P + 2δM

P − 2(Θ−1)M
P )KPQCQ

α

−(HM
P + 2δM

P − 2(Θ−1)M
P )KPβ(−κβα + 2(∆−1)βα)

−2CM
γKγβ(−κβα + 2(∆−1)βα)− 4CM

γKγQCQ
α = 0 , (7.93)

where

KMN =
1

8
∂M(HKL − 2(Θ−1)KL)∂N(HKL − 2(Θ−1)KL) + ∂MC

Kα∂NCKα

−1

4

(
∂L − 2∂Ld

)(
(HKL − 2(Θ−1)KL)∂K(HMN − 2(Θ−1)MN)

)
+ 2∂M∂Nd

−1

2
∂(M(HKL − 2(Θ−1)KL)∂L(HN)K − 2(Θ−1)N)K)− 2∂(MC

Lα∂LCN)α

+
1

2

(
∂L − 2∂Ld

)(
(HKL + 2ηKL − 2(Θ−1)KL)∂(M(HN)K − 2(Θ−1)N)K)

+4CLα∂(MCN)α + (H(MK + 2η(MK − 2(Θ−1)(MK)∂K(HL
N) − 2(Θ−1)LN))

)
+

1

2
∂M(∆−1)αβ∂N(∆−1)αβ , (7.94)

KMα = −1

2

(
∂L − 2∂Ld

)(
(HLK − 2(Θ−1)LK)∂KCMα

)
− 1

2
∂M(HLK − 2(Θ−1)LK)∂LCKα

−∂MCLβ∂L(∆−1)αβ +
1

2

(
∂L − 2∂Ld

)(
(HLK + 2ηLK − 2(Θ−1)LK)∂MCKα

+2CLβ∂M(∆−1)αβ + 2(HM
K + 2δM

K − 2(Θ−1)M
K)∂KC

L
α)

)
+e2d∂P

(
e−2dCPβCMγ

)
fγαβ , (7.95)

and

Kαβ = −1

4

(
∂L − 2∂Ld

)(
(HLK − 2(Θ−1)LK)∂K(∆−1)αβ

)
+ 2
(
∂L − 2∂Ld

)(
CK

(α∂KC
L
β)

)
+fλ(αγC

Pγ∂P (∆−1)β)λ −
1

4
fλαγf

γ
βλ + e2d∂P

(
e−2dCPγ(∆−1)λ(α

)
fλβ)γ

−1

4
fλαγf

σ
βρ(−κγρ + 2(∆−1)γρ)(−κλσ + 2(∆−1)λσ) . (7.96)

7.3.4 Leading order terms

In this section we consider the leading order terms of the double Yang-Mills formulation that

we have presented. It turns out that the formulation of heterotic DFT leads to an infinite

expansion of gauge fields in the action principle. In the leading order terms the non-covariant

transformation of the gauged vector is given by [74],

δnon-covAM
γ = −∂Mλγ +O(A2) . (7.97)
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The transformation of a generic DFT gauged vector is given by

δλV
γ = −AMαfαβ

γλβ , (7.98)

hence a projected covariant derivative can be defined as

∇MV
γ = ∂MV

γ − V αfαβ
γAM

β . (7.99)

However, the combination ∂MV
γ cannot be put in a covariant form using the gauge con-

nection. When deriving a more general object one has to consider the full DFT covariant

derivative as follows

∇MVN
γ = ∂MVN

γ − ΓMN
PVP

γ − VNαfαβγAMβ , (7.100)

where ΓMNP is the generalized affine connection in DFT, which is not fully determined [75].

The curvature for this generalized gauge connection takes the form

FMN
γ = 2∂[MAN ]

γ + fγαβAM
αAN

β . (7.101)

The previous one transforms covariantly with respect to (7.98) by considering the generalized

Jacobi identities for the structure constant, in addition it agrees with the constraints of the

heterotic DFT.

With respect to gauge transformations, the transformation rule of the generalized metric

reads

δλHMN = 4C(M
α∂N)λα = −4A(M

α∂N)λα +O(A3). (7.102)

Interestingly, the previous transformation is non-covariant, F 2 terms withη contractions are

only fully covariant. It turns out that the leading order term in (7.102) is a generalized Green-

Schwarz transformation with considering AMα as a fundamental field. Upon parametrization,

the B2 shows this kind of transformation, as well as the metric tensor needs to be redefined.

Now we will turn on our interest to construct the leading order Lagrangian, we consider

the Abelian terms such that in variation they are linear in the gauge field. The leading order

terms of the double Yang-Mills action provide

S =

∫
d2DXe−2d(

1

8
HMN∂MH

KL∂NHKL −
1

2
HMN∂NH

KL∂LHMK

+4HMN∂Md∂Nd− 2∂MH
MN∂Nd+HMNηKLFα

LMFKNα

−2ANα(∂NH
KL)(∂LAKα)− 2HMN∂NH

KL(∂LA(K
α)AM)α

+
1

4
AMαAN

α∂MHKL∂NHKL − AMαA
Nα∂NH

KL∂LHMK

+HMN∂
MAKαA

Lα∂NHKL − 2HMN∂NA
(KαAL)

α∂LHMK

+8AMαANα(∂Md)(∂Nd)− 8(∂MA
(Mα)AN)

α(∂Nd) + . . . ) . (7.103)

In addition AMα = −CMα in this limit.
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However, the combination HMNηKLFα
LMFKNα is not fully covariant, so extra pieces are

needed to formulate the invariant action. Now, the ungauged part of the Lagrangian is not

gauge invariant as the generalized Green-Schwarz mechanism. Also, the double gauge field,

AMα transforms as a gauge connection to the leading order in gauge fields. Then, some

part of the leading order Lagrangian can be written in terms of its curvature but still the

non-covariant contributions appear.

7.3.5 Parametrization

In this part we parametrized the theory and show that it leads to standard heterotic super-

gravity. The parametrization of the fundamental fields in the theory take the form

HMN =

(
ḡµν −ḡµρbρν
bµρḡ

ρν ḡµν − bµρḡρσbσν

)
, (7.104)

CM
α =

1

2

(
−ḡµρAρi

−bµρḡρσAσi + Aµ
i

)
. (7.105)

The metric tensor ḡµν receives an anomalous gauge transformation from (7.102) and the

following field redefinition is needed,

ḡµν = gµν +
1

2
Aµ

iAνi . (7.106)

The above procedure is same the as the gravitational Green-Schwarz mechanism where the

metric tensor is redefined by taking the terms proportional to the spin connection [79].

The generalized dilaton can be parametrized in the following way,

e−2d =
√
−g̃e−2φ̃ =

√
−ge−2φ , (7.107)

because the metric redefinition (7.106) leads a dilaton redefinition to obtain the standard inte-

gral measure in the corresponding theory. Now, the transformation rules for the supergravity

fields are given by

δgµν = Lξgµν , (7.108)

δbµν = Lξbµν + 2∂[µζν] − ∂[µλ
iAν]i , (7.109)

δAµ
i = LξAµ

i + ∂µλ
i − fjkiλjAµk , (7.110)

δφ = Lξφ , (7.111)

where Lξ denotes the ordinary Lie derivative and ξ̂µ = ζµ for the abelian gauge transforma-

tion of the NS-NS two form field. Finally, we obtain the action as

S =

∫
dDx
√
−ge−2φ

(
R− 4∂µφ∂

µφ− 1

12
ĤµνρĤ

µνρ − 1

4
FµνiF

µνi
)
, (7.112)

where

Ĥµνρ = 3

[
∂[µbνρ] −

(
Ai[µ∂νAρ]i −

1

3
fijkA

i
µA

j
νA

k
ρ

)]
(7.113)

F i
µν = 2∂[µA

i
ν] − f ijkAjµAkν . (7.114)
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7.4 Double Yang-Mills and the relaxed GKSA

Now we introduce the relaxed form of the GKSA in order to study perturbations in the

theory. The GKSA was originally introduced in [53] and has been studied in heterotic DFT

framework [54] [55] [56], Kaluza-Klein DFT [80], Exceptional Field Theory [81], together

with [58] [82]. In the following we extend the ansatz in the context of double Yang-Mills

formulation of heterotic field theory.

7.4.1 Generalized metric formulation

First we consider a generalized metric HMN , together with a generalized dilaton d and a

generalized gauged field AMα . The generalized metric HMN satisfies a relaxed Kerr-Schild

ansatz [58] while the gauge field is linearly perturbed and the generalized dilaton can take

an arbitrary perturbation, i.e.,

HMN = HoMN + κ(KMKN +KMKN) +
κ2

2
K

2
KMKN , (7.115)

CMα = CoMα − κKMJα , (7.116)

d = do + κf , (7.117)

where HoMN , CoMN and do are generalized fields in the background, f =
∑∞

n=0 f
(n)κn , KM

and K̄M are the projected vectors,

K̄M =
1

2
(ηMN +HMN)K̄N = P̄MNK̄

N , (7.118)

KM =
1

2
(ηMN −HMN)KN = PMNK

N , (7.119)

and κ is the order parameter of the expansion. The null condition acts only on KM as

following

ηMNKMKN = 0 , (7.120)

and KM is related to Jα by the expression

ηMNKMKN = −JαJβκαβ . (7.121)

The parametrization of the ansatz takes the same form as (7.43)-(7.46) but the inverse

metric inherits a second-order perturbation,

gµν = g̃µνo + κl(µl̄ν) +
κ2

4
l̄2lµlν . (7.122)

Now we consider the pure Abelian Yang-Mills theory at the DFT level. First we start as

S =

∫
d2DXe−2dHMNFK

MαFKN
α (7.123)

=

∫
d2DXe−2d(HMN∂MA

Kα∂NAKα − 2HMN∂MA
Kα∂KANα) , (7.124)
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where d and HMN are constants and AMα is the dynamical field with the equation of motion

HMN∂MFKN + 2HM
K∂

NFMN = 0 , (7.125)

the above can be understood as a duality invariant generalization of the Maxwell equation.

Now we apply the generalized Kerr-Schild ansatz on AMα as follows

AMα = AoMα + κKMJα , (7.126)

which agrees with (7.117). The dynamics of the system is governed by the equation

HMN∂M(∂K(AoN
α + κKNJ

α)− ∂N(AoK
α + κKKJ

α))

+HM
K∂M∂N(ANαo + κKNJα) = 0 . (7.127)

In order to express in terms of the supergravity fields we parametrize the background fields

as

HoMN =

(
ηµν 0

0 ηµν

)
, (7.128)

CM
α =

1

2

(
−ηµρAoρi
Aoµ

i

)
, (7.129)

together the perturbations take the form

KM =
1√
2

(
lµ

−lµ

)
, KM =

1√
2

(
l̄µ

l̄µ

)
, Jα =

1√
2
ji . (7.130)

Upon parametrization of the pure Abelian Yang-mills dynamics leads to the following con-

tributions

−κ
2
ηµν∂µρ(lνj

i) +
κ

2
ηµν∂µν(lρj

i) = 0 , (7.131)

which is first order in κ .

7.4.2 Generalized frame formulation

Now in the following we will discuss the relaxed generalized Kerr-Schild ansatz in the general-

ized frame formulation. The relaxed generalized Kerr-Schild ansatz for the double Yang-Mills

fields in the generalized frame formulation takes the form

EM
A = EoM

A +
1

2
κEoN

AKMK
N
, (7.132)

EM
A = EoM

A − 1

2
κEoN

AKMK
N − 1

8
κ2K

2
KMKNE

N
o A , (7.133)

in addition, the generalized gauge field and the generalized dilaton are perturbed as in the

metric formalism. Here, the second order perturbation of EM
A has its coefficient fixed by

EMAE
M
B + EMAE

M
B = ηAB , (7.134)

−EMAE
M
B + EMAE

M
B = HAB (7.135)
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as the right-hand side of the previous expressions must remain invariant. In this picture, the

generalized metric belongs to O(D,D) only if K
2

= 0. That leads to state the perturba-

tion (7.115) is not compatible with (7.133), which explains why the gauge field cannot be

perturbed in the ordinary O(D,D + K) framework. However, this formulation still has an

obstruction, but it arises before parametrization. This is very straightforward, because the

double Yang-Mills formulation of heterotic DFT written in terms of O(D,D) multiplets is

equivalent to the standard familiar formulation written in terms of O(D,D+K) multiplets.

7.4.3 Field redefinitions

The different formulations of DFT is the need of field redefinitions to match with standard

supergravity framework. This situation arises when the generalized metric is contained with

a non-trivial symmetry invariance as it encodes the B2 . The most straightforward example is

the Green-Schwarz mechanism. Analyzing the equation (7.106), it turns out that the redefi-

nition is mandatory as the metric g̃ transforms non-covariantly under gauge transformations

according to (7.102). Considering at the perturbative level, background objects could encode

perturbations.

For a generic g̃µν the familiar Kerr-Schild ansatz [73] leads to ,

g̃µν = g̃oµν + κl̃µl̃ν . (7.136)

In order to make compatible at the perturbative level, we are forced to impose a vector

redefinition given by

l̃µ = lµ + Aoµ
iji , (7.137)

together with a field redefinition for the backgrounds

g̃oµν = goµν +
κ2

2
lµlνj

2 . (7.138)

Now it is easy to see that the background g̃ admits a second-order perturbation in terms of

the ordinary l vector. In addition, the null and geodesic equations for the tilde fields lead

to impose furthermore conditions. These were discussed in [56] for Lorentz Green-Schwarz

contributions in the generalized Kerr-Schild picture, and it turns out that they are equivalent

to the gauge Green-Schwarz contributions when the Lorentz connection is replaced by the

gauge connection.

7.5 Application

Now in the following we will discuss some of the applications of our framework.
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7.5.1 Classical double copy at the DFT level

The main outcomes of this framework lead us inspect to the single and zeroth copy at the

DFT level. The foundations of this relation and DFT are introduced in [83].

Consider the ungauged part of the equation of motion of the generalized metric with zero

dilaton,

RMN = PM
PKPQP̄Q

N + P̄M
PKPQPQ

N = 0 , (7.139)

where

KMN =
1

8
∂MH

KL∂NHKL −
1

4
∂LH

LK∂KHMN −
1

4
HLK∂K∂LHMN

−1

2
∂(MH

KL∂LHN)K +
1

2
∂LH

KL∂(MHN)K +
1

2
∂LH

K
(M∂KH

L
N)

+
1

2
HKL∂L(MHN)K +

1

2
HK

(M∂K∂LH
L
N) . (7.140)

By imposing the ordinary generalized Kerr-Schild ansatz on a flat HoMN background,

HMN = HoMN + κ(KMKN +KMKN) . (7.141)

In this case it is needed to invoke the generalized version of the geodesic condition [53] as

follows

K
P
∂PK

M = KP∂PK
M

= 0 . (7.142)

After imposing the conditions, the contributions in linear reads

−1

2
HKL
o ∂K(∂LKMKN +KM∂LKN)

+P oM
K∂K(∂LK

LKN)− PoNK∂K(KM∂LK
L
) = 0 , (7.143)

and the quadratic contributions are null because they depend on the perturbation of the

generalized dilaton. Defining a generalized killing vector, ξM , in the following way

LξHMN = 0 , (7.144)

where Lξ is the generalized Lie derivative. In addition, we consider a set of double coordinates

such that ξ = const. with

ξMKM = ξMKM = 1 . (7.145)

Upon contracting ξMRMN we get,

−1

2
HKL
o ∂K∂LKN + ξMP oM

K∂K(∂LK
LKN)− PoNK∂K∂LK

L
= 0 , (7.146)
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and contracting ξNRMN we have

−1

2
HKL
o ∂K∂LKM − ξNPoNK∂K(∂LK

L
KM) + P oM

K∂K∂LK
L = 0 . (7.147)

Now identify each null vector as a generalization of a U(1) vector field, AM = AM and

AM = AM , we obtain the generalization of the single copy expression at the DFT level as

the following

−1

2
HKL
o ∂K∂LAN + ξMP oM

K∂K(∂LA
LAN)− PoNK∂K∂LA

L
= 0 ,

−1

2
HKL
o ∂K∂LAM − ξNPoNK∂K(∂LA

L
AM) + P oM

K∂K∂LA
L = 0 . (7.148)

Although, the previous expressions do not match with the generalization of the Maxwell

equation at the DFT level, still it is straightforward to show that they encoded a pair of

Maxwell equations at the supergravity level. Consider a null B2 gauge field at the super-

gravity level, then we have ξM = (0, ξµ). The parametrized generalized metric takes the

form

HMN =

(
ηµν 0

0 ηµν

)
, (7.149)

together, the pair of generalized gauge vectors inherit the ordinary Abelian fields AM → Aµ
and AM → Aµ . The geodesic condition leads to

Aµ∂
µAν = 0 ,

Aµ∂
µAν = 0 . (7.150)

and the ordinary killing vector satisfies

ξµ∂µ(AνAρ) = 0 . (7.151)

The parametrization of (7.148) is given by the expression

�Aν − ∂ν(∂ρAρ) = 0↔ ∂µF
µν = 0 (7.152)

�Aν − ∂ν(∂ρAρ) = 0↔ ∂µF µν = 0 , (7.153)

where we have introduced the curvatures of the Abelian gauge fields in the following way

Fµν = 2∂[µAν] ,

F µν = 2∂[µAν] . (7.154)

The zeroth copy relation can be obtained by contracting the extra generalized Killing

vector ξ in (7.146) or (7.147), with introducing the scalar function ϕ and considering the

redefinition κDFT → κϕ , we obtained

−1

2
HKL
o ∂K∂Lϕ+ ξMP oM

K∂K∂L(ϕKL)− ξNPoNK∂KL(ϕK
L
) = 0 , (7.155)

which leads to the standard supergravity zeroth copy relation

�ϕ = 0 . (7.156)
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7.6 Relaxed GKSA and the DFT Lagrangian

Considering the ungauged part of the double Yang-Mills Lagrangian with assuming constant

backgrounds and the zero background dilaton we have

1

8
HMN∂MH

KL∂NHKL −
1

2
HMN∂NH

KL∂LHMK , (7.157)

it turns out that the sixth and fifth-order contributions vanish by considering KM is a null

vector.

The contributions come from the κ4 as

−1

8
KMKNK

4
∂MKQ∂NK

Q − 1

8
KMKNKPK

Q
K

2
∂MKQ∂NK

P

+
1

8
KMKNK

P
K
Q
K

2
∂MKP∂NKQ −

1

8
HMN
o KMK

PK
4
∂PKQ∂NK

Q , (7.158)

and the κ3 contributions are

−1

4
KMK

2
K
P
∂PKQ∂MK

Q − 1

4
KMKNK

P
K
Q
∂PKQ∂MK

N

+
1

4
KMK

2
K
P
∂MKQ∂PK

Q +
1

4
KMKNK

P
K
Q
∂MKP∂QK

N

−1

4
HMN
o KMK

P
K

2
∂PKQ∂NK

Q +
1

4
HMN
o KMK

PK
Q
∂NKQ∂PK

2

+
1

4
HMN
o KPK

Q
K

2
∂MKQ∂PKN −

1

4
HMN
o KMK

PK
2
∂PKQ∂NK

Q

+
1

4
HMN
o KMK

PK
Q
∂PKQ∂NK

2 − 1

4
HMN
o KPKQK

2
∂PKM∂NK

Q

−1

4
HMN
o KMK

PK
2
∂NK

Q∂PKQ −
1

4
HMN
o KPKMK

2
∂PKQ∂NK

Q

−KMK
2
K
P
∂QKP∂MK

Q − 1

2
KMKNK

2
∂MKQ∂NK

Q
, (7.159)

similarly the κ2 contributions are

1

4
HMN
o K

2
∂MKQ∂NK

Q +
1

4
HMN
o KPK

Q
∂MKQ∂NK

P

+
1

4
HMN
o K

P
K
Q
∂MKP∂NKQ −

1

2
HMN
o KPK

Q
∂QKM∂NK

P

−1

2
HMN
o KMK

P
∂NK

Q∂PKQ +
1

2
HMN
o KMK

P
∂QKP∂NK

Q

−1

2
HMN
o KMK

P
∂PKQ∂NK

Q − 1

2
HMN
o KPK

Q
∂PKM∂NKQ

−1

2
HMN
o KMK

P∂PKQ∂NK
Q − 1

2
HMN
o K

2
∂QKM∂NK

Q

−1

2
HMN
o KMK

P
∂NK

Q∂QKP +
1

2
HMN
o KPK

Q
∂MKQ∂PKN

−1

2
HMN
o KPKM∂PKQ∂NK

Q − 1

2
HMN
o KMK

P
∂QKP∂NK

Q . (7.160)
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Now the generalized dilaton contributions are given by

Ld = 4HMN∂Md∂Nd− 2∂MH
MN∂Nd

= 4κ2

[
HMN
o + κ

(
K̄MKN +KMK̄N

)]
∂Mf∂Nf

−2κ2∂M

[(
K̄MKN +KMK̄N

)]
∂Nf . (7.161)

The gauged part can be traced out easily by considering the linear ansatz for the C -field as

follows

∆αβ −∆oαβ = −2κKMJ(αCoMβ) (7.162)

ΘMN −ΘoMN = −2κK(MJ
αCoN)α + κ2KMKNJ

2 . (7.163)

The first-order contributions can be computed using (7.90) with ∆−1 = ∆−1
o +O(κ2). Then,

the κ contribution for the gauge sector will be

4fαβγC
MβCNγ∂M(KNJα) . (7.164)



Chapter 8

Conclusions

In the first part of the thesis, we reviewed the non-Abelian T-duality and its connection

with AdS/CFT correspondence. Although non-Abelian T-duality is not an exact symmetry

of string theory, it is an elegant solution-generating technique at the supergravity level. It

provides new supergravity backgrounds. In this thesis we consider the T-dual backgrounds of

AdS5× S5 , Klebanov-Witten geometry, Klebanov-Tseytlin background as well background

with AdS3 factor.

We considered various null geodesic in the T-dual backgrounds and examined the Pen-

rose limits. Apart from singular geodesic, Penrose limits lead to PP-wave geometries. We

considered the closed string modes propagating in these new PP-wave geometries and briefly

mentioned the corresponding field theory duals. We also discussed the supersymmetry anal-

ysis for these PP-wave geometries. Although further investigation is needed to identify BMN

sector precisely in the dual gauge theory. It would be interesting to explore PP-wave geometry

in the non-Abelian T-dual of Klebanov-Strassler background as well λ-deformed supergravity

backgrounds. Together with the above, it is shown in the various literature by C. Nunez et.al.

that the holographic central charge analysis plays a crucial role to constructing CFT duals

for non-Abelian T-dual backgrounds. It is interesting to examine the same for the PP-wave

geometries by imposing some hard cutoffs along the non-compact directions and exploring

the significance of those hard cutoffs in the dual gauge theory.

In the second part of the thesis, we discussed the double Yang-Mills formulation of het-

erotic DFT. In our picture, the fundamental fields are in O(D,D)-framework that has ap-

peared by rewriting the O(D,D + K) fields in terms of O(D,D) multiplets. In this frame-

work, we explored the relaxed version of Generalized Kerr-Schild (GKSA) ansatz to study

perturbations of these fields. In relaxed GKSA ansatz, the generalized background metric

is perturbed up to quadratic order but the gauge field is linearly perturbed. As an applica-

tion of it, we explored the classical double copy correspondence at the DFT level. It would

be interesting to explore the relaxed GKSA in the context of α′ -corrections, non-Abelian

T-duality, Fractons as well as in the non-Riemannian geometries.
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Appendix A

type-IIB and type-IIA supergravity

In this appendix we discuss basic notions of type-IIB and type-IIA supergravity. We

will discuss the action, equations of motion, Bianchi identities together with supersymmetry

analysis of type-IIB and type-IIA supergravity. In the following we will start discussions

by considering type-IIB supergravity.

A.1 type-IIB supergravity

The action of type-IIB supergravity is given by

SIIB =
1

2k2

∫
M10

√
−g

[
e−2Φ

(
R + 4(∂Φ)2 − H2

12

)
− 1

2

(
F 2

1 +
F 2

3

3!
+

1

2

F 2
5

5!

)]
−1

2
C4 ∧H ∧ dC2 , (A.1)

where the field strengths in terms of the potentials are

H = dB2 , F1 = dC0 , F3 = dC2 − C0H , F5 = dC4 −H ∧ C2 . (A.2)

In addition, F5 has to be self dual. The Bianchi identities are

dH = 0 , dF1 = 0 , dF3 = H ∧ F1 , dF5 = H ∧ F3 . (A.3)

Einstein’s equations that follow varying the metric are

Rµν + 2DµDνΦ =
1

4
H2
µν + e2Φ

[
1

2
(F 2

1 )µν +
1

4
(F 2

3 )µν +
1

96
(F 2

5 )µν −
1

4
gµν

(
F 2

1 +
1

6
F 2

3

)]
.(A.4)

The equation comes from varying the dilaton is

R + 4D2Φ− 4(∂Φ)2 − 1

12
H2 = 0 . (A.5)
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Finally, from the variation of the various fluxes we obtain

d
(
e−2Φ ? H

)
− F1 ∧ ?F3 − F3 ∧ F5 = 0 ,

d ? F1 +H ∧ ?F3 = 0 ,

d ? F3 +H ∧ F5 = 0 ,

d ? F5 +H ∧ F3 = 0 . (A.6)

A.2 Massive type-IIA supergravity

For massive IIA , the field strengths are given by

H = dB , F2 = dC1 +mB , F4 = dC3 −H ∧ C1 +
m

2
B ∧B . (A.7)

The field strenghts are invariant under the gauge transformations

δB = dΛ , δC1 = −mΛ , δC3 = −mΛ ∧B , (A.8)

where Λ is a one-form. The Bianchi identities become

dH = 0 , dF2 = mH , dF4 = H ∧ F2 . (A.9)

The action of the massive IIA supergravity is

SMassive IIA =
1

2k2

∫
M10

√
−g

[
e−2Φ

(
R + 4(∂Φ)2 − H2

12

)
− 1

2

(
m2 +

F 2
2

2
+
F 2

4

4!

)]
−1

2

(
dC3 ∧ dC3 ∧B +

m

3
dC3 ∧B3 +

m2

20
B5
)
. (A.10)

Einstein’s equations are

Rµν + 2DµDνΦ =
1

4
H2
µν + e2Φ

[
1

2
(F 2

2 )µν +
1

12
(F 2

4 )µν −
1

4
gµν

(
F 2

0 +
1

2
F 2

2 +
1

4!
F 2

4

)]
. (A.11)

The equation coming from varying the dilaton is

R + 4D2Φ− 4(∂Φ)2 − 1

12
H2 = 0 . (A.12)

The equation of motion for the gauge fields in type-IIA case are given by

d
(
e−2Φ ? H

)
− F2 ∧ ?F4 −

1

2
F4 ∧ F4 = m ? F2 ,

d ? F2 +H ∧ ?F4 = 0 ,

d ? F4 +H ∧ F4 = 0 . (A.13)
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A.3 Supersymmetry in type-IIB and type-IIA super-

gravity

The Killing spinor ε consists of real Majorana-Weyl spinors ε± , such that

ε =

(
ε+
ε−

)
. (A.14)

In type-IIA supergravity, the Killing spinor ε follows the condition Γ11ε = −σ3ε . Here

σi ’s denotes the Pauli matrices with i = 1, 2, 3. For the type-IIB supergravity, ε satifies

Γ11ε = I2ε . The type-IIA Killing spinor equations are

δλ =
1

2
��∂Φε −

1

24
��Hσ3ε +

1

8
eΦ

[
5mσ1 +

3

2
��F 2 (iσ2) +

1

24
��F 4σ1

]
ε ,

δψµ = Dµε−
1

8
HµνρΓ

νρσ3ε+
1

8
eΦ

[
mσ1 +

1

2
��F 2 (iσ2) +

1

24
��F 4σ1

]
Γµε , (A.15)

where Dµε = ∂µε+ 1
4
ωabµ Γabε .

The Killing spinor equations of type-IIB are

δλ =
1

2
��∂Φε −

1

24
��Hσ3ε +

1

2
eΦ

[
��F 1 (iσ2) +

1

12
��F 3σ1

]
ε ,

δψµ = Dµε−
1

8
HµνρΓ

νρσ3ε−
1

8
eΦ

[
��F 1 (iσ2) +

1

6
��F 3σ1 +

1

240
��F 5 (iσ2)

]
Γµε , (A.16)

where we use the notation ��F n ≡ Fi1...inΓi1...in .
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